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HYPERBOLICITY OF GEOMETRIC ORBIFOLDS

ERWAN ROUSSEAU

Abstract. We study complex hyperbolicity in the setting of geometric orbifolds introduced
by F. Campana. Generalizing classical methods to this context, we obtain degeneracy state-
ments for entire curves with ramification in situations where no Second Main Theorem is
known from value distribution theory.

Contents

1. Introduction 2
2. Geometric orbifolds, special varieties and hyperbolicity 3
2.1. Geometric orbifolds 3
2.2. Special varieties and hyperbolicity 4
3. Kobayashi hyperbolicity of orbifolds 5
3.1. Orbifold Kobayashi pseudo-distance 5
3.2. Hyperbolicity of orbifold curves 6
3.3. Hyperbolicity of higher dimensional orbifolds 9
4. Algebraic hyperbolicity of orbifolds 11
4.1. The compact and the logarithmic setting 11
4.2. The orbifold case 11
5. An orbifold Kobayashi’s conjecture 14
6. Orbifold jet differentials and applications 17
6.1. Symmetric differentials 17
6.2. Applications to hyperbolicity 17
6.3. Higher order jet differentials 23
7. Measure hyperbolicity and orbifolds of general type 24
7.1. Kobayashi-Ochiai’s extension theorems 24
7.2. Orbifold measure hyperbolicity 27
References 28

Key words and phrases. Orbifolds; Kobayashi hyperbolicity; entire curves.
Mathematics Subject Classification (2000): Primary: 14D06, 32H30, 32Q45.

1
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1. Introduction

F. Campana has introduced in [5] orbifold structures, namely pairs (X/∆) withX a complex
manifold and a divisor ∆ =

∑
i(1 − 1

mi
)Zi where the Zi are distinct irreducible divisors and

mi ∈ N ∪ {∞}, as a new frame for the classification of compact Kähler manifolds. These
structures appeared naturally for fibrations f : X → Y . Indeed the multiple fibres of f lead
to the definition of the orbifold base of f , (Y/∆(f)) where

∆(f) :=
∑

D⊂Y

(
1 −

1

m(f,D)

)
D

m(f,D) being the multiplicity of the fiber of f above the generic point of D. A new class
of varieties was then introduced, the special varieties, as the varieties which do not admit
fibrations of general type i.e with an orbifold base of general type. Campana [5] proves the
existence for every complex algebraic manifold X of a fibration cX : X → C(X), the core of
X, such that its general fibers are special and if X is not special, cX is of general type.

These geometric orbifolds should be considered as true geometric objects as one can define
for them differential forms, fundamental groups, Kobayashi pseudo-distance... Here we study
the hyperbolic aspects of these objects. An important conjecture of Campana [5] is that X is
special if and only if the Kobayashi pseudo-distance dX vanishes identically on X ×X. This
is known only for curves, projective surfaces not of general type and rationally connected
manifolds.

This conjecture then implies that dX should be the pull-back by cX of the Kobayashi
pseudo-distance δX of the orbifold base of the core.

The study of the hyperbolic aspects of one-dimensional orbifolds has been done in [8]. Here
we study hyperbolicity of higher dimensional orbifolds following the philosophy of Campana
that one should study these objects generalizing the tools we use for manifolds without orbifold
structures or logarithmic manifolds. The paper is organized as follows.

In section 2, we recall the basic facts on geometric orbifolds following [5] and [6].
In section 3, we recall the definitions of classical and non-classical Kobayashi hyperbolicity

for orbifolds. Then we illustrate these notions in the case of orbifold curves. We compute
explicitly the orbifold Kobyashi pseudo-distance for

(X/∆) = (D/(1 −
1

n
){0}), 0 < n ∈ N ∪ {∞},

where D is the unit disk. This answers a question of Campana and Winkelmann (see [8]) and
enables us to recover as a corollary the equivalence of classical and non-classical hyperbolicity
for orbifold curves. Finally, we show that this is not the case in higher dimension giving an
example of an orbifold surface which is classically hyperbolic but not hyperbolic.

In section 4, we define and study algebraic hyperbolicity in the orbifold setting. We prove
that (Pn/∆) is algebraically hyperbolic where ∆ =

∑
1≤i≤q(1 − 1

mi
)Hi for H1, . . . , Hq very

generic hypersurfaces and deg ∆ > 2n.
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In section 5, we discuss an orbifold Kobayashi’s conjecture motivated by the results of the
preceding section.

In section 6, we define and use orbifold jet differentials. The main applications are algebraic
degeneracy statements for entire curves with ramification in situations where no Second Main
Theorem is known from value distribution theory. Namely, we prove

Theorem 1.1. Let (X/∆) be a smooth projective orbifold surface of general type where ∆
has the following decomposition into irreducible components, ∆ =

∑n
i=1(1 − 1

mi
)Ci. Suppose

that gi := g(Ci) ≥ 2, h0(Ci,OCi
(Ci)) 6= 0 for all i and that the logarithmic Chern classes of

(X, ⌈∆⌉) verify

(1.1) c1
2 − c2 −

n∑

i=1

1

mi
(2gi − 2 +

∑

j 6=i

CiCj) > 0,

then there exists a proper subvariety Y ( X such that every entire curve f : C → X which is
an orbifold morphism, i.e ramified over Ci with multiplicity at least mi, verifies f(C) ⊂ Y .

This result can be seen as an orbifold version of results of McQuillan [18] (see also [21] and
[12] for the logarithmic case) on the Green-Griffiths-Lang conjecture which can be generalized
to the orbifold setting

Conjecture 1.2. Let (X/∆) be a smooth projective orbifold of general type. Then there
exists a proper subvariety Y ( X such that every orbifold morphism f : C → (X/∆) verifies
f(C) ⊂ Y .

The methods used also enable us to generalize a result of Campana and Paun on weakly-
special manifolds [7].

In section 7, we study measure hyperbolicity of orbifolds.

Acknowledgements. We would like to thank Frédéric Campana and Michael McQuillan
for their suggestions and their interests in this work.

2. Geometric orbifolds, special varieties and hyperbolicity

2.1. Geometric orbifolds. Let X be a complex manifold. Following F. Campana (see [5],
[6]) we recall the basic facts on orbifolds and why these structures should be useful to describe
the hyperbolic aspects of projective manifolds.

Definition 2.1. A (geometric) orbifold (X/∆) is a pair consisting of X with a Q-divisor ∆
on X for which the decomposition in reduced irreducible divisors is of the form

∆ =
∑

i

(
1 −

1

mi

)
Zi,

where 0 < mi ∈ N ∪ {∞}.

These structures appear naturally in the case of fibrations.
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Definition 2.2. Let f : X → Y be a fibration between complex compact manifolds. For every
irreducible divisor D ⊂ Y :

f ∗(D) =
∑

j

mjDj +R

where R denotes the f -exceptional part. Then the multiplicity of D is defined by

m(f,D) = inf
j
{mj}.

Definition 2.3. The orbifold base (Y/∆(f)) is then defined by

∆(f) =
∑

D⊂Y

(
1 −

1

m(f,D)

)
D.

Remark 2.4. This can also be defined for meromorphic fibrations, resolving indeterminacies.
As we will work up to bimeromorphic equivalence, we will not specify when a fibration is
meromorphic.

Definition 2.5. (1) The canonical line bundle of (X/∆) is defined by K(X/∆) := KX +∆.
(2) The Kodaira dimension of (X/∆) is κ(X/∆) := κ(K(X/∆))
(3) Let f : X → Y be a fibration between complex compact manifolds. Then its Kodaira

dimension is
κ(f) = inf

f ′∼f
{κ(Y ′/∆(f ′))},

where f ′ ∼ f iff there exists a commutative diagramm

X ′ w
//

f ′

��

X

f

��

Y ′
v

// Y

with w and v bimeromorphic.

Now, one can introduce the special geometry.

2.2. Special varieties and hyperbolicity. Let X, Y be projective manifolds.

Definition 2.6. (1) A fibration f : X → Y is of general type if κ(f) = dimY > 0.
(2) X is special if there is no fibration f : X → Y of general type.
(3) f : X → Y is special if its general fiber is special.

Example 2.7. Rationnally connected manifolds and manifolds with Kodaira dimension 0 are
two important examples of special varieties (see [5]).

The following theorem makes clear why orbifold structures are useful for hyperbolicity.

Theorem 2.8 (Campana [5]). Let X be a projective manifold. Then there exists a unique
(up to equivalence) fibration

cX : X → C (X)

called the core of X such that
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(1) cX is special.
(2) cX is of general type or constant (iff X is special).

In other words, one can decompose a projective manifold into its ”hyperbolic” part, the
orbifold base of the core, and its ”non-hyperbolic” part. Indeed, special varieties should be
characterized by the following conjecture:

Conjecture 2.9 (Campana [5]). X is special iff dX ≡ 0, where dX denotes the Kobayashi
pseudo-distance.

Remark 2.10. It is only known to be true for curves, projective surfaces not of general type,
rationally connected manifolds.

As a consequence, one should have the following description of the Kobayashi pseudo-
distance:

Conjecture 2.11 (Campana [5]). dX = c∗XδX where δX is a pseudo-distance on C (X).

We will give some precisions to what that pseudo-distance δX should be in the next section.

3. Kobayashi hyperbolicity of orbifolds

3.1. Orbifold Kobayashi pseudo-distance. First, let us recall following [8] the definition
of classical and non-classical orbifold morphisms from the unit disk to an orbifold.

Definition 3.1. Let (X/∆) be an orbifold with ∆ =
∑

i(1−
1

mi
)Zi, D = {z ∈ C/|z| < 1} the

unit disk and h a holomorphic map from D to X.

(1) h is a (non-classical) orbifold morphism from D to (X/∆) if h(D) * supp(∆) and
multx(h

∗Zi) > mi for all i and x ∈ D with h(x) ∈ supp(Zi). If mi = ∞ we require
h(D) ∩ Zi = ∅.

(2) h is a classical orbifold morphism fromD to (X/∆) if h(D) * supp(∆) andmultx(h
∗Zi)

is a multiple of mi for all i and x ∈ D with h(x) ∈ supp(Zi). If mi = ∞ we require
h(D) ∩ Zi = ∅.

Then we can define classical and non-classical orbifold morphisms between orbifolds.

Definition 3.2. Let (X/∆) and (X ′/∆′) be orbifolds and f : X → X ′ a holomorphic map.
f is an orbifold morphism (resp. classical orbifold morphism) from (X/∆) to (X ′/∆′) if

(1) f(X) * supp(∆′).
(2) f ◦ g : D → (X ′/∆′) is an orbifold morphism (resp. classical orbifold morphism) for

all orbifold morphism (resp. classical orbifold morphism) g : D → (X/∆) such that
g(D) * f−1(supp(∆′)).

Let (X/∆) be an orbifold with ∆ =
∑

i aiZi and ∆1 the union of all Zi with ai = 1.

Definition 3.3. (1) The orbifold Kobayashi pseudo-distance d(X/∆) on (X/∆) is the largest
pseudo-distance on X \ ∆1 such that

g∗d(X/∆) 6 dP
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for every orbifold morphism g : D → (X/∆), where dP denotes the Poincaré distance
on D.

(2) The classical orbifold Kobayashi pseudo-distance d∗(X/∆) on (X/∆) is the largest pseudo-

distance on X \ ∆1 such that

g∗d(X/∆) 6 dP

for every classical orbifold morphism g : D → (X/∆), where dP denotes the Poincaré
distance on D.

As an immediate consequence of the definition we have

Proposition 3.4. Let f : (X/∆) → (X ′/∆′) be an orbifold morphism (resp. classical orbifold
morphism). Then f ∗d(X′/∆′) ≤ d(X/∆) (resp. f ∗d∗(X′/∆′) ≤ d∗(X/∆)).

Definition 3.5. An orbifold (X/∆) is hyperbolic (resp. classically hyperbolic) if d(X/∆) (resp.
d∗(X/∆)) is a distance on X \ ∆1.

A corollary of proposition 3.4 is

Corollary 3.6. Let (X/∆) be a hyperbolic (resp. classically hyperbolic) orbifold. Then every
orbifold morphism (resp. classical orbifold morphism) f : C → (X/∆) is constant.

In the compact and logarithmic setting, Brody-type theorem turn out to be very useful to
characterize hyperbolicity as converse of corollary 3.6. This is done in [8] with the following
theorem

Theorem 3.7. Let (X/∆) be a non hyperbolic (resp. non classically hyperbolic) compact
orbifold. Then there exists either a non constant orbifold morphism (resp. classical orbifold
morphism) f : C → (X/∆) or a non-constant holomorphic map f : C → supp(∆).

Then we can refine conjecture 2.11

Conjecture 3.8 (Campana [5]). dX = c∗XδX where δX = d(C (X)/∆(cX )).

3.2. Hyperbolicity of orbifold curves. Let us illustrate orbifold hyperbolicity in dimen-
sion 1. This has been studied in [8]. We give here a different approach. The following
result gives a concrete example where one can compute the (non-classical) orbifold Kobayashi
pseudo-distance, answering a question of [8].

Theorem 3.9. Let (X/∆) = (D/(1 − 1
n
){0}), 0 < n ∈ N ∪ {∞}. Then

d(X/∆) = d∗(X/∆)

obtained as the pseudo-distance d induced by

ω =
4dzdz

n2|z|2−
2
n (1 − |z|

2
n )2

.

Remark 3.10. For n = ∞ we obtain ω = 4dzdz
|z|2(log |z|2)2

, which is known to induce the Kobayashi

distance on the punctured disc.
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To prove this we shall need the Ahlfors-Schwarz lemma (see e.g [10])

Lemma 3.11 (Ahlfors-Schwarz lemma). Let γ(t) = γ0(t)dtdt be a singular hermitian metric
on D where log γ0 is a subharmonic function such that i∂∂ log γ0(t) ≥ Aiγ0(t)dt ∧ dt in the
sense of currents, for some positive constant A. Then

γ(t) ≤
2

A

dzdz

(1 − |z|2)2
=

1

2A
hP

where hP denotes the Poincaré metric.

Now we prove the claim of the previous theorem 3.9

Proof. As z → zn gives an unfolding D → (X/∆) (see [8]), the classical Kobayashi pseudo-
distance is the push-forward of the Poincaré metric on D which is 4dzdz

n2|z|2−
2
n (1−|z|

2
n )2
. Therefore

we have d(X/∆) ≤ d.
Now, let f : D → (X/∆) be an orbifold morphism. We shall apply the Ahlfors-Schwarz

lemma to f ∗ω. We have

f ∗ω = γ0(t)dtdt :=
4|f ′(t)|2

n2|f(t)|2−
2
n (1 − |f(t)|

2
n )2

dtdt.

We remark that

(
f ′(t)

f(t)1−
1
n

)n

is holomorphic. Indeed take t0 such that f(t0) = 0 and take

local coordinate t centered at t0. Then f(t) = tmg(t) with m ≥ n and g(0) 6= 0. Therefore
f ′(t) = tm−1h(t) and

(
f ′(t)

f(t)1− 1
n

)n

=
tn(m−1)hn(t)

tm(n−1)gn−1(t)
= tm−n hn(t)

gn−1(t)
.

So f ∗ω is a singular hermitian metric with log γ0 subharmonic. Outside f−1(0) we have

i∂∂ log γ0(t) = f ∗(−Ricci(ω)) = f ∗(
1

2
ω).

Therefore by Ahlfors-Schwarz lemma

f ∗ω ≤ hP

and finally d(X/∆) ≥ d.
�

Let us recall that the uniformization of orbifold curves is well known.

Theorem 3.12 (see [14], p.234). Let (M/∆) be a compact orbifold curve with

∆ :=
∑

i

(1 −
1

νi

)xi.

If M = P1 we exclude two cases:

(i) {x1, x2, . . . } consists of one point and ν1 6= ∞.
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(ii) {x1, x2, ...} consists of two points and ν1 6= ν2.

Let M ′ = M \ ∆1. Then there exists a simply connected Riemann surface M̃, a Kleinian

group G of self mappings of M̃ such that

(a) M̃/G ∼= M ′

(b) the natural projection π : M̃ →M ′ is unramified except over the points xk with νk <∞
where the branch numbers verify bπ(x̃) = νk − 1 for all x̃ ∈ π−1({xk}).

Moreover,

(1) M̃ ∼= P1 iff deg(K(M/∆)) < 0

(2) M̃ ∼= C iff deg(K(M/∆)) = 0

(3) M̃ ∼= D iff deg(K(M/∆)) > 0.

As a corollary we obtain

Corollary 3.13. Let (X/∆) be a classically hyperbolic compact orbifold curve. Then the
classical and non-classical Kobayashi pseudo-distances coincide and therefore (X/∆) is hy-
perbolic.

Proof. By theorem 3.12, (X/∆) is uniformized by a Galois covering D → (X/∆) which
ramifies exactly on ∆. So the classical Kobayashi pseudo-distance is induced by ω the push-
forward of the Poncaré metric. Let f : D → (X/∆) be an orbifold morphism. As the
situation is locally the same as in theorem 3.9, we obtain that f ∗ω ≤ hP and therefore
d(X/∆) ≥ d∗(X/∆). �

Let us underline another property of hyperbolic orbifold curves which will be useful in the
next section. In the case where (M/∆) is uniformized by the unit disk D, we can project the

Poincaré metric 4|dz|2

(1−|z|2)2
on M ′ = M \ ∆1 which gives a singular metric h(M/∆) inducing the

Kobayashi pseudodistance. Despite the singularities we have

Theorem 3.14 ([14], p.233). The area of M ′ = M \ ∆1 with respect to the metric h(M/∆) is
finite and

Area(M ′) = 2π deg(K(M/∆)).

We have obtained a different proof of the result of [8] where the authors prove the equiva-
lence of classical and non-classical hyperbolicity for orbifolds of dimension 1 using the orbifold
Brody’s lemma and Nevanlinna theory:

Theorem 3.15 ([8]). Let (X/∆) be a compact orbifold of dimension 1. Then the following
properties are equivalent

(1) (X/∆) is hyperbolic.
(2) (X/∆) is classically hyperbolic.
(3) deg(K(X/∆)) := deg(KX + ∆) > 0.

As a particular case, we recover the following classical result
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Theorem 3.16 (Nevanlinna [22]). Let f : C → (P1/
∑

i(1−
1

mi
)ai) be a non-constant orbifold

morphism. Then
∑

i

(
1 −

1

mi

)
≤ 2.

This theorem can be obtained thanks to the Second Main Theorem on P1. In section 6 of
this paper, we will obtain similar results in higher dimension in cases where no Second Main
Theorem is known.

3.3. Hyperbolicity of higher dimensional orbifolds. Now we investigate the higher di-
mensional case. In particular, is it still true that classical hyperbolicity coincides with (non-
classical) hyperbolicity ? The following example found in discussion with F. Campana answers
it in the negative:

Theorem 3.17. There exists an orbifold surface (S/∆) which is classically hyperbolic but not
hyperbolic.

Proof. Let X be a hyperbolic projective complex surface, S its blow-up at one point p and
E ⊂ S the exceptional divisor. We take C1, C2, C3 three curves tangent to E at three distinct
points p1, p2, p3. This can be done taking the strict transforms of curves in X with a cusp at
p of local equation (y + tx)2 − x3 = 0 for t = 0, 1,−1. Define

∆ = (1 −
1

3
)C1 + (1 −

1

3
)C2 + (1 −

1

5
)C3.

Let’s prove that (S/∆) is classically hyperbolic but not hyperbolic.
(E/∆′), with

∆′ = (1 −
1

2
)p1 + (1 −

1

2
)p2 + (1 −

1

3
)p3,

is not hyperbolic by theorem 3.15 since

−2 + (1 −
1

2
) + (1 −

1

2
) + (1 −

1

3
) = −

1

3
< 0.

A non-constant orbifold morphism f : C → (E/∆′) gives a non-constant orbifold morphism
f : C → (S/∆) since the multiplicities verify respectively 2 × 2 ≥ 3, 2 × 2 ≥ 3, 2 × 3 ≥ 5.
Therefore (S/∆) is not hyperbolic.

Suppose (S/∆) is not classically hyperbolic. Then by theorem 3.7 there is either a non
constant classical orbifold morphism f : C → (S/∆) or a non-constant holomorphic map
f : C → supp(∆). But since X is hyperbolic we must have f(C) ⊂ E. Therefore we obtain a
non-constant classical orbifold morphism f : C → (E/∆′) with

∆′ = (1 −
1

m1
)p1 + (1 −

1

m2
)p2 + (1 −

1

m3
)p3

a divisor on E such that the multiplicities verify, by the definition of a classical morphism,
that 2m1 and 2m2 are multiples of 3, 2m3 is a multiple of 5. So, m1 and m2 are multiples of
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3, m3 is a multiple of 5 and we obtain

−2 + (1 −
1

m1
) + (1 −

1

m2
) + (1 −

1

m3
) ≥ −2 + (1 −

1

3
) + (1 −

1

3
) + (1 −

1

5
) =

2

15
> 0.

This implies that (E/∆′) is hyperbolic and f : C → (E/∆′) should be constant, which is a
contradiction. So, (S/∆) is classically hyperbolic. �

Now, we would like to define hyperbolic imbedding for orbifolds.

Definition 3.18. We say that (X/∆) is hyperbolically (resp. classically hyperbolically) imbed-
ded in X if for any two sequences of points (pn), (qn) ⊂ X \ ∆1 converging to two points
p, q ∈ X

d(X/∆)(pn, qn) −→
n→+∞

0 ⇒ p = q

(resp. d∗(X/∆)(pn, qn) −→
n→+∞

0 ⇒ p = q).

This can be characterized by

Proposition 3.19. Let ω be a hermitian metric on X compact. Then (X/∆) is hyperbolically
(resp. classically hyperbolically) imbedded in X iff there is a positive constant c such that

f ∗ω ≤ c hP

for all orbifold (resp. classical orbifold) morphism f : D → (X/∆), where hP denotes the
Poincaré metric.

Proof. Let us prove it in the non-classical case. If such a constant c does not exist then there
exists a sequence {fn} of orbifold morphism from D to (X/∆) such that

‖f ′
n(0)‖ω > n.

Since X is compact we may assume that {fn(0)} converges to a point p ∈ X.
Let U be a complete hyperbolic neighborhood of p in X. Assume that there exists a positive

number r < 1 such that fn(∆r) ⊂ U for n ≥ n0. Then {fn|∆r
: ∆r → U} would be relatively

compact and woud have a subsequence which converges to a holomorphic function from ∆r

to U, which contradicts ‖f ′
n(0)‖ω > n.

This means that for each positive integer k, there exist a point zk ∈ ∆ and an integer nk

such that |zk| <
1
k

and fnk
(zk) /∈ U. Let pk = fnk

(0) and qk = fnk
(zk). By taking a subsequence

we may assume that {qk} converges to a point q not in U. Therefore we have

d(X/∆)(pk, qk) ≤ dP (0, zk) → 0 for k → ∞,

and this contradicts the fact that (X/∆) is hyperbolically imbedded in X.
Conversely, let δ be the distance function on X induced by 1

c
ω. Then

δ ≤ d(X/∆).

which implies obviously that (X/∆) is hyperbolically imbedded in X. �
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4. Algebraic hyperbolicity of orbifolds

4.1. The compact and the logarithmic setting. In [10], J.-P. Demailly introduced the
concept of algebraic hyperbolicity for compact complex manifolds

Definition 4.1. Let X be a compact complex manifold and ω a hermitian metric on X. X is
algebraically hyperbolic if there exists ε > 0 such that every compact irreducible curve C ⊂ X
satisfies

2g(C̃) − 2 ≥ ε degω(C)

where g(C̃) is the genus of the normalization C̃ of C and degω(C) =
∫

C
ω.

Later, algebraic hyperbolicity was defined in the logarithmic setting by X. Chen in [9] as
follows

Definition 4.2. Let (X,D) be a log-manifold. For each reduced curve C ⊂ X that meets D

properly, let ν : C̃ → C be the normalization of C. Then i(C,D) is the number of distinct

points in the set ν−1(D) ⊂ C̃.

Definition 4.3. A logarithmic variety (X,D) is algebraically hyperbolic if there exists a
positive number ε such that

2g(C̃) − 2 + i(C,D) ≥ ε degω(C)

for all reduced and irreducible curves C ⊂ X meeting D properly where C̃ is the normalization

of C, g(C̃) its genus and degω(C) =
∫

C
ω with ω a hermitian metric on X.

4.2. The orbifold case. We give the following definition which contains the two previous
ones

Definition 4.4. Let (X/∆) be a compact orbifold, ω a hermitian metric on X. (X/∆) is
algebraically (resp. classically algebraically) hyperbolic if there exists ε > 0 such that for any
non-constant orbifold (resp. classical orbifold) morphism f : (C/∆′) → (X/∆), where (C/∆′)
is an orbifold curve,

deg(K(C/∆′)) := deg(KC + ∆′) ≥ ε

∫

C

f ∗ω.

The interest of such a notion is to provide a necessary condition for analytic hyperbolicity
which is more tractable since it involves only algebraic curves instead of transcendental ones.
So the first thing to do is to prove that analytic hyperbolicity implies algebraic hyperbolicity.
In the compact setting this was done in [10] and for the logarithmic case in [24]. Here we will
prove it in the more general setting of orbifolds.

Theorem 4.5. Let (X/∆) be an hyperbolic (resp. classically hyperbolic) compact orbifold
hyperbolically imbedded in X. Then (X/∆) is algebraically (resp. classically algebraically)
hyperbolic.
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Proof. Let f : (C/∆′) → (X/∆) be a non-constant orbifold morphism where (C/∆′) is an
orbifold curve. Since (X/∆) is hyperbolic, (C/∆′) is hyperbolic. Therefore from theorem
3.12 we obtain that there is an orbifold morphism π : D → (C/∆′). As explained above this
gives us a singular metric h(C/∆′) on C \ ∆′

1 as the push-forward of the Poincaré metric by
π. Moreover, since (X/∆) is hyperbolically imbedded in X, we have (f ◦ π)∗ω ≤ c hP with
c a positive constant. So, f ∗ω ≤ c h(C/∆′). Integrating and using theorem 3.14, we obtain
1

2πc

∫
C
f ∗ω ≤ deg(K(C/∆′)). �

The following result generalizes a result of J.-P. Demailly [10] stating that any morphism
f : A→ X from an abelian variety to a compact algebraically hyperbolic manifold is constant.

Theorem 4.6. Let (X/∆) be an algebraically (resp. classically algebraically) hyperbolic com-
pact orbifold and (A/S) the logarithmic manifold associated to a semi-abelian variety A. Then
any orbifold (resp. classically orbifold) morphism f : (A/S) → (X/∆) is constant.

Proof. Let C ⊂ A be a smooth curve with smooth compactification C ⊂ A. Let m be a
postive integer and consider the morphism mA : A → A which is the multiplication by m in
A and extends to a morphism mA : A→ A. We have the composition

fm : C ⊂ A
m

A−→ A
f

−→ X.

Therefore we have an orbifold morphism

fm : (C/∆′) → (X/∆)

where ∆′ is the divisor induced on C by S. Let L be an ample line bundle on X. We have

deg(KC + ∆′) ≥ εC.f ∗
mL = εm2C.f ∗L.

As m can be as large as we want, this shows that C.f ∗L = 0, so f is constant on all curves
in A and therefore constant on A. �

An interesting example of algebraically hyperbolic orbifold is given by the following theorem
which generalizes results of [9] and [24]

Theorem 4.7. Let H1, . . . , Hq be very generic hypersurfaces of degrees di in Pn. Let

∆ =
∑

1≤i≤q

(1 −
1

mi
)Hi.

Then for any non-constant orbifold morphism f : (C/∆′) → (X/∆), where (C/∆′) is an
orbifold curve,

deg(K(C/∆′)) ≥ (deg(∆) − 2n) deg(C).

In particular if deg(∆) > 2n then (Pn/∆) is algebraically hyperbolic.

Proof. Let D =
∑q

i=1Hi, C ⊂ Pn be a reduced irreducible curve not contained in D and

f : C̃ → C its normalization. Then it is sufficient to prove that

deg(K(C̃/∆̃)) ≥ (deg(∆) − 2n) deg(C)
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for any orbifold (C̃/∆̃) such that f : (C̃/∆̃) → (Pn/∆) is an orbifold morphism. First let us
recall that in the logarithmic setting (i.e mi = ∞ for all i) the result is known (see [9] and
[24]) i.e

(4.1) 2g(C̃) − 2 + i(C,D) ≥ (d− 2n) deg(C)

where d =
∑q

i=1 di. There is a minimal orbifold structure on C̃ which makes f an orbifold
morphism and it is of course sufficient to prove the result for this orbifold. Let

f ∗(Hj) =

i(C,D)∑

i=1

ti,jpi,

f ∗(D) =

i(C,D)∑

i=1

tipi,

where the pi are the distinct points of f−1(D). Then if ∆̃ =
∑i(C,D)

i=1 m′
ipi, the conditions for

f to be an orbifold morphism are m′
iti ≥ mj for all j ∈ ϕ(i) = {1 ≤ k ≤ i(C,D)/f(pi) ∈ Hk}.

Therefore the minimal orbifold structure is given by

m̃i = sup
j∈ϕ(i)

⌈
mj

ti

⌉

where ⌈k⌉ denotes the round up of k. So we have to prove

2g(C̃) − 2 +

i(C,D)∑

i=1

(
1 −

1

m̃i

)
≥ (deg(∆) − 2n) deg(C).

We have
i(C,D)∑

i=1

(
1 −

1

m̃i

)
≥

i(C,D)∑

i=1

(
1 −

ti
supj∈ϕ(i)mj

)
≥ i(C,D) −

i(C,D)∑

i=1

q∑

j=1

ti,j
mj

.

Moreover
i(C,D)∑

i=1

ti,j = deg(f ∗Hj) = C.Hj = deg(C)dj.

Therefore
i(C,D)∑

i=1

q∑

j=1

ti,j
mj

= deg(C)

(
q∑

j=1

dj

mj

)
.

From this inequality and 4.1 we obtain

2g(C̃) − 2 +

i(C,D)∑

i=1

(
1 −

1

m̃i

)
≥ (d− 2n) deg(C) − deg(C)

(
q∑

j=1

dj

mj

)
.
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And finally

2g(C̃) − 2 +

i(C,D)∑

i=1

(
1 −

1

m̃i

)
≥ (deg(∆) − 2n) deg(C).

�

This example is a motivation for the conjecture introduced in the next section. As a
corollary we obtain

Corollary 4.8. Let H1, . . . , Hq be very generic hypersurfaces of degrees di in Pn. Let

∆ =
∑

1≤i≤q

(1 −
1

mi

)Hi

such that deg(∆) > 2n. Then every orbifold morphism f : C → (Pn/∆) whose image is
contained in an algebraic curve is constant.

Proof. Let f(C) ⊂ C. Then f induces an orbifold morphism f : C → (C ′/∆′) where C ′ is
the normalization of C and ∆′ is the minimal orbifold structure making (C ′/∆′) → (Pn/∆)
an orbifold morphism. But by the previous theorem we have in particular that (C/∆′) is
hyperbolic. This implies that f is constant. �

5. An orbifold Kobayashi’s conjecture

It is well known (see [16]) that the complement of 2n + 1 or more hyperplanes in general
position in Pn is hyperbolic. In the orbifold setting we have

Theorem 5.1. Let H1, H2, . . . , Hq be q hyperplanes in general position in Pn with q > 2n.
Let ∆ =

∑
1≤i≤q(1 −

1
mi

)Hi with

deg(∆) > q −
q

n
+ 1 +

1

n
.

Then (Pn/∆) is hyperbolic and hyperbolically imbedded in Pn.

We will prove this result using Nevanlinna theory so let us recall the usual notations. Let
E =

∑∞
i=1 νizi be a divisor on C with distinct zi ∈ C. Then we define the counting functions

of E truncated to l ≤ ∞ by

nl(t, E) =
∑

{|zi|<t}

min{νi, l}(5.1)

N l(r, E) =

∫ r

1

nl(t, E)

t
dt(5.2)

If D is a divisor on a complex space X and f : C → X is a holomorphic map then

N l
f (r,D) = N l(r, f ∗D).

We denote Nf(r,D) := N∞
f (r,D).
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If ω is a (1, 1)-form on X then the order function with respect to ω is defined by

Tf (r, ω) =

∫ r

1

(∫

|z|<t

f ∗ω
)dt
t
.

The defect is defined by

δl(f,D) = lim inf
r→∞

(
1 −

N l
f (r,D)

Tf(r, c1(D))

)
.

To state the result we need, let us recall the notion of hyperplanes in subgeneral position.
Let N ≥ n and q ≥ N + 1. We consider q hyperplanes H1, H2, . . . , Hq in Pn, which are given
by

Hj :< Z,Aj >= 0

for non-zero vectors Aj in Cn+1. Then we say thatH1, H2, . . . , Hq are in N -subgeneral position
if for every 1 ≤ i0 ≤ · · · ≤ iN ≤ q

span(Ai0 , . . . , AiN ) = Cn+1.

We have the following generalized defect relation of Cartan due to Nochka [23]:

Theorem 5.2. Let H1, H2, . . . , Hq be q hyperplanes in N-subgeneral position in Pn. Then for
any holomorphic map f : C → Pn that is non-linearly degenerate, we have

q∑

i=1

δn(f,Hi) ≤ 2N − n+ 1.

As a corollary we obtain

Theorem 5.3. Let H1, H2, . . . , Hq be q hyperplanes in general position in Pn with q > 2n.
Let ∆ =

∑
1≤i≤q(1 −

1
mi

)Hi with

deg(∆) > q −
q

n
+ 1 +

1

n
.

Then every orbifold morphism f : C → (Pn/∆) is constant.

Proof. Suppose Pl ⊂ Pn contains f(C). The intersections of Pl with the Hi are in n-subgeneral
position in Pl. By the First Main Theorem of Nevanlinna theory we have

Tf (r, c1(Hi)) ≥ Nf(r,Hi) + C

where C is a constant. Since f ∗Hi has multiplicity at least mi at every point of f−1Hi we
have

Nf(r,Hi) ≥
mi

l
N l

f(r,Hi).

Therefore

δl(f,Hi) ≥ 1 −
l

mi

.
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Now
q∑

i=1

δl(f,Hi) ≥

q∑

i=1

(1 −
l

mi
) = l deg(∆) − (l − 1)q.

Therefore
q∑

i=1

δl(f,Hi) > q(1 −
l

n
) + l +

l

n
.

From theorem 5.2, we deduce that the conclusion holds provided

q(1 −
l

n
) + l +

l

n
≥ 2n− l + 1

for l = 1, . . . , n. This condition is clearly satisfied since

q(1 −
l

n
) ≥ (2n+ 1)(1 −

l

n
) = 2n + 1 − 2l −

l

n
.

�

Now, we can prove theorem 5.1.

Proof. Suppose (Pn/∆) is not hyperbolically imbedded in Pn. We shall need a slight refine-
ment of theorem 3.7. There is a sequence of orbifold morphisms fn : D → (Pn/∆) such
that lim||f ′

n(0)|| = +∞. Thanks to Brody reparametrization, we obtain a sequence of orb-
ifold morphisms gn : D(0, rn) → (Pn/∆), with rn → +∞, converging to a holomorphic
map f : C → Pn which is either a non constant orbifold morphism f : C → (Pn/∆) or a
non-constant holomorphic map f : C → supp(∆).

The first case is not possible thanks to theorem 5.3.
Consider a partition of indices {1, 2, . . . , q} = I ∪ J , and let LI = ∩i∈IHi. If I contains k

elements, LI is an n − k dimensional linear subspace. The intersections Zj = Hj ∩ LI are
q − k hyperplanes in general position in LI .

The observation here is that in the second case there is a partition {1, 2, . . . , q} = I ∪ J
such that f is an orbifold morphism from C to (LI/∆

′) where ∆′ =
∑

i∈J(1− 1
mi

)Zi. Indeed,

the sequence gn : D(0, rn) → (Pn/∆) can be seen as a sequence of orbifold morphisms
gn : D(0, rn) → (Pn/∆J), where ∆J =

∑
i∈J(1 − 1

mi
)Hi since ∆J ≤ ∆. Therefore (see

[8]) it converges to a map f which is either an orbifold morphism from C to (Pn/∆′) or
verifies f(C) ⊂ supp(∆′).

Using again theorem 5.3, we see that the conclusion holds provided

q − k > 2(n− k),

deg(∆J) > q − k −
q − k

n− k
+ 1 +

1

n− k

for k = 1, . . . , n−1. The first condition is satisfied since q > 2n. For the second one, suppose
it is not true then

deg(∆) = deg(∆I) + deg(∆J ) ≤ q − k −
q − k

n− k
+ 1 +

1

n− k
+ k.
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Therefore

deg(∆) − (q −
q

n
+ 1 +

1

n
) ≤

q − 1

n
−
q − k − 1

n− k
=
k(n+ 1 − q)

n(n− k)
< 0.

So we obtain a contradiction. �

These results and theorem 4.7 suggest the following generalization of a conjecture of S.
Kobayashi (see [16]):

Conjecture 5.4. Let H0, H1, . . . , Hq be generic hypersurfaces in Pn. Let

∆ =
∑

0≤i≤q

(1 −
1

mi
)Hi

with deg(∆) > 2n. Then (Pn/∆) is hyperbolic and hyperbolically imbedded in Pn.

We will prove some more results towards this conjecture in the next section.

6. Orbifold jet differentials and applications

6.1. Symmetric differentials. Let (X/∆) be a smooth orbifold i.e ⌈∆⌉ := supp(∆) is a
normal crossing divisor. Let (x1, . . . , xn) be local coordinates such that ∆ has equation

x
(1− 1

m1
)

1 . . . x
(1− 1

mn
)

n = 0.

Following [6] we can define sheaves of differential forms on orbifolds

Definition 6.1. For N a positive integer, SNΩ(X/∆) is the locally free subsheaf of SNΩX(log⌈∆⌉)
generated by the elements

x
⌈

α1
m1

⌉

1 . . . x
⌈ αn

mn
⌉

n

(
dx1

x1

)α1

. . .

(
dxn

xn

)αn

such that
∑
αi = N , where ⌈k⌉ denotes the round up of k.

As an immediate consequence of the definition we have

Proposition 6.2. [6] Let (X/∆) and (Y/∆′) be smooth orbifolds and f : (X/∆) → (Y/∆′)
an orbifold morphism. Then

f ∗(SNΩ(Y/∆′)) ⊂ SNΩ(X/∆).

6.2. Applications to hyperbolicity. It is well known in the compact and logarithmic cases
that the existence of global symmetric differential forms vanishing on an ample divisor provide
differential equations for entire curves. This can be generalized to the orbifold case as shown
in [7]

Theorem 6.3. (Campana-Paun) Let (X/∆) be a smooth compact orbifold, A an ample line
bundle on X and ω ∈ H0(X,SNΩ(X/∆) ⊗ A−1). Then for any orbifold morphism f : C →
(X/∆)

ω(f ′) ≡ 0.
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Here we would like to illustrate these ideas initiated in [7]. We provide some results towards
conjecture 5.4 which generalize [12] where the logarithmic case was studied.

Theorem 6.4. Let (X/∆) be a smooth projective orbifold surface of general type, where
∆ =

∑n
i=1(1 − 1

mi
)Ci is the decomposition into irreducible components, and A an ample line

bundle on X. Suppose that gi := g(Ci) ≥ 2, h0(Ci,OCi
(Ci)) 6= 0 for all i and that the

logarithmic Chern classes of (X, ⌈∆⌉) verify

(6.1) c1
2 − c2 −

n∑

i=1

1

mi
(2gi − 2 +

∑

j 6=i

CiCj) > 0

then
H0(X,SNΩ(X/∆) ⊗ A−1) 6= 0

for N large enough.

Proof. Let F := SNΩX(log⌈∆⌉)/SNΩ(X/∆) be the quotient sheaf. F is supported on C =
⋃
Ci

and

h0(X,SNΩ(X/∆)) ≥ h0(X,SNΩX(log⌈∆⌉)) − h0(C, F )

≥ h0(X,SNΩX(log⌈∆⌉)) −
n∑

i=1

h0(Ci, F|Ci
).

F|Ci
has a natural filtration

FN ⊂ FN−1 ⊂ · · · ⊂ F1 ⊂ F0 = F|C1

such that
Fj/Fj+1 = SN−jΩ(Ci/∆i) ⊗Gj

where ∆i :=
∑

j 6=i(1 − 1
mj

)OCi
(Cj) is the divisor induced by ∆ on Ci and Gj is a locally free

sheaf of rank rj := ⌈ j
mi
⌉ admitting a filtration

H1 ⊂ H1 ⊂ · · · ⊂ Hrj
= Gj

where
Hi/Hi−1 = [N∗

Ci
]⊗i

with NCi
denoting the normal bundle of Ci. We have

SN−jΩ(Ci/∆i) = ⌊(N − j)(KCi
+ ∆i)⌋.

Since [NCi
] = OCi

(Ci) and h0(Ci,OCi
(Ci)) 6= 0 we obtain

h0(Ci, F|Ci
) ≤

N∑

j=0

h0(Ci, Fj/Fj+1)

≤ h0(Ci, N(KCi
+
∑

j 6=i

OCi
(Cj)) +

N∑

j=1

rjh
0(Ci, (N − j)(KCi

+
∑

j 6=i

OCi
(Cj)).
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Since gi ≥ 2 we obtain for N − j ≥ 1

h0(Ci, (N − j)(KCi
+
∑

j 6=i

OCi
(Cj)) ≤ (N − j)(2gi − 2 +

∑

j 6=i

CiCj) − gi + 1.

Now we suppose N = qmi is a multiple of mi. We write j = (h− 1)mi + k with 1 ≤ k ≤ mi

so rj := h. Therefore we obtain

h0(Ci, F|Ci
) ≤ miq(2gi − 2 +

∑

j 6=i

CiCj) − gi + 1 +

q∑

h=1

mi(hmi(q − h+ 1)(2gi − 2 +
∑

j 6=i

CiCj) − gi + 1)

≤
1

6
m2

i q
3(2gi − 2 +

∑

j 6=i

CiCj) +O(q2).

Therefore we obtain if N = qm1 . . .mn

n∑

i=1

h0(Ci, F|Ci
) ≤

1

6
(m1 . . . mnq)

3
( n∑

i=1

1

mi
(2gi − 2 +

∑

j 6=i

CiCj)
)

+O(q2).

On the other hand

χ(X,SNΩX(log⌈∆⌉) =
(m1 . . . mnq)

3

6
(c1

2 − c2) +O(q2).

Using Bogomolov’s vanishing theorem [2] for the h2 term we obtain

h0(X,SNΩX(log⌈∆⌉)) ≥
(m1 . . .mnq)

3

6
(c1

2 − c2) +O(q2).

So finally we have

h0(X,SNΩ(X/∆)) ≥
(m1 . . . mnq)

3

6

(
c1

2 − c2 −
n∑

i=1

1

mi
(2gi − 2 +

∑

j 6=i

CiCj)
)

+O(q2).

�

As a first application, we can generalize a result due to Bogomolov [1] about the finiteness
of rational and elliptic curves on surfaces of general type with c21 > c2.

Theorem 6.5. Let (X/∆) be a smooth compact orbifold surface of general type with the same
hypotheses as in theorem 6.4. Then there are only finitely many special curves C ⊂ (X/∆) i.e
images of non-constant orbifold morphism ν : (C ′/∆′) → (X/∆) where (C ′/∆′) is an orbifold
curve with deg(K(C′/∆′) ≤ 0.

Proof. Let Y = P(TX(− log⌈∆⌉)) be the projectivization of the logarithmic tangent bundle.
From theorem 6.4 there is a global section ω ∈ H0(X,SNΩ(X/∆) ⊗A−1) which can be seen as
a holomorphic section of OY (N)⊗π∗A−1, where π : Y → X denotes the canonical projection.
Now, from theorem 6.3, the lifts of the special curves must lie in an irreducible component
Z ⊂ Y of the zeros of ω. Let V ⊂ TY (− log π∗⌈∆⌉) be the subbundle defined by

Vx,[v] = {ξ ∈ TY (− log π∗⌈∆⌉); (π)∗ξ ∈ C.v}.
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Then V defines on the desingularization Z̃ of Z an algebraic foliation by curves, such that the
tangent bundle to the leaves is given by TZ ∩ V . The lifts of the special curves are leaves of
this foliation. Now, a theorem of Jouanolou [15] implies that if there are an infinite number

of such curves then there is a meromorphic fibration Z̃ → S from Z̃ to a curve such that the

leaves correspond to the fibers of the fibration. Let ∆̃ ⊂ Z̃ be the divisor above ∆. Then
(Z̃/∆̃) is of general type. But we cannot have a fibration (Z̃/∆̃) → S with special generic

fiber (Z̃/∆̃)s and at the same time (Z̃/∆̃) of general type (see corollary 7.14 of [6]). �

Now, we turn to the transcendental case. We will use the following result which is a
consequence of deep works of McQuillan on foliations of surfaces (see [18], [20], [21] and also
[12] for a weaker version). For the convenience of the reader we will give a proof, refering to
the above mentioned articles for details.

Theorem 6.6. Let (X,D) be a smooth logarithmic projective surface of log general type and
f : C → X a non algebraically degenerate entire curve. Let f[1] : C → P(TX(− logD)) denote
the canonical lifting of f . Suppose f[1](C) is contained in a divisor in P(TX(− logD)). Then

Tf (r, c1(KX +D)) ≤ N1
f (r,D) + ǫTf (r, c1(H))||ǫ

for some ample line bundle H on X and the notation ||ǫ meaning that the inequality holds for
any ǫ > 0, for r outside a subset of finite measure depending on ǫ.

Proof. Let S ⊂ P(TX(− logD)) denote the surface which contains f(C) and π : S → X the
canonical projection. As already explained in the proof of theorem 6.5, there is a canonical
foliation F on S such that f[1] : C → P(TX(− logD)) is a leaf of F . After some blow ups we

obtain a foliated smooth surface (S̃, D̃, F̃ ) → (S, π−1(D),F ), i.e S̃ is smooth, D̃ is normal

crossing and F̃ has reduced singularities. Let D̃ = C +B where C is the invariant part of D̃

by F̃ . We have an exact sequence

0 → N
∗(C) → T ∗

S̃
(log D̃) → K

F̃
(B).IZ → 0,

where IZ is an ideal supported on the singularity set Z of F . Now, we apply the logarithmic
tautological inequality of McQuillan (see [19] and [28]) which gives

Tf̃[1]
(r, c1(L)) ≤ N1

f̃
(r, D̃) + ǫTf(r, c1(H))||ǫ,

where L = O
P(T

S̃
(− log D̃))(1), f̃ and f̃[1] are the lifts of f . Moreover, we have

L|Y = p∗K
F̃

(B) ⊗ O(−E),

where L|Y denotes the restriction of L to the graph Y of the foliation, p : Y → S̃ the projection
and E is the total exceptional divisor. Therefore we obtain

Tf̃(r, c1(KF̃
+B)) ≤ N1

f̃
(r, D̃) + ǫTf (r, c1(H))||ǫ.
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Indeed, it is proved in [18] (see also [20], [21], [4] and [12]), using sequence of blow ups on S̃,
that Tf̃[1]

(r, c1(E)) ≤ ǫTf (r, c1(H))||ǫ. It is also proved (see [18], [20], [21], [4] and [12]) that

Tf̃(r, c1(N
∗(C))) ≤ ǫTf (r, c1(H))||ǫ. Therefore we obtain

Tf̃ (r, c1(KS̃ + D̃)) ≤ N1
f̃
(r, D̃) + ǫTf (r, c1(H))||ǫ,

and finally
Tf(r, c1(KX +D)) ≤ N1

f (r,D) + ǫTf (r, c1(H))||ǫ.

�

Now, we can prove

Theorem 6.7. Let (X/∆) be a smooth compact orbifold surface of general type with the same
hypotheses as in theorem 6.4. Then every orbifold morphism f : C → (X/∆) is algebraically
degenerate.

Proof. Suppose f : C → (X/∆) is non algebraically degenerate. Let D := ⌈∆⌉. By the
hypotheses, f[1](C) is contained in a divisor in P(TX(− logD)). Then we can apply theorem
6.6 and we have

Tf(r, c1(KX +D)) ≤ N1
f (r,D) + ǫTf (r, c1(H))||ǫ.

Moreover

Tf(r, c1(KX + ∆)) = Tf (r, c1(KX)) +
n∑

i=1

(1 −
1

mi

)Tf (r, c1(Ci)).

We have miN
1
f (r, Ci) ≤ Nf (r, Ci) and by the First Main Theorem Nf(r, Ci) ≤ Tf(r, c1(Ci)) +

O(1). Therefore

Tf (r, c1(Ci)) −N1
f (r, Ci) ≥ (1 −

1

mi
)Tf (r, c1(Ci)) +O(1).

So we obtain

Tf(r, c1(KX + ∆)) ≤ Tf (r, c1(KX)) +
n∑

i=1

(Tf (r, c1(Ci)) −N1
f (r, Ci)) +O(1).

And
Tf (r, c1(KX + ∆)) ≤ Tf (r, c1(KX +D)) −N1

f (r,D) +O(1),

which gives
Tf (r, c1(KX + ∆)) ≤ ǫTf (r, c1(H))||ǫ.

This is a contradiction since (X/∆) is of general type, and f is algebraically degenerate. �

Remark 6.8. These results generalize [12] where all multiplicities are infinite.

As a consequence of theorems 6.5 and 6.7 we obtain the proof of

Theorem 1.1. Let (X/∆) be a smooth compact orbifold surface of general type with the
same hypotheses as in theorem 6.4. Then there exists a proper subvariety Y ( X such that
every orbifold morphism f : C → (X/∆) verifies f(C) ⊂ Y .
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6.2.1. Degeneracy of holomorphic curves with ramification. As an application we obtain the
following theorem

Theorem 6.9. Let Ci, 1 ≤ i ≤ 2, be two smooth curves in X = P2 of degree di ≥ 4 with
normal crossings. Let ∆ = (1 − 1

m1
)C1 + (1 − 1

m2
)C2, and d = d1 + d2. If

(6.2) deg(∆) >
d2

1 + d2
2 + d1d2 − 6

d− 3

then every orbifold morphism f : C → (X/∆) is algebraically degenerate. Moreover, if the
curves Ci are very generic, then (X/∆) is hyperbolic.

Proof. First we verify that condition 6.1 is satisfied. We compute everything in terms of the
degrees d1 ≤ d2

c1
2 − c2 −

1

m1
(2g1 − 2 + d1d2) −

1

m2
(2g2 − 2 + d1d2) = deg(∆)(d− 3) − (d2

1 + d2
2 + d1d2 − 6).

So, if condition 6.2 is satisfied, we can apply theorem 1.1 and obtain the algebraic degeneracy
of f . If c1

2 − c2 > 0 then d1 ≥ 5 or d1 ≥ 4 and d2 ≥ 7 (see [25]). Therefore deg(∆) > 4 and,
if the curves are very generic, from corollary 4.8 we obtain that f is constant. �

Example 6.10. Let Ci, 1 ≤ i ≤ 2 be two smooth curves in P2 of degree 5 with normal
crossings. Let ∆ = (1 − 1

70
)C1 + (1 − 1

71
)C2. Then every orbifold morphism f : C → (X/∆)

is algebraically degenerate. If the curves Ci are very generic, then (P2/∆) is hyperbolic.

6.2.2. Weakly special manifolds with degenerate entire curves. Let us recall that a complex
projective manifold is said to be weakly-special if none of its finite etale covers has a dominant
rational map to a positive-dimensional manifold of general type. Bogomolov and Tschinkel
constructed in [3] examples of algebraic threefolds which are weakly-special but non-special.
These examples are simply connected and come with an elliptic fibration ϕ : X → B, where
B is a surface with κ(B) = 1. This fibration is of general type because it has multiple fibres
of multiplicity m ≥ 2 over a smooth curve D such that κ(B,KB + (1− 1

m
)D) = 2. But these

multiple fibers cannot be eliminated by an etale cover of X, which is simply connected. We
remark that our results enable us to simplify the proof and generalize the results of [7] where
it is proved that in some of the examples of [3] all entire curves are degenerate. Indeed, using
these notations, an immediate consequence of theorem 1.1 is

Theorem 6.11. Let X be a Bogomolov-Tshinkel example. If

c1
2(B,D) − c2(B,D) −

1

m
(2g(D) − 2) > 0

then there exists Γ ( B such that for any entire curve h : C → X, ϕ ◦ h : C → B is either a
point or contained in Γ.

Proof. We just remark that ϕ ◦ h : C → (B, (1 − 1
m

)D) is an orbifold morphism and apply
theorem 1.1. �
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Remark 6.12. The use of McQuillan’s results in the logarithmic setting simplify the argu-
ments used in [7] to obtain the algebraic degeneracy. Indeed, the authors need additional
technical hypotheses to use the compact version of McQuillan’s results.

6.3. Higher order jet differentials. More generally, we generalize jet differentials from
the compact setting (see [13] and [10]) and the logarithmic setting (see [11]) to the orbifold
setting.

Recall that if X is a compact complex manifold, in [13] Green and Griffiths have introduced
the vector bundle of jet differentials of order k and degree m, EGG

k,mΩX → X whose fibers are

complex valued polynomials Q(f ′, f ′′, . . . , f (k)) on the fibers of JkX of weight m for the action
of C∗:

Q(λf ′, λ2f ′′, . . . , λkf (k)) = λmQ(f ′, f ′′, . . . , f (k))

for all λ ∈ C∗ and (f ′, f ′′, . . . , f (k)) ∈ JkX.
If (X,D) is a logarithmic manifold, i.e X is a compact complex manifold and D =

∑
iDi

is a normal crossing divisor, the vector bundle of logarithmic jet differentials of order k
and degree m, EGG

k,mΩ(X,D) → X consists of polynomials satisfying the same weight condition

Q(f ′, f ′′, . . . , f (k)) in the derivatives of f and in the derivatives of log(sj(f)) on Dj = {sj = 0}
locally.

Let (X/∆) be a smooth orbifold. Let (x1, . . . , xn) be local coordinates such that ∆ has
equation

x
(1− 1

m1
)

1 . . . x
(1− 1

mn
)

n = 0.

Definition 6.13. For N a positive integer, Ek,NΩ(X/∆) is the locally free subsheaf of EGG
k,NΩ(X,⌈∆⌉)

generated by the elements

∏

1≤i≤n

x
⌈

αi,1
mi

⌉

i

(
dxi

xi

)αi,1

· · ·
∏

1≤i≤n

x
⌈

kαi,k
mi

⌉

i

(
dkxi

xi

)αi,k

such that |α1| + 2|α2| + · · · + k|αk| = N where |αi| =
∑

j αj,i.

Now theorem 6.3 generalizes as

Theorem 6.14. Let (X/∆) be a smooth compact orbifold, A an ample line bundle on X and
P ∈ H0(X,Ek,NΩ(X/∆) ⊗ A−1). Then for any orbifold morphism f : C → (X/∆)

P (f) ≡ 0.

Proof. The proof goes along the same lines as in the classical setting using the logarithmic
derivative lemma (see [27], [29], [7]) which we summarize for the convenience of the reader.
P (f) is a holomorphic section of f ∗A−1. Suppose it does not vanish identically. Let ω =
Θh(A), then by the Poincaré-Lelong equation

i∂∂ log ||P (f)||2h−1 ≥ f ∗ω.

Therefore

Tf (r, ω) ≤

∫ r

1

dt

t

∫

|z|<t

i∂∂ log ||P (f)||2h−1
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and from Jensen formula ∫ 2π

0

log+ ||P (f)||h−1dθ ≥ Tf(r, ω) + O(1).

Finally the logarithmic derivative lemma gives
∫ 2π

0

log+ ||P (f)||h−1dθ ≤ O(log(r) + log(Tf(r, ω))

outside a set of finite Lebesgue measure in [0,+∞[. This gives a contradiction. �

Remark 6.15. In a sequel of this paper we will give some applications of these higher order
jet differentials and develop an approach using stacks.

7. Measure hyperbolicity and orbifolds of general type

7.1. Kobayashi-Ochiai’s extension theorems. Let us recall some results about holomor-
phic mappings into orbifolds of general type.

In [17] it was established that a meromorphic map of maximal rank from a dense Zariski
open subset U of a complex manifold V to a compact variety of general type extends mero-
morphically to V .

The main results of [26] can be formulated in the orbifold setting as follows

Theorem 7.1. (Sakai) Let (X/∆) be a smooth orbifold of general type where X is a smooth
projective manifold of dimension n. Then any orbifold morphism f : Cn → (X/∆) is degen-
erate i.e its Jacobian vanishes identically.

In [5] the following orbifold generalization of [17] was proved

Theorem 7.2. (Campana) Let V be a connected complex manifold, Z a reduced divisor on
V and U := V \Z. Let ϕ : U → X be a meromorphic map with X a projective manifold. Let
f : X → Y be a fibration of general type and assume ψ := f ◦ϕ : U → Y is of maximal rank.
Then

(1) ψ extends meromorphically to V .
(2) for any m > 0 sufficiently divisible and s ∈ H0(Y,m(KY + ∆(f))), ψ∗(s) extends to a

global holomorphic section of (Ωp
V )⊗m((m− 1)Z).

Here we would like to prove the following result which generalizes both [26] and [5]

Theorem 7.3. Let V be a connected complex manifold, Z a reduced divisor on V and U :=
V \ Z. Let ϕ : U → (X/∆) be an orbifold morphism with X a projective manifold. Let
f : (X/∆) → Y be a fibration of general type and assume ψ := f ◦ ϕ : U → Y is of maximal
rank. Then

(1) ψ extends meromorphically to V .
(2) for any m > 0 sufficiently divisible and s ∈ H0(Y,m(KY + ∆(f))), ψ∗(s) extends to a

global holomorphic section of (Ωp
V )⊗m((m− 1)Z).

An immediate corollary which provides new examples of special orbifolds is
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Corollary 7.4. Let (X/∆) be a smooth orbifold where X is a smooth projective manifold of
dimension n. Assume there exists a non degenerate orbifold morphism f : Cn → (X/∆).
Then (X/∆) is special.

The proof of the theorem will follow the same lines as [5] except that we have to take into
account the orbifold structure on X. We need to recall some definitions from [6].

Let (X/∆) be a smooth orbifold. Let (x1, . . . , xn) be local coordinates such that ∆ has
equation

x
(1− 1

m1
)

1 . . . x
(1− 1

mn
)

n = 0.

First, let us recall the definition of the orbifold base of a fibration in this setting.

Definition 7.5. Let (X/∆) be an orbifold and f : (X/∆) → Y a fibration i.e a surjective
holomorphic map with connected fibers. Then for every irreducible divisor D ⊂ Y such that
f ∗(D) =

∑
j mjDj +R where R denotes the f -exceptional part, we define its multiplicity

m(f,∆, D) = inf
j
{mj .m∆(Dj}.

where m∆(Dj) is the multiplicity of Dj in ∆.
The orbifold base (Y/∆(f)) is then defined by

∆(f) =
∑

D⊂Y

(
1 −

1

m(f,∆, D)

)
D.

Definition 7.6. For non negative integers N, q, SN,q(X/∆) is the locally free subsheaf of

SNΩq
X(log⌈∆⌉) generated by the elements x⌈

k
m
⌉ ⊗l=N

l=1

dxJl

xJl

where the Jl are ordered sets of

q elements of {1, . . . , n}, x⌈
k
m
⌉ =

∏n
j=1 x

⌈
kj
mj

⌉

j for kj the number of times that j appears in

J1, . . . , JN and
dxJl

xJl

= ∧j∈Jl

dxj

xj
.

Definition 7.7. Let g : (X/∆) → Y be a fibration with Y smooth. g is neat realtively to
g′ : (X ′/∆′) → Y ′ if there is a commutative diagramm

(X/∆)
w

//

g

��

(X ′/∆′)

g′

��

Y v
// Y ′

such that

(1) w is an orbifold morphism, v and w are bimeromorphic and w∗(∆) = ∆′.
(2) Every g-exceptional divisor is w-exceptional.

In this context we have (see [6])

Proposition 7.8. For every fibration g′ : (X ′/∆′) → Y ′, there exists g : (X/∆) → Y neat
relatively to g′.
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To deal with the orbifold structure on X we will need the following proposition

Proposition 7.9. Let g : (X/∆) → Y and g′ : (X ′/∆′) → Y ′ be fibrations with dimY = p
such that g is neat relatively to g′.

(X/∆)
w

//

g

��

(X ′/∆′)

g′

��

Y v
// Y ′

Let m > 0 be an integer such that m∆(g) is Cartier.
Then we have an injection of sheaves

g∗(OY (m(KY + ∆(g)))) ⊂ Sm,p(X/∆).

Proof. Let D ⊂ X be an irreducible divisor not f -exceptional and x0 ∈ D a generic point
with local coordinates x = (x1, . . . , xn) such that locally an equation of D is (x1 = 0). Take
local coordinates (y1, . . . , yp) near g(x0) such that ∆(g) has equation

y
(1− 1

m1
)

1 = 0

and D is mapped locally to y1 = 0. So, g(x) = (xt1
1 , . . . , xp) with t1.m

′ ≥ m1 for m′ = m∆(E).
Let

ω =


dy1 ∧ · · · ∧ dyp

y
(1− 1

m1
)

1




⊗m

be a local generator of OY (m(KY + ∆(g))). Then

g∗(ω) = x
mt1
m1
1 . . . xm

p

(
dx1 ∧ · · · ∧ dxp

x1 . . . xp

)⊗m

up to a non zero constant factor. Since mt1
m1

≥ ⌈ m
m′
⌉, g∗(ω) is a local section of Sm,p(X/∆).

Therefore the injection is true outside V ∪ E(g) where V is a subset of X of codimension
two or more contained above ∆(g) and E(g) is the union of g-exceptional divisors. But then
w∗(g

∗(OY (m(KY +∆(g))))) injects into Sm,p(X ′/∆′) over X ′ outside a codimension 2 or more
analytic subset Z. Since these sheaves are locally free this injection extends through Z by
Hartog extension theorem. �

Now we give the proof of theorem 7.3

Proof. We start with some reductions as in [16] and [5] to which we refer for details. We can
reduce to the equidimensional case dimU = p. By localizing we may assume that V is a unit
polydisc Dp and Z is a subpolydisc {0} × Dp−1 so that U = D∗ ×Dp−1. By proposition 7.8
we can assume that f is neat.

Since KY + ∆(g) is big, we have

m(KY + ∆(g)) = H + A



HYPERBOLICITY OF GEOMETRIC ORBIFOLDS 27

with A very ample and H effective. Let α ∈ H0(Y,OY (H)) be a nonzero section and δ ∈
H0(Y,OY (m∆)) a section vanishing exactly on m∆. Let σ0, . . . , σN be a basis of H0(Y,A)
and sj = ασj and tj =

sj

δ
. To prove that ψ extends meromorphically to V , it suffices to show

that the ψ∗(sj) extends to meromorphic sections of mKV .
Then we define

v :=

(
∑

j

imp2

tj ∧ tj

) 1
m

which is a meromorphic pseudo-volume form on Y . From proposition 7.9 we see that f ∗(tj)
is a holomorphic section of Sm,p(X/∆) and therefore w = ψ∗(v) is a pseudo-volume form on
U . In the same way

w̃ =

(
∑

j

imp2

ψ∗(sj) ∧ ψ∗(sj)

) 1
m

is a pseudo-volume form on U . Then a computation of the Ricci curvature gives

Ricci(w̃) = Ricci(w) = ψ∗(−F ∗(Θ))

where F : Y → PN is the map defined by A and Θ is the curvature form of the Fubini-Study
metric. Therefore there exists C > 0 such that Kw̃ ≤ − 1

C
and the Schwarz lemma for volume

elements imply that ∫

U

w̃ <∞.

Finally this implies that ψ∗(sj) extends to meromorphic sections of mKV .
For the second assertion we refer to proposition 8.28 of [5] �

7.2. Orbifold measure hyperbolicity.

Definition 7.10. Let (X/∆) be an orbifold with ∆ =
∑

i aiZi and ∆1 the union of all Zi

with ai = 1.

(1) The orbifold Kobayashi measure µ(X/∆) on (X/∆) is the largest measure on X \ ∆1

such that
g∗µ(X/∆) 6 µP

for every orbifold morphism g : Dn → (X/∆), where µP denotes the Poincaré measure
on Dn induced by the Poincaré volume element

κn = n!
n∏

j=1

4

(1 − |zj|2)2

i

2
dzj ∧ dzj .

(2) The classical orbifold Kobayashi pseudo-distance µ∗
(X/∆) on (X/∆) is the largest mea-

sure on X \ ∆1 such that
g∗µ(X/∆) 6 µP

for every classical orbifold morphism g : Dn → (X/∆).
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Definition 7.11. Let (X/∆) be an orbifold. Then (X/∆) is said to be (classically) measure
hyperbolic if (µ∗

(X/∆)(B) > 0) µ(X/∆)(B) > 0 for every non empty open subset B ⊂ X \ ∆1.

Theorem 7.12. Let (X/∆) be a projective orbifold of general type. Then (X/∆) is measure
hyperbolic.

Proof. This is essentially a consequence of [26]. Indeed, there, a volume form Ψ is constructed
onX\supp(∆) such that

∫
X\supp(∆)

Ψ <∞ and for every orbifold morphism f : Dn → (X/∆),

f ∗(Ψ) ≤ κn. We recall its construction for the convenience of the reader. Let A be an ample
divisor on X, then we can find an effective divisor D in

|mK(X/∆) − A|

for m large enough. Let σ be a section vanishing exactly on D. Let ∆ =
∑

i

(
1 − 1

mi

)
Zi

with sections sj defining Zj. We choose hermitian metrics hA on A, hj on Zj. Then we have
a volume form on X \ supp(∆) defined, up to a constant c, locally by

Ψ = c
||σ||

2
m

h−1
A

∏n
j=1(ln ||sj||2hj

)2|sj|
2(1− 1

mj
)

n∏

j=1

i

2π
dzj ∧ dzj .

For every orbifold morphism f : Dn → (X/∆), f ∗(Ψ) is a singular volume element such that
(−Ricci(f ∗(Ψ)))n ≥ f ∗(Ψ) in the sense of currents. Therefore, using Ahlfors-Schwarz lemma
for volume elements, we obtain that f ∗(Ψ) ≤ κn. Finally, by definition, µ(X/∆) is greater than
the measure induced by Ψ and (X/∆) is measure hyperbolic. �
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Département de Mathématiques,
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