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Abstract. As in a previous Note [3] we study the asymptotic behaviour of several non-linear
functionals of the empirical bridge in the super-optimal case. we consider the asymptotic
behaviour of the number of crossings for the perturbed process in case the window saiisfies
.,/n h2 - *oo; applications of thð asymptoìics are found. We also obtain a central limit
theorem for the integrated square error of density estimators and in general for a G-
deytalt-on in density estimation and for the Kullback deviation in the suþer-optimal case.
@ 2000 Académie des sciences/Éditions scientifiques et médicales Elseviê¡ SAS

Résumé.

Dévíatíon de I'estirnøteur à noyøu de lø densité : cas sur-optimøl

Nous étudions comme dans une Note précédente [3f Ie comportement asymptotique de
certaines fonctionnelles non linéaires du ponÍ empirique dans le cat sur-opiinnt. Nous
considérons le comportement asymptotique du nombre de passages par un niveao pour le
processus lissé perturbé dans le cas où lafenêfte d'observation est telle que Jnh2 -*æ; des applications concernant I'asymptotique sont proposées. Nous obtànons aussi un
t!éorème central-límite pour I'erreur quadratique intégrée de I'estimateur ò noyau de lø
densité et de manière générale pour une G-déviation quelconque aínsi qu' une aþplication
à la convergence pour la déviation Kutlback, dans le cas sui-optimal. o 2000 Ácadémie
des sciencesÆditions scientifiques et médicales Elsevier SAS

Version française abrégée

Dans cette Note nous étudions comme dans [3] le comportement asymptotique de fonctionnelles non
Iinéaires de régularisations du pont empiriqüe, Dans [3], en utilisant un résulrat montré dans [2], pour
ce genre de fonctionnelles du pont brownien, et le théorème de Komlós, Major et Tusnády (KMT) [5],
nous avons étudié le comportement asymptotique du nombre de passages par un niveau poui t" processus
empirique lissé perturbé (lSl à ti3l) dans le cas où la fenêtre d'observation esr relle que ,/nh, - o
(a pouvant être nul). Notre but est de regarder le même genre de problème pour une fenêtÅ telle que

Note présentée par Paul DEHEUVELS.
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f nh2 -- -l-oo, ce qui suppose une renormaiisation du pont empirique lissé perturbé, et nous obtenons dans
un premier temps, dans le théorème 1 , des limites non triviales en utilisant le théorème 1 de [2].

Dans un deuxième temps, utilisant le théorème 2 de l2], nous nous intéressons aux vitesses avec
lesquelles ont lieu ces convergences (c/. théorème 2 pour l'énoncé).

Enfin, en nous plaçant dans le cas sur-optimal au lieu du cas optimal (resp, sous-optimal), nous obtenons
dans les théorèmes 3 et 4, en utilisant les résuitats généraux de l2l, un TCL pour la G-déviation de
I'estimateur à noyau de la densité et déduisons comme corollaire un TCL pour sa déviation de Kullback.

L. Introduction and notation

1. Let X1, ...,Xn i.i.d. r.v. with distribution function F on [0,1] (F(0):0, F(1):1) and dF(u):
s(u)du with s € C2 on 10, 1].

Let g be an even estimation kernel, fl the empirical distribution of the sample and, 3, the kernel density
estimator defrned by:

î,(u): t: I dfl"(a);
h.

Ê,, will be the coresponding distribution function

1

lL

u-y

Define as in [8] to [13] the perturbed empirical process õI@) : rt(î"@) - f (")) (the bridge is said
to be perturbed because we cut off F(u) rrom F,(u) in piace or n(F"(u)), þ!@) navirngso a bias).

_Yukich [13] proved that if rt h2 -- a (a can take the value 0), then þ!(") 
"onverges 

in iaw to
bF (u) + $ K2st(u), where bF(.) is an F-Brownian motion bridge and Kr: Ii*p(u) u2 du.

We consider the case yñ,h2 -- +æ. þ!fu¡ can be decomposed as

P*("): BI@) +,/"(r"1"¡ - F(")),

where B!(u) is the rp-regularization of size h. of the empirical bridge þI @) : ,/-n (F.(") - f'(ø)) and

F.(u): t: tp(u)F(u - h.u) du

With these notations fip(F"(u) - f(")) -- s'(u).
So it is natural to consider 

""þkO 
with c, :21(Kz{nh2) and to consider as in [3], the asymprotic

-- 7n
behaviour of ,nr'iii1n'(r) the number of times that the process c"P*,(.) crosses level ø in rhe rime inrerval

lh,r - h).
On one hand, we propose non trivial limits. On the other hand we propose the speed at which the

convergence takes piace.

2. As in [3] we define 
"/nlî"(u) - e(î"(u))] : @*)'(u).

It is well known that the optimal window (resp. sub-optimal) for the quadratic risk is h(n,) : O(n-1l5)
(resp. h(n) : o(t -1l5)).

We are interested here in the super-optimal case (i.e., when nh, --, foo) and we show a central limit
theorem for

^/"KÑ
t-h

J^ { (e"(u) - '("))' - nl(î"(u) - s(u))'l } au

getting thus a part of the resuits of P. Hall [6]
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Finally we are interested in the "modified" Kullback deviation, i.e.

¡l

J^

-h (#)K(1,,, s) : î,(a,)ln du

(we are integrating between h and 1 - å, and not between 0 et t hence the expression "modified" Kullback
deviation).

A TCL can also be obtained for

2\/n
Kzh2

1

, ['Jh

-h ^1_

J^

h

rc(3,, s) - 1 nl3;(z) - s(u)12 du - (î"(u) - s(u))dz
s(u)

To finish, using our techniques we also consider the same type of problem for a G deviation and obtain a
central limit theorem,

2. Hypotheses and notation

(Hl) Assume the kernel g satisfies: [)rç(t)dú:1, g €Cr, g)-O andeven and has support a subser of
[-1,1].Define rþ(u):ç*e(u) andd(u) :tþ(u)llelllr,u€tR. LetK2:/å e(u)u2ð,u.

(H2) For the function f : f e C2 and f " is bounded.
(H3) Forthefunctions: s e c3 on [0,1], s isboundedbelowby m > 0 and abovebyM on [0,1].
(H4) ForthefunctionG:Gec3 and lG(3)(n)l< lr(ø)l,forø€rR,wherepisapolynomiar.

Note that in the following hypotheses, (H2) and (H3) are not necessarily assumed.
Let {Hn, n € N} be the Hermite polynomials, orthogonal with respect to the standard Gaussian measure

{ and with leading coefficient equal to 1. We shall note, for u € [0, 1],

"Z@):lua!,"q"¡ IJ-2

oo

b-t
le1"¡]È a",

where (d¿,o(u))Êo are the Hermite coeff,cients of

. l"r I aKzs,t(u) |to(æ):l;p.ffiËtbl

and 0(ø) has been defined before in hyporhesis (Hl).
Also

f*Ø: f* rclñ;;,1:nl*)a, wirhc, : Krfu,
wherelú¡'{lial(") lsthenumberof timesthattheprocess c*þ*(.) crossesleveløin [h,1-ä] and/isa
functlon, not necessarily a density.

we shall wrire ol: "6# F(u A ?r) [1 - .F(z v u)]s(3)(u)"(:)(o)dud.u, where Lt Au :min(u,u) and
'u,Yu:max(u,u).

'We also note

oZ: [' [' ,fun u) [r - F(uv u)) G,, (s,,(u)) G,,(r,,(r)) s(s)(u) 
"(a)(u) 

du du" Jo Jo
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and

ú: 
lo' lo' 

F(unu)j- r@",,1 (+8)'(#)' 0,0,,
lú shall stand for a standard Gaussian r.v,, : will denote equality in distributio n and D (resp. p)
convergence in distribution (resp. in probability), E will take piace ior the expectarion and | . I for theabsolute value.

3. Perturbed empirical process

A function / is said ro be locally Lipschitz, if

l¡(,) - /(s)l < lQ@,ùllr - al, (1)

whereQisapolynomiai.

. THEoREM l.-suppose that f satisfies (r), s e c2 on [0,r] (ínsteadol (H3)), I satisrtes (Hr) andh ---' 0, nh4 - *æ. Then:
(a) if nh' --+ *oo,

l1tn :- 
fr' 

t {,,t Dls,,(u)ldu;

(b) íf nh' - o,2 (a can take the value 0 and íf it ís the case we will suppose furthermore that (H3) holds),
then

J"wr!1¡ 2- 
ä lo' r{rrø)nl,^r+ aK2stt(u)

I
t_
lJs(u)llpllzdu.2

Remark 1.-Themotivationof thestudy otÍ;ll¡¡ comesfromthefactthat,ononehand,if /tendsto the Dirac delta distribution we then obtain the asymptotic behaviour of the number of crossings of the
perturbed empirical process.

It is important to note that there exist other ways to apprehend the asymptotic behaviour of the perturbed
empirical process and there is a quite substantial lit".utui" on the subjec t (see for example [g] to tl2l).on the other hand it is interesting to nore rhe form of the limit in (ã).

-l:0."* f;/{t'{"))lr"(r)ldu can be expressed thanks to tr," àunu"r,-Kac formuta ([1] and [7]) as

;-i /v¡fi,r](u) f (r) dæ and if the function / is near from the Dirac delta distriburion in zero rhen we obrain
an estimator for the number of crossings of 0 by the function s/ on 10, 1] and then for the number of local
extrema of the function s on [0, 1].

Furthermore, if we work with the up-crossings (resp, the down-crossings) of c,, õ^(,) *" obtain an
estimator for the number of local maxima (resp. minimaj of the function s.

Proof. - The proof foilows from Theorem I of [2].

Moreover, we have:

THEOREM 2, - Assume that f verifies (1), s e C3 on [0, 1], (H1), h --+ 0 and nh4 -- 11æ, then
(a) if nh6 --+ .loo and if ls" I is bounded below on [o , i],' tnen

"r'l1lr,r- ln'-n Í("^õI@))lut (ri,@-¡,(.,))lr] * 
l,'rçoq,¡¡sign(s,,(u))dåF(u);

(b) if (nhí - "') l^/n - 0 (a can take the value zero), under (HZ) and (H3),
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Deviation in kernel density estimation: super-optimal case

øK2stt(u

2 s u I 2

2' -h|[tt'tt;' 
Io' 

u"u'(rr"'r'll"l" It
zfr* *, J, o"(u)f (s'(u¡)f sçu¡afiçu¡, e)

wnereñ(.) is a Brownian motion independent of bF (.).

Remark 2' - In the special case where a : 0, note that øfr (z) does not depend on ,,.
Proof' - Theorem 2 is a consequence of the KMT theorem (replacing (p*y O by rhe derivative of the

F-Browian bridge's ç-regularization of size h) and Theorem 2 of^121.

4. The integrated square-error of density estimators

Let

Dn: t- ['-n I(ã (^,\= ffi 1, {(e"frl -'(r))'-Ei(î"(z) -s1z¡)'?liau.
We are interested in the asymptotic behaviour of the second order deviatio n Dn inthe super-optimal case(i'e', when nh'' -' +oo) studied by P. Hall [6] for a mulrivariare density. Later Csörg6 & Horváth [4] have

studied the case of a p-deviarion in the optimal (resp. sub-optimal) case, i."., ihl -r'o;óì;p. "¿r 
_, olour approach includes the case of a G-deviation in the rupãr-opti*ul case (see the foliowing section).

THeoReN4 3. - Under (Ht) and (H3), iÍ h -- 0, nl.¡s _.+ *æ, then

1

bF(u; s(a)(u)du : N (o,ol)

Remark 3. - The normalizarion is the same as in p. Halt t6l where d(n) : ,/rllr2 .

Proof' - we prove (thanks to Theorem 2 of l2l and rhe KMT theorem) that D, is asymptotically
equivalenr to f; s',(u) döF(u) and then converges to a Normal.

4.1. Kullback deviation

Consider the "modified" Kullback deviation between the kernel estimator of the density 3à and the true
density s verifying (H3), Let

K(â,, s) : lnt-'e^{u,r(#) .
As in [3] we can show that this def,nition makes sense under the condition h -- 0, nllt+a --+ *oo for someø > 0 and then when nhí --, ¡çç.

CoRol-I-eRy l. - Under (Hl), (H3) and the asumptions, h -- 0, nhs _- læ andnñ.s _+ 0,

D,2'
t,

Kn K(î,,s) -
D-----) - /o'o"u't#

fr ote{") - r(r)l' ou - ln'-n {d,(u) - s(î¿))dü}= 
2t/'
Kzhz l^'-n

1

,

du : lf(0, o!)
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Proof. - We prove that Kn is asymptotically equivalent to

rt
Kæ

and then by Theorem 3 converges to a Normal.

5. G-deviation for density estimation

Let

lr'-' h{ {a'r,l -,(,))' - n l(î'(u) - s1u¡)'?1 
} 

a,

Dn,G: l n,+ 
ln'-^ {ck.{n(i.(u)- 

s(r))) -ElG(c*{n(a,(u) - r(")))li

THEoREM 4. - tJnder (Hl), (H3) ønd (H4), if tt,---+ Q and t/Enhí --+ Tæ, then

D-,. Z - 
Io' 

u' ,u, G" (s" (u))r(s)(u) du : .n/ (0, o|) .

dz

Remark 4.-In the particular case where G(r) : 12, Theorem 4 is true under the less restrictive
condition nh' -- *co and more generally for G a polynomial. Indeed, if G is polynomial with degree rn it
is enough to use a Taylor's development of order m for G in a neighbourhood of c"1/n lB(î"(u)) - s(z)] ,

obta.ining thus exactly a development we prove that its second term gives the required limit and that the
other terms tend to zero by the KMT theorem and Theorem 2 in l2l.
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