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Abstract

We consider a magnetic Laplacian —Ay = (id + A)*(id + A)
on a hyperbolic surface M, when the magnetic field dA is infinite
at the boundary at infinity. We prove that the counting function of
the eigenvalues has a particular asymptotic behavior when M has an

infinite area. El

1 Introduction

We consider a smooth, connected, complete and oriented Riemannian sur-
face (M, g) and a smooth, real one-form A on M. We define the magnetic

Laplacian

—Ay = (1d+A)*(id+ A), (1.1)
(Gd+Au=idu+uA,Vu e CM;C)) . '

The magnetic field is the exact two-form pp = dA.

If dm is the Riemannian measure on M ;| then

pp = bdm, with b € C°(M:R). (1.2)

The magnetic intensity is b = |b| .

I Keywords : spectral asymptotics, magnetic bottles, hyperbolic surface.



It is well known, (see [Shd] ), that —A 4 has a unique self-adjoint extension
on L*(M) , containing in its domain C§°(M;C) , the space of smooth and
compactly supported functions.

When b is infinite at the infinity, (with some additional assumption),
the spectrum of —Ay is discrete, and we denote by ()\;); the increasing
sequence of eigenvalues of —A, , (each eigenvalue is repeated according to
its multiplicity). Let

N = ) 1. (1.3)
Aj<A

We are interested by the hyperbolic surfaces M, when the curvature of

M is constant and negative.

In this case, when M has finite area, the asymptotic behavior of N(\)

A
seems to be the Weyl formula : N(\) ~i E|M| .

S. Golénia and S. Moroianu in [Go-Md] have such examples.

In the case of the Poincaré half-plane, M = H , we prove in [Mo-Ti that
the Weyl formula is not valid : /\lim AIN(\) = +o00.
——+o00

For example when b(z) = ag(x/y)*™ +ajy™ +a35/y™ , a; > 0 and m; € N* |
then
N(A) ~ioo NFYEO In(X)a(mg, my, ms) .

In this paper, we are interested by the hyperbolic surfaces with infinite
area. When M is a geometrically finite hyperbolic surface of infinite area and
when the above example is arranged for this new situation, (my is absent,
my appears in the cusps and ms in the funnels), we get

N(A) ~ioe AHY™20(my) -

the cusps do not contribute to the leading part of N(\) .

2 Main result

We assume that (M, g) is a smooth connected Riemannian manifold of
dimension two, which is a geometrically finite hyperbolic surface of infinite
area; (see [Pel] or [Boi]| for the definition and the related references). More

precisely ; ;
M = (U Mj> U (U Fk> ; (2.1)

2



where the M; and the F}, are open sets of M, such that the closure of M is
compact, and if J; > 0, the other M; are cuspidal ends of M, and the Fj
are funnel ends of M.

This means that, for any j, 1 < 57 < J; , there exist strictly positive
constants a; and L; such that M, is isometric to Sx]a?,Jroo[ , equipped
with the metric

ds; = y*( L3 d¢* + dy* ) ; (2.2)
(S = S' is the unit circle.)

In the same way, for any k, 1 < k < Jy ,there exist strictly positive
constants ay and 75 such that Fj, is isometric to Sx]a?, +oo[ , equipped
with the metric

ds? = 17 cosh?(t)d0* + dt*; (2.3)
moreover, for any two integers j, k& > 0, we have M; N F, = ( and

Let us choose some 2y € My and let us define

d: M — Ry; d(z) = dyz,2); (2.4)

dy( ., .) denotes the distance with respect to the metric g.
We assume the smooth one-form A to be given such that the magnetic

field b satisfies

lim b(z) = +oo. (2.5)
d(z)—o0
If J; > 0, there exists a constant C; > 0 such
1Xb(z)] < Cy(b(z) + 1)@ |X], ; (2.6)

Vz € Mj, VX € TZM and‘v’jzl,...Jl.
There exists a constant Cy > 0 such
[ Xb(2)| < Ca(b(z) + 1)[X], (2.7)
Vze F,, VX € T.M andVk=1,...J5.

For any self-adjoint operator P , and for any real A , we will denote by
E\(P) its spectral projection, and when its trace is finite we will denote it
by

N\, P) = Tr(EA(P)) .

N(A; P) is the number of eigenvalues of P, (counted with their multiplicity),
which are in | — oo, A[ .



Theorem 2.1 Under the above assumptions, —A4 has a compact resolvent

and for any § €3, 2[, there exists a constant C' > 0 such that
L _ ¢ sy L
5 M(l (b(m) 1 1)(2_56)/2) N1 —=CA ) 4,b(m)) dm
< N\, —Ay) < (2.8)
1 —35+1
where
400
N(p.b(m)) = b(m) Y [u—(2k+1b(m)]S if bm) > 0,
k=0

and

N(u,b(m)) = /2 if b(m) = 0.

[p|%. is the Heaviside function:

o 1, if p>0
10, if p<o0.

Jo
by Z/ , due to the
k=1 %k

The Theorem remains true if we replace /
M

fact that the other parts are bounded by C\ .

Corollary 2.2 Under the assumptions of Theorem B.1 and if the function

wlp) = [ = blm)dm
M
satisfies, 3C; >0st.Vu>Cy, V71 €]0,1],

w (L+7) 1) —w(p) < Cr 7 wlp)., (2.9)

then
N, —Ay) ~ % /1\/[/\/()\ — i,b(m)) dm . (2.10)



For example this allows us to consider magnetic fields of the following
type:

on Fy, b(0,t) = pi( 1/cosh(t) ),
andon M;, j>0, b(8,y) = ¢(y),

where the py(s) and the ¢;(s) are, for large s, polynomial functions of order
> 1. In this case, if d is the largest order of the pi(s) , then

N(A;=Ay) ~ aX e,

for some constant o > 0 , depending only on the funnels F}, where the order
of pr(s) is d .

3 Estimate for Dirichlet operators

3.1 The main propositions

In this section, we consider some particular open set €2 of M with smooth
boundary. To © and —A, , we associate the Dirichlet operator —A% | and
we estimate N(\; —A%) .

Proposition 3.1 Let Q2 an open set of My with smooth boundary. Then
there exists a constant Cq > 0 s.t.

0
N =A%) — %)\ < CoVa; YA>1.

As Q is compact, the above estimate is well known. See for example

Theorem 29.3.3 in [Hot].

Proposition 3.2 Let j > 0 and €2 an open set of the cusp M;, isometric to
Sx]a?, +o0[ , equipped with the metric

ds* = y 2( L?* d0* + dy*); (a and L are strictly positive constants) .

Then —A% has a compact resolvent and

Q
N(\; =AY ~ |4—|)\; as A — +00.
7r



We will prove it in the next subsection.

Proposition 3.3 Let Q an open set of a funnel Fy,, isometric to Sx]a?, +oo] ,
equipped with the metric

ds* = L%cosh®(t) d6? + dt?; (a and L are strictly positive constants) .

Then —A% has a compact resolvent and for any § € ]%, %[ , there exists a
constant C' > 0 such that

1 C
SRR

N1 = CA30+) — i, b(m)) dm

21 Jo

< N(A,-Af) <
1 (1+ ¢ ) N1+ CA30H) — ! b(m)) dm
27 Joo  b(m) + Eo0 rk

The proof comes easily following the ones in the Poincaré half-plane of
[Mo-TY], using the method of [[Col], in the neighbourhood of the boundary at
infinity. It corresponds to a context where the partitions of unity were fine,
so they can be performed on Sx]a?, +oo[ , (instead of Rx] — 00, 0] ) .

3.2 Proof of Proposition B.2

For simplicity we change the unit circle S = S; into the circle Sy, , of radius
L, so
Q =Spx]a®, +ool, ds* = y *(dx® + dy*), and (3.1)
~Afu(2) = P [(Dy — A1)*u(z) + (Dy — Az)*u(2)] ;
v +y? +di, (z,2)

2yy’
We begin by proving the compactness of the resolvent of —A% .

moreover d(z,z') = argcosh

Lemma 3.4 There exists Cy > 1 such that

/Q (b(2) — Co)[u(z)[2dm < / CA2u(z)a(@dm . Vu € CR(Q) .
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Proof. Let us denote the quadratic form

¢Hu) = /Q—Aﬁu(z)Mdm Vu e CP((Q). (3.2)

Then g3(u) = [ [0 — Auf + (D, = Ax)ul’] dady
Q

/ b(2)|u(z)|2dm
Q

and

/Q[(Dx — AJu(2)(Dy = Ag)u(z) — (Dy = A)u(2)(Dy — Ar)u(z)]dedy

Therefore we get that

/ B(z)\u<z>|2dm\ < ).

As b(z) = [b(z)] — +oo at the infinity, the Lemma comes casily.

The Lemma .4 and the assumption (R-) prove that —A% has compact
resolvent.

Later on, we will need that the assumptions (R.5) and (B.§) ensure that
there exists C' > 1 such that Vz = (z,y), 2 = (2',y) € Q,

b(z)/C < b(2') < Cb(z), ifly—y|[<landy>C. (3.3)

This comes from the fact that d(z) is equivalent to In(y) for y(> 1) large
enough, so the assumption (B.4) ensures that |0,b(z)| + |9,b(2)| < C(|b(2)] +

1).

Lemma 3.5 There exists a constant Cy > 1 such that, for any A\ > 1 and
for any K C Q isometric to I X I , endowed with the metric in ([3.1), with

I =Jxg — €1, 20 + €1, 1o =|yo — €2, 90 + €[,

e €]C 1, e =/Yo/vb(20) , (yo> Co);

the following estimates hold:

1 1K, _AK 1 | Klg
[A(l—ﬁ)—co] = S N-A%) < [A(1+ﬁ)+00] yr

Proof. If b(zy) > C\ , then, according to the estimate of Lemma 3.4
with K instead of @, N(X\;—AF) = 0.
So we can assume that b(z)) < CA .

(3.4)



We use that the spectrum of —Af is gauge-invariant, so we can suppose

that in K B
VDb
Ay =0 and Ai(z,y) = —/ (x;p)dp
v P
Then |A;(z,y)] < CGQb;O)

0
From this estimate, we get that for any € €]0, 1],

b?(2)

2
€Yo

b?(2)

2
€Yo

—(1—e)AF — Ce AN < —(1+ A + Ce

We take € =1/,/10 , to get

1 K b(z) K IRV b(z)
—(1—\/E)A0 - C\/y_o < =AL < —(1+\/y_O)A0 + C\/y_o .

As b(zp) < CX , the Lemma follows easily from the min-max principle and
the well-known estimate for N(\; —A[) .

Proof of Proposition B.2|

It follows easily from Lemma B.5, (for large y ), using the same tricks as

in [Mo-Ti].

4 Proof of the main Theorem 2-1

The proof comes easily from the three propositions B.] - - B-3, following the
method developped in [Mo-Tij.

5 Remark on the case of constant magnetic
field

It is not always possible to have a constant magnetic field on M , (for topo-
logical reason), but for any (b, 3) € R’ x R’ | there exists a one-form A ,
such that the corresponding magnetic field dA satisfies

2 (5.1)

=~ B(Z):bJVZEMJ



Theorem 5.1 Assume ([2.1) and ({5:1).
If J; = 0 and Jo > 0, then the essential spectrum of —A4 s

sma—A0=[ng%,+le0Jﬂ&O (52)
k=1

with S(Br) = 0 when |Bx] < 1/2 and when |By] > 1/2
SBr) ={2j + DBkl =3 +1)5 5 € N, j <[B] —1/2} .

If Jy and Jy are > 0 , then for any 7 , 1 < j < Ji and for any
z € M; there exists a unique closed curve through z, C;, in (M;, g),

not contractible and with zero g— curvature. The following limit exists and is
finite:

Alr. = li A 53
ne ngﬂ (5.3)

252

IfJ = {jEN, 1<j<Jy st [A, €27Z }, then

72

o 1 . . 2 . 2

Prsa(~A) —[Z+mmgg;%7lgghﬁk}7%wﬂj(£45ww>-(5®
If Jo =0 and J{* = 0, then sp.(—A4) = 0 :

—Ay4  has purely discrete spectrum, (its resolvent is compact).

Remark 5.2 In Theorem p.1, one can change C;, into S;. , the unique
closed curve through z , not contractible and with minimal g—length.

S;. 15 not smooth at z, S;. 1is part of two geodesics through z , so there
15 an out-going tangent and an incoming tangent at z . It is easy to see that
Ci. N S;. = {2z}, so by Stokes formula

| oa-ay = [ -,

7,2 7,2

where A° is a one-form on M , such that
dA = dA” on M; and [A°]y, = 0; V.

The orientation in both cases C;, and S; . , is chosen such that, if
Uy, v, € T,M; , g.(uzv,) =0, dn(us,v,) >0, and u, is tangent to the
curve (in the positive direction), then v, points to boundary at infinity; (for
S;. , one can take as u, the out-going tangent, or the incoming tangent).
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Proof of Theorem [.1. It is clear that

Spess<_AA) = (U Spess<_Af\4/Ij>> U (U Spess(_Aik)> 3 (55)

so the proof will result on the two lemmas below.

Lemma 5.3
1
Spess<_A§k) = [Z _'_613 ) _'_OO[US(ﬁk) .

Proof. We have —A" = 7.%cosh™2(t)(Dy — Ay)? + cosh (t)(D; —
45) [cosh(t)(Dy — As)]
Since b = 5, = 7',;1 cosh ™ (t)(0pAy — ;A1) , there exists a function ¢ such
that A— A = dp if A= (¢ — By, sinh(t))d6 , (for some constant &) .
So we can assume that A = A .

We change the density dm = 74 cosh(t)dfdt for dfdt , using the unitary
operator Uf = (7, cosh(t))2f , so

1
P=—UA¥U* = 1.2 cosh™(t)(Dy — Ay)* + D? + Z(l + cosh™2(t)) .

We remind that A € sp,, (—A) iff there exists a sequence (u;); €
Dom(—A%¥) converging weekly in L?(F}) to zero, ;]| z2(m,) = 1 and such
that the sequence (—Ai’“ up — Aug)y converges strongly to zero.

It is clear that sp(—A%F) = Sp(@ P,
tez

1
P, = D} + 1, 2 cosh™2(t) (¢ + By, sinh(t) — &) + Z(l + cosh™2(t)) ,
for the Dirichlet condition on L*(I;dt) ; I =]ai , +oo| .
So sp(—ALr) = Usp(Pg) :

LeZ

¢ —
Writing that P, = D} + (7§

2
1 -
—ry + Bk tanh(t)) + Z(l + cosh™(1)) ,

1
we get easily that sp,,,(P) = [Z + 82, +00[ , and that the number of eigen-

1
values < 1 + 2 is finite for all £ < ¢ and equal to zero for all £ > ¢ . Here

10



1
we assume [ > 0. So [1 + B2, +o00[ C sp,(—A%F) and the other part of
SPeas(—AL) i Soo = {3 A= Tim Ny, Mgy € spa(Pup)

where (¢(7)); denotes any decreasing sequence of negative integers.

Now we use again the formula ,

P, = D + (Tkioishg(t) + Bk tanh(t)) + i(l + cosh™2(t)) .

Assuming ¢ — &£ < 0, we set p = | — &|/7, and we introduce the new vari-
able y = 2pe~t . We get that P, is unitarily equivalent to lgp defined as a
Dirichlet type operator in L2(]0,2pe “[: dy) , (zero boundary condition is
only required on the right boundary):

ﬁp = Dy(y°D,) +W,(y), with
(A=) oy ? y/2p)  \’
o = (4 -~ Tev) (e )
So we have pEToo W,(y) = W (y) = (Bx — y)* , and the operator

Py = Dy(y2D,) + W (y) on L2(J0, 4o00l; dy) satisfies, (see [Mo-T1] ),
SP(Pso) = SPpss(Poo) U spy(Ps) with

Pow(Pu) = [+ 60400l spalPo) = S(B)

We remind that the eigenfunctions associated to the eigenvalues in S(f5) of
P, are exponentially decreasing, so if Ag(p) < ... < Xj(p) < Aja(p) - ..
are the eigenvalues of P, then for any j ,

T A(p) = Aj(00) = (2 + 1) — i+ 1) i i > 1/2 and j < B —1/2,
o L
otherwise pEToo Ai(p) = 1t B -

Therefore we get that Soo = S(Bk) , or See = S(Bk) U {3+ B2} : the
formula of Lemma follows.

Lemma 5.4 If1<j<J, andj ¢ J{, then
Spess(_A%j) - @
Ifj € J&, then

. 1
Spess<_A1]XIJ> = [Z_'_b?? —|—OO[

11



Proof. Use the coordinate t = Iny instead of y , so

M; = Sx]aj,+oo[ and ds} = Lle *d0* + di*; (a; =e).
Then —~A}’ = L7%e*(Dyg — A1)* + ¢'(Dy — A2)(e (D — Ay))
b= L;1€t<agz42 — A1) and dm = Lje 'dfdt . As in Lemma p.3, we have

A—A = dpif A= (€ + Ljbje ")dl , (for some constant &) .

So we can also assume that A = A .
We replace the density dm by dfdt , using the unitary operator

Uf = \/Lje’t/Qf , SO

| 1
P=-UAU* = L;?¢*(Dy — A1)* + D} + 7

Then we get also that

| 1 0+ ?
tez j
for the Dirichlet condition on L*(I;dt) ; I =]aj, +ool.
When ¢ 4 £ # 0, the spectrum of P, is discrete. More precisely

1
sp(P,)) = sp(P*), where P*=D?+ 1t (e +b;)?

for the Dirichlet condition on L*(Ij;dt) ; I, =]aj 4+ In(|€ + &|/L;), +-o00] ,
L+e

[0+¢

So lim infsp(P;) = 400, and then we get easily that the spectrum of

[£]—o0
—AM s discrete, when & = [Aln,/(27) ¢ Z.
If ¢+ & =0, the spectrum of P, is absolutely continuous :

and &+ =

1

SP(P-¢) = SPess(P—g) = 8Pgo(P¢) = [Z+b?, +o0] ;

. 1
and then, when [A]y;, € 27Z, spess(—Ai\l/[’) = [Z + b? , ool .
This achieves the proof of Lemma [.4.
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