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Abstract
In this work we study the almost sure convergence for the vertical and hor-

izontal increments of the Brownian sheet. Afterwards, a modification of these
results for a regula,rization of this process, provides almost sure convergence in
lav¡ for the length ofthe level curve, defined for the regularized process, towards
a modification to the Brownian sheet's local time.

1 fntroduction

This is the fina^l form of the paper
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I-n tle study of the asymptotic behavior for the increments of one parameter processes
{Zt}tew, usually only a type of increments is defined, namely 

- 

Zt+, - Zi. tn two
pa¡ameter situations, as in the Brownian sheet case i.e. {I/(t,s)1¿,"¡6[o,r]r], it is
possible to introduce different types of increments. On the one hand ìfiå-veriióal a"¿
horizontalincrements can be defined as: w(t+e,s)-w(t,s)and w(t,s*e)-w(t,s),
and on the other hand one can consider the surface increments: w(t+e,s +'e) I
W(t, s) - W(t * e, s) - W(t,s * e), and so on.
In this work we shall study the asymptotic behavior for the former increments. We
will show in Theorem 1., denoting by ) the bi-dimensional Lebesgue measure, that for
almost every a, (fixed) it holds:

){(ú,s) € [0,1]2; V,(t,s) 1rt , H"(t,s).rr] - [ F"@)F¿(r2)d,sd,t a.s. ase-+0
./ [0,1]2

rì



It

rto-here II,(¿,s) = WàO@,V,(t,") : !Z(E#KLÐ and F', is the Gaussian

dis'r,ribution with variance r. One could express this result by saying that there exits
a null subset l/ of O, the probability space of the Brownian sheet such that if a ç N
the random vector (%(',., a),Hu(.,',ø)) defined in the bidimensional Lebesgue space
([0, 1]',,ù'f , À) converges in law to the random vector (J6tr, J6eù where (U¿)¿=1,2

are uniform and independent random variables and ((¿)¿=r,z are independent standard
Gaussian random variables independent also of the U¿.

A result in this direction, in the one parameter case, has been shown by M. Wschebor
in [6]: Let {X¿}reto,rl be a standard Brorvnian Motion, if Õ(r) denotes the standard
Gaussian distribution and À1 is the one dimensional Lebesgue measure, we have for
a.e. .fixed u.¡

Àr {s < I , x"*u 
ì 

x".< r} -} (Þ(ø) as e -+ 0
vè

In the same article he also proves the following statement. Define the regularized
process Xre =
å iå v(f,)X,as, where g is a smooth density function, having bounded support.
Let be / a continuous and bounded function, Wschebor's second result says that for
a.e. fixed o

fn î* et/2 fæ

| ; J_*/(") ll,pTl¡/ 
þ)dr -+ 

J_*Í(")r(z)dt 
as e -+ 0

where l/'(") : #{r S 1 : Xf = ø} is the number of crossings of the process Xe at
level ø,.11 ll is the Z? norm and .L(ø) is the Brownian Motion's local time at level r.
It is interesting to note that these two results establish a relationship between the
asymptotic for increments and the asymptotics for crossings. This relation starts with
the following Banach-Kac formula [1] [3], with / as before:

[* f @)*'(x)d.x = [' ¡63¡1x',10"
J -æ Jo

where *5 is ttre derivative of Xf , that exists due to the smoothness of rp.

In the two parameter context there exists another formula, named the co-area for-
mula ([2] pp. 249), that we will describe now (note that an elementa.ry proof of this
formula can be given using a slight generalization of the Divergence Theorem). Let
the regularized sheet be defined asW¿(t,s) :
å,[a [Ï*ç(?)ç(7)w(u,u)d,ud'u and L'(r) = Àr{(ú,s) e [0, 1)2 : w,(t,s) =
ø] be the level curve's lenght. The co-area formula is:

t: f(r)L'(æ)dx = I (W,(t, s)) ôtWu trs + (Ô,W,(t, s))2ds dt
1,,u,

In Theorem 2 we will prove, using this last expression, that for a.e. ø fixed

roo .l/2 fæ

J_*røffic@)ax - J_*f 
(r)L(r)dr as 6 -+ 0,
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where t'çx\ is a modification of the Brownian sheet,s locar time defined below.we sha[ not consider at ail the .,rrrr"u'irrfiemerrts, nevertherress we must n.ote thatthese increments have not.related ,o *ylut.r ru".tiorr*r. 
-Ho*ä, 

severar statistical
:ffiiå:H:,åîlt,:: deduced trom its asymptotic behavior. rhis ma*er wi' be

2 Hypothesis and aotation

LetW be the Brownian sheet-on lR x IR, setting W(t,s) = 0 if ú or 6 are negative.For each (ú,s) and r ì 0 we define tt"."gul.rú"a proáu* *lfr,rl : ge *W(t,s)
ilåïr:#' ') = þe?)e(å) and - d;';;; tne 

"or,.,,or,riiä.'úà n..," rhe ronowing

iir:lrTir:i:rT:'"" 
p' Ilte(t)'d, : r, e e c2, p ) 0 and rhe supporr or rp is a

ffiffïåîili.,,l;i.îåJ:.*"*u." in rR2. 4, s € [0,1], stands for rhe Gaussian

Let f1 md.f, be two standa¡d independent Gaussian r.v The standard Gaussiandensity will be denoted by /. Also is the length of the ¿-level cu¡ve of the
Ls@)
L(x)process W" on [0, U'. We shall define as a modification of the local time for theBrownian sheet on [0, t]2 that satisfies for all bounded and continuous function

[* ¡çr¡Eqr)d*= [../-æ ,¡o,ryÍ(*(t,s))E[ fr,r,r r* r,, s))r(t, s)d,s dt+ t(llds dt:+

during a proof.
Throughout this article, C shall stand for a generic constant, whose value may change

Define for (t, s) € [0, 1J2,

v,(t,s) = ftWfr*e,s) -w(t,s)l
and

II"(t,s) - rtr*a,s * e) - w(t,s)l
the vertical and horizontal increments for the Brownian sheet.

3 Results

Theorem I
(i) À{(4 s) e [0, L]2;v,(4s) ( rr , H,(t s) <ø2] - lro,r,",{rùFt(cz)ds d,t a.s. øse-*0

çrù 
.[o,

ú,s + H!(t, s ds dt -+ /, l(t, s)ds dtE
1J2

112
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Proof: The proof will fotlow the steps of [6]. We divide IR2 in four regions as is shown
in figure 1.

t- € t t+e

s+ €
s

s- t

Let us compute the moments of this r.v

have

( I ) ( II )

( III ) ( w )

Figure 1

'We 
need the correlations between (V"(t,s),H"(t,s)) and (Vr(t,,s¡),Hr(/,s,)) for

(ú,s) € [0,1]2 and (r,,s,) in regions @; (¡.r), erl' a;rrí (/y).

t"TT: t.,For. (t, !) € [0, 1]2 and, (tt ,s,) e [0, 1]2,il.ç';'' € (I),'QI),, !!!r) oT_\rv) Etu;Q,i)u,(t,,6,)l : 0 : ElH"(t,s)f/,(r,, s,)l
_._i! .(t',.s') e QI), (rrI) or (rv), E[H,(¡,sjve(t','s,ii = 0 ond, t]'1¿,,'r,)-è'f¡1,
E[IIe(t, 

")V(!' ,s,)] = e

_.-:Í.(t',.Ð .e Q), QI) or (III), ElU,(t,s)He(t,,s,)l = 0 and if (t,,st) € (IV),
E[V" (t, s) H, (t',s,)] = e

Proof: The proof is the result of a straighforward computation.
Consider, 

lor l F O fixed, (%(., .), ¡f"(., .)) as a random vector on ([0, 1]r, À). 
.We 

shall
prove in what follows that this vector converges in lawalmost sutety ìo 1.r,ñ€, , {f.,c;)
y-ttere (u{=r,! âr€ two independent unifãrm r.v.'s on [0,1], independent also of
({¿)¿=r,2. For this we consid.er a linear combination of vr'anã,'ur, namely Ç(t,s) =ctV,(t,s) + c2E"(t,s).

First, lettin g Ç'* = [
Jp,

6j(r,s)as d,t, we
11,

-E[(ii = 
fro,u""[.r^fr€t 

+ cz,ft€z]kds dt

Computing the variance we get

f,o,r^
var(çf¡ : {E[€](¿, s)Cf (u, u)! - Ete:$, s)l^E[g(u, u)]]d,u d,ud,s d.t
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\Me split the integrals into different regions (I¡)¿=t,n defined as

11 : {(u, u) e [0, I)2, u 1 t, u ) s], Iz = {(u,u) e [0, IJt, u) t, u ) s]
/s = {(u,u) e [0, I]', u 1 t, u( s], .Ia : {(u,o) € [0, t]r, u) ú, u ( s]

Let J¿ be the integral corresponding to the domain f¿, i = 1,4, we get
I

J' = I .. {E[€i (¿, s)6j (ü, u)] - øtç! (t, s)l,B[{ (2, u)]}da d,u ds dtJ^T

where d means asymptotically equivalent and A] = [e,1]x [e,1]x [0,ú-e]x [0,s_e],all other terms are O(e).
using Lemma 1 one can see, since (ø, u) belongs to (.1,/.r), that all the Gaussian r.v.,sin the integrand are independent so Js = O(e) also anA the sarne pro."a"r" giu";Jz: O(e).
\Me shall study the asymptotic behavior of fi. The sa¡ne arguments apply for J¿.
The computation here is more involved because the correspotrãirrg Ga,rssia" ,.u. .å
not independent. We obtain as before

f o"{rt"r'f, €, + cztft €z)k (ct 6 €'t + cz tÃ€Ðk)

- E[c, tfs & + cz tft €r]h nþr r/, €,r. + cz tfu €zlk ] du du d,s d,t

where (€l¡)r=r,z are independent standard Gaussian r.v. with correlation E(F.F..\ : o
except for i = 2 and j = 1 and in this case .Ð((2fl ) = ft, (see r,e**a'ii ."ã
L?: [e,1] x[0,1-e] x[.0,ú-e] x[s*e,1]. Theothertelmsof ..r1 areO(e). We
now ûx (t,s,u,u) and lake a change of variables to transform (€r,€r,6{,6i) into a
standard Gaussian random vector, obtaining

Jr= [ [ þrr/rrr*c21/uy2)k
JA? JR4

x{1c11ßq + c2\/t( r - fia, * frrrrl* - ("r,fsr, + "rr/lyr)r|
x ó(x t) ó(a ù gþ2) S@2) dx1 dy 1 dr2ds2du d,u d,s d,t

To prove that this integral is O(e) v¡e use the identity

Ak - Bk = (A -B)T Ai Bk-i-L ( k -lj )
j=o

and the fact that ft e LL((O,I),d,u).

So we have proved that in L, (e), (i + -[o,r¡, E[qrß€, + cz\ft€2]k dsdú as e _r 0 and
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furthermore Var(Çf;) = O(e).
'We want to prove now that this convergence takes place almost surely. Using the
Borel-Ca¡rtelli lemma and taking €v = t/-o s a ) !, it holds that a.s. in ø

&-1

Çí' * [ E[cr.ß€t + c2,/l1r]kdsdt.
J [o,t],

To finish the proof we have to consider the oscillation

e..lll=,,, lr,r,Ej(t, 
s)as o' - lr,u"E!,ft, las atl'

Let us start with

' 
l*,r,6i(t' s)as o' - lro,rt,ç!'(t' {as atl

S le-xtz - ,;r/rll [. . {["rr/e,v,,(ú, s) + czt/ãiLe"1t, s)]k]as at¡
J¡o'r1z--

+u-o/'l [ {þr'/ev(t, s) + c2tGH"(¿, 
")]nJ lo,L)2

["r^/e"V"(t, s) + c21/ÇH",(t, s¡1e]as dd = h + Iz.

rl e,+t ( e ( e, rhen le-*/z - r;o/'l S u;o/,1(#,)o'' - 1], we have t1 (
t ¡ lc/2

showing that 11 tends to zero a.s.
For 12 we shall use as before the binomial identity for á* - BÈ, taking -a"(t,s) =,ß€,(t,s) and 8",(t,s) = ^/Ç{""(ú,s), 

we get

I, < uilf 
1,0,,,,1o,(r,s) - 8,,(r, r)lrE ( *; t ) lr.{,, s)lilB,"(t,s¡1x-i-to, or.

using the modulus of continuity for the Brownian sheet ([4], pag 154) i.e. lw(t+€,s) - W(t,s)l < c(w)e1/z)-ô for any d > 0 as small as .,""'*irtr, we obtain

12 < ck þùQcr | + lc, l)Àelf (' ç, - u¡<trtzl-ô) I e(\ / 2) - 6) i €((L / 2) - 6) (k - t - i)fr-1
jj=0

This implies that

tz ( c ,,i('G, - e,*r¡((t/z)-ô)€((1/2)-ô)(e-1)
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t2 <c (#)*,, {r_e*.

åií,äT,f iri-î,ü-*ough 
i e d <'d+Ð

l¡o,ry("'v(t's) + cz&€(t's))kasdt - fro,u,E[cttß€t + czt/t€z]kdsdt a.s.as e -+ 0.

This resurt can be expressed saying that for 
11. 

{,r (yf (.: .),H:(.,.)) converges in rawto .('/6€r,r@€r)ooi"ru (u-r)r*': ä;: mdependenr uniforr¡independent of (çù¿:t,r, t"i"ã"f¿)'rr¿ioiii,r"*. tr 
I r.v. on [0,1] also

where the constant depends on å, ar and ô. Finally one gets

)((t/2)-ö) €-k6 _+ 0

f (W,(t,s)) 0¿W,(t, s + (ô"W,(t, s )zds dt

Rernark Result (ii) is closely iinked with the convergence of the levei curve lengthL, to the Brownian sheet iocal time, a fact that we shall study next.The surface W,(t,s) is almost surely C2 and we know, thanks to the ]evel curve ,stheory for differentiable surfaces [5], that for all ø the set {(t, s) W,(t,s) rjhas finite length a.s. Fbdere¡ ([2], pp. 2a9) proved the following change of variableformula, called the co-area formula: If/isabounded continuous function then
roo

f Í{")t,{z)dx = [r'_oo Jp

This formura can be.yj"_r-.a as the bi-dimensional.analgquous to the we, known
,:ilî',i-"* 

rormula [r] [ai ror the;;# or .rorriJg;*;iffi""rr. we have rhe

Theorern 2 [Jnd'er ('ur) and, if Í is ø bound,ed, continuous function then a.s.

tßl!çll-, [_*_r@r,{x)d, -+ [* ¡@)r(r)d.æ whene _+ 0.J_6e J _*

,112

we shall consider the case where

W, ú, s) +( W"(t, s))2ds

.f = 1. We want to prove that a.s

dt ' .[p,rr 
l(t, s)ds dú as e -+ o

Proof: First

'ßllçll-' IJ ¡o,t1z

ä:"rfi:iiüll 
fotlow the same lines of the previous one for rhe increments. .we 

have

Lemrna2If s>eandt>e

EI^ßôJry,$, s)\/€a"w,(t, s)] = ]e

787



eulatw€(t,r)l' = llell'À?,,(") ,= llpll, l: Ëefu)eþ)l(s - eu) n (s - eu)ldudu

(where A means the m,i,nirnum between the two numbers)

e Elð 
"W" 

(t,")l' = 
^?," 

(t)llell,

Proof: The proof is an easy consequence of the definitions.
So we obtain that if s > 0 and ú > ô,

llell-2eE[ð¿W,(t,s)]2 -+ s ,llpll-2e1[ô"W"(t,s)]2 _+ r

and eE[ô¿W,(t,ÐA"W,(t,s)] -+ 0 âs 6 -+ 0. Hence this implies that if (c¿)¿=1,2 aretwo real constants it follows

" 
E [" r ll çil-' \f€ a tw 

" 
(t, s) + c2 llg ll- 

1,,/ê ô,w 
" 1t, s)]k d,s dt

- [. E["r,ßt, + c2,/iq2]kas dú as e -+ o.
J [o'r]2

we shall compute the correrations, for diferent points (f,s), between the Gaussianr.v. that appear in the above integra.r. Thus we get as in remma 1 the fonowing
T¡€rrrrrrâ 3 For (ú,s) e [0,I]2 ønil (t,,s,) € [0,I]2, ueri,fuingt) e,t, )€, s ) e and,tt s €t ue høae

(a) E[rfearW, (t, s) \,GA1W€(¿,, ",)] =(b) E[\,Ga"w,(t,s)\/õð"w€(¿,, 
",)] :(c) E[t/èô¡w,(t,s)\Æa|w'(r,,s,)] =

(d) E['/êarW,(t, s) tfeô"W"(¿,, ",)] =(e) E[yEð"w,(t, ù\ßatwe(¿,, ",)] :(Í) E[\ÆA"W"(t,s),,Æatwe(¿,, 
",)] :

L

0iîlt-t,l>2e
0ilfs-s'l)2e
eilt'-t)2eønds-s,>2e
0iÍt-t'>2eorE'-s)2e
eif t-tt22e and.s' -s)2e
0iÍ{-t)2eor.s-s,>2e

Let us feturn to the proof of the theorem, the situation here is simila¡ to the previousone for the increments.
As befo¡e we must consider the following linear combination

€, (ú, s) = llgll-r[q1îeð¿w,(t, s) + c2\ßaswe(t, s)]

There exists some differences between this situation and that of the increments. TheGaussian r'v''s now do not have variances equal to ,s or t but tending towards thesenumbers' Furthermore rêð¿w"(Ls) and 1ftô"w"(t,s) ;;;;; independent (but
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asymptotically independent).

We shall study (f : 
Ifo,rf6f 

(t,s)as ü. Letus compute its variance:

var((e¡) = fro,rr,{"[ç!(t,s)E!fu,r)] - E't€i(¿,s)l.o[(j(u, u)]]d,ud,ud,sd,t.

Splitting the domain ofintegration [0, l]a into four regions (I¿)¿=r,n denoting by ,f¿ the
integrals ove¡ these 

Jgglons and using lemma 3 it is ãasy to Áúow, as in thã previous
theorem, that 4 : o(e) for i : 2,3. Hence it is enough consider the integrals Jt, Jq.
IVe will study only ..I1 because Ja is similar.

t, = [^{rKctxi-czxz)k (cyxs+c2xa)klø[(c,xr+c2x.2)k]E!cL&-+{2Xa)kl}dudud,sdt.
J^2

ylgru a: = [(M *2)e,I] *.l2rr1 -2e)x[Me,t-2e)x ls *2e,1]. we choose arsoM large enough such,rhar )i.(r) I .rt 
*9 

^?,,(") 
j ;. H"r" (kr,Xr,Xr,¿tj;

a Gaussian vector with_ correlâtions gi-ven by iem*as 2'arñ s. The other iår*, or
J1 arc o(e). we now fix (t,s,u,,ø) and make a change of variable in the fiist term
transforming (x1, xz,xs,xa) into a standard Gaussian vector and another.h";;;
of variable in the two remainder terms.that reduce (X1,X2) (resp. (X3,X4)) in;;
sta¡¡dard Gaussian vecto¡s in IRz. V/e get

J, = [^ - [- .tf"r+ @c2)À1,e (s )st + bczxz)kJa: ./R4

x[(e2dr2+(c1*c2c) À1,,(u)rz+czest)k - ((q+c"z)¡t,,(u)rs*czf r4)k]ô(î;)di;d,ududsdt,
where ó (î) dî : ó (" t) ô (a z) ó (s ù ó @ a) d,r 1 d,a 2 d,r s d.ra and :

o=|r¡.¡r¡y-'r"3(r) ,b =[l!,,(t)- øzlf,.çs1¡1 /2 , c=IrilçlÍr¡;,?øl

a= -fellgll-2 , e= [À?,.(¿) - c2À2r,,ça) - d2]t/2 , Í =[\?,,(u) - c2S!,,1a¡1t/2.

Using asain the identiry Ak -Bk : (A-B)yl;[ ei Ak-i-, ( k : t I rhe condirions

^?,,(t) 
2l, ;,!,"çu1> fi and rhe facr,n"rl"rn ;þ and + ,j,"'r' ,".;;-dimensional Lebesgue measure, we obtain finally ttrat tor tti"lurg" enough h = o(e)andVør({fi) = O(e).

To finish the proof of rheorem 2 for f = 1 v¡e have to evaluate as in the proof of
Theorem 1 the modulus of continuity for the deriv-atives of the regularization of the
Brow'nian sheet. But

€ôtwu(t,s) = l: f* ø{ùrtu)w(t - e,¿tr,s - eu)d.ud,u,
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and a similar expression holds for €yô¡W¿"(ú, s). Thus we get

leù¿W"(t,s) - euôtW,, (¿, s)l < C(ø)le - r,lä-o

Arguing in the same fashion as in the proof of Theorem 1 we obtain, a.s. in t^,l as e
tends to zero:

1î
/ ("tl 

I el I 
-t,/ eôtW, (t, s)+cdl,pll-t tßô"w" (t, s))k dt ds -+ | Elq t/i{lr,zrfs€ùk as¿t.

"/1o,rl2 ' "/10,t¡z

Ilenceitholdsthatfo¡a.s. ø therandomvector (llrpll-t ,feôrW"(.,.),llpll-t tfeù'W"(','))
converges in law to (d-Uã,r,fuz€ù so the Theorem is proved for / = 1. Let us finish
the proof of the Theorem, consider 9 : [0, 1]' -+ lR a bounded continuous function,
then for a.s. ü, as e tends to zero

I sþ,r)
J ¡o,t1z . ,

lll{l4 \re aN e(q r)]' + il I ell -1 \ßa 
"w " 

(t, s)12

This can be proved by noting that if / x J is any rectangle included in [0' 1]2 the
previous result, for /: L; is still true but with the integ¡als defined only in I x J.
Thus if z(ü, s) is a step function the above statement holds, we get then the result
approximating uniformly g by step functions.
Now, to conclude the proof let us consider

1,,u. f (W"(t,s)) lllçll-r 'fe.ôrW"(t, 
s)12 + |lçll*r,fe1"W"(t, s)lzds d,t.

We can show that the difierence between this integral and the term

Ä,.
Í(w(t,s)) ülçll-' 

"fe 
a rw 

" 
(t, s)12 + [ I I e I I 

- t Ga" w, (t, s)]2 d s dt

goes to zero v¡hen e -+ 0 for a.e. ø, and this la^st expres$ion tends to the required
limit, thus Theorem 2 holds. tr

R,emark. In [5]
,Fllpll-'L"(c) -r

þn. t06) Wschebor has shown that for each r € lR it holds
L(r) in Lo(q.
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