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Abstract This paper investigates the use of stratified sampling as a variance reduction technique for
approximating integrals over large dimensional spaces. The accuracy of this method critically depends
on the choice of the space partition, the strata, which should be ideally fitted to the subsets where the
functions to integrate is nearly constant, and on the allocation of the number of samples within each strata.
When the dimension is large and the function to integrate is complex, finding such partitions and allocating
the sample is a highly non-trivial problem. In this work, we investigate a novel method to improve the
efficiency of the estimator ”"on the fly”, by jointly sampling and adapting the strata and the allocation
within the strata. The accuracy of estimators when this method is used is examined in detail, in the so-
called asymptotic regime (i.e. when both the number of samples and the number of strata are large). We
illustrate the use of the method for the computation of the price of path-dependent options in models with
both constant and stochastic volatility. The use of this adaptive technique yields variance reduction by
factors sometimes larger than 1000 compared to classical Monte Carlo estimators.
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1 Introduction

A number of problems in statistics, operation research and mathematical finance boils down to the evalu-
ation of the expectation (or higher order moments) of a random variable ¢(Y"), known to be a complicated
real valued function of a vector Y = (Y71,...,Y}) of independent random variables. In our applications, we
will mainly focus on simulations driven by a sequence of independent standard normal random variables, in
situations where the dimension d is very large. We have in particular in mind the computations of moments
of functionals of diffusion processes; the dimension d can be very large if the mapping ¢ is path-dependent
(¢ a general functional defined on the space of continuous function) and the solutions of the diffusion
process cannot be explicitly computed and simulated (i.e. should be approximated using for example the
Euler or an higher-order model discretization scheme). Such problems arise in particular in computational
finance for the pricing of path-dependent options, either when the number of underlying assets is large, or
when additional source of randomness is present such as in stochastic volatility models, which in general
preclude the existence of explicit solutions for the multi-dimensional diffusions modeling the price of the
asset.

Since the distribution of ¢(Y') is most often impossible to obtain in closed analytic form, then a
classical approach is to resort to Monte Carlo integration. In its most elementary form, a random sample
of points Y7,...,Yy is drawn from Rd, ¢ is evaluated at each of these points and the moments of interest
are estimated from these values. Intuitively, rather than calculate ¢ at independently sampled points, it
seems to be a better option to dissect R? into mutually exclusive subsets (or strata) and ensure that ¢
is evaluated for a prescribed and appropriate number of points in each stratum. This is referred to as
stratified sampling. Good reviews of the method include |Glasserman| (004) (with an emphasis on finance
applications), [Asmussen and Glynn| (2007), Rubinstein and Kroesd (R00¢).

The main purpose of this paper is to discuss a way of dissecting the space into strata and sampling
from the strata, adapted to the case where Y is a (typically large-dimensional) standard Gaussian vector.
We also address the accuracy of estimators when this method of sampling is used, and give conditions
upon which the variance reduction is most effective.

Determining an efficient dissection in a large dimensional space is a highly non-trivial problem. We shall
consider a computationally inexpensive way to overcome this difficulty, which uses a kind of dimensionality
reduction. This method makes use of one or more orthogonal directions, to induce a dissection of R? with the
right property. These directions and the associated allocation are learnt adaptively, while the simulations are
performed. The advantage of the adaptive method, similar to those introduced for importance sampling by
Rubinstein and Kroesqd (R004) is that information is collected as the simulations are done, and computations
of means and variance of ¢(Y") in strata are used to update the choice of these strata and of the allocation.
We investigate in some details the asymptotic regime i.e. where the number of simulations and the

number of the strata both go to infinity. We show that the variance of the estimator critically depends
on the relations of the strata to the regions of the space where ¢ is "nearly” constant which can be fairly
complex for example when pricing path-dependent basket options or when the underlying model of the
asset is a multi-dimensional non-linear diffusion process.

The method is illustrated for pricing path-dependent options driven by high-dimensional gaussian
vectors, combining adaptive importance sampling based on a change of drift together with the suggested
adaptive stratification. The combination of these two methods, already advocated in an earlier work by
(Glasserman et al ([1999)), is very effective; nevertheless, these examples show that, contrary to what is

suggested in this work, the asymptotical optimal drift vector is not always the most effective direction of
stratification.

The paper is organized as follows. In section E, an introduction to the main ideas of the stratification
is presented. Section E addresses the behavior of the stratified estimator in the asymptotic regime (i.e.
when both the number of samples and the number of strata go to infinity). The roles of the stratification
directions, the strata in each direction of stratification and of the allocation within each strata are evi-
denced. In section E, an algorithm is proposed to adapt the directions of stratifications and the allocation of
simulations within each stratum. In Section E, the proposed adaptive stratification procedure is illustrated
using applications for the pricing of path-dependent options.



2 An introduction to stratification

Suppose we want to compute an expectation of the form E [¢(Y)] where ¢ : R? — R is a measurable
function and Y is a R%valued random variable. We assume hereafter that

E [¢2(Y)] < +00. (1)

In the examples we have in mind, ¢ is the payoff of a path-dependent option and Y = (Y7,...,Yy) is a
typically large-dimensional standard Gaussian vector.

Stratified sampling is a variance reduction method which produces an alternative estimator of E[¢(Y)]
having smaller variance than the crude Monte Carlo estimator. Fully stratifying a random vector is typically
infeasible in high dimension. We therefore focus on methods where the stratification is applied to a low-
dimensional projection of the random vector Y. In a simulation driven by arbitrary random vectors,
stratifying on a linear combination would typically be impractical because of the difficulty of sampling
from the distribution of the vector conditional on a given linear combination, but in the Gaussian case,
this conditional distribution is itself Gaussian which makes this approach practical.

We therefore consider a stratification variable of the form u”Y where y is an orthonormal (d x m)
matrix with m < d; recall that p is orthonormal if ,uT,u = Idy where Idy, is the identity matrix in
dimension m and ,u,uT is the orthonormal projector onto the range of the matrix . In all our examples,
m is equal to one or two. Given a partition {S;j,i € Z} of R™, the sample space of uTY7 the sample space
R of Y is divided into strata defined by

S, déf{meRd,uTxESi} . ieT. (2)
The strata S; need not be a connected region or might have a curve surface in full generality, but will
typically be a an hyperrectangle in all our applications. It is assumed in the sequel that the probability of
the strata {p;,i € Z}

p() B (Y es,) =P (1Y €S;) ®)

are known; the dependence of the probability p;() on the strata {S;,i € Z} is implicit. If YV is a large
dimensional standard Gaussian vector and if Sj is an hyperrectangle, computing (E) is easy since in such
case u!'Y also is a standard Gaussian vector. (, section 4.3, p. 223) (see also Section a)
presents a simple algorithm to sample according to the conditional distribution of Y given uTY €S;. Up
to removing some strata, we may assume without loss of generality that p;(p) > 0, for any i € Z. For
the special case where all the p;(u) are equal, i.e. p;(p) = |I|_17 i € 7, we shall say that the strata are
equiprobable.

Let M be the total number of draws and Q = {¢;,i € Z} be an allocation vector (i.e. g > 0 and
Y iez ¢ = 1) : the number M; of samples allocated to the i-th stratum is given by

def .
M= MY q| — MY |, i€T, (4)
i<i j<i
where |-] denotes the lower integer part and by convention, 4 ¢; = 0 (it is assumed that the set of indices
7 is totally ordered: e.g. if 7 is a cartesian product of a set of totally ordered sets indexed by an ordinal, the
order on 7 is the lexicographical one). If the number of points in each stratum is chosen to be proportional

to the probability of the strata, the allocation is said to be proportional. Given the strata {S;,i € Z} and
the allocation Q, the stratified estimator with M draws is defined by

1 M;
. > piw) A Z o(Yij) ¢ » (5)
i€T:M;>0 =1
where for each i € Z, {Yimj < M;j} are i.i.d. random variables distributed according to the conditional
distribution of the vector Y given the strata, P [Y S -|uTY S Si]. In addition, the random variables
{Yi;,j < M;,i € I} are independent.

The stratified estimator is an unbiased estimator of E[¢(Y)] if the M;’s are all positive (a sufficient
condition is M > {min; pi(u)}fl). Its variance is given by

S M P (ot (n) (6)

i€Z:M;>0



where o7 (11) is the conditional variance of the random vector ¢(Y) given u’V €S,

o) LB [P0 [i7Y e s - (B[s0) 14Ty e5])” (7)

When M goes to infinity and the number of strata is either fixed or goes to infinity slowly enough, the
variance of the stratified estimator is equivalent to

M~h ST g i wef(w) (®)
i€Z:q;i>0

(see e.g. Lemma m in Section @ for a proof of this assertion).

The two key questions that arise in every application of the stratified sampling method are (i) the
choice of the dissection of the space and (ii) for a fixed M, the determination of the number of samples M;
to be generated in each stratum i. It is well-know (see e.g. (7 7 Theoremd4.15)) that, whatever
the choice of the strata S, ; is, the stratification with proportional allocation always produces a variance
reduction compared to the crude Monte Carlo. More ambitiously than just considering proportional al-
location, the optimal allocation (in the sense of variance minimization) is obtained by minimizing the
asymptotic variance (E) subject to the constraint ) ;7 ¢; = 1. The solution of this problem is given by:

w0y def _ pi(p) oi(p)
G W) ®)

Note that Eq. E reveals that the magnitude of variance reduction depends crucially on how widely dispersed
the strata means E [¢(Y) |Y €S, ;] are around the population mean E[¢(Y)].

For a given stratification matrix p, we refer to Q*(u) = {¢;'(¢),i € I} as the optimal stratification
vector. Of course, contrary to the proportions p;(u), the conditional expectations E [¢(Y) Y € S%i] are
unknown and so are the conditional variances o (u). Because the stratification matrix is also unknown, an
adaptive procedure is required.

The simplest approach would be to estimate these conditional variance in a pilot run, to determine the
optimal allocation vector from these estimates, and then to use this allocation vector in a second stage to
determine the stratified estimator. Such a procedure is clearly suboptimal, since the results obtained in
the pilot step are not fully exploited. This calls for a more sophisticated procedure, in the spirit of those
used for adaptive importance sampling; see for example, [Rubinstein and Kroesd (2004) and [Rubinstein and
K ) In these algorithms, the estimate of conditional variance and the stratification directions
is gradually improved while computing the stratified estimator and estimating its variance. Of course, the

limiting behavior of such estimators is more complex, because of the dependence between the successive
draws and the definition of the strata themselves. Such algorithm extends the procedure by
Jdurdaid (, who proposed to adaptively learn the optimal allocation vector for a set of given strata
and derived a central limit theorem for the adaptive estimator (with the optimal asymptotic variance).

3 Asymptotic analysis of the stratification performance

We derive in this Section the asymptotic variance of the stratified estimator when both the total number
of draws M and the number of strata (possibly depending upon M) tend to +oco. The variance of the
estimator depends on the stratification matrix p, on the partition {Sj,i € Z} of the sample space of uTY
and on the allocation Q.

3.1 Notations and Assumptions

For any integer k, we denote by A the Lebesgue measure on Rk, equipped with its Borel sigma-field (the
dependence in the dimension k is implicit). For a probability density A w.r.t the Lebesgue measure on
R, we denote by H the cumulative distribution function, and H 1 the quantile function, defined as the
generalized inverse of H,

H '(u)=inf{z € {H >0}: H(z) >u}, foranyucl01],



where, by convention, inf() = +oo. Let I be a positive integer. The choice of the strata boundaries is
parameterized by an m-uplet (g1,...,gm) of probability densities on R in the following sense: for all
m-uplet i = (i1,...,im) € {1,--- ,I}"™,

5, def {(ml,.“,wm) eER™: Gt (Zk; 1) <zp <Gyt (’7’“)} . (10)

We denote by g(z1,...,zm) the associated joint density:
def O
€
g(@1,em) = ] grlan) - (11)
k=1

We consider allocations parameterized by a probability density x : R”™ — Ry with respect to the Lebesgue
measure by setting for all i € {1,--- I}

def
a(x) §/Sxd/\;

denote by 9y = {q¢j(x) ,i€ {1,...,1}""} the associated allocation. Let u be a d x m orthonormal matrix.
We consider the stratification S(u) = {S%i,i e{1,..., I}m} of the space R?. Denote by <127M(u, g, Q) the
asymptotic variance of the stratified estimator, given by

Farlng Q= Y M R e (12)
ie{1,...,I1}m:M;>0
where the number of draws M; is given by @) and p; (), O'i2
are given by (B), and (ﬂ)7 respectively. The dependence w.r.t. g and Q of M;j, p;(p) and a?(u) is implicit.
We assume that the random variable 1 Y possesses a density f,, w.r.t. the Lebesgue measure (on R™).
We consider the functions (taking a regular version of the conditional expectation)

(1), the probability and the conditional variance

def

d:efE[qs (Y)‘pTY:x] , and  Cu(z) E[¢2(Y)‘pTY:x] .

Yu(z)

Using these notations, the asymptotic variance of the stratified estimator may be rewritten as

tunsoa= 2w () (o)~ (o))

ie{1,...,1}™: M;>0

We will investigate the limiting behavior of asymptotic variance g% (15 g, Qy) when the total number of
samples M and the number of strata I both tend to +oco. For that purpose, some technical conditions are
required. For v a measure on R" and h a real-valued measurable function on R™, we denote by essinf, (h)
and esssup,, (h) the essential infimum and supremum w.r.t. the measure v. From now on we use the following
convention : z/0 is equal to +o00 if z > 0 and to 0 if z = 0.

Al [ x2 g7 dX < +o0 and essinf ;.\ (xg_l) > 0.

A2 for h € {fu,Cufu, Yufu}s Jgm h? g~ d\ < +o0.
Under AE, A-a.e. , g = 0 implies that f, = 0. Finally, a reinforced integrability condition is needed

A3 [om [u(Cu—v7)? Pg] ™! dX < +oo.

Not surprisingly, the behavior of the asymptotic variance of the stratified estimator behaves differently
if m < d or if m = d. In the first case, the leading term of the variance remains proportional to the
inverse of the number of samples and is asymptotically dominated by the variance in the subspace which is
orthogonal to the stratification subspace. In the second case, the rate of convergence is faster, but depends
on the choice of the strata in a more complex way.



3.2 The case m < d

Our main result is the following proposition which establishes the expression of the limit as the number of
strata I goes to 400 of the limiting variance (as the number of simulations M goes to +o0) of the stratified
estimator. Define

2 () / PG —v2)x L dx (13)
]Rm

Proposition 1 Let m be an integer such that m < d, g1, ,gm be probability density functions (pdf)
w.r.t. to the Lebesque measure of R, u be a d X m orthonormal matriz, and x be a pdf w.r.t. the Lebesgue
measure on R"™. Assume that g defined by (B) and x satisfy assumptions AE-AE. Then

. . 2 2

lim hni M7 ar (1,9, Qx) = 50 (s X) -

I—+o00 M—4oc0
Assume in addition one of the following conditions

(i) esssup,.\ <f,uX71) < 400 and {Ipr, M > 1} is an integer-valued sequence such that 11;11 +ITmMT -
0 as M goes to infinity.
1) {Ipr, M > 1} is an integer-valued sequence such that I+ 127 M~ =0 as M goes to infinity.
g M M g Y

Then,

. 2 2
Ml—lfﬂl»oo M§IA4,M(1U‘7g7 QX) = §OO(IU,7 X) .

It is worthwhile to note that the limiting variance of the stratified estimator 2 (1, x) does not depend
on the densities (g1, ...,gm) that define the strata. This might seem counter-intuitive because it means
that only the directions of stratification p and the allocation distribution Q, enters in the limit. The
contribution to the variance of the randomness in the directions orthogonal to the rows of ;1 dominates at
the first order. Therefore, it is not required to optimize the choice of the distributions g1, ..., gm which
define the positions of the strata in each direction. In practice, this means that asymptotically, once the
stratification direction is chosen, the choice of the strata is irrelevant (which is of course not true for any
given finite sample); a convenient choice is to set g; as the distribution of the i-th component of the random
vector plY i e {1,...,m}. When Y is a standard normal random vector, then the components of the
vector ,uTY are standard gaussian variables, and the strata are simply chosen according to the quantiles
of standard gaussian random variables (the distributions g;, @ € {1,...,m} are in such case independent
from p).

On the contrary, the limiting variance I (1, x) depends on the allocation density x. For a given value
of the stratification directions pu, it is possible to minimize the function y — ggo(u,x). Assume that

Jgm fur/Cu — Y2 dX > 0. Since
/Rm furJCu — ¥ji dA=E [ Var [¢(Y)|uTY]} < /Var(¢(Y)),

the integral is finite by () and it is possible to define a density x}, by

cdet SufCu =R 14

X5 = .
e fun G — w3

Then X; is the minimum of x — 2 (1, x) and the minimal limiting variance is

(i Xh) = (/Rm fur/Cu — 02 d/\)2 = (E{ Var [¢(Y)|HTY]D2 .

Provided xz satisfies assumptions Aﬂ-E (note that in that case, AE is automatically satisfied), the choice
X = X for the allocation of the drawings in the strata is asymptotically optimal.

Remark 1 An expression of the limiting variance <§O (1, X) has been obtained in (IGlasserman et al, [1999,
Lemma 4.1) in the case m = 1 and for the proportional allocation rule which corresponds to x = fu. It

is shown by these authors that the limiting variance is E (Var [qﬁ(Y) | uTY]) which is equal to <2 m
(note that in this case the stratification density g = fu, satisfies the assumptions Aﬂ—ﬂ provided that
E[¢*(Y)] < 00). Unless Var [d)(Y) |uTY] is a.s. constant, the asymptotic variance is strictly smaller for

the optimal choice of the allocation density.



The optimal allocation density X; cannot in general be computed explicitly but, as shown in the following
Proposition, can be approximated by computing the optimal allocation within each stratum.

Proposition 2 Let m < d be an integer and p be an (d x m) orthonormal matriz. Assume that there exist
p.d.fg1,...,9m such that assumptions A@ is satisfied with g given by . Then,

q?(u)f/S " dA‘:o,

where Q* (i ) def {gf (u ) ie{l,....,I}™} is given by (ﬂ) Let {Ip;, M > 1} be an integer-valued sequence
such that I, 4 IMM — 0 as M goes to infinity. Then,

o MR (1,9, Q7 () = 6o (o3 -
The proof is given in Section EI As the number of strata goes to infinity, the stratified estimator run
with the optimal allocation Q* (i) has the same asymptotic variance as the stratified estimator run with
the allocation deduced from the optimal density x},. In practice, of course, the optimal allocation Q" ()
is unknown, but it is possible to construct an estimator of this quantity by estimating the conditional
variance of Var[¢(Y)|uTY € S;] within each stratum ([Etore and Jourdair], P007).

3.3 Case m=d

We will consider the case where m = d, the number of stratified directions is equal to the dimension of
the space. Of course, the results obtained in that setting are markedly different, because this time, the
accuracy of the stratified estimator will depend crucially on the definition of the strata along each direction

(using the optimal allocation alone is no longer sufficient to reach the optimal asymptotic variance). Let

ou(z) def ¢(uTz) and for k € {1,...,d}, b, denote the partial derivative of ¢, w.r.t. its k-th coordinate.

By a slight abuse of notation, we still denote by gj the function z = (1, ...,24) € R? — gi(z)). When
m=d, Yy = du, (u= (bi = d)ﬁ and the limits obtained in Propositions [l and E are zero. The number M
of random drawings is no longer the appropriate normalization to get a non-trivial limit for the asymptotic
variance §127 - According to the following proposition, the right multiplicative factor is I 2M.

isfies esssupy (Zzzl %

Him s, o (IA—; + I;‘éﬁM*l) — 0. Then,

Proposition 3 Assume . Assume in addition that esssupy (fu/g) < 400 and that ¢ is c' and sat-
‘ < 4o00. Finally, let {Ip;, M > 1} be an integer-valued sequence such that

lim  MI3rsty, (ks 9, Q) = o (1 95 X)
M —~+oc0

where
2 d;f 1 u (qubﬂ) 15
Elpg0 ™ 55 [ 2 z . (15)

Notice that under the assumptions of the proposition, <§o (1,9, X) < 400 since dX a.e.,

inf X
essinfy (g

Z (a,dp#) - (esssup,\ (f )esssup)\ (Zk ) 6Zf |))2g

k=1

In the same way, f]Rd fu Zk 1 (am“) d\ < 4o0. If this last integral is positive, it is possible to define
a density xJ, 4 by

d (oI 2
e (%)

9 2
Jia | iy (%522 )

Xpg =




Then the minimum of y — <§o (1, g, x)is attained at X;*hg and

2 *
Coo(thva,g) BT

Remark 2 When d > 1, the optimization of the stratified estimator asymptotic variance A (Ny%XfL,g)
w.r.t. g is not obvious, because of the restrictive choice of the stratification.

Remark 3 When d = 1, Proposition E continue to hold under a weakened assumption on ¢, consisting

in supposing that ¢ is locally bounded on R with a locally integrable distribution derivative ¢’ such that

esssup (M) < +00. Moreover, one has

g
2 AN (fu|¢1t|)2
coo(mg,x)—/RngX dA—/R T XA

() ) [

where both inequalities are equalities for the choice th,g x %‘L—‘ and g,’j &/ fuld| which leads to

1
XZ_’% = g5, < \/ful@}|. For this choice the allocation is uniform (q; = fgfl((é) g(z)dz = %) and the

Y

asymptotic result given in the proposition is preserved for Iny = M :

4
. 3 2 * _ /
i M (e 90 D, ) = (/R \/fu|¢u|d)\) :

Indeed, for this choice, there is no rounding error in the allocation of the drawings in the strata : M; =
1= Mg; forallie {1,---,M}.

Let us compute the asymptotic variance under the optimal allocation :

Proposition 4 Assume esssupy (f”) < 400, that ¢ is C1 and such that esssup, (Zzzl M) < 400

g 9k
and {Ipn;, M > 1} is an integer-valued sequence such that 11;11 + I]%;&M_l — 0. Then

. 2 2 * 2 *
M@g@ Myt (s 9, Q7 (1) = S50 (15 9 Xpa,g)-

4 An adaptive stratification algorithm

As shown in the asymptotic theory presented above, under optimal allocation, it is more important to
optimize the stratification matrix p than the strata boundaries along each stratification direction L Propo-
sition [l suggests the following strategy: the “optimal” matrix p. is defined as a minimizer (which is not
necessarily unique) of the limiting variance p — ggo (1, X;) Of course, this optimization problem does not
have a closed form expression because it is unrealistic to assume that the functions « — v, (z),  — (u(z)
are available.

We rather use the characterization of the optimal limiting variance of the stratified estimator given in
Proposition E, i.e. the problem boils down to search for a minimizer p of the variance g?,M (11, g, 9" (1)).
The choice of g is, as emphasized above, largely arbitrary. In our applications, Y is a d-dimensional
standard normal vector, and uTY is a m-dimensional standard Gaussian vector. In this case, we set g;,
i ={1,...,1}" to be the standard Gaussian distribution so that the strata boundaries in each directions
are the quantiles of the standard normal variable (independently from the direction matrix p). This choice
leads to equiprobable strata for the vector uTY.

Of course, the optimization of §127M(u, g, 9" (p)) is a difficult task because in particular the definition
of this function involves multidimensional integrals, which cannot be computed with high accuracy. Note

1 Of course, this is an asymptotic result, but our numerical experiments suggest that optimizing the strata
boundaries along each stratification direction does not lead to a significant reduction of the variance. This is why
we concentrate on the optimization of the stratification matrix



also that, in most situations, the optimization should be done in parallel to the main objective, namely,
the estimation of the quantity of interest E[¢(Y )], which is obtained using a stratified estimator based on
H7i7i S I)
The adaptive stratification algorithm might be seen as an analog to the very popular adaptive importance
sampling; see for example Rubinstein and Kroesd (R004), [Aroung (R004)), Kawai (R007), and [Rubinstein

fd Kroes] (E009)

When the function to minimize is an expectation, the classical approaches to tackle this problem

the adaptively defined directions of stratification p (and thus on the adaptively defined strata S

are based on some forms of Monte Carlo approximations for the integrals appearing in the expression
of the objective function and its gradients. There are typically two approaches to Monte Carlo methods,
the stochastic approximation procedure and the sample average approximation method; see for example
Pudistsky et all (R007) for an in-depth comparison of these procedures. None of these procedures can

be directly applied in our context, but they can be more or less directly adapted to solve our problem.
In the adaptive stratification context, these Monte Carlo estimators are based on the current fit of the
stratification matrix and of the conditional variances within each stratum, the underlying idea being that
the algorithm is able to progressively learn the optimal stratification, while the stratified estimator is
constructed.

The algorithm described here is closely related to the sample average approximation method, the main
difference with the classical approach being that, at every time a new search direction is computed, a new
Monte Carlo sample (using the current fit of the strata and of the allocation) is drawn; this is due to the
fact that we are not only willing to minimize the asymptotic variance of the stratified estimator but we
also want to compute the stratified estimator ”on the fly”.

Denote by f the density of Y w.r.t. the Lebesgue measure. Define for i € {1,---,1}", a function
he{f ¢f #>f} , and an orthonormal d X m matrix j,
def M
€
vith:p) = /S dh= /kH Ly, 67 (G- 0/ D < e <G5 /D) A (16)
. -1

where (x,y) denotes the scalar product of the vectors x and y. Using the definition of v;, the proportions
pi(p) and the conditional variances with each stratum o?(u) respectively given by (E) and (ﬂ) may be
expressed as, when v;(f, u) > 0,

. 2 A 2
P =(fp), and af( = AIE) (AR a7

vi(fs ) vi(fs )
When M is large and [ is fixed, minimizing the asymptotic variance of the stratified estimate with optimal
allocation is equivalent to minimize V(u) w.r.t. the stratification matrix p where (see Lemma )

T

A
Vi) S mwen = 3 (wfmmlretn - i rom)
i=1

i=1
Assuming that the functions p — v5(h, 1) are differentiable at p for h € {f, f¢, f¢*} (which we prove
below, under appropriate technical conditions), the gradient may be expressed as

Vo Vi) = i Vuri(L,p) vi(0%, 1) + piw) Vuri(6®, 1) = 204(¢, 1) Vuri(9, 1)

2 pi(p)oi(p)

Lpwaimzoy - (18)

i=1
The computation of this gradient thus requires to establish the differentiability and to compute the gradi-
ents YV, v;(h, ) for h € {f, fo, f$*}. For a vector v € R? v #£ 0, and z € R, define \Y, the restriction of
the Lebesgue measure on the hyperplane {y € ]Rd7 (v,y) = z}.

Proposition 5 Leth : RY SR bea locally bounded integrable real function and z be a real. Let g : RY SR

be the function

def

gs(v) % / Ty (<o} h(y) dA) .

Let p € R be a non-zero vector. Assume that h is continuous N2 almost everywhere and that there exists
e > 0 such that

li 1 h d\;(y)=0. 19
s [z )] 2w (19)

Then, the function v — g-(v) is differentiable at u and

Vi o =- [ L hly) dXE (o)
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It is worthwhile to note that the function v — g-(v) is differentiable whereas the integrand v — 1, (, »y <.y h(Y)
is not even continuous. The situation is rather different to the classical case where the gradient is obtained

as the empirical mean of the gradient of the estimate. The expression of the gradient involves the compu-
tation of the integral with respect to a measure located on an hyperplane (a surface integral).

Corollary 1 Assume that h is a real locally bounded integrable function. Let m be an integer and z =
(21,...,2m) € R™. Let g» : R R be the function

def M
9z(V1,...,vm) = / H ]l{y,<uk,y)§zk}h(y) d)‘(y) :
k=1

Let pn = [p1,...,um] € RY™ be a full rank matriz. Assume that h is continuous Sy AR almost
everywhere and that there exists € > 0 such that, for any k € {1,...,m},
tim swp [yl gyzanlh@)] ) = 0. (20)
M=00 |y |<e ti=an ’

Then, g is differentiable at p and the differential Vg is given by Vg = [V, 9z, ..., Vi, gz], where

v#igz(,u) = 7/ ﬁ H ﬂ-{y,(uk,y}Szk}h(y) dA‘ZLJ (y) .
U ki

For k € {1, -+ ,m}, (E) shows that V, v;(h, ) may be expressed as

Vi /l{y,mk,wsc;l(ik/z)} _I;Ik1{y7G;1<<ij71>/1>s<uj,y>§c:;1<ij/1>}h dA
J

~ Vi /l{y,m,y>SG;1((ik—1>/I>} _1;Ikl{y,G;I((ij—1>/I>s<uj,y>SG;1(ij/I>}h . (21)
J

The algorithm goes as follows. Denote by {v¢} a sequence of stepsizes. Consider the strata {S;,i €
{1,--- ,I}™} given by (@) for some product density g.

1. Initialization. Choose initial stratification directions u(o) and an initial number of draws in each
statum M(©) 9<f {M(O),i et {1,...,1}™} such that }_; Mi(o) = M. Compute the probabilities

1
pi(u(o)) of each stratum.
2. lteration. At iteration ¢ + 1, given u(*, M®) and {pi(u(t))ﬁ e{1,---,I}"™},
(a) Compute ﬁ/(u(t)):
(i) forie{1,---, I}, draw Mi(t) realizations of i.i.d. random variables {Yl(;?7 k< Mi(t)} with

distribution P(Y € -|Y € S, ) ;) and evaluate for h € {¢, #*}

which is a Monte Carlo estimate of v;(h, u) with p = u(t).

(ii) for k € {1,---,m}, s € {Glzl(l/[)7-~- 7G;1((I — 1)/}, draw Még realizations of i.i.d.
random variables with distribution P(Y € ~|[u](:)]TY = 5). Compute a Monte Carlo estimate
of Vuui(h,u(t)) for h € {f, f¢, f¢>} based on (@) and Corollary .

(iii) deduce from these Monte Carlo approximations, a Monte Carlo estimate of VV(,u(t)) based
on the expression (@)

(b) Update the direction of stratification: Set fi = u(t) — 7t ﬁ/(u(t)); define u(t'H) as the orthonor-
mal matrix found by computing the singular value decomposition of i and keeping the m left
singular vectors.

(¢) Update the allocation policy:

. . (t+1)
(i) compute an estimate &;

s _ (5@ ()
' pi(p®) pi(p®)

of the standard deviation within stratum i

o\ 1/2
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(ii) Update the allocation vector

(t4+1) _ Pi(ﬂ(t)) 5i(t+1)

ql L (t+1)

Sieqt,...rym Pi(p®) &

and the number of draws {Mi(t+1)7i € {1,...,I}"} by applying the formula (H) with a
total number of draws equal to M.
(d) Update the probabilities pi(,u(“rl)), ied{l,---,I}™
(e) Compute an averaged stratified estimate of the quantity of interest: Estimate the Monte Carlo
variance of the stratified estimator for the current fit of the strata and the optimal allocation

2
21(t+1 1 )y A(t+1
G =1 X me®) et
ie{l, I}m
Compute the current fit of the stratified estimator by the following weighted average

-1

( ) t+1 1 t+1 1 )
t+1 ~(T
=Y me) am X n@. (22)
[<?] [c2](7)
=1 =1 ie{l, - 1y

There are two options to choose the stepsizes {v¢, ¢ > 0}. The traditional approach consists in taking a
decreasing sequence satisfying the following conditions (see for example Pﬂugi (|199d); IKushner and Yid

(pood))
Z%:+OO, Z%2<+OO-

t>0 >0

If the number of simulations is fixed in advance, say equal to N, then one can use a constant stepsize
strategy, i.e. choose v = v for all ¢t € {1,...,N}. As advocated in Judistsky et al (IZOO’?I), a sensible
choice in this setting is to take v; proportional to N~Y/2. This is a rather crude optimization algorithm
but line-searching is computationally heavy and should therefore better be avoided in this context; the
convergence of a crude gradient proved to be quite fast in all our applications, so it is not required to resort

to computationally intensive alternatives.

Step is specific to the optimization problem to solve and is not related to the stratification
sampler itself. The number of draws for the computation of the surface integral (see Corollary ) can be
chosen independently of the allocation M® When the samples in steps and can be obtained
by transforming the same set of variables (see Section E for such a situation), it is natural to choose
MO = (31" ke {1, m},s € (G (/D). .G N (I~ 1)/1)}) such that 37, (M) = M.

When f, has a product form (which is the case e.g. when Y is a standard d-dimensional Gaussian
distribution), we can set g = f,. Then, the strata are equiprobable and p;(p) = 1/I™ for any (i, ).

It is out of the scope of this paper to prove the convergence of this algorithm and we refer the reader
to classical treatises on this subject. The above algorithm provides, at convergence, both (i) “optimal”
directions of stratification and an estimate of the associated optimal allocation; (%) an averaged stratified
estimate £. By omitting the step @, the algorithm might be seen as a mean for computing the stratification
directions and the associated optimal allocation, and these quantities can then be plugged in a “usual”
stratification procedure.

5 Applications in Financial Engineering

The pricing of an option under classical Black-Scholes assumptions amounts to compute the expectation
E[Z(Y)] for some measurable non-negative function = on R?, where Y is a standard d-multivariate Gaus-
sian variable. Examples of such situations include the pricing of Asian options or Basket options when
the underlying asset prices are described by geometric Brownian motions. The Cameron-Martin formula
implies that for any v € ]Rd7

E[EZY)]=E|Z(Y +v) exp(—Y —050T0)] | (23)

Classical results on importance sampling show that the variance of the crude Monte Carlo estimate depends
on v. In the numerical applications below, we apply the adaptive stratification procedure introduced in
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Section E (hereafter referred to as “AdaptStr”) with ¢(y) = Z(y 4 vx) exp(—viy — 0.5v1 v4) where vy is
the solution of the optimization problem

argmax (, cpd, =(,)>0} {ln ) — 0.5VTV} , (24)

(case v = vy), and with ¢(y) = =Z(y) (case “no drift” or “v is the null vector”). The motivations for
this particular choice of the direction v and procedures to solve this optimization problem are discussed
in [Glasserman et al (1999).

For comparison purposes, we also run the stratification procedure proposed in [Glasserman et al ([1999)
(hereafter referred to as “ GHS”): we implement the algorithm which combines (i) importance sampling
with the drift v, defined as above, and (7i) stratification with direction pg defined as some eigenvector
of some Hessian matrix (see (Glasserman et al, [1999, Section 4.2)). We also run for comparison the plain
Monte Carlo estimator.

5.1 Practical implementations of the adaptive stratification procedure

The numerical results have been obtained by running Matlab codes 2 In the numerical applications below,
m = 1. We choose g = fy; so that the strata are equiprobable (p;(p) = 1/I). We choose I = 100 strata and
M = 10000 draws per iterations.

The drift vector v that solves (@) is obtained by running solnp, a nonlinear optimization pro-
gram in Matlab freely available at http://www.stanford.edu/~yyye/matlab/. The direction ,u(o) is set
to the unitary constant vector (1,--- 71)/\/3 -except when specified-; and the initial allocation M©
is the proportional one. Exact sampling under the conditional distributions P(Y € Y € Su“)i) and

t) ]TY = s) can be done by linear transformation of standard Gaussian vectors (see (
, section 4.3, p. 223)). For example, when m = 1, the procedure
) Draw 1ndependently V ~ Ny(0,1d) and U ~ U([0, 1])
(11) Set U = &~ 1 (P(s;_1) + U{P(s;) — D(si_1}), where & is the c.d.f. of a standard Gaussian random
variable NV (0, 1)
(i) Set Z = Up+ (Id — pu®)V
produces a r.v. Z with distribution P(Y € -[uTY € [s;_1, si]) (by convention &(—oc0) = 1 — &(+00) = 0);
and the procedure

(i) Draw V ~ Ny(0,1d)

(ii) Set Z = spu+ (Id — pupt)V
produces a r.v. Z with distribution P(Y € -|u’Y = s). The draws in step @ and can thus be
obtained by transforming the same set of M® Gaussian random variables {Vji,j < Mi(t),i e{1,---,I}}.
Therefore, the total number of draws by iteration is M (the estimates of v;(h, 1) and Vv;(h, 1) are not

independent). The criterion is optimized using a fixed stepsize steepest descent algorithm (we take v =y
for some v € [0.001, 0.01]).

5.2 Assessing efficiency of the adaptive stratification procedure

We compare the averaged stratified estimate EN obtained after N = 200 iterations, with the stratified
estimate obtained by running GHS, and with the crude Monte Carlo estimate. For a fair comparison, the
GHS algorithm and the Monte Carlo procedure are run with the same M N realizations of standard Gaussian
vectors (in the present case, M N = 2 106). We report in the tables below the estimates of the option prices
given by the stratification procedures (column “Price”) and the estimates of the variance of the estimators.
The column “GHS” is an estimate of ) ; pjo (,ug) computed with M N samples; the column “AdaptStr,

v = vy” is the limiting variance per sample of N which is equal to

i <[Zpi&i(t)]2)_1 (Zp o3 (1) )2 :

t=1 i

when the objective function is given by (E) with v = vi. For comparison purposes, we also report in
column “Monte Carlo”, an estimate of the variance of the crude Monte-Carlo estimator computed with
M N samples.

2 These codes are freely available from the url http://www.tsi.enst.fr/~gfort/
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5.3 Asian options

Consider the pricing of an arithmetic Asian option on a single underlying asset under standard Black-
Scholes assumptions. The price of the asset is described by the stochastic differential equation

%Z’r’dt-l—’udwt, So = so ,
t

where {W;,t > 0} is a standard Brownian motion, r is the risk-free mean rate of return, v is the volatility

and sq is the initial value. The asset price is discretized on a regular grid 0 = tg < t; < --- < tg =T, with

t; def ¢T'/d. The increment of the Brownian motion on [t;_1,t;) is simulated as \/T/dY; for i € {1,--- ,d}

where Y = (Y1, ,Yy) ~ Ng(0,1d). The discounted payoff of a discretely monitored arithmetic average
Asian option with strike price K is given by Z(Y),

d k
- 50 2, kT /T d
Z(y) = exp(—rT) gkzlexp (r —0.5v )7+U Ezlyj - K s, y=(y1, - ,yq) € RY
= Jj= +

where for x € R, x4 = max(z,0). In the numerical applications, we take sg = 50, »r = 0.05, T' = 1,
(v, K) € {(0.1, 45), (0.1, 50), (0.1, 55), (0.3, 45), (0.3, 50), (0.3,55)} and d = 16. We run AdaptStr for N =
100 iterations, when v = 0.1 and K = 45. On Figure , the optimal drift vector vy, the direction M(N)

obtained after N iterations of AdaptStr, and the direction of stratification pg are plotted.
Insert Figure | about here

In Figure E , the successive directions ¢ — p(t), the successive estimations of the quantity of interest
t— £® and of the variance ¢ — (Zipi&i(t))Q are displayed. As shown on Figure ,{,u(t) ,t > 0} converges
to the direction pg, and the convergence takes place after about 30 iterations. We find the same pattern
for a wide range of parameter values. The choice of the stratification direction has a major impact on the
variance of the estimate £(*) as shown on Figure ﬂ[bottom right]. Along the 100 iterations of the algorithm,
the variance decreases from 0.1862 to 0.0015. We also observed that the convergence of the algorithm and
the limiting values were independent of the initial values (u(o), M (0)) (these results are not reported for
brevity). These initial values (and the choice of the sequence {’y(t)ﬂf > 1}) only influence the number of
iterations required to converge.

Insert Figure E about here

AdaptStr can also be read as a procedure that computes a stratification direction and provides the asso-
ciated optimal allocation. These quantities can then be used for running a (usual) stratification procedure
with M draws and for the optimal allocation. By doing such with M = 10000, we obtain an estimate of
the quantity E[¢(Y)] equal to 6.05 and of the variance equal to 0.0015/M. We can compare these results
to the output of GHS: this yields the same estimator of E[¢(Y)] and a larger standard deviation equal to
0.0070/M. Observe that since M(N) = ug, the two algorithms differ from the allocations in the strata (in
GHS, an equal number of replications in each stratum is used).

We conclude this study of AdaptStr by illustrating the role of the drift vector v (see Eq. @) We

report on Figureﬁ the limiting direction M(N), the estimates ¢ — &) and the variance t (Zipi&i(t))2

(N)

when the drift vector v is the null vector. The limiting direction u slightly differs from pg and is close

to v«. Moreover, the variance reduction is weaker: the limiting value of ¢ — (Zipi&i(t))Q is 0.0035. The

efficiency of the adaptive stratification procedure AdaptStr is thus related to the drift vector v in (B),
similar conclusions are reached in [Glasserman et al (IIQQQ) (see also Elassermaa (EOOZj))

Insert Figure E about here

We report in Table m the variance (per sample) of the plain Monte Carlo estimate, of GHS and of AdaptStr.
For AdaptStr, we consider the cases v = v+ and v equal to the null vector in the formula (@)

Insert Table ﬂ about here
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5.4 Options with knock-out at expiration

A knock-out barrier option is a path-dependent option that expires worthless if the underlier reaches a
specified barrier level. The payoff of this option is given by

50 o KT [T

- 0 2

Z(y) = exp(—rT) i E exp | (r —0.50 )—d +o0o Pl E yi | — K| lsp)<s:
k=1 j=1 n

where K is the strike price, B is the barrier and Sp(y) is the underlier price modeled as

d
T
St(y) =soexp | (r— 0.502)T + o4/ 7 Z yj
j=1

In the numerical applications, we set sg = 50, r = 0.05, T = 1, ¢ = 0.1, d = 16 and (K,B) €
{(50,60), (50, 70), (50, 80), (55, 70), (55, 80)}.

On Figure fff, we plot N) and g for different values of the parameters (K, B). In this case, the optimal
importance sampling direction does not necessarily coincide with the optimal direction of stratification jig.
In the case (K,B) = (50,60), we display in Figure [, the successive directions ¢ +— ,u(t) when u(o) is
proportional to the constant vector (1,---,1), and u( ) = tg: the limiting direction does not depend on
the initial value and this is an example where the limiting direction differs from pg.

Insert Figure i} and Figurela about here

We report in Table E the variance (per sample) of the plain Monte Carlo estimate, of GHS and of AdaptStr.
For AdaptStr, we consider the cases v = v and v equal to the null vector in the formula @)

Insert Table ﬁ about here

5.5 Basket options

Consider a portfolio consisting of d assets. The portfolio contains a proportion «ay, of asset k, k € {1,...,d}.
The price of each asset is described by a geometric Brownian motion (under the risk neutral probability
measure)

= rdt + v, dW,

but the standard Brownian motions {W_(k)7 k€ {1,...,d}} are not necessarily independent. For any t > s
and k € {1,...,d}
In St(k) =In Sgk) + (r — 04511;%) (t—s)+vpVt— 53,

where Y = (Y1,...,Y;) ~ Ny(0,%). The d x d matrix ¥ is a positive semidefinite matrix with diagonal
coefficients equal to 1. Therefore, the variance of the log-return on asset k in the time interval [s,t] is
(t — s)v,%7 and the covariance between the log-returns 4,7 is (t — s)v;v;%; ;. It follows that X; ; is the
correlation between the log-returns. The price at time 0 of a European call option with strike price K and
exercise time T is given by E[Z(Y')] where

d
Z(y) = exp(—rT) (Z ozksék) exp ((r — OBU;%)T + ukﬁgk) — K)
k=1

+

and § = VXy (\/E denotes a square root of the matrix X' i.e. solves MMT = X). In the numerical
applications, X' is of the form X;,;, = 1, X ; = ¢, ap = 1/d, r = 0.05, T = 1, and d = 40. We con-
sider (¢, K) € {(0.1,45), (0.1,60), (0.5, 45), (0.5, 60), (0.9, 45), (0.9, 60)}. The initial values {s§,k < d} are
realizations of uniform random draws in the range [20, 80]; the volatilities {vy, k < d} are chosen linearly
equally spaced in the set [0.1,0.4]. The assets are sorted so that v; < -+ < wvg.

(N)

On Figure I, we observe the limiting direction p which, here again is very close to pg. We also plot

on Figure ﬂ a path of t — ,u(t) along one run of the algorithm AdaptStr.
Insert Figure B and Figure I] about here

We report in Table E the variance (per sample) of the plain Monte Carlo estimate, of GHS and of AdaptStr.
For AdaptStr, we consider the cases v = v and v equal to the null vector in the formula @)

Insert Table E’ about here
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5.5.1 Stochastic volatility

We now want to test our method on the pricing of an Asian option in the Heston model, which is specified
as follows

t t
S; = S +/ rSs ds +/ Vs Ss (V1 = p2dWi + pdw?)
0 0

t
XtI/ SSdS
0

t t
ft:fo+k/0 (0755)d5+0/0 Vs dW?2

where {W},t > 0} and {W2,t > 0} are two independent Brownian motions, r is the risk free mean rate
of return, o > 0 is the volatility, £ > 0 the mean reversion rate, 8 > 0 the long run average volatility, and
p € [—1,1] a correlation rate. The processes {S¢, ¢t > 0} and {&;,t > 0} are respectively the stock process
and the volatility process, and {X¢,t > 0} is the integral of the stock price.

The stock and the volatility are driven by SDEs correlated with correlation rate p. Indeed by construc-
tion {\/ 1L—p2 W+ pWE, t> 0} is a Brownian motion with <\/ 1— 2w+ pW27W2> = pt. The
price of an Asian Call option at time 0 with strike price K is !

E [exp(—rT) (X7 — K) ] (25)

An Exact simulation method for the Heston model has recently been proposed in IBroadie and Kayal (IZOOd).
However, it is computationally intensive especially for pathwise options, and practical numerical schemes
for the Heston model are still a very active research field. In our tests we have chosen to use a variation of
a scheme introduced in [Ninomya and Victoil (R00d) and refined in (R004). The weak error of this
scheme is potentially of order two. We will not describe this scheme in full details, but will focus on the
case where o < 4kf. Define

1—e

wk(t):T,k#O and o(t) =t,

and

kt 2

_ kt o2 t _ kt oz 2 o t
w ty)=e 2 \/(ka—z)wk(§)+€ i+ gy +(k9—z)¢k(§)4

Consider a regular time grid 0 =tg < t; < -+ <ty =T, with t; = ¢T/d and put At = T'/d. At time ¢; the
scheme is in the state (S'“)A(Z,éz) The next state (S’HM)A(Hl?{AHl) is computed by applying:

1. Draw B;+1 ~ U([0,1])
2. Draw independently Y; 11 and Yy ;11 of law A(0,1) (independently from B;i1)
3.(a) If Bi41 <05

i. Compute §i+1/2 = S, exp (\/ (1—p2)&; At Yi+1)

ii. Compute 4éi+1 = <P(§u At VALY g4i41) — &
iii. Compute X; /9 = X; +0.55; /At
iv. Compute Sj41 = S’Z-_H/Q exp[(r — pk8/o) At + pA&it1 /0 + (pk/o — 0.5)(& + 0.5A&; 1) At]
v. Compute Xi—i—l = Xi+1/2 + O.5§i+1At
vi. Compute &1 =& + Adiy1
(b) If Bii1 > 0.5
i. Compute A&i1 = (&, AL, VALY qyip1) — &
ii. Compute X;yq/9 = X; + 0.55; At
iii. Compute S’H_l/Q = S, exp[(r — pkO/a) At + pA&iy1 /o + (pk)o — 0.5)(&; + 0.5, 1) At]
iv. Compute Xi+1 = Xi+1/2 + 045§i+1/2At
v. Compute & 41 = & + A1

vi. Compute S;1 = S'Z-_H/Q exp (\/ (1 —p2)és1 At Yi+1)
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At each time step 4 the random variables B;y1, Y;41 and Y;4 .4 are drawn independently from the past.

The price (@) can be approximated by Elexp(—rT) (Xd - K) ]. With the scheme described above we
+

have, in the case o < 4k0,

B [es(—r7) (%~ &) | ~El20v ),

with Y = (Y1,...,Yq, Yau1,..., Yaq) ~ Nog(0,1d), and B = (Bj,..., By) being a vector of independent
random variables with law ¢/([0, 1]). The vector Y represents the increments of the two Brownian motions
Wl and w2,

In the case o0 > 4k0, the scheme is more complicated and we have,

E {exp(—rT) (Xd - K)J =E[Z(Y,B)],

with Y ~ Ng4(0,1d), and B ~ U(]0, 1]2d)7 Y and B being again independent.

We want now to use our algorithm for the estimation of E[Z(Y, B)], stratifying only the gaussian
vector Y. Our procedure is very easy to adapt to this situation. We consider the case m = 1. As Y and B
are independent, it is easy to sample under the law P((Y,B) € ~|[u(t)]TY = s), with 1 € R??. For the
computation of the gradient, set = (u1,--- , uaq), and denote by fy, g(y,b) the density of (Y, B). Using
the proof of Proposition E, we can write

Op (/ ]]'{y,<,u,y)§z}¢(y7b)fY,B(yyb) dA(yyb)) = 7/ l{y,(u,y):z}% ¢(y7b)fY,B(y7b) dA(y,b),

under mild assumptions on the function ¢. This allows the computation of an estimated gradient ﬁ/(,u(t)) €
R?4 to update at each time step the current direction u(t) e R,

Note that, as in the case ¢ < 4k0 the vector B is only here to draw Bernoulli variables, we could
artificially use standard normal variables to draw these Bernoulli samples (testing positivity). We thus
would have to estimate E [Z(Y)] with Y ~ A34(0,1d) and could stratify the whole vector Y. This is not
the case for o > 4kf. We could also think to stratify the hypercube [0,1]% (or [0, 1]2¢). This was not done
in the presented tests.

In the following tests we do not do any previous importance sampling; v is the null vector in (E)
Indeed the additive randomness introduced by B somehow complicates the setting.

We choose m = 1, I = 50 and N = 40. The total amount of drawings done till the end of iteration
N is M N = 100000. The parameters of the model are fixed to Sg = 100, » = 0.1, T'= 1.0 and o = 0.2.
On Figure E we plot the evolution of the cost function ¢ — (3, Pi&l@): for K =100, # = 0.01, k = 2 and
p = 0.5. The discretization step of the scheme is d = 100, and the initial volatility £y = 0.01. The initial
direction was arbitrary set to u(o) =(-1,0,...,0).

Insert Figure E about here

We plot on Figure E[left] the components of u(N ) with respect to the component index i. Note that on this

example the correlation was positive and the two parts of u(N), each one corresponding to the increments
of respectively W' and W2 are similar. Note that if we take p = —0.5 (keeping the other parameters
unchanged) the algorithm converge to u(N ), whose components are displayed on Figure E[right]. This time
there is a difference of sign between the components of the first and second half of the vector.

In this example the variance is divided by 25 compared to initial direction, and by 20 compared to
plain Monte Carlo. We can wonder on the effect of the moneyness and the volatility of the model on the
reduction variance. The results are shown in Table E The variance ratio indicated in Table H has been
computed by dividing an estimation of the variance per sample of the plain Monte Carlo estimator by
> pi&i(N))Q. We observed indeed that the empirical variance of the estimator &N based on the output of
300 independent runs of our procedure, is close to (Zipidi(N))Q/(MN). In general the achieved variance
reduction is larger when the option is out of the money.

Insert Figure @ about here

Insert Table || about here
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5.6 Conclusions

The results show that AdaptStr and GHS provide similar variance reduction when compared to the crude
Monte Carlo procedure. In many applications, ,u(oo) ~ g; in these cases, in the long time behavior,
AdaptStr - applied with v = vy in @) - and GHS may be seen as stratification procedures for the estimate
of the same target quantity, with the same direction of stratification pg but different allocations (resp. the
optimal one, and the proportional one).

In complex applications, the optimization problem (Q) is not easy to solve and the GHS procedure can
not be applied. In that case, the procedure AdaptStr can be implemented with v equal to the null vector
in (@) This yields to a significant variance reduction when compared to plain Monte Carlo.

AdaptStr is thus an efficient stratification procedure, that learns “on the fly” the direction of stratifi-
cation and the optimal allocation. It can be combined with importance sampling (choice of v in (E)) and
the direction vy that solves (Q) is an efficient drift vector. Even when the stratification procedure is not
combined with importance sampling, AdaptStr still strongly reduces the variance w.r.t. the crude Monte
Carlo procedure.

6 Proofs
6.1 Proofs of Sectionsa

In the sequel, we denote Z, def {1,...,1}"™.

6.2 Proofs of Section B

Lemma 1 Let m < d, p be a d x m orthonormal matriz, p.d.f. densities g1,---,gm on R and x be a
density on R™. Let g be given by (ﬂ) and {Si,i € Im} be the strata given by (E) and define

Pici dﬁf¢(/si fu dA) (/Sicﬂf# d)\) - (/Siz/)ufu d)\)Q

(i) Let e > 0. For any M > e,

1
sup M a1, 9, Q g ' piof| < —————— Var[p(Y)] .
Q:infiezm qi>e€ IG; ! vt MG(E - M 1) [ ( )]

(it) Assume that essinf .\ (xgil) > 0 and esssup,. <f#)<71> < 4o0. Let € > 0. For any (I, M) such
that MI~™ essinf .\ (Xg_1> >1+e¢
2 -1 2 2
Mej ar (1,9, Q) — Y [a(0)™" pioi

i€Zm
Qe o) 17 (g () 0 I
= essinfg (xg7t) M XA X essinfy. (xg~!)

(i4i) For any positive integers M, I and real € > 1,

M a9, Q" () = S (@ 1S())) ™" pf of| < Vanlg(Y)] (( +e>ﬁ+%) ,

icZ,,

where Q*[S(u) = {g'[S(w)],i € Im} is the optimal allocation defined by (@)
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Proof Tt is easily shown that M <127M(,u,g, Ox) = XieT,,:M;>0 MMiflpfaiQ. By definition of M;j (see Eq.
H), M; =0 when ¢; = 0 and M; > 1 when ¢; > M~ !. One may have M; = 1 when ¢; € (O,Mﬁl) but then
MMi_1 < qi_l. Hence,

Mq; — M;
M;

2 2
pioj

4i

2 2

i€Tm:0<q<1/M %

2 2
2 Dj0j
Mein(ng,Q0)— Y, =< >

i€T,,:q:>0 i€T,m,qi>1/M

(i) Since g; > € > M~ !, the second term in the rhs of (@) is null and since by (E)7 Mg —1 < My < Mg;+1,
the first term is upper bounded by

Mt ( sup piq{1> > (g — M7 piof

. o -1
i€Zm:qi>M i€lm,qi>1/M

which yields the desired result upon noting that piqi_1 < qi_1 <e!and Zipiaf < Var[¢(Y)].
(i) Under the stated assumptions, g¢;(x) = fs, XdA\ > essinf .y (Xg_1> I7™. Hence Mq; > 1 +¢
which implies that the second term in the rhs of @ is null. This also implies that

_ 1 . _ _
a=M7 > (1o et (™) 17
To conclude the proof,

. dA m
B fs,fiu < esssup (f—”) A ! < esssup (f—“) A I—il .
a(x) s, x dA YA\ X ai(x) YA\ X essinfg. (xg~1)

(iii) Note that by convention, pio?/qF[S(1)] = 0 when ¢[S(u)] = 0. By definition of the optimal
allocation (see Eq. E),

2

(F[S() ™" piof < a8 | Y opioy | < @ 1S(w)] Varlp(¥)] .
i

The second term in the rhs of (E) is upper bounded by I"™ M~ Var[¢(Y)]. For the first term,

< M 252
Valp Y b o
€T, [S(]>1/M L
Mgq; — M; * Mg — M;
< M oo M s

i€, 1/M <] [S(1)]<e/M i€ T,7 [S(W)]2e/M

For all i such that ¢ [S(p)] > 1/M, Mi_1|Mqi — M;| <1 which implies that

eI

Mqi_Mi *
s Bie § PP <=
a2 g1 < 5

1€, 1/M<qf [S(p)]<e/M
For all i such that ¢f [S(u)] > e/M, M; ' [Mq; — M;| < M < (Mgf[S(u)] —1)™" < (e —1)™" which
implies that
Z Mg; — M;
M;

i€Zm,qf [S(p)]>e/M

G < (e—1)7".

Proof of Proposition ﬂ To prove the Proposition III, we need the two following Lemmas. Define

G Yy, am) C (G @), . Gl am)) (27)

where G, is the c.d.f. associated to the density g; on R. The first is a standard change of variables formula

(see for example, (, , Theorem 4.1.11)).
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Lemma 2 Let h : R™ — R be a measurable function. Assume that h is nonnegative or is such that
Jrm [R1{g=01 dX < +00. Then, for all0 < vy <wyp <1, k€ {l,...,I}

ho
/ L hlpggyda= oG 1 dx. (28)
H;cnzl[Gk (Uk)va (wk)] H;cnzl[vk’wk] 9

The second technical Lemma is our key approximation result.

Lemma 3 Let h,v: R™ — R be functions such that me (h2 + 72) g_1 d\ < 400. Define fori € I,

Ri[h,~] dé’f/ hyg ™t dx—I™ (/ h d)\) (/ y d)\) . (29)
Si Si Si
Then lim[_,_,_oo ZiEIm |Ri[h7 ’}/” =0.

Proof By polarization, it is enough to prove the result when v = h with me h?g~! dXA < 4oco. This
integrability condition ensures that A-a.e. ; g = 0 implies h = 0 and by @7 one has

2
h? -1 m h 1
R;i[h,h] = —20G d\—1 — oG ~ dA\ R
ey [Gie—=1) /1,0 /1] 9 e [Ge—=1)/T,i /1] 9

where the right-hand-side is non-negative by Cauchy-Schwarz inequality. Set h(w) def %(Gil(u)) ifue

(0,1)™ and 0 otherwise. By (E) and the integrability assumption made on h, the function h is square
integrable on R"". Using the definition of h for the first equality and symmetry for the second one, one has

> Ryl B =17 Y /JZ h(u){h(u) — h(v)}dudv = % > Lz{ﬁ(u) — h(v)}? dudv

i€Z,, i€Z,, ieZ,, i

_E h(u) — h(u +w)¥? dudw l (w) — B+ 2 2 Juds
=3 Z‘/i/i—uk{h() h(u 4+ w)}* dud SQ/[O,l]m/[_Ll]m(h() h(u+ z/1))* dudz .

i€Zn,

where we have set, for i € {1,...,m}, J; = [[n1[(ix — 1)/, i /I]. By continuity of the translations in
L? (R™, du) and the dominated convergence Theorem, one obtains that the right-hand-side converges to 0
as [ — oo.

We now proceed to the proof of Proposition EI Under Aﬂ, it holds that

q(x) > (essinf (Xg_l)) / gd\=1T1"" essinf (Xg_1> ) (30)
g-A S; g-A
2 2
Hence, by Lemma ﬂ(l)7 to prove the first assertion, it is enough to check that limy_, 4 Zie{l o I}m Z'{ (i‘) =

¢ (11, x). By definition of R; (see Eq. (@))7

pior (Js fr d) (Js Gufil an) = (Jslomsi ar)”

i

ai(x) Js, x dA
B fsi fﬁ((u - wﬁ)g‘l dX = Ri[fu, Cuful + Rl fru, Y ful
and
2 () = Js, FiCu = p)g ™" dA = Rilx, £ (Cu — vi)x ]
Soo M7X) - m fSiX N .
Therefore
p12 012 2 o Ri[vaz(Cu_QP%L)X_l]‘f'Ri[wufuﬂ/)ufu] _Ri[fuygufu]
2 g T 0= 2 7 Jo, x dA |

i€Zln, i€y,

and one easily concludes with (@) and Lemma E (which applies under AH and AE) The second assertion
is a consequence of Lemma m(ﬂ)
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Proof of Proposition @ For ease of notations, in this proof, the dependence upon p and the strata {Sj,i €

. . def 2 .
Zm is omitted. We denote pjo; = \/(fsi fu d)\) (fSi Culfu d)\) - (fSi Yufu d)\) . Since for a,b > 0,
|[va —vb| < \/|a —b], one has

Z piUi*/S. {fw/@fwﬁ} dA’

i€Z,,
211/2

< d\ d\ — d\ | — — 2| dX
lezzj]/fu /cufu (/ ot ) (/Si{fm/éu wu} )
= Z ’ i1 Cufu] + Ri[p fus Yuful + Byl fu\/(u Q/’u:fu\/gu Vil
i€Z,,

1/2
< ( Z Ri[fm(ufu]+Ri[¢ufuyl/1ufu]+Ri[fu\/Cu1/’%ufu\/<#1/’3]) .

ie{1,....I}m

Under AE, Ik fﬁ (Cu— Qpﬁ)g_l d\ < 400, and by Lemma E, the right-hand-side converges to 0 as I — +o0.

Therefore,
Jin Y o= [ /a2 dA\zo. (31)
— 400, ieT., S;

We write

(/ {fm/@—wﬁ} d/\) > et — G1S(w)|
i€Zn,
< Z @ [S(p Z Pjo5 — /|:f#\/ Cu*%ﬂ dA| + Z PiUi*/ [fu\/ Cu*@bﬁ%} d)" .
i€Z,, €T, i€Zm Si

By Eq.(@)7 the rhs tend to zero as I — +o00. The second assertion is a consequence of Lemma m() applied

with € = /M /I™ and of Eq. (@) upon noting that
pioi — /S {fu\/ Cu = wﬁ} d)" :

Z Pi0i _A { \/ CH MQL} d)“ S Z
Proof of Proposition B Since esssup,,. ) (qu_1> < esssupy (fﬂg_l) / essinf (xg_1> < 400, Lemma

i€, i€z,
(B) ensures that it is enough to check that

2 2
i 2y EOGE 2

IS4 g
T epne 0

In the sequel, for i = (i1,...,iq) € {1,...,1}%, we denote J def H‘jzl[(ij —1)/1,i;/I]. Set f(u) def

[f#]/g]Gfl(u) if u € (0, 1)d and 0 otherwise and similarly, hy,(u) def [8k¢u/gk](G71(u)) if u € (0, l)d and
0 otherwise. Using symmetry and (@) one obtains

L 2
it = [ [ Su@h@um) o) -on)iry =3 [ 700 fo) (u(6 @)~ ouG ) dvi
Since ¢ is continuously differentiable, Eq. @) implies that ¢(G 1 (v))—¢(G~H(u)) = Zzzl f;j: by, (wvy (t))dt
where uvy(t) def (w1, uk—1,t, V41, .. ,0q). Therefore,

piof = Z / / s /u k /u L F(w) f () hy, (wog, () by (uvy (s))dtdsdvdu. (32)

kll
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We may similarly obtain

(fudidn)® |\ _
2 dA = d o d
s 9ix 1% [g, xdA 19 [, xdA

Ok u)® Ondu)® 7 Okdu)®
S, Lot dn — R[St ) [ (Fhe)Pdd — By Uil ]

Noting that
1 Yk lep=
= / / dtdsdvdu = — =1 (33)
2 )72 Juy S 1272d+2

one deduces that

.0 2
Ri[zzzl (i t;d’u) .y

2 2
24 1
72 pioy 2 _ L 9k X
. j{: g §bo(u7g7X) 12 j{: Id([g.XdA
ie{1,...,I}¢ ie{1,...,I}4¢ i
d P2 [ [0 2 (F () f ) (g () (wr(5)) = Py (w) ) dtdsdvdudw
LY 214 [ xdA (34)
kl=1ie{1,...,1}4 s X
fu Erxeml
Since fpa Md)\ (ESSSUPA( 9 ) ESSSUP*( Ok )> < 400, by LemmaE and @), the first term of
993 x> (e%hﬁyk(g))

the right-hand-side converges to 0 as I — +oc0. Let us now prove that for fixed k£ and [ in {1,...,d},
the corresponding sum of ratios over i in the second term also converges to 0. As the denominators are
bounded from below away from 0 by @), it is enough to check that the sum of the numerators tends to
0. For u,v € R¢ uvp def (Uty ..oy up, Upy1,...,vq) if pe{l,...,d -1} and uvg def v, Uy def /. One has

/J ) /u Uk L B (f(u) F(0) g, (wog, (£)) Py (g (5)) — f“?ﬁkﬁl(w)) dtdsdvdudw

</ /j_ /j_ i)

d g i
<3 ([ By N N T (e [ A R O C R

Ry, (wog, (£) )y (v () — fQFkazl(w)‘ dtdsdvdudw

v /i /i | F(wnwp) — vy 1) || () (v (0 (i () ldbdsdoduduo
v /i /i (e (1)) p) — o (g () )2 ) (v ()t sl

v /; /; Gl p) — Tl (617 ) o).

In each of the 4d integrals in the right-hand-side, only d 41 of the 3d 4 2 integration variables are involved
in the difference which appears in the integrand. Their domain of integration is H?Zl[(ij —1)/1,i;/1] x
[(ip — 1)/I,ip/I]. Integrating first the absolute value of the product of three functions with respect to

the 2d + 1 remaining variables one obtains a function of these d + 1 variables smaller than CI?*! with
3

C = (esssupA <f“) V esssup (Zzzl %)) . Dealing for instance with the p-th integral of the first

kind, one has

720+2 /J 3 / / - Fluwp) — fuwp—1)|| f(0) g (wor, () by (uvy (5))|dtdsdvdudw

16{1

<o Z / . | Fusp(8)) — Fw)]dtdu

e i=1)/1iy /1] % [(ip—1)/ Lip /1]

< C/ /]Rd —ep f(u)|duds

where ep denotes the p-th element of the canonical basis on R?, By continuity of the translations in
LY(R?, du), one concludes that the second term of the right-hand-side of (@) tends to 0.
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Proof of Proposition u By Lemma | ( , it is enough to check that

. *
IETOOI Z Pioi = Soo (ks 9, Xpug)-

ie{1,...1}

Since for a,b > 0, |/a — vb| < \/|a — b|, the relations (@), (@) together with the Cauchy-Schwarz
inequality imply

I > pioi —so(tt 9 Xpig)

ie{l,...,I}¢
r L - 1 & . .
< F(u) f(v)hg (uvg (¢)) by (uvy (s))dtdsdvdu — — fhi(w) fhy (r)drdw
LZ k;/// oy (8) 52 |, T
d
< [3d+2 v
(k;lle{lz: /~74/

/J_ fwh

Reasoning like in the end of the proof of Proposition E, one concludes that the right-hand-side converges
to 0 as I — +oo.

} - - 1/2
g (uvg (0) by (uvy () — fhi(w) fhg(r) dtdsdvdudwdr) .

6.3 Proofs of Section H

Proof of PropositionBLet H € R? be such that [H| < |u|, e = ‘—z‘, a= (H,e1),b=|H — aey| and ez be

equal to % if b # 0 and to any vector with norm 1 orthogonal to e; otherwise. We complete (e1, e2)
with (es,...,eq) to obtain an orthonormal basis of R?. For a € R?, ap = {a,ep).
g-(u+ 1)~ 9:() = | , he)da- [ K@) da

{a,a1<2 T ‘Cfa } {a,algﬁ}

z—oagb
Tul+a
/ / a a)dardas.q
Rd—1
agbs az + agb|u|
el + age | ————5dsdasg.g4
= .. / <|u|+a8 Z ) (il + as)?
(|| + as)ey + bsea
//Rdl ( (Ju| + as)? 682+Zakek
n (a2 B zb2s ) (|| + as)es — bsey \ az + a2b|u|da2 s
(Il + as)? + (bs) lul + as (Il + as)?
h(y) LD gaprst g 35

- ot %)

where, for the last equality, we made the change of variable
5y - VO aP P 2hs
lul + as (Inl + as)\/(Jul + as)? + (bs)?

used the equality (|u| + as)er + bsea = p + sH and remarked that (u+ sH,y) = z implies that az +
(y,e2) blu| = (|p| + as) (y, H). Define, for v € RY,

) def / o y)dA . (36)

We deduce that

g2(u+ H) — g2(1) + <H/|—Z| h(y) dA’;> =< / (b 1) — (B u+sH)}ds> 4

1/2



23

Consider now the following decomposition

Under assumption E, the first term is arbitrarily small as M goes to infinity uniformly in v close to pu.
When v — pu, the measure ]l{|,|§M}/\Z converges weakly to 1{|,|§M})\§; hence, the second term in the

RHS of (@) converges to y (h]l{‘_‘SM},,u). Therefore, the function v +— ~(h,v) is continuous at p and

the conclusion follows easily.

Proof of Corollaryl] Let H be a d X m matrix with columns (Hy,..., Hn). Let {ag, by, k € {1,...,m}}
be real numbers. We have

m m m k—1 m
ITar—TT0k=> (ax—b) | I] ¥ I «] .
k=1 k=1 k=1 j=1 j=k+1

where, by convention, Hf;:j ¢, = 1 for 5 > £. We deduce from the latter expression

L= 110k =D (an—b0) | [ @
k=1 k=1

k=1 j#k
m m k—1 j—1 k—1
==Y (ae=bp) | ] a] [ D ta;—b)] ] au I b«
k=1 j=k+1 j=1 u=1 u=j+1

We apply this equality with ap = ¢x(y,0) and by, = ¢y (y, H) where ¢ (y, A) def Lty (up+Ap,y)<z.}> Which
yields

9:(n+ H) — Z /{dm v, H) = 635,00} < [ ¢5(w, H) 3 h(y)dA(v)
J#k
m k—1
=% (00 1) - n w00} byl VAW
k=1 j=1

where the function h; . (y, H) is defined as

m j—1 k-1
h(y, H)  h(y) {65y, H) — 6;(4,0)} I ¢u0) [ ¢u(w,0) [ ouly.H). (38)

u=k+1 u=1 u=j+1

By the weak convergence argument used to conclude the proof of Proposition E, we obtain

m
Jim Z/{qﬁk (v, H) = ¢y, 00} [ ] 85,0 )dA(y)—Z<Hk,/| Hqﬁ] (y,0 A“> =0.
|H|—0 £k k=1
To conclude the proof, it is enough to check that for any j < k,
H, hj /{dm Y, H) — ¢i(y,0)} hyj i (y; H)dA(y) = o(|H|) as |H| —0. (39)

Using (@)7 the latter integral may be expressed as

I(H,hjr) = <Hk7/ /h]k |,u szk|dAg§+SHk(dy)d5> .

We write Z(H, h; ) = Z(H, hj.,k]l{|»|>M}) +Z(H, hj.,k]l{|»|§M})- By (E)7 the first term is small uniformly
in H for |[H| < e, when M large enough.
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Let [e1, ..., e4] be any (given) orthonormal basis of R? such that (yu, eg) # 0. Consider the following

matrix Sy (p) def [II(pg)er, ..., (ug)eq_1], where IT(uy) is the orthogonal projector on the orthogonal
complement of the vector py. By the change of variable formula, Z(H, h; j, ]l{|,|§M}) is equal to

1
,uk+8Hk / = ( }Lk+8Hk - ) ~
—( Hy, [ det | ATk g H h; LRk 4 S H)g; H | d\(g)ds ) ,
< k/o e L,Uk+5Hk|2 k(p+s )} i PR \ B s E T k(p+ sH)g (9)ds

where h; 1. (y; H) o hjk(ys H) yLy<ary- )

We then conclude by the Lebesgue Theorem : by construction, h; ; is bounded and the integration
domain is bounded; it is sufficient to check that the limit of the integrand is zero almost-everywhere w.r.t.
the Lebesgue measure on R?~!. Note that |hjx(y; H)| < Carlj(y, H) — ¢;(y,0)| and that

. + sH - +sH -
‘}111‘120{% (%M +Sk(u+3H)y7H) —¢j (Zk“il:_’_ﬁ:lg +Sk(M+SH)y70)} =0

except on the set {7 € Rd717 <Mj7 zk‘—ﬁ% + Sk(u)g> = z;}, which is of measure zero w.r.t. the Lebesgue

measure on R4,



25

T
... Driftv,

BN Direction pg
0.16F il
N — B - Direction u( d

01r

0.041

Fig. 1 Asian Option: Optimal drift vector vy, direction pg and direction p@) The directions have been scaled to

have the same norm as the drift vy.
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Fig. 2 Asian Option: [left] successive directions of stratification ¢ — pu(*). (%) is proportional to the vector (1,--- ,1)
so that the d curves start from the same point 1/\/& By convention, the first component of ,u(t) is positive. [top
right] successive estimations of the quantity of interest t +— FAQN [bottom right] successive values of the variance

t (3 p1 619)2; the limiting value is 0.0015.
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Fig. 3 Asian Option when v is the null vector in (@) [left] the direction pg and the limiting direction p) when .
[top right] successive estimations of the quantity of interest t — & (O} [bottom right] successive values of the variance

t (3 p1 619)2; the limiting value is 0.0015.
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Fig. 4 Barrier Option: Optimal drift vector vy, direction g and direction p'*Y). The directions have been scaled

to have the same norm as the drift v,
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Fig. 5 Barrier Option: successive directions of stratification ¢ — p(*). By convention, the first component of (%)
is positive. [left] u(o) is proportional to the vector (1,---,1) so that the d curves start from the same point 1/\/3

[right] u(©) = pg.
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Fig. 6 Basket Option: Optimal drift vector vy, direction pg and direction ,u(N). The directions have been scaled to
have the same norm as the drift v, [left] when (¢, K') = (0.1, 60). [right] when (¢, K) = (0.5, 45)
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Fig. 7 Basket Option: successive directions of stratification ¢ — p(*). By convention, the first component of u(®) is
positive [left] when (¢, K) = (0.1, 60). [right] when (¢, K) = (0.5,45)
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Fig. 8 Asian Option in Heston model: Value of Zipiﬁl(t) as function of ¢ for K = 100, § = 0.01, k =2 and p = 0.5.
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Parameters | Price Variance
v K - Monte Carlo GHS AdaptStr (v,) | AdaptStr (no drift)
0.10 45 6.05 8.68 0.007 0.001 0.004
50 1.92 4.93 0.0009 0.0004 0.0017
55 0.20 0.55 0.00003 0.00002 0.00053
0.30 45 7.15 59.30 0.035 0.025 0.062
50 4.17 40.11 0.021 0.013 0.039
55 2.21 21.48 0.010 0.006 0.023
Table 1 Asian Option
Parameters | Price Variance
K B - Monte Carlo GHS AdaptStr (v+) | AdaptStr (no drift)
50 60 1.38 2.99 0.494 0.130 0.106
70 1.90 4.79 0.020 0.005 0.007
80 1.92 4.92 0.0011 0.0005 0.0017
55 70 0.19 0.49 0.0014 0.0006 0.0012
80 0.20 0.55 0.00004 0.00002 0.00053
Table 2 Barrier Option
Parameters | Price Variance
c K - Monte Carlo GHS AdaptStr (v4) | AdaptStr (no drift)
0.1 45 11.20 22.18 0.256 0.206 0.215
60 0.78 3.70 0.037 0.018 0.023
0.5 45 11.56 81.38 0.077 0.061 0.099
60 2.54 27.00 0.021 0.012 0.032
09 45 12.09 134.31 0.022 0.008 0.053
60 3.73 56.85 0.004 0.002 0.034
Table 3 Basket Option
Parameters | Price | Variance Ratio
&o K - AdaptStr
0.01 120 0.105 400
100 4.93 25
80 22.65 60
0.04 130 0.20 150
120 0.63 18
100 6.21 31
80 22.65 19
70 31.73 19.5

Table 4 Asian Option in Heston model
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