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HEAT CONDUCTION AND ENTROPY PRODUCTION IN
ANHARMONIC CRYSTALS WITH SELF-CONSISTENT
STOCHASTIC RESERVOIRS

F. BONETTO, J. L. LEBOWITZ, J. LUKKARINEN, AND S. OLLA

ABSTRACT. We investigate a class of anharmonic crystals in d dimen-
sions, d > 1, coupled to both external and internal heat baths of the
Ornstein-Uhlenbeck type. The external heat baths, applied at the bound-
aries in the 1-direction, are at specified, unequal, temperatures 7;, and
T:. The temperatures of the internal baths are determined in a self-
consistent way by the requirement that there be no net energy exchange
with the system in the non-equilibrium stationary state (NESS). We
prove the existence of such a stationary self-consistent profile of tem-
peratures for a finite system and show that it minimizes the entropy
production to leading order in (7. — Tx). In the NESS the heat conduc-
tivity x is defined as the heat flux per unit area divided by the length
of the system and (7}, — 7). In the limit when the temperatures of
the external reservoirs go to the same temperature T', x(T") is given by
the Green-Kubo formula, evaluated in an equilibrium system coupled to
reservoirs all having the temperature T'. This x(T") remains bounded as
the size of the system goes to infinity. We also show that the correspond-
ing infinite system Green-Kubo formula yields a finite result. Stronger
results are obtained under the assumption that the self-consistent profile
remains bounded.

Dedicated to Jiirg Frohlich and Tom Spencer with friendship and
appreciation

1. INTRODUCTION

The rigorous derivation of Fourier’s law of heat conduction for classi-
cal systems with Hamiltonian bulk dynamics (or for quantum systems with
Schrodinger evolution) with boundaries kept at different temperatures is an
open problem in mathematical physics [E] The situation is different for sys-
tems with purely stochastic dynamics, e.g. for the Kipnis, Marchioro, Pre-
sutti (KMP) model [14], where such results can be readily derived [[[d, [L]].
An interesting area of current research are hybrid models in which the time
evolution is governed by a combination of deterministic and stochastic dy-
namics. The deterministic part of the dynamics is given by the usual Hamil-
tonian evolution. The stochastic part can be of two different types. In the
first type, the stochastic part is constructed to strictly conserve the energy,
as studied in [fJ], or conserve also momentum, as in [fil, . In the second type,
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studied in [J] and [}, the stochastic part is implemented by coupling the par-
ticles of the system to “internal” heat baths with which they can exchange
energy. To obtain a heat flow between external reservoirs at specified tem-
peratures 11, Ty, acting at the left and right boundaries of the system, the
temperatures of the internal heat baths are chosen in a self-consistent man-
ner by the requirement that in the nonequilibrium stationary state (NESS)
there be no net energy flux between these baths and the system [, §. Be-
cause of this self-consistency condition, there is an average constant energy
flux across the system in the NESS, supplied by the external reservoirs at
specified, unequal, temperatures coupled to the boundaries of the system,
and then carried by the Hamiltonian dynamics. A proof of Fourier’s law
for both types of hybrid models has been obtained for the case when the
Hamiltonian dynamics is linear [{, §], i.e., for a system of coupled harmonic
oscillators.

In the present work we investigate the self-consistent model for anhar-
monic crystals. Unlike the case of the harmonic system, where it is known
that Fourier’s law does not hold when the “noise” is turned off (the heat
conductivity then becoming infinite), one expects that in the anharmonic
system with a pinning self-potential the conductivity will stay finite, i.e., it
will satisfy Fourier’s law, even when the strength of the noise goes to zero.
We are quite far from proving this, however. What we do show here is that,
for these anharmonic systems, conductivity for the finite system, defined by
first letting both T}, and Ty approach the same value, is given by a Green-
Kubo formula. We also prove that this Green-Kubo conductivity is bounded
in the system size, whenever the noise is finite.

These results are obtained by studying the entropy production in the
reservoirs in the NESS specified by the temperatures of all the reservoirs.
We prove that the self-consistent profile minimizes, among all possible tem-
perature profiles, the entropy production to the leading order in the differ-
ence of the boundary temperatures T}, — 1. We then prove a uniform bound
for the entropy production of a stationary state with a profile linear in the
inverse temperatures. This leads to a bound on the leading term of the con-
ductivity of the self-consistent system, given by the Green-Kubo formula for
the finite system with all reservoirs at the same temperature 7.

Furthermore, we show that the corresponding Green-Kubo formula for
the infinite system, giving the conductivity of the infinite system as a space-
time integral of the energy-current correlations, is convergent. The bound we
derive implies that the conductivity vanishes in the limit of infinitely strong
coupling to the reservoirs. This behavior is also apparent in the explicit
expression of the conductivity of the corresponding harmonic system (see
equation (7.10) in [f]). The violent contact with the reservoirs most likely
makes local equilibrium so strong that eventually no transmission is possible.

There are no comparable results for anharmonic crystals with the first
type of hybrid dynamics, but only some bounds on the conductivity [J].
Under the assumption that the self-consistent temperature profile remains
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bounded, we show that the conductivity of the finite systems with a fixed
T, —Ty > 0 is uniformly bounded in the size of the system. (This assumption
is “clearly” correct but we are unable to prove it, see section 9.)

The model considered is described in section f] while section [ contains a
summary of the results proven in this paper. The existence of a NESS with a
self-consistent temperature profile is proven in section [ Entropy production
in the NESS is discussed in section [}, and in section ] we prove that the
stationary state corresponding to the self-consistent profile minimizes, at the
leading order in the temperature difference (71, —Ty), the entropy production.
Thermal conductivity in the NESS is discussed in section [ and for the
infinite homogeneous system in section §. Finally, in Section ] we present
some concluding remarks.

2. TIME EVOLUTION

Atoms are labeled by = = (21,...,24) € {~N,...,N}¥ = Ay, N > 1.
Each atom is in contact with a heat reservoir at temperature T,. The
interactions with the reservoirs are modeled by Ornstein-Uhlenbeck pro-
cesses at corresponding temperatures. The atoms have all the same mass
m = 1. Their velocities are denoted by p, and the “positions” by gq,, with
4z, Pz € R. We consider a mixture of fixed and periodic boundary condi-
tions. The fixed boundary conditions are applied in the 1-direction, and the
corresponding boundary sites will be used to make contact with external
heat reservoirs. In the remaining directions, we apply periodic boundary
conditions. Explicitly, let Ay denote the set with |z1] = N + 1 and let
[z], = =N + (z; + N) mod (2N + 1), for i > 2. The boundary conditions
are then ¢, = 0, for z € dAy. In addition, we let the inner boundary of Ay
consist of those x with |z1| = N, and we denote it by JAy.

As we will show, the heat flux in the stationary state will be entirely in
the 1-direction and the properties of the system will be uniform in the d — 1
periodic directions. We define Ay = {z € Ay : =N < x; < N} to label the
bonds in the 1-direction.

The Hamiltonian of the system is given by

HN: Z ga:y

TEAN
2 d Vig. — _
P (92 = Ga—c;) +V(Gare; — )
gm:?x—FZl xT r—ej 2 1€y xT —{—W(qx), QTEAN,
j=
(2.1)
where the ¢;, ¢ = 1,...,d, denote the Cartesian basis vectors. We assume

that V and W are smooth positive symmetric functions on R with quadratic
growth at infinity:

lim W (+X\) =W/2 >0, Ahm V' (EXN) =V > 0. (2.2)

A—00
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Clearly then, there are C,Cs > 0 such that
Ci(¢® = 1) <V(g) < Co(q® +1), Ci(g® = 1) SW(g) < Ca(g® +1). (2:3)
The dynamics is described by the following system of stochastic differen-
tial equations:

dgz; = pgdt,

dpy = —0g, N dt — Yupy dt + /27, Ty dw,(t),

with v, > 0 for all z € Ay. Here w,(t),z € Ay, are independent standard
Brownian motions (with 0 average and diffusion equal to 1). The generator
of this process has the form

TEAN TEAN (25)
— A48,

where A is the Hamiltonian part, anti-symmetric in the momentum vari-
ables, and S is the symmetric part corresponding to the action of the reser-
voirs. Then

(2.4)

d
LNgx = Z (jx—ei,x - ja:,a:—i—ei) + me YIS AN (26)
i=1
with J, = v,(T, — p?) and
Jraote; =0, if [2] € An or [z +¢;] & AN, (2.7)
. 1 .
Jo,ote; = —i(p[m] + Plated)V (@ater) — Q) otherwise . (2.8)

In particular, then j; ;4¢, can be non-zero only if z € Ay.

In section 3 of [[[] it is shown that, for any choice of the temperatures T =
{T, > 0}, there exists an explicit Lyapunov function for the corresponding
stochastic evolution, as long as v, > 0 for all . This implies the existence
of the corresponding stationary measure that we will denote by u(T).

If at least one T}, > 0, then the generator Ly defined in (R.5)) is (weakly)-
hypoelliptic, in the sense that the Lie algebra generated by the wvector
fields {A,0,,,x € An} has full range in the tangent space of the phase
space (RM)AN . In particular, the dynamics has probability transitions with
smooth densities with respect to the Lebesgue measure on the phase space.
If all T, > 0, also the corresponding control problem has a strong solution
(cf. section 3 in [[I6], or [[]]) and uniqueness of the stationary measure fol-
lows from these properties. These methods could be extended to the case
T, > 0, at least if Hy(p,q) is strictly convex [[[§]. The investigation of
the uniqueness of the stationary measure goes beyond the purposes of the
present paper, in particular, since zero temperatures will be relevant only
in the general proof of existence of a self-consistent temperature profile in
Section [l. So we will assume the uniqueness even in the case of temperatures
not strictly positive.
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The spatial periodicity will be exploited in the following to remove (most
likely irrelevant) technical difficulties associated with irregular boundary
behavior. To this end, we will assume that also the heat bath couplings
respect this periodicity, i.e., we will always assume that vy, depends only
on x1. Then in the case where also T, depends only on x1, the stochastic
dynamics is fully invariant under periodic translations. Since the stationary
measure p(T) is unique, then also any of the corresponding expectation
values must be invariant.

We denote the constant temperature profile, T, = T, for all z € Ay, as
T,. Then u(T,) = pr,, the Gibbs measure at temperature T, defined by

pr, = Zz" exp(—=Hn(p, q)/To)dpdq = G, (p, q)dpdq (2.9)
We use ur, as a reference measure and denote the related expectation by
(o
Computing the adjoint of Ly with respect to the Lebesgue measure we
have!

Ly =-A+ Y 50 (2.10)

rEAN

where S;(l) =7, (Tgﬁzx +1 —i—px@pz). We denote by fn = fn(T) the den-
sity of the stationary state pu(T) with respect to Lebesgue measure. This is

the solution of L}k\gl) fn = 0. Due to hypoellipticity, fx is a smooth function
of (p, q), and this implies also smoothness in T. To see this, note that or, fn
is the solution of the equation

LyVor, fn = —1, 02, fn . (2.11)

Since the right hand side is smooth in (p,q), this equation has a smooth
solution, and smoothness in T follows by a standard iteration of the argu-
ment.

3. SUMMARY OF RESULTS

Given the temperatures ®r = {Oy},cr in a set R C Ay, we say that
a temperature profile T = {T,},ea, is self-consistent, if T, = O, for all
x € R, and the corresponding stationary state has the property

(p2) =Ty, forallzeAy\R, (3.1)

where (-) denotes expectation with respect to the NESS, u(T), assumed to
be unique. Eventually we may choose R = O0Ay or part of it. But the
following result is independent from the geometry.

Theorem 1. For any choice of a non-empty R C Ay, and for any choice of
temperatures @ g = {Oy}ycr not all equal to 0, there exists a self-consistent
temperature profile T = {Tx}ggeAN\R. In addition, if R and ® g are invariant

lWe wish to reserve the standard notation for adjoint for certain weighted L2-spaces,
to be introduced later. Hence the notation L?\,(l) for the adjoint here.
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under translations in all of the d — 1 periodic directions of Ay, then a self-
consistent profile invariant under these translations can be found.

The main body of our results concerns the case where the reservoirs on
the two sides in the non-periodic direction are fixed to constant but unequal
temperatures. We call this case the boundary layer setup. More explicitly,
we then define R = 0Any = 9, An U OgAy, where O,An = {z : 21 = —N}
and Oy Ay = {z : 1 = N}, and we fix on the left the temperatures T, = T,
for x € 9. Ay, and on the right T, = Ty for x € OxAN, T < T1.. We also
set By = T %, and By = Tir L. Uniqueness of the self-consistent profile is not
claimed in Theorem [l, and this remains an open problem in the generality of
the theorem. However, by restricting to small temperature differences and
then relying on the implicit function theorem, we can get a self-consistent
profile which is essentially unique.

Theorem 2. For any given T, > 0 and N, there are 9,0 > 0 with the
following property: In the boundary layer setup with Ty, Ty such that |T, —
Tol, Tk — To| < %50 there is a self-consistent extension of the temperature
profile, T¢(Ty,,Ty), and the extension is unique in the sense that no other
profile T with max, [T, — To| < § is self-consistent. In addition, T¢ is
invariant under translations in all of the d — 1 periodic directions of An,
and the map (T, Ty) — T5(Ty,, Ty) is smooth.

As an aside, let us remark that a careful inspection of the proof of Theorem
B shows that its assumptions could be greatly relaxed, allowing for more
general sets R and almost arbitrary potentials V' and W. However, since
the range of its applicability, determined by &g, can depend on N and might
go to zero as N — oo, we have included the proof of the more general
result in Theorem [l. Furthermore, the assumptions about the asymptotic
quadratic behavior of V and W will be used in latter proofs, and thus cannot
be neglected. From now on, we assume that 77, — Ty is sufficiently small for
applying Theorem [}, and let T*¢ denote the corresponding self-consistent
extension of the temperature profile, which is thus invariant under periodic
translations and leads to a unique, periodically invariant, stationary state.

For a generic profile T, we define the entropy production in a reservoir in
the steady state u(T) as the energy flux entering that reservoir divided by
its temperature [[f]. The total steady state entropy production is then given

by
. 2
o(T)= ) (o) TJ”C> = > %<—<§x> -1). (3.2)
TEAN z zEAN z

By using the local energy conservation (R.6) and denoting 3, = T 1, we can
write this as

d
o(T) = Z Z (Bote; = Ba){Jz,otes) - (3.3)
=1 zeAly
It is is well known [{] that o(T) > 0.
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For the self-consistent profile T*¢, there are no fluxes to the reservoirs for
x ¢ OAn and consequently, as will be shown below, (j; z4¢,) = jn for all
z € Aly. The entropy production (B.d) is then equal to

o(T) = 2N 4+ 1) (Br — BL)jnN - (3.4)

Thus we can estimate the magnitude of the self-consistent current by esti-
mating the entropy production.

Theorem 3.
o(T*) < (2N + 1)*%(8y — £,)°C(T*, 7) (3.5)
where, up to a constant ¢ depending only on the potentials V and W,

maxg Yz 1ot

C(T*,~v)=c (1+maxT)°). (3.6)

min, 2
Consequently, the average self-consistent current is bounded by

Br — b
2N +1°

We expect, but are not able to prove, that the self-consistent profiles
remain uniformly bounded in N. From such a bound it would follow that
Jjn = O(N™1). We expect in fact that T, € [Ty, T;], as in the harmonic case
[Bl, c.f., Section . What we can prove is that the first order term of j in an
expansion in the imposed temperature gradient is O(N~1!). This is possible
even without explicit knowledge about the asymptotics of the self-consistent
profile. To this end, we consider also profiles TP which are extensions in
the boundary layer setup to a profile with linear 3,; we define

0 <jn < C(T*,) (3.7)

. 1 _
(TP~ = 5 (ﬁRNBLml + Br + 6L> , TE€AN. (3.8)
For these profiles, the entropy production satisfies
in /3 - ﬁl :
O-(Tﬁl ) = % Z <]x,x+e¢>Tﬁlina (3'9)
zEN

and we can derive a more precise bound for it.

Theorem 4. Given b > 0, there exists a constant Ca(7;b), depending only
on~, V, W, and b, such that for all Ty, <T;, <b,

o(T7™) < 2N + 1) (B = £)*Ca(73b). (3.10)
Obviously, if T, is any constant temperature profile, we have o(T,) = 0.

Furthermore, %(TO) = 0, and the second order derivatives can also be
computed, yielding the following theorem.
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Theorem 5. The Taylor expansion of o around a constant profile Ty at the
second order gives
2
€ 3
0(To +ev) = 5Q(viTo) + O(%),  Q(viTo) = > Tyavyva, (3.11)
()

xvyeAN

where, with (-)o denoting the expectation in u(T,),

2
— Pz
jy,a: - 'Yxéy,a: - ’Y$7y<h$(_LN(TO)) 1hy>07 ha: = T - 4 (3'12)

The matriz J is positive, and if Jy . is restricted to x,y € An \ OAp, it
becomes strictly positive.

We now denote 0T = T}, — Ty and T, = (T, + Tx)/2. The next result says
that the self-consistent profile minimizes entropy production, at least up to
the leading order in the gradient of the imposed temperature difference, 07T

Theorem 6. The self-consistent profile T5¢ is a smooth function of Ty, and
Tw. For a fized T, its first order Taylor expansion

T =T, 4+ g°(z)0T + O(6T?), =z € Ay, (3.13)

is such that v = g*° is the unique minimizer of Q(v;Ty) for fixred v(z) = :I:%,
x € 0NN, where we choose the +-sign for x € O, AN, and — for x € OgAN.

Consequently, the self-consistent profile minimizes the entropy produc-
tion up to errors of the order of §7°3. In particular, the leading term of the
self-consistent profile can be obtained by minimization of the entropy pro-
duction. This is consistent with the general belief that for small deviations
from the equilibrium state imposed by external constraints, the stationary
state will be such that it minimizes the entropy production with respect to
variation in the unconstrained parameters [[4]. The entropy production has
also been studied by Bodineau and Lefevere [fj] in this model, and originally
by Maes, et al., [[J] in the context of heat conduction networks.

We define the thermal conductivity in the self-consistent stationary state
(of the finite system) as

kN (T,) = lim

in- 3.14
sT—0 OT IN ( )

This is related to the entropy production by (B.4), yielding
WE(T) = Qg™ To) /(2N +1)02 (3.15)

where, as in Theorem ], we have defined

T
QWi Ty) = v+ J(T,)v = T lim U(Oijgv) . (3.16)
e— 9
Since g* minimizes Q(-), we find using (B.10))
- ] O.(Tﬁlin) B
K3(T,) < (2N41)279772 Jim = < T 20y (v; 2T,) - (3.17)
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In particular, since the bound does not depend on N, this proves that the
self-consistent conductivity defined by (B.14) is uniformly bounded in N. It
also has a Green-Kubo type of representation, as summarized in the follow-
ing theorem.

Theorem 7. The self-consistent conductivity is uniformly bounded in N
and satisfies

) =75 [ 3 N @) s de (319

xEN

where (-)o denotes the mean over the initial conditions distributed according
to the equilibrium measure at the temperature T, with the time evolution
given by the dynamics corresponding to Ty, i.e., all the reservoirs are at
temperature T,. Here V., g%(x) = g*(z + e1) — g°°(z) denotes a discrete
gradient.

A similar Green-Kubo formula can be obtained for the entropy production
in the stationary state of the profile TP, We will prove that

SBlin
9 dr? o (TP L 2N+1 1
(2N+1) T hr_r)lo W = 5’11113,10 EA, ,Bhn)
1.1 * 1 . .
= (1 + W)T_g/o ‘A ‘ g\/ <]y,y+€1(t)]$7$+e1(0)>0 dt . (3'19)
x,Y N

By (B.17), this is always an upper bound for x55(7,). We expect the self-
consistent profile to become linear away from the boundaries in the limit
e — 0, and to find V., g%(z) ~ —5&, whenever z1 is not too close to £N.
Although a proof of this property is still missing, we conjecture accordingly
that both x35(7,) and the right hand side of (B.19) have the same limit as
N — 0.

The last result concerns the Green-Kubo representation of the conductiv-
ity in the infinite system. Consider the infinite system on Z¢ with all v, = ~
and all thermostats at temperature 7,. This infinite dynamics has a unique
invariant measure given by the Gibbs measure on (RZd)Zd at temperature
Ty, defined by the usual DLR relations. We denote also the infinite volume
Gibbs measure by pr,. The existence of the dynamics of this infinite system
in equilibrium at any given temperature can be proven by standard tech-
niques (cf. [[§], where a similar result is proven for an analogous system in
continuous space). A proof of the existence of the dynamics in dimension 2
for a certain set of non-equilibrium initial configurations is proven in [[L{].
Consequently, we look at the dynamics starting from this equilibrium distri-
bution, and let E denote the expectation over the corresponding stochastic
process.
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Theorem 8. There is a unique limit for

1 . < . ‘
i 3 [N s (i 0] e = () <

zeZd
where C =B [(V'(ge,(0) — q0(0)))?] /Ty is finite and depends only on T,.

C
=, 3.20
S (3.20)

As we have mentioned in the introduction, the above bound for the con-
ductivity goes to zero when v — oo.

As argued earlier, we expect the self-consistent conductivity and the
Green-Kubo formula for the linear profile to have the same limit as N — oo.
However, inspecting the definition of the latter quantity in (B.19) shows that
this limit should be given by (B.2Q), provided the current-current correla-
tions (ju,z+ei(t)iy,y+e(0))o have a sufficiently fast uniform decay both in ¢
and in the spatial separation |x — y| (the limiting infinite system dynamics
are translation invariant also in the first direction, which should be em-
ployed to cancel the sum over y in (B.19)). Therefore, we also conjecture
that % (75) — k(T5), at least along some subsequence of N — oo.

4. SELF-CONSISTENT PROFILES: EXISTENCE

The following Lemma shows that zero temperatures cannot appear in self-
consistent temperature profiles. (We will also give a second proof of local
existence of self-consistent profiles in Section | which does not rely on the
assumptions made about profiles containing zero temperatures.)

Lemma 1. If {T,,x € Ax} are not all identically zero, then <p§> > 0 for
ally € An.

Proof. This is a consequence of the smoothness of the density of the transi-
tion probability P(q’, p'; ¢, p) of the process. Since [ Pi(¢',p';q,p) dg dp =1,
for any (¢’,p’) there exists an open set of positive Lebesgue measure A =
A(q',p',t) such that

/ Py(d'p'sq,p) dg dp > 0. (4.1)
A
If there exists x such that <p926> = 0, then
0= /M(T;dq’,dp’)/piPt(qCp’;q,p) dq dp (4.2)
which clearly is in contradiction with ([£1]). O
Proof of Theorem []. Given any collection of parameters u € [0,00)%", x €
R¢, let us define the corresponding temperature profile T(u) by
u if x € R®
Tu)e=T(u;0), = 7 ’ 4.3
W = T(u; O)s {egg, if z € R. (4.3)

As before, we denote the density of the corresponding stationary measure by
In(q,p; T(u), V,W). We have seen in the section P that, by the hypoelliptic
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properties of the dynamics (cf. [I6]), fn is a smooth function of (¢, p) and
consequently of T. By a straightforward scaling argument, we then have for
any u and A > 0,

M N (VA VAP T (w), VW) = (g, p; T(w) /X, Va, W) (4.4)

where Vy(q) = A"V (v Aq) and Wy (q) = \"'W(v/Aq). An argument similar
to that used at the end of section ] to prove regularity in T shows that
fn(q,p; T(uw)/A, Vy,W)) is smooth in A. Under the conditions assumed on
V and W, we have limy_,o ViA(q) = Vo(q) and limy_o Wix(q) = Wx(q)
with Ve(q) = 3V2¢* and Wao(q) = W42

We apply the scaling relation to prove that for high enough temperatures
the system behaves essentially like a Gaussian. More precisely, consider
arbitrary sequences A\, — oo and b™ e [0, oo)AN , such that b(™ converges
to b € |0, oo)AN. Define further T;,E”) = )\nb;(rn), x € An. Then by the scaling
relation (f.4), for any x/,

1
)\—<p§/>(T(")’V,W) = () (O, VA, W) — (92 (b, Voo, W) -
" (4.5)

The last expectation is with respect to the stationary state of a purely
harmonic system. This system was studied in [f], where it was proved, in
Sections 3 and 7, that there is a doubly stochastic matrix M, with strictly
positive entries, such that for any profile of temperatures b and for all 2/,

<p3:’> (ba Voo, Woo) = Z Mm’yby-
yEAN

(Strictly speaking, the result was proven only for periodic profiles in [f].
However, the above properties, linearity in b, as well as positivity and double
stochasticity of M, are easily generalized for non-periodic profiles, although
we do not go into details here.) Since Zy My, =1 for all z, this implies

(p%) (b, Vag, W) < maxby = ||bl|oo, (4.6)
Yy

and the equality holds if and only if b is a constant vector, i.e., b, is inde-
pendent of x.

We can now prove the existence of a self-consistent profile. Let R¢ =
An \ R, and consider the mapping F : X — X, X = [0,00)® defined for
u € [0,00)7 2 € R°, by

F(u)e = (p3)(T(u), V,W). (4.7)

Since some of the temperatures are kept fixed to non-zero values, the hy-
poelliptic properties of L?él) imply that F' is everywhere continuous. For
any L > 0 define Xy = [0, L] € X. We will soon prove that there is an
L > 0 such that F(X) C Xr. Since X, is homeomorphic to the unit ball
of Rl and F is continuous on X, we can conclude from the Brouwer fixed

point theorem that there is at least one w € X, such that F(u) = u. By
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Lemma [l], if there is  such that u, = 0, then F(u), > 0, and such u cannot
be fixed points. Thus for any fixed point 0 < u, < L < oo for all z, and
T(u) is then a proper self-consistent temperature profile.

We prove the existence of a constant L, for which F(Xr) C X, by
contradiction. If no such L exists, then for all L > 0 there is &) € X
such that ||F(u(™)||oc > L. Then necessarily ||u(")||o, — oo, since otherwise
there would exists a convergent subsequence, which is incompatible with
|F(u®))]|oo — 00. Let A, = [[uP)]|oo and v = A\ 1ulP) | so that A\j, — oo
and |[v")]|o = 1. The sequence (v(")) belongs to a compact subset of X,
and we can find a subsequence such that v(¥) — v in X. For this final
subsequence we can apply ([£J) and (f.6), which shows that for all =

limsup A\, ' F(Apo™), < |v]leo = 1. (4.8)
L

Equality is not possible here, as the limit b of )\ElT()\ LU(L)) has at least
one component equal to one, but b, = 0 for all z € R, and thus b cannot
be a constant vector. However, by construction, for every L there is x(L)
such that F()\LU(L))QC(L) > L > ||[u(L)|lcoc = AL, which leads to contradiction.
This proves the existence of L > 0 with the required properties and concludes
the proof of the first part of the theorem.

For the second part, let us first point out that, if R is invariant under
all periodic translations of Ay, it must be of the form R = R; X Ifffl,
where Iy = {—N,...,N} and Ry C Iy is non-empty. Similarly, ©, can
only depend on x;. Let R{ = Iy \ Ry, let P; denote the projection on
the first axis in Z?, and define R’ = P,R® = RS x {0}, which is a subset
of R = Ay \ R. If R is empty, R = Ay and there is nothing to prove.
Otherwise, let us consider the map F’ : X’ — X', X’ = [0,00), defined by
F'(u)e = (p2)(T'(u),V, W), where

i .
T(u)y = {uplx, it v € RS, (4.9)

©,, otherwise.

Every such T'(u) is clearly invariant under all periodic translations. We can
then repeat the analysis made above for F’ and conclude that it has a fixed
point @ with 0 < %, < oco. Since T = T’(u) is periodic, the dynamics is
completely invariant under periodic translations, implying that also expec-
tation values in the unique stationary state are invariant. Therefore, for any
z € R, we have (p2)(T) = (pp,,)(T) = up,s = T,. This proves that T is an
invariant, self-consistent profile. O

5. ENTROPY PRODUCTION BOUND

In this section we prove the entropy production bounds stated in The-
orems [ and f]. Given a generic profile of temperatures T, we recall the
notation fy = fn(T) for the density of the stationary measure p(T) with
respect to Lebesgue measure, and let (-) denote expectation with respect



ANHARMONIC CRYSTALS WITH SELF-CONSISTENT RESERVOIRS 13

to u(T). A simple computation shows that (Aln fy) = 0 for A defined in
(B.H). Therefore, by stationarity we have

0=—(Lylnfy)=-> (S:Infn) (5.1)

xT

where S, = ’Yﬂﬁ(Taragz _pxapx)' Let ¢, = fn/GT,, where G = Zj_wle;HN/T,
as in (P.9). Then we can rewrite the last term as

—(SyIn fn) = —/(SJC In,) .Gr,dpdg — /Sx(lnGTx)depdq. (5.2)

Since p,Gr, = —T40,,Gr, and S;(InGr,) = —7,(Tp — p2) /T = —J/ Ty,
we find by integration by parts that
0, T 2 Jx
—stufy) =T [ G apag L 5

So by (B.1), the entropy production satisfies

Am=- o5 p, (5.4

$EAN x Z‘EAN
where )
Op, Vu
D, =T, [ (”;/}—‘”Gndp g (5.5)

In particular, o(T) > 0, and by using the local conservation of energy, (B.§),
(B-3) holds.

Let us for the remainder of this section assume that T is a temperature
profile which is invariant under the periodic translations. The results then
hold for both T*¢ and T, Obviously, then by (B.3)

o(T) = Z (Brter — Bo){Jo,ater) (5.6)
zeNy

Therefore, it will suffice to find a bound for |(jz zte, )|
Applying the definition of the current observable, (R.7) and (R.§), and
then integration by parts, shows that

dpdgq

x'=x+neq

1
. 1
<]:v,:v+61> = _5 / V/(T:v) ZO ¢x’px’GTx/

(5.7)

T
— > % [ V)G 8y, vedndg
n=0

T’/ =x+nei

where r; = gyte, — ¢z We use that 1 = 1/133,/2/1&;/2 whenever ¢, # 0, and
then apply the Schwarz inequality. This shows that

1
. T 1
|<]m,m+el>|2 < ynell%ﬁ ’Y_Z <VI(T;);)2> 5 nz;)D:ernel . (5.8)
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Therefore, we have obtained the following relation between the total sum of
currents and the entropy production

1
(Z |<jm,m+e1>|)2 Syrg%i% Z <V,(Tm)2> Z %Z’Dernel

zeNy ey zedy, n=0

<o( max —= Z . (5.9)

yEAN ’}/y GA/

For this bound to be useful, we still need to consider ) Ay (V'(rz)?).

Since Ly(q2) = 2¢upz, we have (qyp,) = 0 for all z. Similarly, LyH =
ZmGAN vz (T — p2) implies YouVale =D, Yz {p2). Now

N( Z px%&) = Z p?z - Z qgcaqu - Z YzPzqzx (5-10)

rEAN rEAN TEAN rEAN
and thus
Z VoIl > mmfyy Z p2) mln’yy< Z qx(?qu> (5.11)
:L‘EAN :L‘EAN $€AN

From the asymptotics of V and W we can conclude that there are C' > 0
and C’' > 0 such that

VI(r)? <COV/(r) +C') and rW(r) 2 ~C". (5.12)
But since
d
({9qu W qm )+ Z - Qx—ej) - VI(QJ:—I—ej - %&))
7j=1
1
+3 (L(z € OxAN)V'(—qz) — L(z € OAN)V () (5.13)

with 1 denoting the characteristic function, we have

Z qxa(IzH Z |:qu/ Gz +ZTV/ 7" Qx+ej—qx]

:L‘EAN $€AN
/ / /
+ Z Ta:V (Ta:) + 5 Z QJ:V (qu) + 5 Z (_Q$)V (_Q$) .
zeNy rERA €A
> Y rV(re) — |AN|C(d+ 1) (5.14)
zEN)

Combining this with (5.11) shows that

S (V/(r)?) < ClA] <C’(d Lo+

zEN

%) . (5.15)

miny 7y,
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Consequently, there is ¢ > 0, which depends only on V and W, such that

. 2 max T
(D 1)) < oMM 22 (1 4 maxT). (5.16)
zeN T 7 ‘

Let us next consider the case T = TP, Applying the definition of T/"
to (5.6) shows that then (B.g) holds, i.e., o(TPA?) = ﬁR BL ZmeAg, (Jo,z-tes)-
Then by (p.16) and using the fact that 7 <1

(TP < ¢ |8y = A 2N + 1)1+ T)?, (5.17)

where ¢ is a constant depending only on v, V, and W. Therefore, we have
now proven Theorem [.

Finally, let us consider the self-consistent case, T = T*¢. For the corre-
sponding stationary measure we find from (2.6),

d
S (Unire;) = Gomeya) =0, @ & OAN. (5.18)

Jj=1

Since the system, including the self-consistent profile, is periodic in any of
the Cartesian directions e;, ¢ > 2, also the unique stationary measures are
invariant under translations in these directions. Therefore,

<jm,m+ei> = <j:vfe¢,:v>a ? 7£ 1, z e An. (5-19)
Consequently, by (5.18) and (R.4),
<]a: x+e1> = <j$—el,a:> X §Z 8AN7
(Jrater) = (Jo) = 7(T. — (p3)),  x €y, (5.20)
(Jo—er,z) = —(Ja) = 'Ym(< > Tv), T € OhAN .

We denote the constant current by jy, i.e., now we have (j; zte,) = jn, for
all € Aly. Therefore, by (5.6),

(TSC = jN Z 6x+el ﬁa:) = (6R - ﬁL)(zN + 1)d_1 , (5.21)

zeN)

which proves (B-4). This immediately implies that sign(T;, — Tx)jin > O.
But on the other hand, jy = |A—1§v\ erAk’ (Jo,o+e1), and thus also for the

self-consistent profile o(T5¢) = % Yoz Ay (Juzte;). Applying (B.16) then
completes the proof of Theorem .

6. MINIMIZATION OF ENTROPY PRODUCTION

For a given T, > 0, we use the Gibbs measure u7, = Gr,dpdq as a refer-
ence measure and we denote the related expectation by (-),. We consider the
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generator L on the Hilbert space L?(ur,). Recall that for any temperature
profile T = {T,,z € Ay} we have L = L(T) = A+ S(T). Its adjoint is

I'=-A+ > S (6.1)
TEAN
where S, = v, (Twagx — pwapx), and thus
AT,
Sy =5z + 'YJCT (_2p$8px + hy) (6.2)
with AT, =T, — T, and
2
p
hy =% — 1. .
v (63)

Observe that (hyhg)o = 20, o and =S, 1, he = 27,hs.
Set Ly = L(T,) and consequently L§ = —A+ S(T,)" = —A+ S(T,).

Lemma 2. For all y,x
01, (P2) w(m) |l p_p, = Wby (=Lo) " ha)o = vy(ha(=Lo) "hy)o.  (6.4)

Proof. Let us denote by f = f(T) the density of u(T) with respect to ur,.

Then f is solution of the equation L*(T)f(T) = 0. Since the coefficients

in L*(T) are smooth in T, f is smooth in T and f, = dr, f(T) solves the

equation

* i
L*(T) (1) = ~(0r, L) (T)f(T) = 3 (T2}, — 20y, +hy) F(T).

(6.5)

Since f(T,) = 1, we have found that f,(T,) is solution of

L3y (To) = by (6.6)

Notice that f, has a bounded L%(ug,) norm (cf. [R0)), and by a standard
argument (multiply equation (.6) by f, and integrate with respect to ur,)
we obtain a bound

> %G fy))o < T3 (6.7)
Now, since h,Gr, = —8pjp$GTo),
(ha)u(ry = (P20p, f(T))o - (6.8)
Then differentiating with respect to T}, we have
or, (ha) ety = P20p, fy(T))o (6.9)

and taking the limit T — T,

i *\—
01, o)y |, = P20 Fy(To))o = (e fy(T)lo = 22~ L5) by o
(6.10)
Observe that, since h is an even function of p, one can, by a change of

variables p — —p, replace L§ with Lo in (6.10). This proves ([.4). O
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Define F' : Rf\’ — RAN ag

Fx(T) = <J:v>u(T) =Yz (T:v - <pazc>u(T)) . (6'11)
Its Jacobian at T = T, is given by

jy,a: = %cfsy,x_%c aTy <pgzc>u(T)|T:To = 'Ym(sy,x_'Ym7y<hx(_L0)_1hy>0- (6'12)

Observe that J is symmetric and that F(T,) = 0 for any value of T,. It
follows that 0 is an eigenvalue of J, and we will show shortly that J > 0,
and the eigenspace corresponding to 0 is one-dimensional and generated by
the constant vector. Then the matrix M = (Ju,y)z,ycre is invertible, and
thus there is a neighborhood in (7},,7%) containing (75, 7;) such that the
implicit function theorem can be applied to obtain a self-consistent profile.
This implies that constants ey and § for the first part of Theorem [ can
be found. It also follows that T5¢(7},Ty) is smooth. To see that it must
also be invariant under the periodic translations, we first point out that in
the boundary layer setup clearly any translate of a self-consistent profile
is also self-consistent. Since the translations correspond to a permutation
of indices, they remain in the neighborhood determined by §, and thus by
the uniqueness of the self-consistent profile in this neighborhood, 7°¢(7},, Ty)
must itself be invariant.

Therefore, to complete the proof of Theorem [ we only need to prove the
following Lemma.

Lemma 3. 7 > 0, and Ja = 0 implies a, is a constant in x.

Proof. Let a € RM™ | and define h = DAy
antisymmetry of A and the symmetry of Sy:

((AR)(—Lo) "' (AR))o = (h(—So)h)o — {(Soh)(—Lo) " (Soh))o.  (6.13)
Since Soh = =2, ayVzhy, we obtain
((AR)(=Lo) ™' (AR))o = (A(=So)h)o — 4D azayyayy(ha(—Lo) ™ hy)o

'T7y

=4 Z 'Yxai -4 Z axay7x7y<h:v(_L0)71hy>0

'T7y

azh,. It follows from the

=4 a,0yT0y - (6.14)
T,y
Therefore, to prove that J has the properties stated above, it suffices to
study the left hand side of (p.13), and to prove that it is always positive,
and equal to zero if and only if a is a constant vector. (Studying real vectors
a suffices here, as J is a symmetric matrix.)

In fact, define u = (—Lg)~!(Ah). Since for any observable F belonging
to the domain of A, (F(AF))o = 0, we have then

((AR)(=Lo) ™" (AR))o = (u(=So)u)o = Y 1uTo((Bp,u)*)o = 0. (6.15)
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This proves the required positivity. In addition, if the left hand side is zero,
then u(p,q) cannot depend on p, and thus

2
—Lou = —Au = — ;pmaqzu(q) = Ah = T ; a2P204, H (6.16)

It follows, for all z,

2
f)axaqu = Oy, u(q) . (6.17)
Thus the function
T,
g(Q) = EU(Q) - Z amW(qg:) (6'18)
TEAN
satisfies, by (5.19),
d
ang(Q) = ag [Z (V/(Qm - meej) - Vl(q:erej - q:v))
j=1
1

+ 510 € BAN)V'(~g2) - %]l(:c ANV ()] (6.19)

For z € Ay and k = 1,2,... we differentiate (.19) with respect to gye,
and obtain

_axvﬂ(ql"i‘ek - Q$) = 8§x,qz+ekg(Q) - _al'+ekvll(q$+ek - q$) . (620)
Since there exists an ro such that V" (rg) > 0, this implies a = const. O

We can now conclude that for any T, > 0, there is g > 0 such that for all
le| < g a self-consistent profile corresponding to T}, = TO+%, Tz = TO—% can
be found. This profile is differentiable with respect to € and the derivative

satisfies for x ¢ OA N

o= 2nmen) = S Lo mrET). (6.21)
Oe Qs 7Y
yeEAN

Therefore, we have ZyEAN T2y 8%50) = 0. This shows that for x & 0Ay,

=Y (M—l)x,y%< o Tyw— D jy,y/>, (6.22)

=0 ygoAN Y €0 AN Y EDAN

T, (e;Ty)
Oe

where M = (Jz,y)zygon, 18 a strictly positive matrix, and thus invertible.

Recall the definition of entropy production given in (8.J). By (5.4) we
have then always o(T) > 0, with equality when T = T, a constant profile
given by T, > 0. Since

00 v (P2) or, (py)
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we have for the constant profile

do _ 4 0
T (T,) = T, Ly + T; 1—8T (E :% <p§>> . (6.24)
xX x y

T=T,

As mentioned earlier, for any profile Zy Yy <p§> = Zy Yy 1y, and thus we
have proven that

do
—(Ty) =0. 2
o7, (To) =0 (6.25)
A similar, but a slightly longer calculation, shows that
o 1 2
T,) = —=(Tz ) = =Tz - 6.26
8TxaTy ( ) Tg (‘7 Y + jyv ) T02 j Y ( )

By dividing Ay into R # () (the fixed thermostats) and R°, we can con-
clude from the previous results that the symmetric matrix M = (Jz.4)z yeRre
is strictly positive. By (p.23) and (6.26), the Taylor expansion of o around
T, yields

2
U(To—i—av):% N Teyvavy + O, (6.27)

© xvyeAN

This proves Theorem [l For fixed ¢ and v,, 2 € R, the quadratic form
. . . e . (min)
corresponding to the leading term has a unique minimizer, given by vy =

v, * € R, and

o) = — Z Z (M_l)a:yjy,y/vy/ , forze R (6.28)

yeERCy' ER

Let us next consider the case studied earlier, with the opposite boundaries
fixed at two different temperatures 77, and Ty. Denote 6T = T}, — Ty, which
we assume to be positive, and T, = (T}, + T)/2. Let us consider a sequence
of T;, Ty for which T, remains fixed and 617 — 0. We assume that T is
a sequence of profiles with boundary values on R equal to T}, and Ty, and
which has a Taylor expansion

T, = Ty + g(2)6T + O(6T?) (6.29)

where g is a function for which g(x) = 1/2 for z € 9 Ay and g(z) = —1/2 for
T € OxAn. By (6:27), the entropy production will be of the order (672, and
the leading term is minimized by g(z) = vg(gmm) corresponding to v, = i%,
with +, if x € O, AN, and —, if x € Oz AN.

We have proven in the beginning of this section, that the self-consistent
profile can be chosen for all sufficiently small §7" so that it is differentiable in
the boundary temperatures. In particular, comparing (6.23) to (6.29) shows
that

T5¢ = T, + ¢*(2)0T + O(6T?) (6.30)

(min) " We have thus proven Theorem .

with g°¢ = v
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7. CONDUCTIVITY OF THE FINITE SYSTEM

In the following we again set A’y = An\OrAn, and consider, as in Section
f, a generic profile T which is invariant under periodic translations. Let (-)
be the expectation with respect to the corresponding stationary state. It
is convenient now to use as a reference measure the inhomogeneous Gibbs
measure vy = G(T;q, p)dgdp, with

exp(—>_, &a(q:p)/ 1)
7

G(T;q,p) = (7.1)

where &, is defined in (2.1]). Notice that S is automatically symmetric with
respect to vy, while the adjoint of A is given by

e Y (e D 2

Let us next inspect T = T and denote by f the density of the self-
consistent stationary state with respect to vpse. Let us fix T, = #
with ¢ = 0T = 1, — Ty > 0, as before. Repeating the argument used in
section [}, we find that f is smooth in ¢, so a first order development in ¢
is justified. Using the expansion of the self-consistent profile, (6.29), shows
that u = 8€f|€:0 is solution of the equation

(A+5(To)u= Y. Ve%t(m)jx,ml . (7.3)

zeNy o

Explicit formulae for the derivatives of the self-consistent profile, g°(z), are
given in (6.29).

Recall the definition of the conductivity of the finite system, (B.14). Since
we have already proven Theorems 1/, the argument given before Theorem
fl in Section | provides a proof that #xx(T},) is bounded in N. On the other

hand, by ([.3),

. 2N+1 1 .
An(To) = Jim == D )
N zeNy
2N +1 . .
= im 2L ) = N 4 Do) (7.4

Define u(q,p) = u(g, —p), and observe that, since jg zte, is antisymmetric
in p,

(A+85(T,))u = — Z ve%sg(x)jam—i—q : (7.5)

zEN ©°



ANHARMONIC CRYSTALS WITH SELF-CONSISTENT RESERVOIRS 21

Thus

rN(To) = —=(2N + 1)(@joe; Jo = 2N +1) /OOO Oy (u(t)jo.er (0))o dt

o (7.6)
5 [ X N DV @) b (Do (O

zeNy

where (-)g denotes taking the initial data distribution according to the
equilibrium measure at the specified temperature T, and then considering
the time-evolution corresponding to the stochastic process with all heat-
bath temperatures set to 7,. We have used here the property that then
(@(t)jo,e; (0))o — (@)o(jo,e;)o = 0 for t — oo. This completes the proof of
Theorem E _

Repeating the same steps for T = TAn for which 9.7 hn{szo = — 3%,
proves also the validity of (B.19).

8. CONDUCTIVITY OF THE INFINITE SYSTEM

We prove here Theorem f concerning the infinite system on (RQd)Zd with
all v, = v and all thermostats at temperature T,. This infinite dynamics
has a unique invariant measure given by the Gibbs measure on (RQd)Zd at
temperature Ty, defined by the usual DLR relations. We denote this measure
by pr, and its expectation by (-),. Consequently we look at the dynamics
starting from this equilibrium distribution.

We adapt here an argument used in [J]. Introduce on L?(pur,) a degenerate
scalar product

(o, )) = D Lematbdo — (o ()] (8.1)

xC€Z4

where 7 is the translation operator. The scalar product can also be obtained
via the limit

(o)) = lim Covyy, (Pup @) = Tim_ (o ®ti)o — (Bud)o(@uto)

(8.2)
where ®,, maps functions into the corresponding “fluctuation averages” in
A, a square box of linear size n centered at 0. Explicitly,

1
®,10)(q,p) = —— 20)(¢, p) . 8.3
(®n)(g:p) I > (%) (q.p) (8.3)

:BEAn

The scalar product is degenerate, since every function of the form ¢ =
) — 7,1 is in its kernel. We denote by £? the corresponding Hilbert space
of square integrable functions. More precisely, £? is a space of classes of
functions such that each of its elements can be identified with a function in
L?(ur,) up to a translation.
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Observe that A and S are still respectively anti-symmetric and symmetric
with respect to the scalar product ((-,-)). We also introduce the semi-norm

lellf = (e, (=S)e)) (8.4)

and let H; denote the corresponding Hilbert space obtained by closing £2
with respect to || - ||1. To see that ||¢||1 is a semi-norm, in particular, that
it is positive, we can employ the easily derived identity

lollf = lim (@ (—~SPugp))o - (8:5)

Since S acts only on velocities, || - ||; has a kernel consisting of all functions
which depend only on ¢, the position variables. Thus also H; is a space of
equivalence classes of functions.

Let A > 0 be given and let u) be the solution of the resolvent equation

Auy — Luy = joe, - (8.6)

The solution can be given explicitly in terms of the the semigroup P! gen-

erated by L=A+ S,

@) = [N Pline) () dt. (87)
Obviously,
CO = <<j0,617j0,61>> - Z <j0,61j$,$+61>0 S TO <(V/(Qe1 - qO))2>0 < 00,
x€Z4
(8.8)
and thus jo., € £2. Then uy € L?(ur,), and by stationarity (uy)o = 0. We
will show next that, in fact, uy € H;. From (8.q) we obtain
M(@nur))o + (2rur) (=8) (@nur))o = (Putn)(Pnjoes))o,  (8.9)
where we have used translation invariance of L and antisymmetry of A.
Since Sjo.e, = —7Jo,e;, an application of Schwarz inequality yields
((Prux)(Pnjoes))o = ’7_1<(‘1)nu>\)(_5)(‘1)nj0,61)>0

< 3 H(@nun) (=) (@nun))g > (@rdoer ) (—S) (Prjo.e:))y

= V(@200 (@) (=) (B
(8.10)

Consequently, we have

{(@rur)(=9)(@nur))o <7 H(Prjoe) o — 7' Co, (8.11)
which implies that
M{uy, uy)) <v71CH (8.12)
and
luall} <7~ 'Co. (8.13)
Therefore, uy € Hi and by (B.13), we can extract a subsequence, which we
still denote with uy, weakly convergent in H; to uyg.
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Let ux(p, q) = u}(p,q) + u$(p,q) where u3 and u§ are respectively sym-
metric and antisymmetric in the p’s. Since jo, is antisymmetric in the p’s,
we have that ((ux, jo.e,)) = ((u$, Jo,e;))- Furthermore, S preserves the parity
in p, while it is inverted by A. So we can decompose the resolvent equation
as

Auy — Suy — Au§ =0,
a [e—

I

(8.14)

vug, — Suy, — Auy, = joe, -

Taking a scalar product of the first equation with u;,, of the second with u§,
and using the antisymmetry of A, we find

(U, Jo.er)) = v{(uy, uR)) + (U5, (=S)up)) — ((uf, Aup)) (8.15)
= v{(uy, u})) + A{(u}, ) + ((ur, (=S)uw)) . '

Since
/ us (p, q)fir, (dp) = 0, (8.16)
where fir, (dp) is the centered Gaussian product measure of variance T, and
S has a spectral gap 7 in L?(fir, (dp)), we have that
a a 1 —
((uk, uy)) < ;((um (—S)ur)) < Coy 2. (8.17)

In particular, ug§ € L£?. Thus by taking first the limit as A — 0 we have
A((u3,uy)) — 0, then as v — 0 we have v((ul,ug)) — 0, and finally we

obtain from (B.15)
((u0,j0.e1)) = ({uo, (=S)uo)) = [luoll}- (8.18)
On the other hand, we have
((uo, Jo.er)) = Hm{(un, foer)) = lm A{{un, un)) + ((un, (=S)un))]

‘ (8.19)
> lim A({ux, ux)) + uolf -
This implies
)l\imo)\(<uA,u>\>> = 0, (8.20)
and
Juxllr — lluoll1 - (8.21)

Therefore, uy — ug strongly in Hj.

Uniqueness of the limit follows by the following standard argument. Sup-
pose that A, is the chosen subsequence such that u), converges to ug, and
suppose v, is another sequence such that w,,, converges to 4. Then, simi-
larly as we have done in equation (B.15)

({uX,,s Jo.er)) = vin(us,, u3,)) + A (U, w, ) + (s, (=9)w,,)) (8.22)

which implies

{{ug, Jo.er)) = ((uo, (=5)t0)) - (8.23)
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Using uy, ~instead of uf , we find similarly

<<ﬁ87j0761>> = <<u07 (—S)ﬂ0>> . (824)

Combining these with (B.19) shows that ||ug — @g||? = 0, i.e., up = .
Thus the conductivity #(7T,) defined by (B.20) is independent of the sub-
sequence chosen for \. Moreover, we have

Co _ (V'(gey — 90)?),
T2y ~ Toy '

R(To) = Tg *((uo, joe,)) = Ty *lluollf < (8.25)

This completes the proof of Theorem f.

9. CONCLUDING REMARKS

While all the results obtained in this paper are as expected, the difficulty
of actually proving things about the NESS of systems with nonlinear dy-
namics is immense. This is well illustrated by the impossibility (for us) of
obtaining a bound on the self-consistent temperature 7' of the second oscil-
lator in a system consisting of three oscillators with 17 = Ty, T3 = T, and
the Hamiltonian is as in (R.1)) with 7, = v > 0. We certainly expect that T
will satisfy Ty < T < T, but do not know how to prove this. All we know
is that there exists a T = (p3), and that j = T, — (p}) = (p?) — T > 0.
We also know for general N that when 17,7y — Ty, then there is a self-
consistent choice T — Ty, and that this in this limit (2N + 1)5/(T, — Tx)
is bounded and given by the Green-Kubo formula (B.1§). Beyond this how-
ever we are stymied except when V' and W are harmonic. In that case T is
given by (B.13) without a correction term for any T3, Tk, and due to explicit
expressions g*‘(x) can be analyzed in great detail, proving Ty < T' < T;.
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