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Coniveau 2 complete intersections and effective cones

Claire Voisin
CNRS, Institut de mathématiques de Jussieu and IHES

0 Introduction

The goal of this paper is first of all to propose a strategy to attack the generalized
Hodge conjecture for coniveau 2 complete intersections, and secondly to state a
conjecture concerning the cones of effective cycle classes in intermediate dimensions.
Our main results show that the generalized Hodge conjecture for coniveau 2 complete
intersections would follow from a particular case of this effectiveness conjecture.

A rational Hodge structure of weight k is given by a Q-vector space L together
with a Hodge decomposition

Le= @ e

ptq=Fk

satisfying Hodge symmetry
Lpa = [9P,

The coniveau of such a Hodge structure is the smallest integer ¢ such that LF~¢¢ =£ 0.

When the Hodge structure comes from geometry, the notion of coniveau is con-
jecturally related to codimension by the generalized Grothendieck-Hodge conjecture.
Suppose X is a smooth complex projective variety and L C H*(X, Q) is a sub-Hodge
structure of coniveau c.

Conjecture 0.1 (cf /ﬂ]} There exists a closed algebraic subset Z C X of codimen-
sion ¢ such that L vanishes under the restriction map H*(X,Q) — H*(U,Q), where
U:=X\7Z.

Notice that it is a non trivial fact that the kernel of this restriction map is indeed
a sub-Hodge structure of coniveau > c¢. This needs some arguments from mixed

Hodge theory (see [{], [[d] or [LT], 11, 4.3.2).

Remark 0.2 When a sub-Hodge structure L has coniveau ¢, we can consider the
generalized Grothendieck-Hodge conjecture for L and for any coniveau ¢’ < ¢, that
is, ask whether L vanishes on the complementary set of a closed algebraic subset
of codimension ¢’. When this holds, we will say that L satisfies the generalized
Grothendieck-Hodge conjecture for coniveau c’.

Consider a complete intersection X C P" of r hypersurfaces of degree d; < ... < d,.
By Lefschetz hyperplane sections theorem, the only interesting Hodge structure is
the Hodge structure on H"~"(X, Q), and in fact on the primitive part of it (that is the
orthogonal of the restriction of H*(P™, Q) with respect to the intersection pairing).
We will say that X has coniveau c if the Hodge structure on H"™"(X, Q)ppim has
coniveau c.



The coniveau of a complete intersection can be computed using Griffiths residues
and the comparison of pole order and Hodge filtration (see [ or [L5], IT, 6.1.2). The
result is as follows:

Theorem 0.3 X has coniveau > ¢ if and only if

n > Zdri‘(C—l)dr-

For ¢ = 1, the result is obvious, as coniveau(X) > 1 is equivalent to H" "9(X) =
H°(X,Kyx) =0, that is X is a Fano complete intersection. In this case, the general-
ized Hodge-Grothendieck conjecture is known to be true, using the correspondence
between X and its Fano variety of lines of lines F'. Denoting by

P %4 X
pl
F

the incidence correspondence, where p is the tautological P!-bundle on F, one can
show (see for example [[[J]) that taking a n —r — 2-dimensional complete intersection
F,__o C F and restricting P to it, the resulting morphism of Hodge structures

Q:« op'* : Hn_r_z(anrf%Q) - Hn_l(Xa @)

is surjective, where P’ = p~!(F,,_,_2) and p/, ¢’ are the restrictions of p, ¢ to P'. It
follows that H"~1(X,Q) vanishes on the complement of the (singular) hypersurface
q(P') C X.

In the case of coniveau 2, the numerical condition given by theorem [0.3 becomes

n>Ydi+d,. (0.1)

The geometric meaning of this bound is not so obvious. Furthermore the generalized
Grothendieck-Hodge conjecture for coniveau 2 is not known to hold in this range.
For a general hypersurface X of degree d in P", it is known to hold (for coniveau
2) only when the dimension n becomes much larger than the degree d, so that X
becomes covered by a family of planes (see [fl]), (a slightly weaker condition has
been obtained by Otwinowska [[LJ], see section [). The numerical range in which the

result is known looks like )

nZdZ—FO(d)

which is very different from the bound n > 2d of theorem D.3. For specific hyper-
surfaces of coniveau > ¢ defined by an equation F(Xj,...,X,) of the form

F=F(Xo,. ., Xars) + Fo(Xarst1s- - Xodrs) + -+ Fo(Xe—1)dgss1 - - - » Xedrs)

(so n = cd + s), the generalized Hodge conjecture 0.1 is proved in [[[4] which proves
more generally that they satisfy the corresponding Bloch-Beilinson conjecture on
Chow groups of hypersurfaces:

Conjecture 0.4 If coniveau(X) > ¢, the Chow groups CH;(X )nom,q of cycles ho-
mologous to zero modulo rational equivalence are trivial for i < c— 1.



Notice that the previously mentioned papers [, [[0] are also devoted to the study
of cycles of low dimension, and that the generalized Grothendieck-Hodge conjec-
ture is deduced from vanishings for these. We refer to [, [[d] or [IF], II, 10.3.2,
for the proof that the Bloch-Beilinson conjecture implies the generalized Hodge-
Grothendieck conjecture.

We propose in this paper a strategy to prove the generalized Hodge conjecture
for coniveau 2 complete intersections, which does involve the study of Chow groups
and the construction of 2-cycles (replacing the lines used in the coniveau 1 case).

Our method is based on the following result which allows to give in section [I| a
geometric proof of the numerical estimate (D.1]) for the coniveau 2 property : First
of all, let us make the following definition:

Definition 0.5 A smooth k-dimensional subvariety V. C Y, where Y is smooth
projective, is very moving if it has the following property: through a generic point y €
Y, and given a generic vector subspace W C 1y, of rank k, there is a deformation
Y’ of Y which is smooth and passes through y with tangent space equal to W at y.

Let X C P"™ be a generic complete intersection of multidegree dy < ... < d,.. For a
generic section G € H*(X,Ox(n — >, d; — 1)), consider the subvariety Fz C F of
the variety of lines in Xg. Then by genericity, F' and Fg are smooth of respective
dimensions 2n —2 — »".d; —r and n — r — 2. One can show that the deformations
of Fg are given by deformations of G.

Theorem 0.6 When
n > Z d; + d,

the subvariety Fg C F is “very moving”.

Cones of effective cycles have been very much studied in codimension 1 or in
dimension 1 (cf [H]), but essentially nothing is known in intermediate (co)dimensions.
Let us say that an algebraic cohomology class is big if it belongs to the interior of the
effective cone. In [[LT], it is shown that when dim W = 1, and W C V is moving and
has ample normal bundle, its class [W] is big. We will give here an example working
in any dimension > 4 and in codimension 2, showing that in higher dimensions, a
moving variety W C V with ample normal bundle has not a necessarily big class.
Here by moving, we mean that a generic deformation of W in V' may be imposed to
pass through a generic point of V.

We make the following conjecture for “very moving” subvarieties.

Conjecture 0.7 Let V' be smooth and projective and let W C 'V be a very moving
subvariety. Then the class (W] of W is big.

This conjecture, in the case of codimension 2 complete intersections in projective
space, predicts rather mysterious effectiveness statements concerning projective bun-
dles on Grassmannians. We will show this effectiveness result exactly in the same
range appearing in [[[(], which together with theorem P.§ below gives another proof
of the fact that the generalized Hodge-Grothendieck for coniveau 2 is satisfied in
this numerical range.

We finally prove the following result (theorem B.]) in section [ :



Theorem 0.8 Assumen > ) . d;+d, and the subvariety Fg C F' introduced above
has a big class (that is satisfies conjecture [0.4). Then the complete intersections of

multidegree di < ... < d, in P" satisfy the generalized Hodge conjecture for coniveau
2.

Our method reproves the known results concerning the generalized Hodge con-
jecture for coniveau 2, that is proves it in the same range as ], but the spirit
is very different, and the two methods lead in fact to a different statement, which
we explain to conclude this introduction. It is generally believed that to solve the
generalized Hodge conjecture for coniveau ¢ for H k(X ,Q), k = dim X, one should
produce a family of cycles (Zp)pep, dim B = k — 2¢, of dimension ¢ in X, such that
the incidence family

z 4 X
pl
B

induces a surjective map
¢.p* : H*7(B,Q) — H*(X,Q).

This obviously implies that H*(X,Q) vanishes away from ¢(Z) and thus that the
generalized Hodge conjecture for coniveau c is satisfied. In general such cycles are
provided by the proof that Chow groups of dimension < ¢ are small (cf [l]] or [LF],
I1, proof of theorem 10.31).

However if the generalized Hodge conjecture holds for coniveau c and for H*(X, Q),
it does not imply the existence of such family, unless we also have a Lefschetz type
conjecture satisfied. To see this more precisely, suppose the Hodge conjecture holds
true for H*(X,Q) and for coniveau c¢. Then there exists a closed algebraic subset
Z C X of codimension ¢ such that H*(X,Q) vanishes on X \ Z. Introduce a desin-
gularization 7 : Z — X of Z. Then the vanishing of H*(X,Q) on X \ Z implies by
strictness of morphisms of mixed Hodge structures (see [[] or [[Lg], II, 4.3.2) that

T HF2(Z,Q) — H*(X,Q)

is surjective. Observe now that dim Z =k — c. If the Lefschetz standard conjecture
is satisfied by A , there exists a variety B of dimension k — 2¢ and a cycle 7 C B X A
of codimension k — 2¢ (a family of cycles on Z of dimension ¢ parameterized by B),
such that the map

gp* : H***(B,Q) — H***(Z,Q)

hence also the map
* k—2c¢ k
Toqp’ t H™(B,Q) — H*(X,Q)

are surjective, where p and ¢ are the maps from 7 to B and Z respectively.

Hence the parametrization of H*(X,Q) by algebraic cycles of dimension ¢ does
not follow from the generalized Hodge conjecture for coniveau ¢, but also needs a
Lefschetz standard conjecture applied to a certain subvariety of X.



1 A geometric interpretation of the coniveau 2 condi-
tion

In this section, we will give a geometric interpretation of the numerical condition
(D7), relating it to a positivity property of a certain cycle class on the variety of lines
of the considered complete intersection. We will also show how to deduce theorem
0.3 for coniveau 2 from this positivity property.

Let thus X be a generic complete intersection of multidegree d; < ... < d, in
[P". Thus the variety of lines of X is smooth of dimension 2n —2 — 3" d; —r. For
G a generic polynomial of degree n — ) . d; — 1, let Xg C X be the hypersurface
defined by G and Fg C F the variety of lines contained in Xg. Thus Fg is smooth
of dimension

2n—2—Zdi—r—(n—Zdi):n—r—2:dimX—2.

Recall the incidence diagram
q: P —- X

|
F

which induces for n — ), d; > 0 an injective morphism of Hodge structures:

p*q* . Hn—r(X, Q) N Hn—r—Q(F’ @)

Lemma 1.1 For a primitive cohomology class a € H" (X, Q)prim, the class n :=
p«q*a € H" "2(F,Q) satisfies the following two properties (property [ will be used
only in section [3):

1. (see [[[3]) n is primitive with respect to the Plicker polarization | := c1(L) on
F.

2. n vanishes on subvarieties Fg:

NFg = 0 (1.2)

Proof. For the proof of the first statement, recall first that primitive cohomology
H" " 2(F, Q)prim is defined as the kernel of

Ulnfzidﬂrl . anr72(F,Q) N H3n72zid¢7r(F,Q)

because dim F' = 2n—2—7) . d; —r. On the basis U parameterizing smooth complete
intersections X such that F' is smooth of the right dimension, the composed maps

Ul”*ZidiJrl Op*q* . Hnir(X)prim N aner(F)

give a morphism of local system. The point is now the following: suppose X de-
generate to a generic Xy with one ordinary double point xg. Then the family Z
of lines in X passing through o has dimension n — ). d;. It follows that it does



not meet the generic intersection K of n — ) . d; + 1 members of the Pliicker lin-
ear system | £ |. Choose an X, which is generic and close enough to Xj. Then
X, contains a vanishing sphere S, which is arbitrarily close to xg. Thus the cycle
pe(q-1(Se)) C F. does not meet a small perturbation K. C F. of K. It follows that if
J¢ is the class of S, (well defined up to a sign depending on a choice of orientation),
Ve = Dexq(de) € H"_T_Q(Fe)pm-m is primitive. Hence we conclude that J. belongs
to the kernel of this morphism of local systems. As the monodromy along U, act-
ing on H" " (X, Q)prim, acts transitively on vanishing cycles (transported from the
6¢’s), and the later generate H" (X, Q)prim (cf [[], 11, 3.2.2), it follows that the
morphism U™ 2 %+ o pog* : H" (X)) prim — H" "~2(F) is zero.

The second statement is elementary. Indeed, as X5 C X is a smooth member of
| Ox(n —>_,;d; — 1) |, by Lefschetz theorem, the restriction map

Hn_r(X7 Q)prim - Hn_T(XGa @)
is zero. Now we have the following commutative diagram:

Hnir(X7Q)prim - anr(XG’@)
p+q* | pG*qzz l
anr72(F’ Q) N anr72(FG7 Q)

where

P B Xxg

pc |

Fe
is the incidence diagram for X and the horizontal maps are restriction maps. Thus
we have 0, = pc«q(ajx,) = 0. [

The main result of this section is the following:

Theorem 1.2 If X is as above and n > ), d; +d,, the subvarieties Fg C F, where
degG =n—>3,d; — 1 are very moving (cf definition [0.3).

Before giving the proof, let us use it, combined with lemma [, to give a geometric
proof of the numerical estimate (D.1) of theorem for coniveau 2.

Corollary 1.3 (cf theorem [I.3) If the inequality n > . d; + d, is satisfied, X has
coniveau > 2.

Proof. The fact that X has coniveau > 2 is equivalent (as we know already that
H"9(X) = 0) to the vanishing H" "1 X)prim = 0. Let a € H" " 21 X) i,
and consider

n=p.qta € H""20(F) = HO(F,Qp"?).

Then 1 = 0 iff a = 0. We use now statement B in lemma [[.1. This gives us
Mrg =0 in H(Fg, Q3" ?)

for generic G. On the other hand, theorem [ tells that for generic G, the r — 2
dimensional subvariety Fg passes through a generic point A € F with a generic
tangent space. It follows immediately that 7 g, = 0 implies n = 0.

|



Proof of theorem [[.2. We fix a line A € F. We want to study the differential
of the map ¢ which to a polynomial G vanishing on A associates the tangent space
at A of Fg, assuming it has the right dimension. What we will prove is the fact
that the differential of ¢ is generically surjective when the bound is realized. Let
W := ¢(G), that is W C T a is the tangent space to Fiz. Then the differential of
¢ is a linear map

d$(G) : H(X,Ia(n = d; — 1)) — Hom (W, Tra/W) (1.3)

i

where the right hand side is the tangent space to the Grassmannian of rank n—r —2
dimensional subspaces of Tpa. We remark that d¢(G) factors through

HYA, Iax/TA x(n = di—1)) = HY(A, N} x(n = d;i = 1)).

7 %
Furthermore, we observe that the natural map

H(XZAXn—Zd—l — H%(A,Ia x /T3 x(n Zd—l

is surjective. Indeed, the restriction map

HOP", Zapn(n =Y d; —1)) = HYA, Zapn /T3 pn(n — > d;—1
, ), AP

= H(A, N} jpn(n Zd —1))
is surjective. Furthermore the the conormal exact sequence:

0— @OA(—dj) — NZ/P" — NZ/X —0

shows that the cokernel of the map
HO(A, NZ/J}M(" - Zdi —1)) = H°(A, NZ/X(" - Zdi -1))

H'(A,@O0a(n=> di—1-dy)). (1.4)
i %

As d, = Sup{d;}, the vanishing of the space ([L4) is clearly implied (and in fact
equivalent to) by the inequality n — Y. d; — 1 —d, > —1 of (D.)).
We now show the surjectivity of the map induced by d¢(G):

d(G) : HO(A, N} jx(n Zd — 1)) — Hom (W, Tpa/W).
Let G € HO(X,Za/x(n—3_;d;—1)) be generic and W = T, a. Then the quotient

Tra/W identifies to HO(A,Oa(n — >, d; — 1)). Indeed, F is defined as the zero
set of a transverse section of S"~2i%~1€ and thus the normal bundle of Fg in F



identifies to S™~ 2 di_15|FG, with fiber HY(A,Oa(n—Y",d;—1)) at A. Furthermore
we observe that as A is generic and n — ) . d; > 1, the normal bundle Nx /X 18
generated by sections. Of course N3 / «(n—=>_,d;—1) is generated by global sections

too. Finally, we note that by definition, the space W is the space HO(A,NA/XG).
AsdegG =n—) ,d;—1, Xq is a generic Fano complete intersection of index 2, and
it thus follows that the normal bundle Na,x,, is generically a direct sum of copies
of Oa.

We have the following lemma:

Lemma 1.4 1) The space W = Tr, A C HO(A,NA/X) identifies to the kernel of
the contraction map with

G e H(AIax/TA x(n =Y di —1)) = HY(A, N} x(n— > d;i — 1)),

with value in HO(A,NZ/X(TL — > di—1)).

2) Using the inclusion W C HO(A,NA/X), the map do(G) is induced by the
contraction map between HY(A, N, x) and HO(A, NX/x (n—=>,d;—1)), with value
in HO(A,Oa(n =3, d; — 1)).

Postponing the proof of this lemma, we now conclude as follows. Let G € H(A, N,

>;di — 1)) be generic and let W = Ker d¢(G), where dp(G) has been identified in
lemma [[.4 to contraction by G, with value in H'(A, Oa(n — 3, d; — 1)). We have
to show that the map given by contraction

H(A,NR x(n— Z d; — 1)) — Hom (W, H*(A, Oa(n — Z d; —1)))

)

is surjective. This problem concerns now vector bundles on A = P!: we have a
vector bundle E of rank s = n —r — 1 and degree k =n —1— > .d; on A = P1,
such that E*(k) is generated by global sections. We choose a generic element G
of H(A, E*(k)). We know that G gives a surjective map E — O (k) with kernel
K which is a trivial vector bundle. Denote by W C H°(A, E) the kernel of the
contraction map with G, with value in H%(Oa(k)); thus W = H°(A,K) and we
have to show that the contraction map induces a surjective map:

HY(A,E*(k)) — Hom (W, H°(A, Oa(k)).
We consider now the composed map
HY(A,E*(k)) — H°(A,K*(k)) — Hom (H°(A,K), HY(A, Oa(k)))

and want to show that it is surjective. The first map is surjective as its cokernel
is H'(A,Oa) = 0. The second map is surjective exactly when H°(A, K(—1)) =0
which follows from the fact that K is trivial.

|

Proof of lemma [L.4. 1) We have the inclusions

AC Xq C X,

A/x(“_



which give the normal bundles exact sequence:

0= Najxs = Najx S Oaln=Y"di—1) =0,

7

The space W is by definition the space HY(A, Np /x¢) hence by the exact sequence
above, it is the kernel of

dG : H'(A,Najx) = HY(A,Oa(n =Y d; —1)).
i
We just have to observe that the map dG above is nothing but contraction with the
image of G in Zan/ZX(n— Y, d; —1) = NZ/X(n — >, di—1), which follows from the
construction of the normal bundles sequence.

2) It is an immediate consequence of 1) and the following more general statement:
Let ¢ : V — H be a surjective map and let W := Ker ¢. A small deformation of ¢,
given by an element of Hom (V, H) gives a deformation of W € Grass(w, V). Thus
we have a natural rational map

a:Hom (V,H) — Grass(w,V)

where w = rk W. Then the differential h € Hom (V, H) + da(h) € Hom (W,V/W) =
Hom (W, H) of this map is simply the map

h € Hom(V,H) — hyy.

This last statement follows from the standard construction of the isomorphism
Tarass(w,v) = Hom (W, V/W). This concludes the proof of 2). [ ]

2 A conjecture on cones of effective cycles

Let Y be a smooth projective complex variety and let Alg?*(Y') ¢ H?*(Y,R) be the
vector subspace generated by classes of codimension k algebraic cycles. This vector
space contains the effective cone

E?*(Y) c Alg**(Y)
generated by classes of effective cycles.

Definition 2.1 A class o € Alg**(Y) is said to be big if a is an interior point of
E?(Y).

If h = ¢i(H) where H is an ample line bundle on Y, h¥ belongs to the interior of
the cone E2¢(Y). Indeed, for any effective cycle Z C Y of codimension k, the class
NhF — [Z] is effective for N large enough. Applying this to a basis of Alg?*(Y)
consisting of effective cycles, one concludes that for some open set U C Alg?*(Y)
containing 0, h* — U C E?¢(Y).

Thus we get the following:



Lemma 2.2 A class o € Alg?*(Y) is big if and only if, for some € > 0, a — eh* €
E?(Y).

In the divisor case, the effective cone, or rather its closure, the pseudo-effective
cone, is now well understood by work of Boucksom, Demailly, Paun and Peternell
[A]. The case of higher codimension is not understood at all. To start with, there
is the following elementary result for divisors, which we will show to be wrong in
codimension 2 and higher.

Lemma 2.3 Let D be an effective divisor on'Y , and assume that Oy(D)‘D is ample.
Then [D] is big.

Proof. Indeed, one shows for any divisor £ on Y, by vanishing on D, that the
natural map

HY(Y,0y((n—1)D — E)) — HY(Y, Oy (nD — E))

is surjective for large m, hence must be an isomorphism for large n. Thus the
restriction map

HO(Y,Oy(nD — E)) — H*(D,Op(nD — E))

is surjective for large n. The space H(D,Op(nD — E)) is non zero for n large, by
ampleness of Op (D), and it thus follows that the space H(Y, Oy (nD — E)) is non
zero too. Taking for E an ample divisor and applying lemma .9 gives the result. m

Note that when D is smooth, Op(D) is also the normal bundle Np,y. Let us
now construct examples of codimension 2 smooth subvarieties W C Y with ample
normal bundle, such that [W] is not big.

We start from a generic hypersurface Z of degree d in P2, with d > 3 and
denote by Y its variety of lines. Let now P! ¢ P4+2 be an hyperplane, and let
W C Y be the subvarieties of lines contained in Z’ := Z N P4*t!. By genericity, W
and Y are smooth, and W is the zero set of a transverse section of the tautological
rank 2 bundle £ on F, with fiber HY(A, Oa (1)) at the point A € F. Thus the normal
bundle of W in Y is isomorphic to &y This vector bundle is globally generated on
W, and it is ample if the natural map

PE)— 7'

is finite to one. This is indeed the case for generic Z’ by [§]. Thus W has ample
normal bundle. Let us now show:

Proposition 2.4 The class [W] € Alg*(Y,R) is not big.

Proof. The d + 1-dimensional hypersurface Z has H%'(Z),.im # 0, and this
provides using the incidence diagram (cf section [[) a non zero holomorphic form
n € H10(Y) vanishing on W. Note that dim W = d — 1. Assume that [W] is big.
By lemma P.2, one has

(W] = eh? +e, (2.5)

where e = ), ¢;[E;] is a class of an effective codimension 2 cycle with real coefficients
. .. . . (d=1)(d=2)
and h is the class of an ample divisor. Let us integrate the form i¢4=1(=1)" 2  nAf

10



on both sides. As n = 0, the left hand side is zero. On the other hand, we have
by the second Hodge-Riemann relations (for holomorphic forms):

(d—1)(d—2) (d—1)(d—2)
/ =12 AT >0, / RPUidl(=1)"=2 nAT>0.
E; Y

Thus the integral on the right is > 0, which is a contradiction. [ |

Note that the variety W also has the property that it is moving, that is, its
deformations sweep out Y. The proof of lemma P.4 shows however that it is not
very moving (see section [[). Let us make the following conjecture :

Conjecture 2.5 Let W C Y be a smooth variety which is very moving. then [W]
1s big.

Remark 2.6 We could weaken slightly the conjecture above by considering varieties
which are very moving and have ample normal bundle. Indeed, the varieties we will
consider in the sequel and for which we would need to know that their class is big
not only are very moving (cf theorem [L.9) but also have ample normal bundle.

The conjecture is true for divisors by lemma P.3. We also have:
Proposition 2.7 Conjecture . is true for curves.

Proof. Indeed, by Moishezon-Nakai criterion, the dual cone to the effective cone of
curves is the ample cone. A point ¢ = [C] which is in the boundary of the effective
cone of curves must thus have zero intersection with a nef class e, that is a point in
the boundary of the ample cone. Consider now a one-dimensional family (Cy)iep of
curves deforming C' and passing through a given generic point y € Y. Such a family
exists as C' is very moving. Let 7 : ¥ — X be a desingularization of this family.
Then Y contains two divisor classes ¢ and ¢ which correspond to the fibers of the
map X — B and to the section of this map given by the point y. The nef class
e € H?(X,R) satisfies

<T'e,c>=0,<7'¢,7Fe >>0

while the class ¢ satisfies < ¢,¢ >= 0, where the <,> denotes the intersection
product on H2(3,R). The Hodge index theorem then tells that the classes ¢ and
7*e must be proportional. But as < ¢,0 >> 0 and < 7¥e,0 >= 0, it follows that
in fact 7*e¢ = 0. The contradiction comes from the following: as e % 0 there is a
curve I' C X, which we may assume to be in general position, such that degre > 0.
Now, because C' is very moving, there exist for each v € I' curves C, which are
deformations of C' and pass through y and . We can thus choose our one dimensional
family to be parameterized by a cover r : IV — T, in such a way that for any 7' € I",
r(7y') € Cy. But then the surface 7(X) contains the section 7' — ~" € C, (/) which
sends via 7 onto I', and as degre > 0, we conclude that 7%e # 0. [ |

Another example where conjecture P.§ holds is the following:

Lemma 2.8 Let V C G(1,n) be a very moving subvariety. Then [V] is big.

11



Proof. The cone of effective cycles on G(1,n) is very simple because (cf [[]) we have
for each pairs of complementary dimensions dual basis of the cohomology which are
generated by classes of Schubert cycles, which are effective, and furthermore, as
the tangent space of the Grassmannian is globally generated, two effective cycles of
complementary dimension on G(1,n) have non negative intersection (cf [f]). If 2
is an effective class on G(1,n), write z = >, a;0; where o; are Schubert classes of
dimension equal to dim z. Then o; = z- 0] > 0. Thus the cone of effective cycles is
the cone generated by classes of Schubert cycles. It follows from this argument that
for the class [V] to be big, it suffices that

V.o; >0

for every Schubert cycle o] of complementary dimension. These inequalities are
now implied by the fact that V is very moving. Indeed, choose a smooth point
z € of. Then we can choose a deformation V' of V' passing through x, smooth at
and meeting transversally o7 at x. Thus there is a non zero contribution to V - o7
coming from the point x. The intersection V' No; could be non proper away from x,
but because the tangent space of the Grassmannian is generated by global sections,
each component of the intersection V' N o} has a non negative contribution to V - o
by [f]. Thus V - o} > 0. ]

2.1 On the conjecture R.§ for the varieties Fg

We finally turn to the study of conjecture P.j for the subvarieties F; C F. For X a
generic complete intersection of multidegree d; < ... < d, in P", we have seen that
Fg C F is very moving, where deg G =n — ). d; — 1. We have now the following:

Theorem 2.9 The class [Fg| € H**2X:%(F,Q) is big when

3n—4—z(di+1)2(di+2)Zn—r—2. (2.6)

Before provm thls let us explain the geometric meaning of this bound. The number
3n —6 — dit d [dit])(dit2) g simply the expected dimension of the family of planes
contained in X . The number 3n—4 -3, W is thus the expected dimension
of the family Z’ of lines contained in a plane contained in X. On the other hand,
the dimension n — r — 2 appearing on the right is the dimension of the varieties Fg.

Proof of theorem R.9 First of all, by Lemma proved below, it suffices to
consider the case where

3n_4_2(di+1)2(di+2)

=n—r—2.

i

What we shall do is to compute the class of the subvariety Z’ of F introduced above,
which we describe as follows: let Go — G be the partial flag manifold parameterizing
pairs (Q,A), A C @, where A is a line in P and @ is a plan in P". Let 7 : F — F
be the subvariety of Gy consisting of such pairs with A € F. Thus 7 : Fy, — F is
a projective bundle of relative dimension n — 2. We consider the variety Z C Fb

12



consisting of pairs (A, P) € F; where P is also contained in X. It has dimension
In—4->%". w which by assumption is equal to n —r — 2. Thus Z’ = w(Z)
has dimension n —r — 2 and its codimension is n — ). d;.

Theorem P.9 is an immediate consequence of the following two statements, (lemma

and proposition R.11]). u
Lemma 2.10 Assume there exists a class P € Hzn_QZidi(F, Q), which has the
following properties:

1. P is an effective class on F.

2. P can be written as

P=—em2idi 4 R,
where R is any algebraic class of F'.

Then the class cn_zidi(sn_zz'di_lg) € H>22:% (F,Q) is big.

Proposition 2.11 The class [Z'] (which is by definition effective) of the variety Z'
defined above is given by a polynomial expression P = P(l,c2) satisfying property B
of lemma [2.14.

We used above the notation co = co(€) € HY(F,Q) and | = ¢1(€) € H*(F,Q), &
being as before the (restriction to F' of) the tautological rank 2 vector bundle with
fiber HO(A, Oa(1)) at A € F.

Proof of lemma Introduce a formal splitting of £ or equivalently formal
roots x,y of its Chern polynomial, so that

co=xy,l =x+vy.

Then S"~2i4~1¢€ has for formal roots the expressions kz + (n — >, d; — 1 — k)y,
with 0 <k <n-—>,d; — 1. Thus we get

n—¥, di—1
cn,zidi(S"*Zidiflé’) = H kx + (n — Z di—1—k)y
k=0 i
which one can rewrite as
n—y . d;—2
oy, (STEETE) = (n =Y di)’ry [ ke+ (- di-1-ky.
i k=1 i

We claim that the class @ := HZ;IZier kx + (n =3 ,di — 1 — k)y is big on the

Grassmannian hence a fortiori on F. To see this, we apply the argument of lemma
P.-§. We just have to show that

Q(z,y) -0 >0

for all Schubert cycles of dimension n — ", d; — 2 on G(1,n). We now use the fact
that

(n— Z d; — 1)2CQQ = Cn,Zidi(Snfzidiflg).

13



Any Schubert cycle of dimension n — )", d; — 2 on G(1,n) is of the form o = cpo’
where ¢’ is a Schubert cycle of dimension n — Y, d; on G(1,n). One then has

(n— Z di —1)2Q(z,y) -0 = (n — Z di)?c2Q(z,y) -0’ = cn,zidi(snfzidiflé’) o

One shows easily that for any Schubert cycle o’ of dimension n — ", d;, one has
Cnoy, g, (ST HTIE) Lol > 0

unless o/ = 00—, di+1 18 the Schubert cycle of lines passing through a point and
contained in a linear space of dimension n — Y, d; + 1. But in this case, ca0’ = 0.
This proves the claim.

Now we proved that ¢,y di(S"*Zi i—1£) = ¢,Q, where Q is big on F. Assume
that there is a class P of codimension n — ), d; on G which is effective and of the
form —el® 2% 4 ¢y R, with R algebraic. As the class Q is big on F, it is in the
interior of the effective cone of F', and thus for some small ¢

Q—-€R
is effective on F. Thus co(Q — € R) is also effective on F' and we get:
cn—Eidi(Sn_Zidi_lg) =cQ =R+ E,
with F effective. Replacing coR by P + el" 2i % where P is effective, we get:
N S

where E + €'P is effective. By lemma P.9, cn,zidi(S"*Zidi*IE) is then big.
| |

Proof of proposition R.11. We give for simplicity the proof for r = 1 and
thus denote d, = d with n = 2d. Let 7 : F, — F be as above. F, is a P 2-bundle
over F. Let P, — Fy be the universal plane parameterized by Fy. As P, is sent
naturally to P?, this P2-bundle admits a natural polarization O(1). Then

for a certain rank 3 vector bundle on Fh. As for each pair (A,Q) € Fy, one has
A C @, one has a natural surjective map of bundles on F5

F — 7€ — 0.

Let H be its kernel and let h := ¢1(H) € H?(F3,Q). The P*2-bundle F; over F
is polarized by the line bundle £y := det F coming from the Grassmannian G(2,n)
via the natural map Fy, — G(2,n), (A, Q) — Q. From the exact sequence

0O—-H—-F—-7"€—0, (2.7)
one deduces the exact sequence

0> HRS"F - S4F - 17*8%€ — 0.

14



Observe now that the defining equation f of X induces a section of S®F which
by definition vanishes in S?E. Thus we get a section f of H ® S 1F such that
Z =V (f). It follows (together with some transversality arguments implying that f
vanishes transversally) that

d(d+1)

[Z) = en(H® ST YF), N = rank S¢1F = 5

It remains to compute

2] = m.[2].

It is clear that [Z'] is a polynomial in [ and co. As we are interested only in showing
that the coefficient of "¢ in this polynomial is negative, we can do formally as if
E=L®Op. As H® S9 1 F is filtered with successive quotients isomorphic to

HY @ S i=1...,d

we get
2] = [ [ dea-ip1 (H® @ S*7€)
=1
and modulo ¢y this is equal to
d d—i
T 1]+ @—i—5D.
i=1j=0

Observe now that by the exact sequence (R.7), the P"~2-bundle P, polarized by
H = Lo ® 7*L ! is isomorphic to P(K1), where K; is the kernel of the evaluation
map V — &, so that we have the exact sequence

0—-K1—-V®0r—E&—ND0.
By definition of Segre classes, we then have
TR = 5i(KF) = ¢i(E7).
As we compute modulo ¢, we get:
TRV =0,140, 1

A2 =1, ph" = L.

Hence it follows that we have the equality

d d—i
2] = m([ [ [J 61 + (d =i = §)1) = (an—2 — an—1)I"~" mod. cs,
i=1j=0
where we write
d d—i o
M=T[]JGh+@-i-i1)=> ah' I
i=1j=0 i<N
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The important point is now the following: Let us factor in M all the terms
corresponding to j = d — 4. Then

M=drt [ Gh+4).
i>1,j>1,i+5<d

Let M":=T[[;51 5104 j<a(th +30) =32 n_a B;hHIN=4=1 Then we have
Op—2 — Qp—1 = d!(ﬁn—d—Z - Bn—d—l)-

Thus we have to show that G,_g—2 — Bn_dq—1 < 0. But now we observe that the
degree of the homogeneous polynomial M’ is N —d with N =n —2+n — d. Hence
deg M’ = 2n — 2d — 2. The polynomial M’ is symmetric of degree 2n — 2d — 2 in
[ and h and it suffices to show that its coefficients (; are strictly increasing in the
ranget <n—d—1= degTM. This can checked at hand or proved by geometry using
the fact that
(d)?(zy)' M (z,y) = [ cinr(5°€),
1<i<d

if z, y are the formal roots of £, and that the numbers (d!)?(8;—fB;41), 2i < 2n—2d—2
can be interpreted as intersection numbers of [[;<; cit1(S°€) with a Schubert
cycle. [ |

Finally, let us rephrase conjecture P.J in the case of subvarieties Fz C F, in
terms of geometry of the Grassmannian G := G(1,n) of lines in P". For simplicity,
let us consider the case of hypersurfaces of degree d in P*. The bound (P.1) then
becomes

n > 2d.

Let V := HO(P",Opn(1)) with symmetric power SV = HO(P", Opn(d)). Recall
that we denote by & the rank 2 vector bundle with fiber HY(A, Oa(1)) on G(1,n).
There is a natural evaluation map

SV ® Og — S4€ (2.8)
with kernel we denote by Iy. The projective bundle
m: P(K;) — G(1,n)

(where we use the Grothendieck notation) thus parameterizes pairs (f, A) such that
fia = 0. The natural projection p : P(K}) — P(S9V*), which to (A, f) associates f,
has for fibre over f the variety F; of lines contained in the hypersurface Xy defined
by f.

Now we consider the subvarieties Fr ¢ C Fy, where G has degree n—d—1. These
are defined as zero sets of generic, hence transverse, sections of S~ 4~1£. Thus their
cohomology class is given by

[FG'] = Cn,d(Sn_d_lgur).

Summarizing and applying lemma .3, conjecture P.j tells that for some ¢ > 0, (a
multiple of) the class 7*(c,_q(S"~%71E) — el"~%) is effective on the generic fiber
of the map p : P(K5) — P(S?V*). An elementary Hilbert scheme argument then
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shows that we can put this in family, and combining this with the description of
the cohomology ring of a projective bundle, this gives us the following reformulation
of conjecture .5 in this case: we denote by H the class ¢;(O(1)) on the projective
bundle P(K}).

Conjecture 2.12 Assume n > 2d. Then for some algebraic class
o/ € H 2 (P(KY), Q),
and for some small € > 0, the class
T (Cnq(S"71E) — ™) + Ho!

is effective on P(KC5). In other words, the class c,_q(S"~%~1E) belongs to the interior

of the cone of degree 2n — 2d classes o on G such that m*a + Ha! is effective on
P(K?) for some algebraic class o/ € H*"~21-2(P(K%), Q).

Theorem R.9 proves conjecture in the range 3n — 4 — w > n — 3, that is

1 (d+1)(d+2)

> — 1).

Remark 2.13 More generally, suppose we have a variety Y and a vector bundle
F — Y, with associated projective bundle 7 : P(F) — Y. Let h = c1(Opr)(1)).
We can then introduce the convex cone E?*(Y, F) consisting of classes ¢ € Alg?*(Y)
such that 7*c + he' € E*(P(F)), for some ¢ € Alg?*=2(P(F)). There is an obvious
inclusion

E*(Y) c E*(Y, F).

When F is ample, the whole of Alg?*(Y) is contained in E?*(Y,F) and it follows
that E2¥(Y) is contained in the interior of E2¥(Y, F). At the opposite, if F is trivial,
it is obvious that

E* () = E*(Y, F).

In our case, the class ¢,_q(S"971€) is effective and even numerically effective but
not in the interior of the effective cone of Alg>"~2¢(G(1,n)). The bundle £} is
generated by sections but not ample.

Remark 2.14 The conjecture cannot be improved by replacing c,_4(S"~971€) by
Cn—d—1(S""%72). Indeed, on a generic Fano variety of lines F in a degree d
hypersurface X, the class [Fg] = cp_q_1(S""972&) of the subvariety of lines in
Xg, deg G = d—n—2is not big. In fact, dim Fg = n — 2 and Fg has 0 intersection
with the variety F of lines through a generic point x € X, which has dimension
n—d—1=dimF —n+2. As F, is moving, this implies that [F] is not big. The
same argument works for any class in H2"~24=2(F, Q) which is divisible by c».

The crucial case for conjecture is the case where n = 2d. Indeed, we have the
following;:

Proposition 2.15 If the conjecture is true for a given pair (n,d), n > 2d,
then it is true for the pair (n+ 1,d).
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Proof. Let us denote by KJ™* the kernel of the evaluation map (2:8) on G(1,n+1),
for V.= HY(P"*, Opni1(1)). We assume that the conjecture is satisfied for n, d
with n > 2d and show that it is satisfied for n + 1, d.

Choose a pencil of hyperplanes (H;);cp1 on P"T! with base-locus B. Then
G(1,n + 1) contains the Pliicker hyperplane section Gp consisting of lines meeting
B. it is singular and admits a natural desingularization

G'—GpCG(ln+1)

where G’ = U;ep1 G(1, Hy). We pull-back to G’ the projective bundle P(K1 "), and
denote the result by
Pl = G, XG’(l,n+1) ]P)(ICZ+1*)

j: P — PRI,

We denote by w41 : ]P’(ICSH*) — G(1,n + 1) the structural map, and let «], | :=
Tny10j: PP — G(1,n+ 1). We have the following properties:

L ju[P] = 7mf 0 € H2(P(KGH, Q).
2. If ' : P’ — P! is the natural map, and k = ¢;(Op:1(1)),
3x(nk) = 7 e € HYP(KIT), Q).
Observe also that the cohomology of P’ is generated by j*H *(]P’(IC:;H*),@) and
n’*k, because for each fiber P/ of n/, the restriction map
Ji H (P(CGT), Q) — H'(P, Q)

is surjective.
Introduce

*

P" = Upep P

where IP)(ICZ’t*) is the variety P(K;*) for the hyperplane H;. There is a natural
rational linear projection of projective bundles :

¢: P - P
which to (A, t, X) associates (A, ¢, X N Hy). Denote by
PP —=Gln+1),n" P’ — P!
the natural maps. Then we have
Tp41 00 =M1 = Tpy1 04, 0’ =n" 0.

Let h be the class cl(OP(,CnH*)(l)). The projective bundle P’ — G” has a
d

natural polarization h” such that

gb*h” — j*h
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The induction assumption is that for each fiber P/ of n”, a class of the form
T (el 4 ey (S™TTLE)) + B¢ with € > 0 is effective on P/ Putting this
in family, we conclude that on P”, a class of the form

7T111/+1*(_6ln7d + Cn_d(snfdflg)) + hl/cl + n”*kc"

is effective. The fact that the indeterminacy locus of ¢ has high codimension then
shows that

(ﬁ*(ﬂ_/lerl(_dnfd + cnid(Snfdflg)) + hl/cl + n"*k:c")

= 5 (i (el + epa(S"E))) + R + 0 ke (2.9)
is also effective on P’. As noted above, the class ¢*¢” comes from a class on IP)(ICSJFI*),
¢*C” — j*c///

Applying 7. to (R.9), the properties [l and f above, and the projection formula, we
conclude that a class of the form

Uy (—el" ™ o e a(S"01E)) 4+ he) + (mhyyc2) "

=1 (el Lo, g(S"TTLE)) + hid + (74 c2)c”

is effective on IP)(IC:;'H*).
As ¢, _q(S"171E)) is divisible by ¢z, we conclude that the assumptions of lemma
.10 are satisfied on the fibers of

p: PO — P(SIVH),

where h vanishes. Thus by lemma R.10, conjecture is satisfied for n + 1,d.

3 On the generalized Hodge conjecture for coniveau 2
complete intersections

We prove now the following result which motivated our interest in theorem [[.3 and
conjecture R.H. Let X be a generic complete intersection of multidegree d; < ... < d,
in P", and assume the bound (D.1)) holds, that is

nZZdi—i—dr.

By theorem [I.9, the varieties Fg C F are very moving.

Theorem 3.1 If the varieties Fg satisfy conjecture P4, that is [Fg] is big, then the
generalized Hodge conjecture for coniveau 2 is satisfied by X.
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Proof. Assume that [F¢] is big. Then it follows by lemma P.3 that for some positive
large integer N and for some effective cycle E of codimension n — ), d; on F', one
has:

N[Fg] =1""2:% 4 [E]. (3.10)

(Here we could work as well with real coefficients, but as we want actually to do
geometry on E, it is better if E is a true cycle.) Now we recall from lemma
that for a € H" " (X)prim, 7 = p«q*a € H" ""2(F) is primitive with respect to

and furthermore vanishes on Fg, with dim Fg = n —r — 2. Let us assume that
k—1)

a € HPY(X)prim and integrate (—1)k( > PTInun, k=p+q—2=mn—r—2over
both sides in (B.10). We thus get

k(k—1) ) k(k—=1)
0:/F(—1) 2 ipql"ZidZUnUﬁ—i—/E(—l) = PTIpuT.

As 7 is primitive, and non zero if a is non zero, by the second Hodge-Riemann
k(k—1) |
bilinear relations (cf [[g], I, 6.3.2), we have [,(=1)" 2 #~U""2idiynuy > 0. It

thus follows that

k(k—1)

/k_nawaUﬁ<o
E

Let E = I_IEVJ' be a desingularization of the support of £ = Zj m;E;, mj > 0. Thus

we have
k(k—1)

> my /~ (-1)"z P IuU[<O0.
i Ei
It thus follows that there exists one E; such that

k(k—1)

/~ (-=1) 2z P Ipun < 0. (3.11)
E;

Choose an ample divisor H; on each va] By the second Hodge-Riemann bilinear
relations, inequality implies that E; is not primitive with respect to the po-
J

larization given by Hj, that is n U [H;] # 0 and in particular

Mu; # 0.
In conclusion, we proved that the composed map
Hnir(X)prim P*_‘I: Hn7r72(F) N @ Hn7r72(Hj)

is injective, where the second map is given by restriction. If we dualize this, recalling
that dim H; = n —r — 3, we conclude that

@ E T H)) — H (X, Q)prim

is surjective, where we consider the pull-backs of the incidence diagrams to H;



and the map is the sum of the maps g;.pj, followed by orthogonal projection onto
primitive cohomology. As for n — r even and n — r > 3, the image of >_ y qj*p; also

contains the class h%, (up to adding if necessary to the H; the class of a linear
section of F) it follows immediately that the map

S g s @D HYAH)) — HY(X,Q)
J

is also surjective, if n —r > 3 (the case n — r = 2 is trivial). This implies that
H™"(X,Q) is supported on the n — r — 2-dimensional variety U;q;(P;), that is
vanishes on X \ U;q;(P;). The result is proved.

|

This theorem combined with theorem R.9 allows us to reprove and generalize the
previously known results concerning the generalized Hodge conjecture for coniveau
2 hypersurfaces (see [Ld]). Indeed the bound (R.6) of theorem R.9 can also be reinter-
preted as follows (in the case of hypersurfaces): the generic hypersurface of degree
d in P! is swept-out by plans. In ], A. Otwinowska proves that this implies the
triviality of CH1(X)q,hom for X any hypersurface of degree d in P™ (note that it is
likely that the same can be done for complete intersections as well). From Bloch-
Srinivas argument (see [[I]], [[L5], II, proof of theorem 10.31) one can also deduce from
this that H"~"(X)prim vanishes on the complementary set of a closed algebraic sub-
set of X of codimension 2, that is the generalized Hodge conjecture for coniveau 2
holds for X.
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