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Abstract. It has recently been shown, by computation of the radars (Tsunoda et al., 2004). Most revealing in this regard is
linear growth rate, that midlatitude sporadic{E;) layers the fact that the observed structures strongly prefer the same
are subject to a large scale electrodynamic instability. Thisskewed azimuthal alignment that maximizes the growth rate
instability is a logical candidate to explain certain frontal of the instability. The instability is also a potential source
structuring events, and polarization electric fields, which of large polarization electric fields if; layers, which have
have been observed iy layers by ionosondes, by coher- been indicated by coherent radar backscatter (e.g., Schlegel
ent scatter radars, and by rockets. However, the originahnd Haldoupis, 1994; Tsunoda et al., 1994), and measured
growth rate derivation assumed an infinitely thily layer, in situ during the two SEEK rocket campaigns (Fukao et al.,
and therefore did not address the short wavelength cutoff1998; Pfaff et al., 1998, 2005; Yamamoto et al., 2005). How-
Also, the same derivation ignored the effects of F regionever, the derivation given by Cosgrove and Tsunoda (2002)
loading, which is a significant wavelength dependent effect.assumed an infinitely thify layer, and therefore did not ad-
Herein is given a generalized derivation that remedies bothdress the short wavelength cutoff of the instability. Also,
these short comings, and thereby allows a computation othe same derivation assum%#»l, whereXy is the FLI

the wavelength dependence of the linear growth rate, as welHall conductivity of theE; layer, andZp=%pr+X; is the

as computations of various threshold conditions. The wave-effective FLI Pedersen conductivity, due flayer loading
length dependence of the linear growth rate is compared witl{X; ), and due to the& layer itself & pg). This assumption
observed periodicities, and the role of the zeroth order meridmeans, essentially, th#t region loading is ignored. Herein
ional wind is explored. A three-dimensional paper model isis given a generalized derivation that removes both these as-
used to explain the instability geometry, which has been desumptions, and thereby allows a computation of the wave-
fined formally in previous works. length dependence of the linear growth rate, as well as com-

Keywords. lonosphere (Mid-latitude ionosphere; Plasma putations of various threshold conditions. Various ramifica-
waves and instabilities; lonosphere irregularities) tions of the linear growth rate behavior are explored.

Specifically, the derivation given by Cosgrove and Tsun-
oda (2002) is generalized to an equilibrium configuration of
a finite thicknessE; layer with compressional wind shear
forces balanced by outward diffusion, and wavelength de-

rrpendent mapping of electric fields to the F layer (where they
are loaded). The F layer is assumed to be stable, which is
in contradistinction to F layer assumptions made by Cos-
rove and Tsunoda (2004a, b, 2006), when they treated the
ong wavelength interaction between the Perkins instability
(Perkins, 1973) and th& layer instability. The resulting
theory agrees exactly with the original theory at long wave-
g?ngths, withX; =0, but finds a short wavelength cutoff that
depends on the equilibrium layer thickness (or equivalently,
Correspondenceto: R. B. Cosgrove the wind shear). More completely, the threshold for stabil-
(russell.cosgrove@sri.com) ity depends on multiple parameters, including at least the

1 Introduction

Cosgrove and Tsunoda (2002) showed that the equilibriu
configuration of a midlatitude sporadic-(E;) layer at a
wind shear node is unstable, at night, to electrodynamical
forces that arise when plane wave perturbations in altitud
or field-line-integrated (FLI) density are imposed on fiie
layer. This instability is a logical candidate to explain certain
frontal structuring events i layers, which have been ob-
served over the years by ionosonde, and by coherent scatt
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1312 R. B. Cosgrove: Wavelength dependence of the linear growth rate Bf tager instability

wavelength, the equilibrium layer thickne%;i, andthe (ef-  The equilibrium configuration considered here is valid below
fective) eastward electric field. The effect of wavelength de-about 110 km in altitude. Above 110 km the meridional wind
pendent mapping of the electric field to the F layer, and theaffects the layer altitude, and the meridional shear (which
associated electrical loading, creates a growth rate maximae do not include) plays a role in establishing the equilib-
at a wavelength just above the cutoff. rium (Whitehead, 1970). Conclusions with respect to wave-

It is necessary to know the short-wavelength cutoff of thelength dependance of observed phenomena based on the lin-
E; layer instability in order to study plasma structuring at ear growth rate dependance are in turn based on the idea
scales above the long-wavelength cutoff of the gradient driftthat seed excitations are present equally at all wavelengths.
instability (in Es layers). Hysell et al. (2002) discovered The seed excitations are most likely perturbations in the neu-
(theoretically) an instability applicable to midlatitudi lay- tral wind profile, associated with gravity waves (propagat-
ers which has a preferred scale of around 1km. This scaléng (Huang and Kelley, 1996), or breaking (Yokoyama et al.,
(1km) is above the long-wavelength cutoff of the gradient 2004)), or with a Kelvin Helmholtz instability of the neu-
drift instability (Tsunoda et al., 1994; Kelley and Gelinas tral shear (Larsen, 2000; Bernhardt, 2002). The spectrum of
2000; Rosado-Roam et al., 2004; and Seyler et al, 2004), these processes will contribute to the wavelength dependance
and we find herein that it is below the short-wavelength cut-of the observed phenomena. Finally, the nonlinear response,
off of the E; layer instability. Spectral measurements from specifically at what amplitude wave growth saturates, will
the SEEK and SEEK-2 rocket campaigns (Mori and Oyama,also play an important role in determining the wavelength
1998; Pfaff et al., 2005) cover this transition scale region. dependance.

Spaced ionosonde observations (Goodwin and Summers, The paper begins in Sect. 2 with description of the problem
1970) have revealed the consistent presence of frontal struggeometry using a three-dimensional paper model. Section 3
tures in Southern Hemisphet® layers, with fronts elon-  describes the instability action in simplest possible form, us-
gated from northwest to southeast. Cosgrove and Tsunodig the paper model of Sect. 2. Section 4.1 gives the deriva-
(2002) noted that this orientation points to tiglayer insta-  tion of the equilibrium configuration. Section 4.2 gives the
bility as source. Goodwin and Summers (1970) found thatderivation of the growth rate. Section 5 gives analysis of the
the (horizontal) wavelength range for the frontal structuresderived growth rate, and forms conclusions. Section 5 also
was 10-40 km, with a mean of 24 km. Below we will con- explains how to generalize the results to situations with back-
sider whether this wavelength range is also consistent withlground electric fields. Section 6 summarizes the results.
an E layer instability source, and find in the affirmative.

The coherent radar backscatter frdip layers known as
QP echoes (Yamamoto et al., 1991) has also been found t8 Geometry and coor dinates
form frontal structures with a preferred orientation match-
ing that of theE; layer instability (Yamamoto et al., 1994, The basic geometry of the unstable modes of Hadayer
1997; Hysell, 2006). By examining range profiles of QP instability in the Northern Hemisphere is explained in Fig. 1.
echo Doppler velocity presented by various authors, a waveThe pink and purple strips represent sheets of ionization
length in the perpendicular tB direction can be inferred. elongated along the northwest to southeast axis, with a rela-
From Yamamoto et al. (1991), we estimate 8 km. From Tsun-ive altitude displacement. The pink strip is at an altitude of
oda et al. (1998), we estimate 18km. From Yamamoto etl06 km; the purple strip at 104 km; and the inner edges of the
al. (1998), we estimate 24km. We can also use the interstrips are connected by magnetic field lines. The white strip
ferometry results of Riggin et al. (1986), from which we es- that connects the inner edges of the colored strips does not
timate 18 km. (Note that in all cases we are estimating therepresent plasma, it merely represents the plane of magnetic
wavelength along thé’ direction of Cosgrove and Tsunoda field lines that connect the inner edges of the plasma strips,
(2002, 2003), which is what is applicable to the theory below,and serves as a surface on which to draw.the’, andz’
and described in Sect. 2.) Putting these estimates together weordinate axes.
find a wavelength range of 8-24 km, with a mean of 17km. Figure 1 is a schematic depiction of the unstable modes
Hence, the estimated wavelength for QP echoes is slightly(waves) of theE; layer instability in the Northern Hemi-
but not significantly less than the estimated wavelength forsphere. The waves are two-dimensional, with a symmetry
ionosonde observed frontal structures. direction which we denot&. Specifically, the symmetry di-

Finally, we give a few cautionary remarks regarding the rection is along the wave phase fronts, and horizontal. In
interpretation of this paper. The linear growth rate, in gen-Fig. 1 the symmetry direction is to the northwest, as an ex-
eral, applies to the growth of small perturbations about anample, but will be taken as a variable below. We define a
equilibrium configuration. Because of possible time varia- primed coordinate system as shown in Fig. 1, viitlalong
tion of the wind profile, there is some doubt about whetherthe magnetic field, y’ perpendicular to bothk andz’, and
the equilibrium configuration assumed herein will ever be x’=3"xZz’. The pencil indicates the direction §f, and we
obtained (Jones, 1989). This fact colors the interpretatioruse the figure to define the orientation of the coordinate sys-
of the results, and one possible effect is discussed in Sect. Fem. It is evident from Fig. 1 that the axis is connected to
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Fig. 1. Three-dimensional view of thg; layer instability geometry.

thex axis by the magnetic field lines. Therefore, fielirec- Figure 1 shows a westward wind at 106 km in altitude, and
tion is a symmetry direction for FLI quantities, and — under an eastward wind at 104 km. In general we choose a wind
the assumption that the electric field maps unattenuated field  with a constant meridional componeng, and a zonal
along B — for E also. By integrating alond we will ob- componentuz that varies linearly with altitude, wheue is

tain below a one-dimensional system of FLI quantities (mo-the wind shear, and is the altitude (positive downward).
ments), together with the electric field, which contains the Specifically,

essential dynamics of thg, layer instability. This system

is analogous to the system of moments defined by Perkin¥ =
(1973), which contains the essential dynamics of the Perkins = (ux 0S8’ cos8” — uz sing’)i’
instability. + (uy sing’ coss” + uz cosd’)y’

To round out our notation we define a few additional quan- + uy sind”z’, 1)
tities not shown in Fig. 1. Thé direction will be taken as
vertically downward, withy=z x x completing a right handed
system. The angle between the symmetry directiand the
northward, or equivalently betwegnand the eastward, will
be denoted, where we také to be positive for the azimuthal
orientation shown in Figl. (Figure 1 shows the special case
0=45°.) However, for mathematical convenience we will use
the angle’ betweeny’ and the eastward, to define the az-
imuthal orientation of the symmetry direction. Using the fact
that the symmetry directiafis constrained to be horizontal,
it is straightforward to show that tah=tan6’ cosd”, where
6" is the complement of the magnetic dip angle. These defi3 |nstability description in simplest case
nitions are the same as those given by Cosgrove and Tsunoda
(2002, 2003), and it is hoped that Fig. 1 will ease the task ofWe begin by describing the vertical equilibrium of &
visualizing the geometry, and the coordinate systems that arlayer. Assuming the winds to be horizontal, and no sig-
natural to it. nificant electric fields, the dominant contributor to vertical

uze +uyn

wheree andn are eastward and northward, respectively. The
wind sheaw is positive for the configuration of Fig. 1. The
wind field (Eg. 1) is an approximation to a rotational wind
shear, in the vicinity of theE layer equilibrium altitude in

the lower E region, which is at the zero of the zonal wind
(see discussion below). At higher altitudes the meridional
shear becomes important, and therefore use of the wind field
(Eg. 1) limits the applicability of this work to the lowet
region.

www.ann-geophys.net/25/1311/2007/ Ann. Geophys., 25, 1311-1322, 2007
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motion in the lowerE region steady-state ion velocity equa- That is, the configuration is stable. It is also easy to verify
tion is the termux B/(p; B), where p; is the ratio of the that the configuration is stable if is either meridional, or
ion-neutral collision frequency to the ion gyro frequency, andzonal. Therefore, the process predicts a unique orientation
B=B7' is the magnetic field. By “dominant” we mean that for unstable waves, which matches the observed orientation
other terms with vertical components are smaller by a factoirfor E layer frontal structures in the Northern Hemisphere. In
1/pi, andp;>>1 in the lowerE region. For the meridional the Southern Hemisphere the stable and unstable orientations
wind, ux B is horizontal. However, for a westward (east- are interchanged.

ward) directed windu x B has a downward (upward) com-  The growth rate for the instability process just described
ponent. Hence, in the loweE region, when there are no was derived by Cosgrove and Tsunoda (2002) as
background electric fields, plasma collects almost exactly at

the zero of the zonal component of the neutral wind, with ax = u sing’ cosd’ sing”
westward wind above and an eastward wind below ( White- piop

head, 1970). (Section 5 describes how to extend this analysignheres, andop are the Hall and Pedersen conductivities,
when there is a baCkgrOUnd electric fleld) In Flg 1, the equi-respective|y' at the altitude of the (assumed trmgnayer_
librium altitude is 105 km. The#’ dependence in Eq. (2) determines the orientation that
Consider the stability of the altitude perturbation shown in maximizes the growth rate. The derivation by Cosgrove and
Fig. 1, where the pink strip of plasma has been slide alongrsynoda (2002) also included a zeroth order meridional Hall
B up to 106 km, and the blue strip of plasma has been slidcyrrent, which is found to be important below, but which is
down alongB to 104km. The inset in Fig. 1 shows how not accounted for in the expression (2).
the two-strip configuration can be cascaded ad-infinitum, to  The above description explains the simplest possible con-
form a skewed-square-wave modulation of the layer alti-ception of theE, layer instability. However, the simplifica-

tude. We assume in this example that there is no meridionajions involved preclude consideration of the following very
wind (uy=0). Therefore, as shown in the figure, the raisedjmportant elements:

strip sees a westward wind, and the lowered strip an east-

ward wind, so that the collisional ions are driven away from 1. TheF layer constitutes an additional electrical load on
the white plane containing thB-field lines that connect the the E, layer generated polarization electric fields, which
inner edges of the strips. However, the magnetized (non-  greatly reduces their strength. This is a wavelength de-
collisional) electrons are not effected by the wind and remain pendent effect, due to the wavelength dependence of
behind, forming a layer of charge on the white plane, which electric field mapping along.

under the assumption that the conductance is infinite along

B, and that the strips are infinitely long, becomes an infinite 2. A meridional wind {y) can drive a strong meridional

OH

)

sheet of charge of thicknegs As the thickness/ grows, a current (a Hall current) in th& layer, which was found
polarization electric field builds up, which is directed toward, by Cosgrove and Tsunoda (2004a) to greatly enhance
and perpendicular to, the sheet charge. That is, the electric  the growth rate of thé layer instability in the presence
field on the pink layer side of the sheet charge is in the of an F-layer electrical load. This effect occurs because
direction, and the electric field on the purple layer side of ~ modulations in FLI density become coupled to altitude
the sheet charge is in they’ direction. This can be further modulations.

argued by noting that the polarization field must be perpen-
dicular to B, and perpendicular to the symmetry direction
X, the latter because charge density must be invariant under
translations in the symmetry direction.

The polarization electric field builds up until the wind-

driven ion drift alongy” is canceled_ Igy el_ectric-fie_ld-d_riven Item-3 has not been addressed by previous derivations of the
Pedersen drift.  The only remaining ion motion is the jinear growth rate, and analysis of the other effects has been

. ) . . ) ; )
W'n?]'drl'zlen on drlfthalorr:gx ',Wh!Ch remalﬂs completely quite limited. Therefore, we now proceed to a more complete
unchec ed. (Note that the wind is everywhere perpendicUyeriyation of the linear growth rate that includes all these ef-
lar to z’.) Therefore, the pink plasma strip will slide away fects.

from the equilibrium altitude along’, and the purple plasma
strip will slide away from the equilibrium altitude alorgt’,
that s, the equilibrium configuration is unstable to the pertur-4 - Growth rate for thick E; layer
bation shown in Figl.
If the entire configuration of Fig. 1 is rotated@&boutthe 4.1 Equilibrium configuration
vertical, so thatt is directed toward the northeast, then the
component of the wind driven ion drift aloigchanges sign, We begin by deriving the horizontally uniform equilibrium
and the plasma strips drift back to the equilibrium altitude. plasma configuration in the wind field (Eg. 1), assuming that

3. When the thickness of th&; layer approaches the
perturbation wavelength, it is evident from Fig. 1 that
the simple considerations employed in the description
above begin to break down.

Ann. Geophys., 25, 1311-1322, 2007 www.ann-geophys.net/25/1311/2007/
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generation, recombination, and gravity can be ignored. Horthe reduction of Eq. (4) to Eq. (5), is usually a good approx-
izontal uniformity means that all quantities — such as theimation for a magnetized plasma, as long as the geometry is
charge density and current — must be invariant under horinot elongated alon@. This motivates that we consider

zontal translations. Therefore, the plasma density gradient

and electric field must be vertical, and in steady state the ver£y = — Vn + 2 Bp.uy tand” (6)
tical current must be zero. The steady state ion and electron en
velocity equations can be written in the form as the zeroth order electric field, about which we apply a first
order perturbation analysis, so that perturbations in the am-
1 1 ~  Fy) . o . .
—vi=F; + —F; xb+ —%, bipolar electric field (which does not map aloB are in-
Aq pi A cluded in the zeroth order field. Examining Eq. (3) reveals
ive —F, — iFe % b+ M where that_assuming a zerot_h or_der elf-:ctric field of thg form (6) in
A Pe A the ion velocity equation is equivalent to doubling the tem-
E T Vn pl? perature, and adding a small constant vertical wind compo-
Fi=—+u-— —, A= ) Le "z
i Bp; eBp; n i ,0»2 1 nent o UN tang”z. - o
! ) We now use the result (Eq. 6) to derive the equilibrium
g -_E fu— r vm  _ P layer profile. Setting);,=0 and using Eq. (3) with Eq. (6)
" Bpe eBp, n ' ¢ p2+1 gives
3)

) _ ) 0=v;;, =(1— A;)uy sind” cosp” — ﬁuz sing”

wherep; (o.) is the ratio of the ion-neutral (electron-neutral) Pi

collision frequency to the ion (electron) gyro frequencis o s 2T dng  pe y

the absolute value of the charge on an electfois the tem- — (Ay i 9" + cos’d )eBpino oz T P tand™.
perature under the isothermal assumptidr=(;=T,), B is (7)
the magnetic field magnitudé,is a unit vector in the mag-

netic field direction,E is the electric fieldn is the plasma The Gaussian profile

density under the quasi-neutral assumptioa;=n.), and b o

vi (v.) is the ion (electron) velocity. To get the equi- 7o = Ago—=€ 7 ¢7%0 (8)
librium electric field we set the vertical current to zero v

(J;=en(vi;—v.;)=0), using Egs. (3) and (1), and solve for satisfies Eq. (7) with

the electric field, which gives

uy cosd” 3 eBu sing”

B = Z0 = 7( > + copse”)’ and b? = — 9)
. =T 0dng_ A A;i . 1 1 : :
3 — (==L sin 0"+ (—— ) cof 6] whereAqg is a constant, and where we have Agt1 in the

eBnoG 9z = pe  pi e Pi final result, which in the lower E region is valid to second
+2(Ai_Ae)ul sing” cos@”+2(ﬁ+ﬁ)iz sing”, order in %. Equations (8) and (9) give the equilibrium
G P Pe layer profile.
where
G— %[(&Jrﬁ) sin29”+(i+i) 020", ) 4.2 Linearized equations of motion
Pe  Pi Pe  Pi

In general form, theE; layer instability involves the mo-
ments of ank; layer taken alond, in the wind field (Eq. 1),
with electrical loading due to partial mapping &f layer
generated polarization electric fields to the F layer. Specifi-
cally, we define the moments as

and whereng is the equilibrium plasma density distribution.
As long as% cog 0”1 (i.e., as long as the magnetic field
lines are not horizontal), the last term is negligible when
Eq. (4) is used in the ion velocity equation (3), and therefore
we drop it. Similarly, as long as the magnetic field lines are

not horizontal, the remaining terms are well approximated by A = /dz/ n(z — zhy) where

E, ~3;_L0m0  .p tang” 0 I=k
ng =235 T IDPUN _ = -
_e;o 0z hy = { 1 otherwise andz = A1/ Ao, (10)
= —Vng+ ZBp.uy tano”. 5 ) . e
eng 0T ZBpeUN ©) wheredz’ denotes integration along the magnetic fields

_r . . the altitude (positive downward), ands theE; layer plasma
The term .-V is commonly referred to as an ambipolar density distribution. The values @f andp, (which appear
electric field, which more generally takes the fofgh Vi, under the integralf dz’ in the equation of motion for,)

for a plasma density. The general form;—nTVn applies  will be approximated as the values at the equilibrium altitude
strictly only to an unmagnetized plasma, but as evidenced byf the E layer. (Note that the" layer would appear stable

www.ann-geophys.net/25/1311/2007/ Ann. Geophys., 25, 1311-1322, 2007
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under this approximation (no Perkins instability), whereas
in the case of the&; layer the effect of the variation of the

wind velocity with altitude completely dominates the effects
of the variations of the collision frequencies with altitude.)
To follow this section it is important that the reader first read

Sect. 2, which contains a discussion of the geometry and a

R. B. Cosgrove: Wavelength dependence of the linear growth rate Bf tager instability

1,
—sing’) —
Pi

+ uz(cost’ +

T
eBpin 97"’

Vi = uy Sing” + (14)

definition of the coordinate system and other quantities to be

used in the derivation below.
The equation of motion for theh moment is derived as

dA[ _ d / — !
& = E/dx n(z — zhj1)
dn _ _ dz
_ P _ I _ / _ 1-1-%
= /dz & (z — zhin) /dz nl(z — Zhi1) o hia

_ dz
- / dz’ (V- nv;)(z — Zhin)' — Ly A

- / dz' [V - (nvi(z — Zhin)') — nv; - V(z — Zhin)']

dz
— [—hj1hipA_1, 11

g A (11)
where the third equality uses the ion continuity equation,
with v; the ion velocity, and the fourth equality uses inte-
gration by parts.

Using the geometric relationship

z = —x'cosd’ sing” — y'sind’ sing” + z’ cosv” (12)

in Eq. (11) gives

dz
—ld—hllhzzAz 1

- / A2’ nviy (2 — Zhip)!

dA;

dr

- cos@’sin@”/dz’nvix/l(z —zhp)'t
. . 0z
— (sinf’sind” + a_yz/hll) / dz’ nviyl(z — zhy)'

+ cost” / dz’ nvil(z — zhn)' L, (13)
where we have used the fact that FLI quantities are invarian
under translations in th& direction.

Using the steady state ion velocity equation (3) along with
the assumed form (1) for the neutral wind field we obtain the
following for the ion velocity components:

1 _ " /
— v = Uy C0SH"(CosH” +

i

1 H /
— sing’)

i

., 1 E,
— uz(sing’ — cos@ )+ —
Bpi
T 8n 1 8n) E,
eBpin 0x’ ,0 ay’ B,o 2’

1 _ I (i /
A—viy/ = uy Ccosf”(sing" —

i

cost’)

Ann. Geophys., 25, 1311-1322, 2007

where the subscripts identify the components of the vector

quantities.
In addition, we need the relations

d .
/dZ/ (z— Zhll)la_n/ = c0s9’sind”"1A;_1h2,
x
on
dz’ (z — zhj)' — =
/ 2 (z — zhi1) 3y

0A; 0! einn! 0z
— 4+ (SinB"sin8” + —hj1)lA;_1hy2,
ay’ ay’

d
dz’ (z — zh,l)la—”/ — — cost"lA;_1hia, (15)
z
which can be derived using Egs. (12) and (10).
We consider first the equilibrium condition
dA; 0A;
— =0, — =0, E=E 16
dr 8 ! o (16)

Substituting Egs. (14), (15), (16), and (6) into Eqg. (13), gives
the equilibrium moments

uy cosd” De
A = — A 5
0= cos@”) 00
Az = 21 A
207 eBusing” "%
A3g=0, and for/ > 3
A= ——1—-DAy-2o0, 17
0= s (= DAg—20 a7)

whereA; has been set to 1 in the final result. It can be verified
that the moments (17) also determine the Gaussian profile
Eqg. (8) with Eq. (9).

To analyze the stability of the system, consider perturba-
tive deformations
tAl =Ap+6A;, E=Eg+ )A)/(SE),/, with

5A; = AAEY | SE, = EdY, (18)

whereAq is given by Eq. (17)Ey is given by Eq. (6), and
we will assume that the polarization electric fiéld,, maps
unattenuated along in the region of significanE; density.

It was argued in Sect. 4.1 thaE,» must be in they’ direc-
tion. To determineE we consider the zeroth moment of the
current continuity condition

/dZ/V'J=JH+/dZ/VJ_'J

a
=J+ a_yl / dz’ Jy = 0, (19)

www.ann-geophys.net/25/1311/2007/



R. B. Cosgrove: Wavelength dependence of the linear growth rate @tleyer instability

where/J is the current density carried by ti&g layer plasma,

andJj is the current flowing up the magnetic field lines, con-

necting theE, layer with theF layer. To get/; we use the re-

sults of Cosgrove and Tsunoda (2004b) to compute the loaddAA;

ing conductanc&; seen by the layer, due to the" layer,
such that

d d
JH = /dZ/ VL . JF = a—y//dz’ JFy/ = a—y/(SEy/EL, (20)

whereJ r is the current density carried by the F layer plasma,

caused by partial mapping éf£, to the F layer. Simple
circuit theory applied to the circuit model given in Fig. 5 of
Cosgrove and Tsunoda (2004b) gives

1 1

C 2Ro+Rr K2y L 4L

> (21)

whereX pr is the field line integrated layer Pedersen con-
ductivity, op is the field aligned conductivity, anfj, denotes
integration along the magnetic field line betweenEydayer

1317

and keeping only the first order terms, gives the linearized
equations of motion

+1

& = > M AAy. (24)
m=0

where the elementsf;" of the matrixM are constants. If

the system were closed, that is,Nf. =0 for k</, for some

[, then the system growth rates would be the real parts of

the eigenvalues of the square matkilx and the associated

growing modes would be the eigenvectors.

However, the system (24) is not closed in general. Cos-
grove and Tsunoda (2002) obtained a closed system by as-
suming an infinitely thin layer, so that,=0. This is appro-
priate when the wavelength is much greater than the layer
thickness. Here, a less drastic approximation is desired, so
that the thick layer effects that determine the short wave-
length cutoff of theE layer instability will be accounted for.

In general there is no justification for settimy=0 for
somel, and the system is not closed. Instead, we will fol-

and theF layer. (Although the top of the integration range low the approach commonly used to close the system of fluid
may seem somewhat ill defined, the integral is dominated byequations derived from kinetic theory. Specifically, the
the low altitude contribution, where the boundaries are welllayer profile will be expanded about a Gaussian as a sum of

defined.)

Subtracting the electron velocity from the ion velocity
gives the the usual Ohms law, which in the polarization elec-

tric field aligned direction appears as

Jy = en(viy — veyr)
=n(Ey +uyB)oy +n(Ey —uyB)op
on on
+ T(OIHW +0lp8—y/), where
op = € Pe € pi ’
B1+p?2 B1l+4p?
- e 1 e 1 22)

§1+,Oe2 _El—i—piz’

nop is the Pedersen conductivitygy is the Hall conduc-
tivity, and in the altitude range of interegp~—op /e, and
ap~op/e. Substituting Egs. (22), (20), (18), and (6) into
Eqg. (19) and solving foE gives

AAq

E = —uB(op Sing’ cosh ) —————
uB(op +on )EPE+2L

AAg
Ype+ 2L

(23)

+ uyB(op cosh’ cosh” — og sind’ cosh”)

2Tk AAog
+i1——o0op

e SrE+ 2L

where a term smaller by a factor pf has been dropped,
andXZ pg=op Agois the equilibrium field line integrated con-
ductivity of the E; layer. Substituting the velocity expres-

Hermite polynomials:

N
n=n1y  Hu(b(z— ). where
m=0
b _
ni= Aooﬁe_bz(z_z)z,

a1 = 0, and otherwiser,, = a,,(y"). (25)

The stipulationz;=0 is made so thag can be used to define
A1, consistent with Eq. (10). The notatiof),=a,, (y’) indi-
cates that,, is a function ofy’ only, so that Eq. (25) defines
the profile along lines perpendicular

Becausefp=1, the expansion (25) reduces to a Gaussian
when{«,,=0/m>0}. The Hermite polynomialé7,,(x) sat-
isfy the orthogonality relation

o0 2
/ dxe ™ H,(x)H,(x) =n! 2"/ 8. (26)

—00
The completeness of Hermite polynomials, combined with
the orthogonality relation (26), provide a canonical polyno-
mial expansion about a Gaussian layer profile. It is phys-
ically reasonable to model the layer by the expansion (25)
for some finiteN. Doing this defines a representation of the
momentA y 1 in terms of a linear combination of lower or-
der moments. Because the relationship is linear, it applies
also to the moment perturbations4;, thus closing the lin-
ear system (24) in a physically reasonable way.

Specifically, write(z—zhx1)X in terms of a sum of Her-
mite polynomials:

sions (14), the moment relations (15), the perturbative de-

K
formations (18) with Eq. (17), and the electric field expres- . _ -, K _ H.(b(7 — 7)) B"
sions (6) and (23) into the time derivative expression (13),(Z Zhxa) 2:: n(b(z=2) By
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(27)
n=0
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for 1/2 km thick layer, without F region loading (solid line). The Fig. 3. E layer instability growth rate as a function of wavelength
dashed line shows the growth rate computed from the formula giverfor 1/2 km thick layer, with wavelength dependent F region loading.

by Cosgrove and Tsunoda (2002).

computed using the simple analytical expression (2) (dashed

Substituting Egs. (27) and (25) into the moment definition ine). It is normally not a good approximation to ignore F

(10) and using the orthogonality relation (26) gives

N
Ag = Z M%a,,, where
m=0
m! 2" Ago
cosh”

which is valid for anyK . Therefore, defining th& x N ma-
trix D with elementsD;"=M;", the lengthNV vector A with
elementsA;, and the lengthV vector e with elementsy;,
gives the invertible relation

Mg = By , Mg =0form > K, (28)

A = Da. (29)
Inverting Eq. (29) and substituting into Eqg. (28) with
K=N+1 gives
N N
Avg1= )Y My D1 AL (30)
m=0[=0

The Ilnear relaﬂqn (30) will be used to close the I!nearlzed The growth rate has
equations of motion (24) at théth moment. In practice, we

layer loading, and this figure is mainly for the purposes of
comparing the result of the derivation given here with that of
Cosgrove and Tsunoda (2002). The parameres230 °k,
pi=24,0y /0p=21,0'=45, and9”=45° are used in all fig-
ures in this paper. Figure 2 employs the additional choices
u=32m/s/km, andzpr=0. WhenXpr=0, the value for
Agp cancels out of the growth rate expression. Figure 2
shows that the growth rate matches Eq. (2) very well down to
a wavelength of about 20 km, below which it drops off pre-
cipitously, becoming zero at about 5km. Whe>0 (and

¥ pr=0) the curve (not shown) is nearly identical with that
in Fig. 2, but is not strictly below the value computed from
the simple analytical expression. The effect@gfon the lin-

ear growth rate is insignificant whenp =0, but becomes
very important for realistic values & p .

The effect of wavelength dependeft layer loading is
shown in Fig. 3. The parameters for the solid curve in
Fig. 3 are the same as in Fig. 2, exceptr=0.23 mhos,
»pp=0021mhos, and Af, ==895x10-8mhoym?.
been normalized by the wind shear in
units of s'1, that is by 0032. As the wavelength decreases

close the system after 14 moments, which is more than suffithe F layer loading decreases, according to Eq. (21), leading

cient for convergence. As mentioned above, the real parts o{

0 a growth rate maxima at a wavelength of about 6 km, just

the eigenvalues of the resulting system are the linear ngﬂ?;\bove where the growth rate plunges to zero. The wind shear

rates.

5 Results

u=32m/s/km creates a 500 m thick equilibriuRy layer.

(By layer thickness we mean the value that when multiplied
by the peak density, gives the height integrated density.)
This rather thin layer allows relatively short wavelength

The results for the growth rate as a function of wavelength(5 km) modes of the, layer instability.

when the F layer loading effect is ignore& £-=0) are

The short wavelength cutoff of the instability occurs be-

shown in Fig. 2 (solid line), together with the growth rate cause when the wavelength becomes comparable to the layer

Ann. Geophys., 25, 1311-1322, 2007
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thickness, the effective geometry is no longer that of an in- -3
finitely thin layer. To investigate the dependence of the cut- 5
off wavelength on layer thickness, the growth rate normal-
ized by the wind shear (in units of ) is plotted in Fig. 3,
for layer thicknesses of 500 m, 1 km5km, and 2km. The
layer thickness is varied by varying the wind shear. Fhe
region and field aligned parameters are kept the same. By o 3|
Eq. (2), the growth rate for an infinitely thin layer is pro- §
portional to the wind shear, so that normalizing by the wind
shear provides quantities that can be compared with respecs 2}
to the wave length dependence caused by the thickness o &
the layer. Figure 3 shows that for layers of thickness 500 m,
1km, 15km, and 2 km, the maximum growth rate occurs at
wavelengths of 6 km, 14 km, 25 km, and 34 km, respectively.

For reference, the equilibrium layer thickness is plotted ‘ ‘ ‘
versus wind shear in Fig. 6. The wind shears used in Fig. 3 0 500 1000 1500 2000
are 32 m/s/lkm, 8 m/s/km,.@m/s/km, and D m/s/km. The Layer Thickness (m)
associated minimum e-folding times (inverse of growth rate
maxima) are B min, 15min, 29 min, and 46 min, respec-
tively. It is interesting to note that an e-folding time of, Fig. 4. Es layer instability growth rate as afunct.ion of layer thick-
for example, 29 min, which occurs for a wind shear of only ness, with wavelength dependent F region loading, for wavelengths
3.6 m/s/km, is not prohibitively long. of Skm and 25 km.

While some of the wind sheers used are very small, we

have elected to present the results in Fig. 3 organized by layer d ts of frontal struct h di
thickness out of the belief that it is the layer thickness, ang'onosonde measurements ot Irontal structures, such as dis-

not the wind shear, which is the fundamental determiner Ofcussed in the introduction. We also note that if a physical

the wavelength dependence. That is, in a realistic situatiorP"°Cess with a well defined wavelength is involved in initiat-

where the layer may not be in equilibrium, because insta-"9 the growth of unstable waves, then this “seeding” mech-

bility growth occurs before equilibrium is achieved, or due anism will be an important determiner of the observed wave-
to time dependence of the wind shear node altitude (Joneé?ng.th'
1989), or of the wind shear strength, or if there is some sortof Figure 5 shows contour plots of the 25km wavelength
anomalous diffusion process, etc., then the layer may be sutfrowth rate versegy /(¥pp+%.), and southward wind,
stantially thicker than the equilibrium value computed here.Where the latter is represented by the effective eastward elec-
In such cases we expect the layer thickness, and not the irffic field £7,, which in this case equaisuy B cos’. (Use of
stantaneous wind shear, to determine the wavelength deped=,, allows generalization of the results, because in general
dence of the electrodynamical response. the growth rate depends on the zeroth order meridional Hall
In Fig. 4 the growth rate is plotted versus the layer thick- current in theE layer, whether it is driven by a southward
ness for two different wavelengths, 5km and 25km. Otherwind, an eastward electric field, or any combination thereof
parameters are the same as stated above. The result sholfsosgrove and Tsunoda, 2004a).) Panel (a) shows the re-
that although the growth rate for 5km waves is quite a bitsults for a 1 km thick layer, and panel (b) for a 500 m thick
larger than the growth rate for 25 km waves when the layerayer. Other parameters are maintained as above. Figure 5
thickness is 500m or less, the reverse becomes true as ttfhows some threshold conditions for tBelayer instability.
layer gets thicker. In fact, 5km waves are stabilized whenEspecially, it shows the importance of the effective eastward
the layer thickness exceeds about 900 m, while 25 km waveslectric field at thef layer altitudeE’, in destabilizing the
maintain a substantial growth rate for much thicker layers.layer. In fact, for the fairly large rati@€y /(£ pe+21)=3,
Given the fact that actudl, layers may not often be in ther- the layer is stable if£],=0. This indicates that the sim-
mal equilibrium, such as discussed in the previous paragrapHle physical description of th€; layer instability given in
this suggests that 5km may be a significant underestimat&ect. 3 is overly simplified, because it considers only alti-
of the realistic preferred wavelength of ti#g layer insta-  tude modulation, and omits FLI density modulation. The lat-
bility, in spite of the fact that instantaneous wind shears ofter generates polarization fields when there is a zeroth order
32 m/s/km (500 m equilibrium thickness) are frequently ob- meridional current (generated /), which leads to an in-
served (Larsen et al., 1998; Larsen, 2002). Therefore, alteraction with altitude modulations.
though not predictive, the results here are consistent with The equivalence between winds and electric fields can
the 17 km mean wavelength associated with QP echoes, arlte used to generalize the results to conditions involving
with the 24km mean wavelength associated with spacedackground electric fields. The “effective” electric field is

—5km
---25km
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Fig. 6. Equilibrium E; layer thickness versus wind shear.

are representative of summertime with low solar activity.
For theE; layer integrated conductivity we assumed a 1 km

2 Cpet2)

1

Fig. 5. Contour plot of theE; layer instability growth rate as a

function of the meridional wind y, and of the integrated conduc-
tivity ratio Xy /(Zpg+Xy), for a 25 km wavelength. Pan@) is
for a 1 km thick layer, and panéb) for a 1/2 km thick layer. The
growth rate contour lines are labeled in units gf 1Stable regions
are seen below the contour lines labeled 0.

6

thick layer with a density of 78 m=3, which gives a total
electron content (TEC) of 6m~2. This choice is mo-
tivated by Figs. 7 and 8 from Miller and Smith (1978),
who compiledE; layer statistics from high resolution in-
coherent scatter measurements made by the Arecibo obser-
vatory. In addition, Wakabayashi et al. (2005) computed
the TEC from impedance probe measurements made dur-
ing the SEEK?2 rocket campaign, and found values exceeding
10" m~2for both rockets. Using; =24 andB=4.4x10"°T
givesX p=0.021 mhos.

Summary of conclusions and results

This work contains the following conclusions and results

with respect to the, layer instability:

E'=E+ux B, whereu is the neutral wind velocity. As long

as the effective electric field and the shear in effective electric
field are the same, then the layer response will be the same,
up to an overall horizontal velocity offset. The equilibrium
altitude will be at the zero of the meridional component of
the effective electric field. (These conclusions follow under
the assumption that all winds are horizontal.)

The choices for the field line integrated layer conduc-
tivity, and field aligned conductivity profile, were made by
appealing to the International Reference lonosphere (IRI)
(Bilitza, 1990) and COSPAR International Reference Atmo-
sphere (CIRA) (Rees, 1988) models. To do this the web
cite maintained by the World Data Center, Kyoto, was used,
which outputs the integrated conductivity as a function of
season, sunspot number, latitude, longitude, etc. The num-
bers £pr=0.23mhos and 1/, U—10:8.95>< 108 mhoym?

Ann. Geophys., 25, 1311-1322, 2007

1. The linear growth rate has a short wavelength cutoff
that increases as the equilibrium layer thickness in-
creases, or equivalently, as the background wind shear
decreases.

2. The wavelength that maximizes the linear growth rate

also increases as the layer thickness increases.

3. The large wind shears that have often been observed by
rockets would, under the idealized conditions assumed
here, lead to layer thicknesses of 500m or less, and
growth rate maxima at wavelengths somewhat shorter
than normally observed\6 km).

4. However, with respect to item 3, we conjecture that
layers do not normally achieve equilibrium, and hence
are thicker than expected from the instantaneous wind

shear.
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5. We further argue that the layer thickness is the salientCosgrove, R. B. and Tsunoda, R. T.: Simulation of the nonlin-
feature in determining the wavelength dependence of ear evc_>|utic_>n of _the sporadig-layer instability in the night-
the electrodynamical response, and that therefore the time midlatitude ionosphere, J. Geophys. Res., 108(A7), 1283,

nonequilibrium layer thickness conjecture leads to the d0i:10.1029/2002JA009728, 2003. N
observed wavelengths @f, layer fronts. Cosgrove, R. B. and Tsunoda, R. T.: Instability of theF cou-

pled nighttime midlatitude ionosphere, J. Geophys. Res., 109,

6. A three-dimensional paper model has been used to de- A04305, doi:10.1029/2003JA010243, 2004a. .
. . o . Cosgrove, R. B. and Tsunoda, R. T.. Coupling of the
scribe the geometry of the instability, and to give a more

. . . . Perkins instability and the sporadiE layer instability de-
visual restatement of the physical mechanism originally .« from physical arguments, J. Geophys. Res., 109, A06301,

described by Cosgrove and Tsunoda (2002). doi:10.1029/2003JA010295. 2004b.
o N Goodwin, G. L. and Summers, R. NE; layer characteristics de-
7. The role of FLI conductivity modulatiort{ ,) has been termined from spaced ionosondes, Planet Space Sci., 18, 1417—

reexamined, in light of the result in Cosgrove and Tsun- 1432, 1970.

oda (2004a), and found to be one of critical importance Huang, C. and Kelley, M. C.: Numerical simulation of gravity wave
to the E; layer instability. This means that the descrip-  modulation of midlatitude sporadiE layers, J. Geophys. Res.,
tion of the physical mechanism of instability given in ~ 101(A11), 24 533-24 543, 1996.

Sect. 3, although of pedagogical significance, is incom-Hysell, D. L., Yamamoto, M., and Fukao, S.: Simulations of
plete, and should be augmented by a notion of coupling plasma clouds in the midlatitude region ionosphere with im-

. . . lications for Type | and Type |l quasiperiodic echoes, J. Geo-
between altitude modulations and FLI-density modula- P yp ype Il quasip ’
tions y phys. Res. 107(A10), 1313, doi:10.1029/2002JA009291, 2002.

Hysell, D. L.: Presentation at the CEDAR workshop in Santa Fe,

The results are derived within the framework of the linear New Mex'cf” 2006 . . . ) .
Jones, K. L.: Mechanisms for vertical separation of ions in

growth rate 9f ,thEES Iay_er,inStab”itY’ Whi_Ch by deﬁn,ition sporadic£ layers, J. Atmos. Terr. Phys., 51(6), 469-476, 1989.
assumes an initial equilibrium configuration, and which haSKeIIey, M. C. and Gelinas, L. J.: Gradient drift instability in midlat-
diminishing relevance when the background conditions are jyde sporadic layers: localization of physical and wavenumber
time-varying (Jones, 1989), and/or when evolution proceeds space, Geophys. Res. Lett., 27(4), 457-460, 2000.

into the nonlinear regime. Although it is difficult to study Larsen, M. F., Fukao, S., Yamamoto, M., Tsunoda, R., Igarashi, K.,
these complicating effects in general, simulations can be and Ono, T.: The SEEK chemical release experiment: Observed
used to study specific, judiciously chosen examples. Work of neutral wind profile in a region of sporadl, Geophys. Res.
this sort is underway, in order to verify the relevance of the ~Lett, 25, 1789-1792,1998. _ _ _
above results. The reader is referred to Cosgrove and Tsurk:2rsen, M. .. A shear instability seeding mechanism for quasi-
oda (2003), and Cosgrove (20679r numerical simulations periodic radar echoes, J. Geophys. Res. 105, 24 931-24940,

. 2 2000.
of the E; layer instability. Larsen, M. F.: Winds and shears in the mesosphere and lower

] o thermosphere: Results from four decades of chemical re-
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