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Abstract. It has recently been shown, by computation of the
linear growth rate, that midlatitude sporadic-E (Es) layers
are subject to a large scale electrodynamic instability. This
instability is a logical candidate to explain certain frontal
structuring events, and polarization electric fields, which
have been observed inEs layers by ionosondes, by coher-
ent scatter radars, and by rockets. However, the original
growth rate derivation assumed an infinitely thinEs layer,
and therefore did not address the short wavelength cutoff.
Also, the same derivation ignored the effects of F region
loading, which is a significant wavelength dependent effect.
Herein is given a generalized derivation that remedies both
these short comings, and thereby allows a computation of
the wavelength dependence of the linear growth rate, as well
as computations of various threshold conditions. The wave-
length dependence of the linear growth rate is compared with
observed periodicities, and the role of the zeroth order merid-
ional wind is explored. A three-dimensional paper model is
used to explain the instability geometry, which has been de-
fined formally in previous works.

Keywords. Ionosphere (Mid-latitude ionosphere; Plasma
waves and instabilities; Ionosphere irregularities)

1 Introduction

Cosgrove and Tsunoda (2002) showed that the equilibrium
configuration of a midlatitude sporadic-E (Es) layer at a
wind shear node is unstable, at night, to electrodynamical
forces that arise when plane wave perturbations in altitude
or field-line-integrated (FLI) density are imposed on theEs

layer. This instability is a logical candidate to explain certain
frontal structuring events inEs layers, which have been ob-
served over the years by ionosonde, and by coherent scatter
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radars (Tsunoda et al., 2004). Most revealing in this regard is
the fact that the observed structures strongly prefer the same
skewed azimuthal alignment that maximizes the growth rate
of the instability. The instability is also a potential source
of large polarization electric fields inEs layers, which have
been indicated by coherent radar backscatter (e.g., Schlegel
and Haldoupis, 1994; Tsunoda et al., 1994), and measured
in situ during the two SEEK rocket campaigns (Fukao et al.,
1998; Pfaff et al., 1998, 2005; Yamamoto et al., 2005). How-
ever, the derivation given by Cosgrove and Tsunoda (2002)
assumed an infinitely thinEs layer, and therefore did not ad-
dress the short wavelength cutoff of the instability. Also,
the same derivation assumed6H

6P
≫1, where6H is the FLI

Hall conductivity of theEs layer, and6P =6PE+6L is the
effective FLI Pedersen conductivity, due toF layer loading
(6L), and due to theEs layer itself (6PE). This assumption
means, essentially, thatF region loading is ignored. Herein
is given a generalized derivation that removes both these as-
sumptions, and thereby allows a computation of the wave-
length dependence of the linear growth rate, as well as com-
putations of various threshold conditions. Various ramifica-
tions of the linear growth rate behavior are explored.

Specifically, the derivation given by Cosgrove and Tsun-
oda (2002) is generalized to an equilibrium configuration of
a finite thicknessEs layer with compressional wind shear
forces balanced by outward diffusion, and wavelength de-
pendent mapping of electric fields to the F layer (where they
are loaded). The F layer is assumed to be stable, which is
in contradistinction to F layer assumptions made by Cos-
grove and Tsunoda (2004a, b, 2006), when they treated the
long wavelength interaction between the Perkins instability
(Perkins, 1973) and theEs layer instability. The resulting
theory agrees exactly with the original theory at long wave-
lengths, with6L=0, but finds a short wavelength cutoff that
depends on the equilibrium layer thickness (or equivalently,
the wind shear). More completely, the threshold for stabil-
ity depends on multiple parameters, including at least the
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1312 R. B. Cosgrove: Wavelength dependence of the linear growth rate of theEs layer instability

wavelength, the equilibrium layer thickness,6H

6P
, and the (ef-

fective) eastward electric field. The effect of wavelength de-
pendent mapping of the electric field to the F layer, and the
associated electrical loading, creates a growth rate maxima
at a wavelength just above the cutoff.

It is necessary to know the short-wavelength cutoff of the
Es layer instability in order to study plasma structuring at
scales above the long-wavelength cutoff of the gradient drift
instability (in Es layers). Hysell et al. (2002) discovered
(theoretically) an instability applicable to midlatitudeEs lay-
ers which has a preferred scale of around 1 km. This scale
(1 km) is above the long-wavelength cutoff of the gradient
drift instability (Tsunoda et al., 1994; Kelley and Gelinas
2000; Rosado-Roḿan et al., 2004; and Seyler et al, 2004),
and we find herein that it is below the short-wavelength cut-
off of the Es layer instability. Spectral measurements from
the SEEK and SEEK-2 rocket campaigns (Mori and Oyama,
1998; Pfaff et al., 2005) cover this transition scale region.

Spaced ionosonde observations (Goodwin and Summers,
1970) have revealed the consistent presence of frontal struc-
tures in Southern HemisphereEs layers, with fronts elon-
gated from northwest to southeast. Cosgrove and Tsunoda
(2002) noted that this orientation points to theEs layer insta-
bility as source. Goodwin and Summers (1970) found that
the (horizontal) wavelength range for the frontal structures
was 10–40 km, with a mean of 24 km. Below we will con-
sider whether this wavelength range is also consistent with
anEs layer instability source, and find in the affirmative.

The coherent radar backscatter fromEs layers known as
QP echoes (Yamamoto et al., 1991) has also been found to
form frontal structures with a preferred orientation match-
ing that of theEs layer instability (Yamamoto et al., 1994,
1997; Hysell, 2006). By examining range profiles of QP
echo Doppler velocity presented by various authors, a wave-
length in the perpendicular toB direction can be inferred.
From Yamamoto et al. (1991), we estimate 8 km. From Tsun-
oda et al. (1998), we estimate 18 km. From Yamamoto et
al. (1998), we estimate 24 km. We can also use the inter-
ferometry results of Riggin et al. (1986), from which we es-
timate 18 km. (Note that in all cases we are estimating the
wavelength along thêy′ direction of Cosgrove and Tsunoda
(2002, 2003), which is what is applicable to the theory below,
and described in Sect. 2.) Putting these estimates together we
find a wavelength range of 8–24 km, with a mean of 17 km.
Hence, the estimated wavelength for QP echoes is slightly,
but not significantly less than the estimated wavelength for
ionosonde observed frontal structures.

Finally, we give a few cautionary remarks regarding the
interpretation of this paper. The linear growth rate, in gen-
eral, applies to the growth of small perturbations about an
equilibrium configuration. Because of possible time varia-
tion of the wind profile, there is some doubt about whether
the equilibrium configuration assumed herein will ever be
obtained (Jones, 1989). This fact colors the interpretation
of the results, and one possible effect is discussed in Sect. 5.

The equilibrium configuration considered here is valid below
about 110 km in altitude. Above 110 km the meridional wind
affects the layer altitude, and the meridional shear (which
we do not include) plays a role in establishing the equilib-
rium (Whitehead, 1970). Conclusions with respect to wave-
length dependance of observed phenomena based on the lin-
ear growth rate dependance are in turn based on the idea
that seed excitations are present equally at all wavelengths.
The seed excitations are most likely perturbations in the neu-
tral wind profile, associated with gravity waves (propagat-
ing (Huang and Kelley, 1996), or breaking (Yokoyama et al.,
2004)), or with a Kelvin Helmholtz instability of the neu-
tral shear (Larsen, 2000; Bernhardt, 2002). The spectrum of
these processes will contribute to the wavelength dependance
of the observed phenomena. Finally, the nonlinear response,
specifically at what amplitude wave growth saturates, will
also play an important role in determining the wavelength
dependance.

The paper begins in Sect. 2 with description of the problem
geometry using a three-dimensional paper model. Section 3
describes the instability action in simplest possible form, us-
ing the paper model of Sect. 2. Section 4.1 gives the deriva-
tion of the equilibrium configuration. Section 4.2 gives the
derivation of the growth rate. Section 5 gives analysis of the
derived growth rate, and forms conclusions. Section 5 also
explains how to generalize the results to situations with back-
ground electric fields. Section 6 summarizes the results.

2 Geometry and coordinates

The basic geometry of the unstable modes of theEs layer
instability in the Northern Hemisphere is explained in Fig. 1.
The pink and purple strips represent sheets of ionization
elongated along the northwest to southeast axis, with a rela-
tive altitude displacement. The pink strip is at an altitude of
106 km; the purple strip at 104 km; and the inner edges of the
strips are connected by magnetic field lines. The white strip
that connects the inner edges of the colored strips does not
represent plasma; it merely represents the plane of magnetic
field lines that connect the inner edges of the plasma strips,
and serves as a surface on which to draw thex, x′, andz′

coordinate axes.
Figure 1 is a schematic depiction of the unstable modes

(waves) of theEs layer instability in the Northern Hemi-
sphere. The waves are two-dimensional, with a symmetry
direction which we denotêx. Specifically, the symmetry di-
rection is along the wave phase fronts, and horizontal. In
Fig. 1 the symmetry direction is to the northwest, as an ex-
ample, but will be taken as a variable below. We define a
primed coordinate system as shown in Fig. 1, withẑ′ along
the magnetic fieldB, ŷ′ perpendicular to botĥx andẑ′, and
x̂′=ŷ′×ẑ′. The pencil indicates the direction ofŷ′, and we
use the figure to define the orientation of the coordinate sys-
tem. It is evident from Fig. 1 that thex′ axis is connected to
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Fig. 1. Three-dimensional view of theEs layer instability geometry.

thex axis by the magnetic field lines. Therefore, thex̂′ direc-
tion is a symmetry direction for FLI quantities, and – under
the assumption that the electric fieldE maps unattenuated
alongB – for E also. By integrating alongB we will ob-
tain below a one-dimensional system of FLI quantities (mo-
ments), together with the electric field, which contains the
essential dynamics of theEs layer instability. This system
is analogous to the system of moments defined by Perkins
(1973), which contains the essential dynamics of the Perkins
instability.

To round out our notation we define a few additional quan-
tities not shown in Fig. 1. Thêz direction will be taken as
vertically downward, witĥy=ẑ×x̂ completing a right handed
system. The angle between the symmetry directionx̂ and the
northward, or equivalently between̂y and the eastward, will
be denotedθ , where we takeθ to be positive for the azimuthal
orientation shown in Fig.1. (Figure 1 shows the special case
θ=45◦.) However, for mathematical convenience we will use
the angleθ ′ betweenŷ′ and the eastward, to define the az-
imuthal orientation of the symmetry direction. Using the fact
that the symmetry direction̂x is constrained to be horizontal,
it is straightforward to show that tanθ= tanθ ′ cosθ ′′, where
θ ′′ is the complement of the magnetic dip angle. These defi-
nitions are the same as those given by Cosgrove and Tsunoda
(2002, 2003), and it is hoped that Fig. 1 will ease the task of
visualizing the geometry, and the coordinate systems that are
natural to it.

Figure 1 shows a westward wind at 106 km in altitude, and
an eastward wind at 104 km. In general we choose a wind
fieldu with a constant meridional componentuN , and a zonal
componentuz that varies linearly with altitude, whereu is
the wind shear, andz is the altitude (positive downward).
Specifically,

u = uzê + uN n̂

= (uN cosθ ′ cosθ ′′ − uz sinθ ′)x̂′

+ (uN sinθ ′ cosθ ′′ + uz cosθ ′)ŷ′

+ uN sinθ ′′ẑ′, (1)

whereê andn̂ are eastward and northward, respectively. The
wind shearu is positive for the configuration of Fig. 1. The
wind field (Eq. 1) is an approximation to a rotational wind
shear, in the vicinity of theEs layer equilibrium altitude in
the lowerE region, which is at the zero of the zonal wind
(see discussion below). At higher altitudes the meridional
shear becomes important, and therefore use of the wind field
(Eq. 1) limits the applicability of this work to the lowerE
region.

3 Instability description in simplest case

We begin by describing the vertical equilibrium of anEs

layer. Assuming the winds to be horizontal, and no sig-
nificant electric fields, the dominant contributor to vertical
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motion in the lowerE region steady-state ion velocity equa-
tion is the termu×B/(ρiB), whereρi is the ratio of the
ion-neutral collision frequency to the ion gyro frequency, and
B=Bẑ′ is the magnetic field. By “dominant” we mean that
other terms with vertical components are smaller by a factor
1/ρi , andρi≫1 in the lowerE region. For the meridional
wind, u×B is horizontal. However, for a westward (east-
ward) directed wind,u×B has a downward (upward) com-
ponent. Hence, in the lowerE region, when there are no
background electric fields, plasma collects almost exactly at
the zero of the zonal component of the neutral wind, with a
westward wind above and an eastward wind below ( White-
head, 1970). (Section 5 describes how to extend this analysis
when there is a background electric field.) In Fig. 1, the equi-
librium altitude is 105 km.

Consider the stability of the altitude perturbation shown in
Fig. 1, where the pink strip of plasma has been slide along
B up to 106 km, and the blue strip of plasma has been slid
down alongB to 104 km. The inset in Fig. 1 shows how
the two-strip configuration can be cascaded ad-infinitum, to
form a skewed-square-wave modulation of the layer alti-
tude. We assume in this example that there is no meridional
wind (uN=0). Therefore, as shown in the figure, the raised
strip sees a westward wind, and the lowered strip an east-
ward wind, so that the collisional ions are driven away from
the white plane containing theB-field lines that connect the
inner edges of the strips. However, the magnetized (non-
collisional) electrons are not effected by the wind and remain
behind, forming a layer of charge on the white plane, which
under the assumption that the conductance is infinite along
B, and that the strips are infinitely long, becomes an infinite
sheet of charge of thicknessd. As the thicknessd grows, a
polarization electric field builds up, which is directed toward,
and perpendicular to, the sheet charge. That is, the electric
field on the pink layer side of the sheet charge is in theŷ′

direction, and the electric field on the purple layer side of
the sheet charge is in the−ŷ′ direction. This can be further
argued by noting that the polarization field must be perpen-
dicular to B, and perpendicular to the symmetry direction
x̂, the latter because charge density must be invariant under
translations in the symmetry direction.

The polarization electric field builds up until the wind-
driven ion drift alongŷ′ is canceled by electric-field-driven
Pedersen drift. The only remaining ion motion is the
wind-driven ion drift alongx̂′, which remains completely
unchecked. (Note that the wind is everywhere perpendicu-
lar to ẑ′.) Therefore, the pink plasma strip will slide away
from the equilibrium altitude alonĝx′, and the purple plasma
strip will slide away from the equilibrium altitude along−x̂′,
that is, the equilibrium configuration is unstable to the pertur-
bation shown in Fig.1.

If the entire configuration of Fig. 1 is rotated 90◦ about the
vertical, so that̂x is directed toward the northeast, then the
component of the wind driven ion drift alonĝx′ changes sign,
and the plasma strips drift back to the equilibrium altitude.

That is, the configuration is stable. It is also easy to verify
that the configuration is stable if̂x is either meridional, or
zonal. Therefore, the process predicts a unique orientation
for unstable waves, which matches the observed orientation
for Es layer frontal structures in the Northern Hemisphere. In
the Southern Hemisphere the stable and unstable orientations
are interchanged.

The growth rate for the instability process just described
was derived by Cosgrove and Tsunoda (2002) as

λ = u sinθ ′ cosθ ′ sinθ ′′ σH

ρiσP

, (2)

whereσH andσP are the Hall and Pedersen conductivities,
respectively, at the altitude of the (assumed thin)Es layer.
Theθ ′ dependence in Eq. (2) determines the orientation that
maximizes the growth rate. The derivation by Cosgrove and
Tsunoda (2002) also included a zeroth order meridional Hall
current, which is found to be important below, but which is
not accounted for in the expression (2).

The above description explains the simplest possible con-
ception of theEs layer instability. However, the simplifica-
tions involved preclude consideration of the following very
important elements:

1. TheF layer constitutes an additional electrical load on
theEs layer generated polarization electric fields, which
greatly reduces their strength. This is a wavelength de-
pendent effect, due to the wavelength dependence of
electric field mapping alongB.

2. A meridional wind (uN ) can drive a strong meridional
current (a Hall current) in theEs layer, which was found
by Cosgrove and Tsunoda (2004a) to greatly enhance
the growth rate of theEs layer instability in the presence
of an F-layer electrical load. This effect occurs because
modulations in FLI density become coupled to altitude
modulations.

3. When the thickness of theEs layer approaches the
perturbation wavelength, it is evident from Fig. 1 that
the simple considerations employed in the description
above begin to break down.

Item-3 has not been addressed by previous derivations of the
linear growth rate, and analysis of the other effects has been
quite limited. Therefore, we now proceed to a more complete
derivation of the linear growth rate that includes all these ef-
fects.

4 Growth rate for thick Es layer

4.1 Equilibrium configuration

We begin by deriving the horizontally uniform equilibrium
plasma configuration in the wind field (Eq. 1), assuming that
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generation, recombination, and gravity can be ignored. Hor-
izontal uniformity means that all quantities – such as the
charge density and current – must be invariant under hori-
zontal translations. Therefore, the plasma density gradient
and electric field must be vertical, and in steady state the ver-
tical current must be zero. The steady state ion and electron
velocity equations can be written in the form

1

3i

vi = F i⊥ + 1

ρi

F i × b̂ + F i‖
3i

,

1

3e

ve = F e⊥ − 1

ρe

F e × b̂ + F e‖
3e

, where

F i = E

Bρi

+ u − T

eBρi

∇n

n
, 3i =

ρ2
i

ρ2
i + 1

,

F e = −E

Bρe

+ u − T

eBρe

∇n

n
, 3e = ρ2

e

ρ2
e + 1

,

(3)

whereρi (ρe) is the ratio of the ion-neutral (electron-neutral)
collision frequency to the ion (electron) gyro frequency,e is
the absolute value of the charge on an electron,T is the tem-
perature under the isothermal assumption (T =Ti=Te), B is
the magnetic field magnitude,b̂ is a unit vector in the mag-
netic field direction,E is the electric field,n is the plasma
density under the quasi-neutral assumption (n=ni=ne), and
vi (ve) is the ion (electron) velocity. To get the equi-
librium electric field we set the vertical current to zero
(Jz=en(viz−vez)=0), using Eqs. (3) and (1), and solve for
the electric field, which gives

En0 =

ẑ
−T

eBn0G

∂n0

∂z
[(3e

ρe

−3i

ρi

) sin2 θ ′′+(
1

ρe

− 1

ρi

) cos2 θ ′′]

+ẑ(3i−3e)
uN

G
sinθ ′′ cosθ ′′+ẑ(

3i

ρi

+3e

ρe

)
u

G
z sinθ ′′,

where

G = 1

B
[(3e

ρe

+3i

ρi

) sin2 θ ′′+(
1

ρe

+ 1

ρi

) cos2 θ ′′], (4)

and wheren0 is the equilibrium plasma density distribution.
As long asρi

ρe
cos2 θ ′′≫1 (i.e., as long as the magnetic field

lines are not horizontal), the last term is negligible when
Eq. (4) is used in the ion velocity equation (3), and therefore
we drop it. Similarly, as long as the magnetic field lines are
not horizontal, the remaining terms are well approximated by

En0
∼= ẑ

−T

en0

∂n0

∂z
+ ẑBρeuN tanθ ′′

= −T

en0
∇n0 + ẑBρeuN tanθ ′′. (5)

The term−T
en0

∇n0 is commonly referred to as an ambipolar

electric field, which more generally takes the form−T
en

∇n,
for a plasma densityn. The general form−T

en
∇n applies

strictly only to an unmagnetized plasma, but as evidenced by

the reduction of Eq. (4) to Eq. (5), is usually a good approx-
imation for a magnetized plasma, as long as the geometry is
not elongated alongB. This motivates that we consider

E0 = −T

en
∇n + ẑBρeuN tanθ ′′ (6)

as the zeroth order electric field, about which we apply a first
order perturbation analysis, so that perturbations in the am-
bipolar electric field (which does not map alongB) are in-
cluded in the zeroth order field. Examining Eq. (3) reveals
that assuming a zeroth order electric field of the form (6) in
the ion velocity equation is equivalent to doubling the tem-
perature, and adding a small constant vertical wind compo-
nent ρe

ρi
uN tanθ ′′ẑ.

We now use the result (Eq. 6) to derive the equilibrium
layer profile. Settingviz=0 and using Eq. (3) with Eq. (6)
gives

0 = viz = (1 − 3i)uN sinθ ′′ cosθ ′′ − 3i

ρi

uz sinθ ′′

− (3i sin2 θ ′′ + cos2 θ ′′)
2T

eBρin0

∂n0

∂z
+ ρe

ρi

uN tanθ ′′.

(7)

The Gaussian profile

n0 = A00
b√
π

e−b2(z−z̄0)
2

(8)

satisfies Eq. (7) with

z̄0 = uN

u
(
cosθ ′′

ρi

+ ρe

cosθ ′′ ), and b2 = eBu sinθ ′′

4T
, (9)

whereA00 is a constant, and where we have set3i=1 in the
final result, which in the lower E region is valid to second
order in 1

ρi
. Equations (8) and (9) give the equilibriumEs

layer profile.

4.2 Linearized equations of motion

In general form, theEs layer instability involves the mo-
ments of anEs layer taken alongB, in the wind field (Eq. 1),
with electrical loading due to partial mapping ofEs layer
generated polarization electric fields to the F layer. Specifi-
cally, we define the moments as

Al =
∫

dz′ n(z − z̄hl1)
l where

hlk =
{

0 l = k

1 otherwise
andz̄ = A1/A0, (10)

wheredz′ denotes integration along the magnetic field,z is
the altitude (positive downward), andn is theEs layer plasma
density distribution. The values ofρi andρe (which appear
under the integral

∫

dz′ in the equation of motion forAl)
will be approximated as the values at the equilibrium altitude
of theEs layer. (Note that theF layer would appear stable
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under this approximation (no Perkins instability), whereas
in the case of theEs layer the effect of the variation of the
wind velocity with altitude completely dominates the effects
of the variations of the collision frequencies with altitude.)
To follow this section it is important that the reader first read
Sect. 2, which contains a discussion of the geometry and a
definition of the coordinate system and other quantities to be
used in the derivation below.

The equation of motion for thelth moment is derived as

dAl

dt
= d

dt

∫

dz′ n(z − z̄hl1)
l

=
∫

dz′ dn

dt
(z − z̄hl1)

l −
∫

dz′ nl(z − z̄hl1)
l−1 dz̄

dt
hl1

= −
∫

dz′ (∇ · nvi)(z − z̄hl1)
l − l

dz̄

dt
hl1hl2Al−1

= −
∫

dz′ [∇ · (nvi(z − z̄hl1)
l) − nvi · ∇(z − z̄hl1)

l]

− l
dz̄

dt
hl1hl2Al−1, (11)

where the third equality uses the ion continuity equation,
with vi the ion velocity, and the fourth equality uses inte-
gration by parts.

Using the geometric relationship

z = −x′ cosθ ′ sinθ ′′ − y′ sinθ ′ sinθ ′′ + z′ cosθ ′′ (12)

in Eq. (11) gives

dAl

dt
= −l

dz̄

dt
hl1hl2Al−1

− ∂

∂y′

∫

dz′ nviy′(z − z̄hl1)
l

− cosθ ′ sinθ ′′
∫

dz′ nvix′ l(z − z̄hl1)
l−1

− (sinθ ′ sinθ ′′ + ∂z̄

∂y′ hl1)

∫

dz′ nviy′ l(z − z̄hl1)
l−1

+ cosθ ′′
∫

dz′ nviz′ l(z − z̄hl1)
l−1, (13)

where we have used the fact that FLI quantities are invariant
under translations in thêx′ direction.

Using the steady state ion velocity equation (3) along with
the assumed form (1) for the neutral wind field we obtain the
following for the ion velocity components:

1

3i

vix′ = uN cosθ ′′(cosθ ′ + 1

ρi

sinθ ′)

− uz(sinθ ′ − 1

ρi

cosθ ′) + Ex′

Bρi

− T

eBρin
(
∂n

∂x′ + 1

ρi

∂n

∂y′ ) +
Ey′

Bρ2
i

,

1

3i

viy′ = uN cosθ ′′(sinθ ′ − 1

ρi

cosθ ′)

+ uz(cosθ ′ + 1

ρi

sinθ ′) − Ex′

Bρ2
i

− T

eBρin
(
∂n

∂y′ − 1

ρi

∂n

∂x′ ) +
Ey′

Bρi

,

viz′ = uN sinθ ′′ + Ez′

Bρi

− T

eBρin

∂n

∂z′ , (14)

where the subscripts identify the components of the vector
quantities.

In addition, we need the relations
∫

dz′ (z − z̄hl1)
l ∂n

∂x′ = cosθ ′ sinθ ′′lAl−1hl2,

∫

dz′ (z − z̄hl1)
l ∂n

∂y′ =

∂Al

∂y′ + (sinθ ′ sinθ ′′ + ∂z̄

∂y′ hl1)lAl−1hl2,

∫

dz′ (z − z̄hl1)
l ∂n

∂z′ = − cosθ ′′lAl−1hl2, (15)

which can be derived using Eqs. (12) and (10).
We consider first the equilibrium condition

dAl

dt
= 0,

∂Al

∂y′ = 0, E = E0. (16)

Substituting Eqs. (14), (15), (16), and (6) into Eq. (13), gives
the equilibrium moments

A10 = uN

u
(
cosθ ′′

ρi

+ ρe

cosθ ′′ )A00,

A20 = 2T

eBu sinθ ′′ A00,

A30 = 0, and forl > 3

Al0 = 2T

eBu sinθ ′′ (l − 1)A(l−2)0, (17)

where3i has been set to 1 in the final result. It can be verified
that the moments (17) also determine the Gaussian profile
Eq. (8) with Eq. (9).

To analyze the stability of the system, consider perturba-
tive deformations

Al = Al0 + δAl, E = E0 + ŷ′δEy′ , with

δAl = 1Ale
iky′

, δEy′ = Ẽeiky′
, (18)

whereAl0 is given by Eq. (17),E0 is given by Eq. (6), and
we will assume that the polarization electric fieldδEy′ maps
unattenuated alongB in the region of significantEs density.
It was argued in Sect. 4.1 thatδEy′ must be in thêy′ direc-
tion. To determineẼ we consider the zeroth moment of the
current continuity condition
∫

dz′
∇ · J = J‖ +

∫

dz′
∇⊥ · J

= J‖ + ∂

∂y′

∫

dz′ Jy′ = 0, (19)
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whereJ is the current density carried by theEs layer plasma,
andJ‖ is the current flowing up the magnetic field lines, con-
necting theEs layer with theF layer. To getJ‖ we use the re-
sults of Cosgrove and Tsunoda (2004b) to compute the load-
ing conductance6L seen by theEs layer, due to theF layer,
such that

J‖ =
∫

dz′
∇⊥ · JF = ∂

∂y′

∫

dz′ JFy′ = ∂

∂y′ δEy′6L, (20)

whereJF is the current density carried by the F layer plasma,
caused by partial mapping ofδEy′ to theF layer. Simple
circuit theory applied to the circuit model given in Fig. 5 of
Cosgrove and Tsunoda (2004b) gives

6L = 1

2R0 + RF

= 1

k2
∫

B
1
σ0

+ 1
6PF

, (21)

where6PF is the field line integratedF layer Pedersen con-
ductivity, σ0 is the field aligned conductivity, and

∫

B
denotes

integration along the magnetic field line between theEs layer
and theF layer. (Although the top of the integration range
may seem somewhat ill defined, the integral is dominated by
the low altitude contribution, where the boundaries are well
defined.)

Subtracting the electron velocity from the ion velocity
gives the the usual Ohms law, which in the polarization elec-
tric field aligned direction appears as

Jy′ = en(viy′ − vey′)

= n(Ex′ + uy′B)σH + n(Ey′ − ux′B)σP

+ T (αH

∂n

∂x′ + αP

∂n

∂y′ ), where

σP = e

B

ρe

1 + ρ2
e

+ e

B

ρi

1 + ρ2
i

,

σH = e

B

1

1 + ρ2
e

− e

B

1

1 + ρ2
i

, (22)

nσP is the Pedersen conductivity,nσH is the Hall conduc-
tivity, and in the altitude range of interestαP ≃−σP /e, and
αH ≃σH /e. Substituting Eqs. (22), (20), (18), and (6) into
Eq. (19) and solving for̃E gives

Ẽ = −uB(σP sinθ ′ + σH cosθ ′)
1A1

6PE + 6L

+ uNB(σP cosθ ′ cosθ ′′ − σH sinθ ′ cosθ ′′)
1A0

6PE + 6L

+ i
2T k

e
σP

1A0

6PE + 6L

, (23)

where a term smaller by a factor ofρe has been dropped,
and6PE=σP A00 is the equilibrium field line integrated con-
ductivity of theEs layer. Substituting the velocity expres-
sions (14), the moment relations (15), the perturbative de-
formations (18) with Eq. (17), and the electric field expres-
sions (6) and (23) into the time derivative expression (13),

and keeping only the first order terms, gives the linearized
equations of motion

d1Al

dt
=

l+1
∑

m=0

Mm
l 1Am, (24)

where the elementsMm
l of the matrixM are constants. If

the system were closed, that is, ifM l
k=0 for k<l, for some

l, then the system growth rates would be the real parts of
the eigenvalues of the square matrixM, and the associated
growing modes would be the eigenvectors.

However, the system (24) is not closed in general. Cos-
grove and Tsunoda (2002) obtained a closed system by as-
suming an infinitely thin layer, so thatA2=0. This is appro-
priate when the wavelength is much greater than the layer
thickness. Here, a less drastic approximation is desired, so
that the thick layer effects that determine the short wave-
length cutoff of theEs layer instability will be accounted for.

In general there is no justification for settingAl=0 for
somel, and the system is not closed. Instead, we will fol-
low the approach commonly used to close the system of fluid
equations derived from kinetic theory. Specifically, theEs

layer profile will be expanded about a Gaussian as a sum of
Hermite polynomials:

n = n1

N
∑

m=0

Hm(b(z − z̄))αm, where

n1 = A00
b√
π

e−b2(z−z̄)2
,

α1 = 0, and otherwiseαm = αm(y′). (25)

The stipulationα1=0 is made so that̄z can be used to define
A1, consistent with Eq. (10). The notationαm=αm(y′) indi-
cates thatαm is a function ofy′ only, so that Eq. (25) defines
the profile along lines perpendicular toŷ′.

BecauseH0=1, the expansion (25) reduces to a Gaussian
when{αm=0|m>0}. The Hermite polynomialsHm(x) sat-
isfy the orthogonality relation
∫ ∞

−∞
dx e−x2

Hm(x)Hn(x) = n! 2n
√

π δnm. (26)

The completeness of Hermite polynomials, combined with
the orthogonality relation (26), provide a canonical polyno-
mial expansion about a Gaussian layer profile. It is phys-
ically reasonable to model the layer by the expansion (25)
for some finiteN . Doing this defines a representation of the
momentAN+1 in terms of a linear combination of lower or-
der moments. Because the relationship is linear, it applies
also to the moment perturbations1Al , thus closing the lin-
ear system (24) in a physically reasonable way.

Specifically, write(z−z̄hK1)
K in terms of a sum of Her-

mite polynomials:

(z − z̄hK1)
K =

K
∑

n=0

Hn(b(z − z̄))Bn
K . (27)
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Fig. 2. Es layer instability growth rate as a function of wavelength
for 1/2 km thick layer, without F region loading (solid line). The
dashed line shows the growth rate computed from the formula given
by Cosgrove and Tsunoda (2002).

Substituting Eqs. (27) and (25) into the moment definition
(10) and using the orthogonality relation (26) gives

AK =
N

∑

m=0

Mm
Kαm, where

Mm
K = Bm

K

m! 2mA00

cosθ ′′ , Mm
K = 0 for m > K, (28)

which is valid for anyK. Therefore, defining theN×N ma-
trix D with elementsDm

l =Mm
l , the lengthN vectorA with

elementsAl , and the lengthN vectorα with elementsαl ,
gives the invertible relation

A = Dα. (29)

Inverting Eq. (29) and substituting into Eq. (28) with
K=N+1 gives

AN+1 =
N

∑

m=0

N
∑

l=0

Mm
N+1[D−1]lmAl . (30)

The linear relation (30) will be used to close the linearized
equations of motion (24) at theN th moment. In practice, we
close the system after 14 moments, which is more than suffi-
cient for convergence. As mentioned above, the real parts of
the eigenvalues of the resulting system are the linear growth
rates.

5 Results

The results for the growth rate as a function of wavelength
when the F layer loading effect is ignored (6PF =0) are
shown in Fig. 2 (solid line), together with the growth rate
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Fig. 3. Es layer instability growth rate as a function of wavelength
for 1/2 km thick layer, with wavelength dependent F region loading.

computed using the simple analytical expression (2) (dashed
line). It is normally not a good approximation to ignore F
layer loading, and this figure is mainly for the purposes of
comparing the result of the derivation given here with that of
Cosgrove and Tsunoda (2002). The parametersT =230 ◦k,
ρi=24,σH /σP =21,θ ′=45◦, andθ ′′=45◦ are used in all fig-
ures in this paper. Figure 2 employs the additional choices
u=32 m/s/km, and6PF =0. When6PF =0, the value for
A00 cancels out of the growth rate expression. Figure 2
shows that the growth rate matches Eq. (2) very well down to
a wavelength of about 20 km, below which it drops off pre-
cipitously, becoming zero at about 5 km. WhenuN>0 (and
6PF =0) the curve (not shown) is nearly identical with that
in Fig. 2, but is not strictly below the value computed from
the simple analytical expression. The effect ofuN on the lin-
ear growth rate is insignificant when6PF =0, but becomes
very important for realistic values of6PF .

The effect of wavelength dependentF layer loading is
shown in Fig. 3. The parameters for the solid curve in
Fig. 3 are the same as in Fig. 2, except6PF =0.23 mhos,
6PE=0.021 mhos, and 1/

∫

B
1
σ0

=8.95×10−8 mhos/m2.
The growth rate has been normalized by the wind shear in
units of s−1, that is by 0.032. As the wavelength decreases
the F layer loading decreases, according to Eq. (21), leading
to a growth rate maxima at a wavelength of about 6 km, just
above where the growth rate plunges to zero. The wind shear
u=32 m/s/km creates a 500 m thick equilibriumEs layer.
(By layer thickness we mean the value that when multiplied
by the peak density, gives the height integrated density.)
This rather thin layer allows relatively short wavelength
(5 km) modes of theEs layer instability.

The short wavelength cutoff of the instability occurs be-
cause when the wavelength becomes comparable to the layer
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thickness, the effective geometry is no longer that of an in-
finitely thin layer. To investigate the dependence of the cut-
off wavelength on layer thickness, the growth rate normal-
ized by the wind shear (in units of s−1) is plotted in Fig. 3,
for layer thicknesses of 500 m, 1 km, 1.5 km, and 2 km. The
layer thickness is varied by varying the wind shear. TheF

region and field aligned parameters are kept the same. By
Eq. (2), the growth rate for an infinitely thin layer is pro-
portional to the wind shear, so that normalizing by the wind
shear provides quantities that can be compared with respect
to the wave length dependence caused by the thickness of
the layer. Figure 3 shows that for layers of thickness 500 m,
1 km, 1.5 km, and 2 km, the maximum growth rate occurs at
wavelengths of 6 km, 14 km, 25 km, and 34 km, respectively.

For reference, the equilibrium layer thickness is plotted
versus wind shear in Fig. 6. The wind shears used in Fig. 3
are 32 m/s/km, 8 m/s/km, 3.6 m/s/km, and 2.0 m/s/km. The
associated minimum e-folding times (inverse of growth rate
maxima) are 3.5 min, 15 min, 29 min, and 46 min, respec-
tively. It is interesting to note that an e-folding time of,
for example, 29 min, which occurs for a wind shear of only
3.6 m/s/km, is not prohibitively long.

While some of the wind sheers used are very small, we
have elected to present the results in Fig. 3 organized by layer
thickness out of the belief that it is the layer thickness, and
not the wind shear, which is the fundamental determiner of
the wavelength dependence. That is, in a realistic situation
where the layer may not be in equilibrium, because insta-
bility growth occurs before equilibrium is achieved, or due
to time dependence of the wind shear node altitude (Jones,
1989), or of the wind shear strength, or if there is some sort of
anomalous diffusion process, etc., then the layer may be sub-
stantially thicker than the equilibrium value computed here.
In such cases we expect the layer thickness, and not the in-
stantaneous wind shear, to determine the wavelength depen-
dence of the electrodynamical response.

In Fig. 4 the growth rate is plotted versus the layer thick-
ness for two different wavelengths, 5 km and 25 km. Other
parameters are the same as stated above. The result shows
that although the growth rate for 5 km waves is quite a bit
larger than the growth rate for 25 km waves when the layer
thickness is 500 m or less, the reverse becomes true as the
layer gets thicker. In fact, 5 km waves are stabilized when
the layer thickness exceeds about 900 m, while 25 km waves
maintain a substantial growth rate for much thicker layers.
Given the fact that actualEs layers may not often be in ther-
mal equilibrium, such as discussed in the previous paragraph,
this suggests that 5 km may be a significant underestimate
of the realistic preferred wavelength of theEs layer insta-
bility, in spite of the fact that instantaneous wind shears of
32 m/s/km (500 m equilibrium thickness) are frequently ob-
served (Larsen et al., 1998; Larsen, 2002). Therefore, al-
though not predictive, the results here are consistent with
the 17 km mean wavelength associated with QP echoes, and
with the 24 km mean wavelength associated with spaced
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Fig. 4. Es layer instability growth rate as a function of layer thick-
ness, with wavelength dependent F region loading, for wavelengths
of 5 km and 25 km.

ionosonde measurements of frontal structures, such as dis-
cussed in the introduction. We also note that if a physical
process with a well defined wavelength is involved in initiat-
ing the growth of unstable waves, then this “seeding” mech-
anism will be an important determiner of the observed wave-
length.

Figure 5 shows contour plots of the 25 km wavelength
growth rate verses6H /(6PE+6L), and southward wind,
where the latter is represented by the effective eastward elec-
tric fieldE′

y′′ , which in this case equals−uNB cosθ ′. (Use of
E′

y′′ allows generalization of the results, because in general
the growth rate depends on the zeroth order meridional Hall
current in theEs layer, whether it is driven by a southward
wind, an eastward electric field, or any combination thereof
(Cosgrove and Tsunoda, 2004a).) Panel (a) shows the re-
sults for a 1 km thick layer, and panel (b) for a 500 m thick
layer. Other parameters are maintained as above. Figure 5
shows some threshold conditions for theEs layer instability.
Especially, it shows the importance of the effective eastward
electric field at theEs layer altitudeE′

y′′ in destabilizing the
layer. In fact, for the fairly large ratio6H /(6PE+6L)=3,
the layer is stable ifE′

y′′=0. This indicates that the sim-
ple physical description of theEs layer instability given in
Sect. 3 is overly simplified, because it considers only alti-
tude modulation, and omits FLI density modulation. The lat-
ter generates polarization fields when there is a zeroth order
meridional current (generated byE′

y′′ ), which leads to an in-
teraction with altitude modulations.

The equivalence between winds and electric fields can
be used to generalize the results to conditions involving
background electric fields. The “effective” electric field is
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Fig. 5. Contour plot of theEs layer instability growth rate as a
function of the meridional winduN , and of the integrated conduc-
tivity ratio 6H /(6PE+6L), for a 25 km wavelength. Panel(a) is
for a 1 km thick layer, and panel(b) for a 1/2 km thick layer. The
growth rate contour lines are labeled in units of 1/s. Stable regions
are seen below the contour lines labeled 0.

E′=E+u×B, whereu is the neutral wind velocity. As long
as the effective electric field and the shear in effective electric
field are the same, then the layer response will be the same,
up to an overall horizontal velocity offset. The equilibrium
altitude will be at the zero of the meridional component of
the effective electric field. (These conclusions follow under
the assumption that all winds are horizontal.)

The choices for the field line integratedF layer conduc-
tivity, and field aligned conductivity profile, were made by
appealing to the International Reference Ionosphere (IRI)
(Bilitza, 1990) and COSPAR International Reference Atmo-
sphere (CIRA) (Rees, 1988) models. To do this the web
cite maintained by the World Data Center, Kyoto, was used,
which outputs the integrated conductivity as a function of
season, sunspot number, latitude, longitude, etc. The num-
bers 6PF =0.23 mhos and 1/

∫

B
1
σ0

=8.95×10−8 mhos/m2
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Fig. 6. EquilibriumEs layer thickness versus wind shear.

are representative of summertime with low solar activity.
For theEs layer integrated conductivity we assumed a 1 km
thick layer with a density of 1011 m−3, which gives a total
electron content (TEC) of 1014 m−2. This choice is mo-
tivated by Figs. 7 and 8 from Miller and Smith (1978),
who compiledEs layer statistics from high resolution in-
coherent scatter measurements made by the Arecibo obser-
vatory. In addition, Wakabayashi et al. (2005) computed
the TEC from impedance probe measurements made dur-
ing the SEEK2 rocket campaign, and found values exceeding
1014 m−2 for both rockets. Usingρi=24 andB=4.4×10−5 T
gives6PE=0.021 mhos.

6 Summary of conclusions and results

This work contains the following conclusions and results
with respect to theEs layer instability:

1. The linear growth rate has a short wavelength cutoff
that increases as the equilibrium layer thickness in-
creases, or equivalently, as the background wind shear
decreases.

2. The wavelength that maximizes the linear growth rate
also increases as the layer thickness increases.

3. The large wind shears that have often been observed by
rockets would, under the idealized conditions assumed
here, lead to layer thicknesses of 500 m or less, and
growth rate maxima at wavelengths somewhat shorter
than normally observed (∼6 km).

4. However, with respect to item 3, we conjecture thatEs

layers do not normally achieve equilibrium, and hence
are thicker than expected from the instantaneous wind
shear.
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5. We further argue that the layer thickness is the salient
feature in determining the wavelength dependence of
the electrodynamical response, and that therefore the
nonequilibrium layer thickness conjecture leads to the
observed wavelengths ofEs layer fronts.

6. A three-dimensional paper model has been used to de-
scribe the geometry of the instability, and to give a more
visual restatement of the physical mechanism originally
described by Cosgrove and Tsunoda (2002).

7. The role of FLI conductivity modulation (E′
y′′ ) has been

reexamined, in light of the result in Cosgrove and Tsun-
oda (2004a), and found to be one of critical importance
to theEs layer instability. This means that the descrip-
tion of the physical mechanism of instability given in
Sect. 3, although of pedagogical significance, is incom-
plete, and should be augmented by a notion of coupling
between altitude modulations and FLI-density modula-
tions.

The results are derived within the framework of the linear
growth rate of theEs layer instability, which by definition
assumes an initial equilibrium configuration, and which has
diminishing relevance when the background conditions are
time-varying (Jones, 1989), and/or when evolution proceeds
into the nonlinear regime. Although it is difficult to study
these complicating effects in general, simulations can be
used to study specific, judiciously chosen examples. Work of
this sort is underway, in order to verify the relevance of the
above results. The reader is referred to Cosgrove and Tsun-
oda (2003), and Cosgrove (2007)1 for numerical simulations
of theEs layer instability.
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