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Abstract—This work is dedicated to the study of partial
observability for structured bilinear systems using a graph-
theoretic approach. The proposed method assumes only the
knowledge of the system structure. The graphical condition for
partial observability is given and if it is not satisfied then solutions
of sensor placement are given in order to recover the system
partial observability. This sensor placement is easy to determinate
because it consists of finding paths on a digraph and computing
indices.

Index Terms—Structured bilinear systems, partial observabil-
ity, graph theory.

I. INTRODUCTION

Bilinear systems (BLs) are amongst the simplest nonlinear
systems and therefore are particularly adapted to analysis
compared to more complicated nonlinear systems. They can
be used to represent a wide range of physical, chemical,
biological and social systems, as well as manufacturing
processes which cannot be satisfactorily controlled under the
linearity assumption. The properties and behavior of bilinear
systems have been investigated and a number of useful results
have been derived.

The observability of bilinear systems is an essential point. In
fact, for an observable system, all the state variables can be
estimated, that is important for control design, supervision
or Fault Detection and Isolation (Fpr). The observability of
BLs was tackled in many works among which, can be cited
[1], [2]. These results are essentially based on geometric or
algebraic tools which need the exact knowledge of the state
space matrices. To study the properties of uncertain systems,
one idea consists to consider models where the fixed zeros
are conserved while the non-zero entries are replaced by free
parameters. Such considered systems are called structured
systems.

Many results on structured systems are related to the graph-
theoretic approach. This approach is mainly dedicated to linear
systems for which many structural properties can be studied.
Survey paper [3] reviews the most significant results in this
area. From these studies, it results that the graph-theoretic
approach provides simple and elegant solutions and so is very
well-suited to analyse large scale or/and uncertain systems.
Unfortunately, not so many works based on graph-theoretic
methods deal with nonlinear systems. Among them, [4], [5]
provide sufficient conditions for the uniform observability

and [6], [7] deal with the observability of bilinear systems.
In this context, this paper is dedicated to the study of partial
observability and to sensor placement for structured bilinear
systems (sBLs). More precisely, we first recall the partial
observability geometric condition and our aim is to obtain
the equivalent graphical condition. Then, our purpose is to
provide a sensor placement method enabling to recover the
observability of a state variable set when its observability
condition is not satisfied. This is very interesting in particular
during the conception phase of a system because it enables to
know where the sensors have to be located in order to ensure
the observability of a state variable system.

The paper is organized as follows : after section 2, which is
devoted to the problem formulation, graphical representation
of sBLs and definitions are given in section 3. The main results
are given in section 4 and are illustrated with an example in
section 5. Finally, some concluding remarks are made.

II. PROBLEM STATEMENT

In this paper, sBLs are considered in the form:

(1)

n =

where x € R", u € R" and y € R? are respectively the
state vector, the input vector and the output vector. For
£ =0,....,m Ay € R™ and C € R”*" are matrices which
elements are either fixed to zero or assumed free non-zero
parameters. These nonzero entries can be parameterized by
scalar real (nonzero) parameters A; (i = 1,...,h) forming
a parameter vector A = (Aj,A,..., ;)7 € R If all the
parameters A; are fixed, an admissible realisation of X, is
obtained. Theoretic properties of each realisation can be
studied according to the values of A;. A property is true
generically [8] if it is true for almost all the realizations of X4.
Here, “for almost all the realizations” is to be understood [3]
as “for all parameter values (A € R") except for those in some
proper algebraic variety in the parameter space”. The proper
algebraic variety for which the property is not true is the zero
set of some nontrivial polynomial with real coefficients in
the h system parameters, which can be written down explicitly.

A
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To system (1) is associated X which denotes the state
components having to be observed. The observability property
is usually studied using the observability matrix defined by
O = col(C,CAq,...,CA,,CAL, ..., CAyA,, CAl Ay, ...) but
it is not appropriate to study structured bilinear systems
and more particularly large scale structured bilinear systems
because of the complex computation of this observability
matrix and of its rank. In the sequel, if ey, denotes the
diagonal matrix of dimension n X n such that ey (i,i) = 1 if
x; € Vy else ey (i,i) = 0 and g_rank(M) denotes the generic
rank of the matrix M. According to the fact that if the j-th
column of the observability matrix is linearly independent
from all the other columns then the j-th component x; of X
is observable iff :

(@)

From the previous condition, the condition for Xg to be
observable is simply obtained :

g_rank(O.ex) > g_rank(O.ex\(x,})

Corollary 1: The set Xq is observable iff

¥ x; € Xq, g_rank(O.ex) > g_rank(O.ex\(x,)) 3)

In this paper, considering structured bilinear system X, and
components set X of X4, a necessary and sufficient condition
of partial observability of Xq is given at first. In a second time,
when this condition is not satisfied a sensor location method
is given in order to recover it. More precisely, the first part
is dedicated to the determination of the graphical conditions
equivalent to those of inequality (2) and corollary 1. The
second part provides graphic tools enabling the localization
of additional sensors.

III. GRAPHICAL REPRESENTATION OF STRUCTURED BILINEAR SYSTEMS

This section is devoted, in a first time, to the definition
of a digraph which represents sBLs 2. In a second time,
some definitions associated to this graphical representation are
given.

A. Digraph representation of structured bilinear systems

The digraph associated to X, is noted G(X5) and is
constituted by a vertex set V and an edge set & i.e.
G(ZA) = (V,E). The vertices are associated to the state and
the output components of X, and the directed edges represent
links between these variables.

More precisely, V = X U Y, where X = {Xq,...,Xp} i

the set of state vertices, Y = {yl,...,yp} is the set of

output vertices. For sake of clarity, vertices are written in
m

UA[-edges U C-edges,
=0

where for € = 0,...,m, A,-edges = {(xj,xi)|Ag(z’, ) # 0} and
C-edges = {(x;.¥)IC(. j) #0}. Here M(i, j) is the (i, j)th
element of matrix M and (vy,v2) denotes a directed edge
from vertex vy € V to vertex v, € V.

bold fonts. The edge set is & =

The following notation is defined Ap-edges =
Ap-edgesUC-edges and for £ = 1,...,m, A;-edges = A,-edges.
To each edge e € As-edges is associated an unique indice
u, and u, is indicated over each edge e in the digraph
representation. If an edge e; € A -edges and an edge
ey € Ag-edges have the same begin and end vertices, only
one edge is represented and the information over the edge
will be u,, ue, with £; < £5.

Let us give an example of this representation.

Example 1. Consider sBLs defined by:

0O 0 0 0 O 0 0 0 0 O
0O 0 0 0 O 0 0 0 0 O

Ap=1 0 0 O A4 O|A =0 0 0 0 0|
L A4 0 0 0 0 s 0 0 O
0 0 4 0 O 0 0 0 4 O
0 00 0 O
0 00 0 O

A= 42 0 0 0O O |and
0 0 0 0 O
0 0 0 0 O

c=(0 00 0 )

This model is associated to digraph 1 (fig. 1).
& ),

Figure 1: Digraph 1 associated to Example 1

Let us give some useful definitions associated to this graph-
ical representation.

B. Definitions

u; u; is .

e P=v) —> v — ‘ v denotes a path P which
contains vertices Vo, Vi, ..., Vs where (vj_1,Vj) € A;/-edges for
Jj = 1,...,5. vo (respectively vy) is the begin (respectively

the end) vertex of P. P is an Y-topped path if its end vertex
is an element of Y. To P is associated an unique indice
noted o(P) and defined by the ordered monomial u;, -U,-. . .-U;,.

s

_ o1 Ui 1 " it 1
e Two paths P; = v, A Vi, and
2 Wi Up Yiky 2 e
Py = vy vi .. Vi, are A-disjoint iff :
Cl: v} # v} and
C2: V k = 1,2,...,min(k, k), if vi = vi then
1 Y Uiy, 1 2 U Ujy 2
Vo — ... — Vv and vy — ... —— v, must have
distinct indices (There exist £ such that u;, # u;,).
From example 1, P| = X; —> Xz —> X5 —> y;
and P, = X — x4 —> X5 — y; are A-disjoint.

In fact, x; # xp and considering the common vertex



x5, indices are different (U, - up # Up - U;). P, and
Py = X; — x4 —5 X5 —% y; are not A-disjoint because

considering any common vertex, indices are the same.

e Some paths are A-disjoint if they are mutually A-disjoint.

o A set of k; A-disjoint paths from Vy to V; is called
a A-linking of dimension k; from Vj to Vi. A A- linking

composed of paths P,~1,P,~2,...,P,~k is denoted m = UP,]

A A-linking from Vj to V; is maximum when k; is maxunum

e p4(Vy, V) denotes the maximum number of A-disjoint
Vi-topped paths from V. It gives the size of a maximum
A-linking from V, to Vj.

From example 1, the A-linking m = {Pl,Pz,P3,P4,P5} is a

maximum A-linking with P; = xq 2, x3 X5 y1,

Uup up uop

Uup uop
Py =x; X4 Xs Y1, P3 = X3 — X5 —> y1,

P4 = X4 — X5 — y; and Ps = Xs —— y;. The maximum
number of A-disjoint paths from X to Y is pa(X,Y) =5

IV. MAIN RESULTS

The aim of this section is to give at first a graphical condi-
tion for the partial observability. In a second part, the purpose
is to ensure the partial observability of X by additional sensor
placement when the previous condition is not satisfied for Xq.

A. Partial observability condition

The first part consists in finding graphical condition
equivalent to the observability matrix rank condition
(inequality (2)). The notion of paths is clearly related to the
elements of the observability matrix. In fact, if there exists a
path P from x; to y; with oo(P) = u;, - u;, - ... u;, - up, it means
that M(j,i) # 0 with M = CA;, ... A;,A;,. In order to find this
graphical condition, the two next lemma and the proposition
1 establish a relation between ps(Vx,Y) and g_rank(O.ey,)
where Vy is a subset of X.

Lemma 1: Let X5 be the structured bilinear system defined
by (1) with its associated digraph G(X,), we have the follow-
ing condition :

if pa(Vy,Y) = card(Vy) then g_rank(O.ey, ) = card(Vy) (4)

Proof 1:
1. In a first time, the case of two A-disjoint paths from
u; u; Ui
{va.va} to Y is studied. Py = vj —5 v} — ul
1 1 _o2 M2 M Yo 3wy 2
Vi, 2 yland P, = Vo vi Vi, y-.

Two different cases have to be distinguished :

o If the two Y-fopped paths are disjoint (they have no
common vertices) then M; = CA,~kl ... ALA;, and M, =
CAj, ... AjAj, are defined. If vg = Xe,, Vg = Xe, ¥' = ¥y,

and y2 =y, then M;({1,c1) # 0 and M>(€a,¢p) # 0. Ac-
cording to the fact that v3 # v§, y' # y* and Py, P, have

no common vertices, from works done for linear systems
can be deduced that g_rank(col(M, M2)~€[v('),v3]) =2

« If the two paths are not disjoint then following cases can
be distinguished :

- If vy is a vertex of P, (vj = vj,) then M; =
2
. Ujr
CAi, . A Py = ¥2 22 S v M) =
Ajk ..Aj and M2 = CAj, ...Aj,,, are defined.
2
g_rank(col(M2 M]).elv(l)yvg)) = 2 can be deduced.
- If V0 is a Vertex of P, (Vﬁ = vj,) then M, =
1
, 1t M2 g
CAjkz"'Aj]’ Pl =Vy — — Voo 1‘41 =
A, ...A; and M? = CAj, ... A, are defined.
1 1
g_rank(col(MfMll, Mz)f[v(g,vg)) = 2 can be deduced.
— Else, from the definition of A-disjoint paths,

there exists a vertex v, = Vll(, = Vﬁ,
U uzk,
such that P, = v, —> —% v, and
u Uiy
Py, = vi —5 ... > v, have only the
vertex Vv, in common and o-(P%) * o-(P)
M| = A, ...A A, and My = Aj, ...AjA; are

iy Jiy

defined. Accordlng to the fact that O'(Pl) * O'(P )

and vj # v§ then g_rank(col(M|, M) )ep ) = 2

is concluded. Now, considering the second part

of each path P; and P, M% = CA;k] "'Aikiﬂ
and M; = CAj, ---Ajy,, are defined. It is
known that g_rank(col(M?, M3).ey,) = 1
and with the same reasoning as before

g_rank(col(M3M], MgM;).e{véyv(z))) =2

So, in the case of two A-disjoint paths from Vy, it is
proved that g_rank(O.ey,) = 2 = card(Vx).

2. In a second time, we consider a set Sp of g Y-topped
paths from Vx which are A-disjoint and a Y-topped path P’
from v’ which is A-disjoint to each path included in S p. Then,
the problem considering two subsets of S p is solved.

o Subset S }, is composed of g; paths of Sp which are
disjoint with P’. The begin vertices of S }, are included
in the set Vx,. Step 1 that have been seen just before
can be studied considering a path P; of S 113 (with v;
as begin vertex) and P’, then it can be concluded that
g_rank(O.ey,,,,)) = 2. Then, g_rank(().evx] upy) = q1 + 1
is obtained.

o Subset S 123 is composed of ¢, paths of Sp which are not
disjoint with P’. The begin vertices of S 123 are included
in the set Vy,. With the same reasoning as just before, it
can be concluded that g_rank(O.evy,upy) = q2 + 1.

Then the final result is that g_rank(O.ey,) = g1 +q2+1 = g+1.
A

The first lemma gives a relation between ps(Vx,Y)
and g_rank(O.ey,), but it is not sufficient to establish
the final result because this relation is only satisfied if
p4(Vx,Y) = card(Vx). This is the reason why the following
lemma is used.



Lemma 2: Let £, be the structured bilinear system defined
by (1) with its associated digraph G(X, ), the following relation
is obtained :

if there exist a state vertex X and a subset Vx
such that p4(Vx U {xk}, Y) = pa(Vx, Y) = card(Vx)  (5)
then g_rank(O.evyuix,)) = g rank(O.ev,) = card(Vx)

Proof 2:
1. In a first time, the case of two Y-fopped paths from
. . u; U; uj
{ve, V&) is studied. P = vj —> v} —5 . ul vll(1 Dyt
uj, 2 Uiy Ujk, 2 uo 2
and P, = V0 vi Vi, y-.

From the definition of two A-disjoint paths, it can be deduces
that two paths are not A-disjoint iff

CI’: vy =v§or

C2: I k=1,2,...,
then v§ SRR vi and vj AN TSN vi have same
indices.
It is clear that if v(l) = Vg then g_rank(().e{vé,vg}) =
g_rank(().e{vé}) =1.

Now, considering the second condition, there exists k such
Uj,

min(kl,kz) such that if Vi = Vﬁ

1 uj, Ui, 1 2 Uj, 2
that Vo — ... — Vg and Vo — Vi have

same indices. According to the fact that M; = A, ...A; A,
and M, = Aj, ... A}, A;, it is known that M; = M, and it is

deduced that g_rank(evkl.col(Ml,Mz).elvéyv%]) = 1. Then, it is
clear that g_rank(O.e[V(lva,) =1.

2. Now, this study is extended to several paths. Considering
a set Sp of g Y-topped A-disjoint paths from Vx with
q = card(Vx). Now, considering P’ a Y-fopped path from
Xj ¢ Vx which is not A-disjoint to each path included in S p.
The previous study can be made considering the path P’ and
each path P; € Vx which has x; as begin vertex. It can be
concluded that for each consideration, g_rank(O.e,.;)) = 1.
And the final result is g_rank(O.ey,uy;)) = g_rank(O.ey,).

3. In a third part, we still consider a set Sp of ¢ Y-topped
A-disjoint paths from Vx with ¢ = card(Vx) and a vertex
Xxr ¢ Vx such that pa(Vx U {xx}, Y) = pa(Vx,Y) = card(Vx).
The last condition means that all Y-fopped paths from xi
are not A-disjoint with all the paths of Sp. S’;, denotes
the set of all Y-fopped paths from xx. Then, considering
the point 2 to each path of SX, it can be deduced that
g_rank(O.ey,uy,)) = g_rank(O.ey,). A

From lemma 1 and 2, the following proposition gives the
final result about the relation between the observability matrix
rank and the maximum number of A-disjoint paths.

Proposition 1: Let 5 be the structured bilinear system
defined by (1) with its associated digraph G(Z, ), the following
relation is obtained :

pa(Vx,Y) = g_rank(O.ey,) (6)

Proof 3:

1. If pa(Vx,Y) = card(Vx) then directly from lemma 1 is
concluded that ps(Vx,Y) = g_rank(O.ey,).

2. Else ps(Vx,Y) is necessarily lower than card(Vy).
In this case, there exists Vi C  Vx such that
pa(Vy,Y) = pa(Vx) = card(Vy). From lemma 2 can be

written for each vertex Xxi such that (xx € Vx and xi ¢ V; )
that pa(Vx U {(xx},Y) = pa(Vg,Y) = card(Vy) and
g_rank(O.ey;u(y,)) = g_rank(O.ey;) = card(Vy).
If pa(Vi U {Xkl} Y) = card(Vy) and pA(V’
card(Vy) with xx, ¢ Vg, X,
then ps(Vy U {Xi,, XK} Y) = card(Vg). In the
same way, if g_rank(O.eV)/(U‘xkl}) = g_rank(O.eV)/()
and g_rank(O.eVQU{xkz}) = g rank(O.ey;)  then
g_rank(().ev)/(u(xkl,xkzl) g_rank(O.ey; ) = card(Vy).

By recurrence, if pa(Vy U Vg, Y) = card(V ) and

XK, 1, Y) =
¢ Vy and xx, # Xk,

pa(V§x U {x,},Y) = card(V ) w1th Vi N Vg = 0 and
Xk, € Vi U Vg then pa(Vy U VU {sz} Y) = card(Vy).

In the same way, if g_rank(O.eV;(UV;}) = g rank(O. ev;)
and g _rank(O.ey;u (21,1) = g rank(O.ey;)  then
g_rank(O.ev;uvy lekzl) = g_rank(Q.ey,) = card(Vy).

The final result is 1 if pa(Vx,Y) = pa(V; ,Y) = card(Vy)
then g_rank(O. ev,) = g_rank(QO.ey,) = card(Vy). A

Remark 1: If pa(X,Y) is equal to n then all the state
components are observable and Xq is necessarily observable.

From the previous proposition, the graphical condition
for the partial observability can be easily determined.
In fact, we have pa(X,Y) = g rank(O.ey,) and
pa(X/{xi},Y) = g_rank(O.ex/)) and then the condition
of component observability is given by :

Corollary 2: Let X5 be the structured bilinear system de-
fined by (1) with its associated digraph G(X,), the state
component x; is observable iff

paX,Y) = pa(X\{xi}, Y) + 1 (N

Proof 4: pa(X,Y) = pa(X\{xi}, Y) + 1 means that the rank
of the observability matrix decreases if it is computed without
taking the i-th column in account. It means that the i-th column
is independent from the others and then that x; is observable.A

The following corollary can also be determined.

Corollary 3: Let X5 be the structured bilinear system de-
fined by (1) with its associated digraph G(Z) and y, = Ay, x;,
the state component x; is observable iff

PaX,Y) = pa(X, Y U {ys}) ®)

Proof 5: y; denotes the sensor placed to x;. It is
known that in this case, component x; is observable. If
paX,Y) = pa(X,Y U {ys}), it means that the dimension of
the observable subspace has not change even if a sensor is
placed to x; then it can be deduced that x; is observable even
if there is no sensor placed to x;. A

Xobs denotes the set of the observable state components,
which is computed as follows Xops = {xiloa(X,Y) =
pa(X,Y U {ysh} with y; = A4,x;. The following corollary is
given.



Corollary 4: Let X5 be the structured bilinear system de-
fined by (1) with its associated digraph G(X,), the set of state
components X is observable iff

Xa € Xobs ©)

If the set Xq is not observable, sensors have to be placed
in order to recover the previous corollary. The next part is
dedicated to this sensor placement in order to ensure the
observability of all the state components included in Xg.

B. Partial observability recovering with additional sensors

Associated to system XA, a new output vector z € RY is
defined which collects the new added measurements :

2(r) = Hx(1), (10)

where z; is the measurement obtained from the i-th additional
sensor. It is to be noticed that a single sensor can measure
several state components via structured matrix H.

According to this definition, composite system X¢ is defined
such that :

i) = Agx()+ ) ur)Ax()

I =1 an
W = Cx(n
zZ(t) = Hx(@)

To this composite system can be associated digraph G(X9) in
the same manner as for £,. The additional sensor components
are represented by vertex set Z and edge set H-edges linking
X to Z. Representation of digraph G(X%) is not necessary in
the sequel of the paper.

Finally, our aim is to find z such that Xq is observable. In
this way, we have to test the partial observability condition
on the system.

At first, for each unobservable element of X all the
potential sensors are determined which ensure the condition
of partial observability. The set of these potential sensors
ensuring the observability of element x; are defined in sets
denoted Z;.

For all x; such that x;, € Xq and x; ¢ X, We define
Z = {xdpa Y U {yg) = paXY U {ys,¥s)) with
Vs, = Ak Xe and yg, = A x;.

It can be remarked that x; is necessarily included in the set
Z; since placing a sensor in x; makes the latter observable.
It can also be remarked that placing a sensor in an already
observable component cannot make component x; observable.

The sets Z; can be ordered with a natural partial order. Z;
and Z; are such that Z; C Z;.

The infimal elements with this order correspond to the sets
Z; enabling to make observable all the elements of Xq and d,
denotes the number of such infimal sets.

Proposition 2: Let X be the structured bilinear system de-
fined by (11) with its associated graph G(X% ). Xq is observable
if :

there exists only one edge from each infimal set Z; to a sensor
zy;. There is no edge from Z; to a sensor zy, with j # i. zy, is
the end vertex of any edge from Xgps.

Remark 2: Elements Z; have been determined considering
that a sensor was connected to only one element of Xops. If
a sensor is connected to several elements of Xgps, the partial
observability condition can be unsatisfied. This is the reason
why a sensor z; is restrictively connected (via an edge) to
only one element of Z;.

From the above proposition, it can be deduced that the
number of state components which have to be measured by
the additional sensors is at least equal to d, and that more than
d, sensors is theoretically useless.

V. ExamPLE
Considering the system represented by the digraph 2 (fig.
2) and the components having to be observed are Xq =
{x1, X3, X6, X3, Xo}.

uy %oy X
Xy
5 %
x u; Uy y
7 1
Xg Xg 10

Figure 2: Digraph G(Z,)

The first step consists
components Xgps.

in determining the observable

The following paths are used to find all the maximum

A-linkings from X to Y :
Uy uo 70 Uuo
® P =xX4 X5 X6 X10 Yi

o Py =X5 — Xg —— X190 —— Y1

U U
o Py = X7 — Xg — Xg —— X190 —— Y1
up uop Uup
e Py=Xg Xg X10 Y1
1753 120 120 1Z0] Uo
® Ps =x7 Xs X5 X6 X10 Y1
U U U U
o Pg=Xg —> X5 — X6 — X10 — Y1

U Uy

® P7 =X —> X10 — Y1
U Uy

o Py =X9 —> X190 — Y1

Uo
o Pg=Xx10 — Y1

Then, these maximum A-linkings are expressed by
m; = {Py,P,, Py, P3 or Ps, Py or Pg, P; or Pg}. Then, the
maximum number of A-disjoint paths is ps(X,Y) = 6. It
means that the rank of the observability matrix is equal to 6
but it doesn’t mean that 6 state components are observable.
In fact, from the corollary 2, we can conclude that the
observable state components are Xops = {X4, X5, X7, X3, X10}. If



Vli denotes the set of the begin vertices of the paths belonging
to m; then, all the components of X,ps belong to all sets V;.
Moreover, x¢ and x9 are not observable although they belong
to some sets V; but not to all sets Vzi' It can also be remarked
that the dimension of X,ps is equal to 5 and not 6 as we have
seen before.

Then, the unobservable components of Xqo are
Xa = {x1,x3,%¢ X0). Corollary 4 is not satisfied, then,
the sets Z; associated to each element of Xo have to be
determined. All the possible sensor placements are given by
X = X\Xops = {x1, X2, X3, X6, Xo}.

The sets of suitable sensors are Z; = {x1, X2, X3}, Z3 = {x3},
Zs = {x6, X9} and Zy = {x6, Xo}.
Now, we have to order these sets. We have the two relations
73 C 7y and Zg = Zs.
Finally, we conclude that the number of infimal elements is
equal to 2. The infimal elements are Z3 and Zs. So, X is
observable if :
71 1s connected to x3 and any combination of elements of
Xo and zp is connected to xg or x9 and any combination of
elements of Xo

VI. ConcLusioN

In this paper, a new analysis tool is proposed to study
the partial observability of structured bilinear systems. Using
a new graphical representation of this class of nonlinear
systems, a necessary and sufficient condition for generic partial
observability is given and expressed in graphical terms. This
condition needs few information about the system and is easy
to check by means of combinatorial techniques or simply
by hand for small systems. Furthermore, the use of graph-
theoretic approach makes it easy to visualise the system
structure. This paper also deals with sensor placement. The
number and the location of additional sensors are studied in
order to recover the partial observability of state variable set.
This study is very useful during the design phase of a
system. Indeed synthesis of the control law often assumes the
observability of a given part of the state variables. Moreover, if
a system cannot be made observable (all the state components)
then it is interesting to make this study of partial observability
applied to particular state components.

In further works, it could be interesting to extend the study of
sensor placement to the case where the notion of cost is taken
in account or to the case of a minimum number of sensors.
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