
HAL Id: hal-00318229
https://hal.science/hal-00318229

Submitted on 18 Jun 2008

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

A numerical study on the impact of nonlinear
interactions on the amplitude of the migrating

semidiurnal tide
C. M. Huang, S. D. Zhang, F. Yi

To cite this version:
C. M. Huang, S. D. Zhang, F. Yi. A numerical study on the impact of nonlinear interactions on
the amplitude of the migrating semidiurnal tide. Annales Geophysicae, 2006, 24 (12), pp.3241-3256.
�hal-00318229�

https://hal.science/hal-00318229
https://hal.archives-ouvertes.fr


Ann. Geophys., 24, 3241–3256, 2006
www.ann-geophys.net/24/3241/2006/
© European Geosciences Union 2006

Annales
Geophysicae

A numerical study on the impact of nonlinear interactions on the
amplitude of the migrating semidiurnal tide

C. M. Huang1,2, S. D. Zhang1,2, and F. Yi1,2

1School of Electronic Information, Wuhan University, Wuhan, HUBEI 430079, People’s Republic of China
2Laboratory of Geospace Environment and Geodesy, Wuhan University, Wuhan, HUBEI 430079, People’s Republic of China

Received: 15 June 2006 – Revised: 11 September 2006 – Accepted: 24 November 2006 – Published: 21 December 2006

Abstract. To quantitatively study the effects of nonlinear
interactions on tide structure, a nonlinear numerical tidal
model is developed, and the reliability and convergence of
the adopted algorithm and coding are checked by numeri-
cal experiments. Under the same conditions as those em-
ployed by the GSWM-00 (Global Scale Wave Model 2000),
our model provides the nonlinear quasi-steady solution of the
migrating semidiurnal tide, which differs from the GSWM-
00 result (the linear steady solution) in the MLT region, es-
pecially above 100 km. Additionally, their amplitude differ-
ence displays a remarkable month-to-month variation, and its
significant magnitudes occur during the month with strong
semidiurnal tide. A quantitative analysis suggests that the
main cause for the amplitude difference is that the initial mi-
grating 12-h tide will interact with the mean flow as well as
the nonlinearity-excited 6-h tide, and subsequently yield a
new 12-h tidal part. Furthermore, our simulations also show
that the mean flow/tidal interaction will significantly alter the
background wind and temperature fields. The large magni-
tudes of the tidal amplitude difference and the background al-
teration indicate that the nonlinear processes involved in tidal
propagations should be comprehensively considered in the
description of global atmospheric dynamics in the MLT re-
gion. The comparisons among our simulations, the GSWMs
and some observations of tides suggest that the nonlinearity-
induced tidal structure variation could be a possible mecha-
nism to account for some discrepancies between the GSWMs
and the observations.

Keywords. Meteorology and atmospheric dynamics (Gen-
eral circulation; Middle atmosphere dynamics; Waves and
tides)

1 Introduction

Atmospheric solar tides (hereinafter tides) are global-scale
waves with periods which are the harmonics of a solar day.
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Tides are usually generated by thermal heating (through pro-
cesses such as the absorption of solar radiation) in the tropi-
cal troposphere and stratosphere. They can freely propagate
up and away from their source region, and transport energy
and momentum to upper altitudes, leading to the coupling
between the lower atmosphere and the middle and upper at-
mosphere. Due to an exponential decrease in atmospheric
density, tides have large horizontal wind amplitudes (several
tens of ms−1) and become one of the most striking features in
the mesosphere and lower thermosphere (MLT) (Vincent et
al., 1989; Morton et al., 1993; Hays et al., 1994; McLandress
et al., 1994). They are believed to play an important role in
the large-scale circulation patterns and strongly modulate the
propagation conditions experienced by upward propagating
gravity waves in the MLT. Besides the dynamics, tides can
also significantly influence the chemistry of the MLT region
(Forbes et al., 1993; Smith, 2004). By definition, the mi-
grating tides are a subset of tides propagating westward with
the apparent motion of the Sun, with zonal wave numbers

equal to the frequencyn in cycles per day. The migrating
tidal component with a frequencyn=2 is named the migrat-
ing semidiurnal tide, which is one of the most prominent tidal
components found in the MLT.

The seasonal and geographic characteristics of tides have
been experimentally studied over the last three decades with
measurements of both satellite (Hays et al., 1994; McLan-
dress et al., 1994; Burrage et al., 1995; Khattatov et al.,
1996; McLandress et al., 1996; Palo et al., 1997; Bruinsma
et al., 2002; Manson et al., 2002a; Shepherd and Fricke-
Begemann, 2004) and ground-based instruments, including
MF radars (Khattatov et al., 1996; Palo et al., 1997; Vin-
cent et al., 1998; Pancheva et al., 2002; Namboothiri et al.,
2004; Zhang et al., 2004; Riggin et al., 2003), VHF radars
(Yi, 2001), Meteor radars (Pancheva et al., 2002; Batista et
al., 2004), Lidars (Williams and She, 1998; States and Gard-
ner, 2000; Kumar et al., 2003; She et al., 2003; Shepherd and
Fricke-Begemann, 2004) and Incoherent-Scatter radars (Palo
et al., 1997). Although global ground-based observational
campaigns (Pancheva et al., 2002; Palo et al., 1997; Man-
son et al., 1999; 2002b; 2004) and satellite observations have
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significantly increased the amount of data available for tidal
analysis on a planetary scale in the past few years, the obser-
vations are still not capable of providing a fully global, con-
tinuous characterization of tides, due to their limited spatial
and temporal coverage (e.g. the satellite observations have
poor local time coverage, whereas the ground-based obser-
vational instruments have some irregularity in latitudinal and
longitudinal coverage). Since modeling work can be a help-
ful supplement to observations, many efforts have been un-
dertaken to develop tidal numerical models.

Atmospheric tides have been studied extensively with lin-
ear models for more than 30 years. Since the development
of classical tidal theory in Chapman and Lindzen (1970),
increasing complexities were systematically introduced to
2-D linearized, steady-state numerical models as in Forbes
(1982), Vial (1986), Hagan et al. (1995, 1999, 2001), Hagan
and Forbes (2002, 2003), and Wood and Andrews (1997), to
take into account the zonal-mean zonal wind and temperature
as a function of latitude and height, thermotidal heating, and
dissipation processes. The GSWMs, i.e. GSWM-95 (Hagan
et al., 1995) and the sequential updated versions GSWM-98
(Hagan et al., 1999), GSWM-00 (Hagan et al., 2001) and
GSWM-02 (Hagan and Forbes, 2002, 2003), are the most
widely accepted numerical tidal models. These models have
been quite successful in reproducing some observed features
of the vertical, latitudinal and seasonal structures of atmo-
spheric tides.

Although in the later versions of GSWMs, the impact of
the gravity wave breaking on tides is parameterized, the serial
GSWMs are essentially 2-dimensional, linearized, steady-
state numerical tidal and planetary wave models, which ex-
tend from the ground to the thermosphere. It is well known
that in the MLT, large tidal amplitude may lead to many non-
linear effects, which cannot be described appropriately by the
linearized GSWMs. In fact, a number of tidal observations in
different latitudinal regions (Burrage et al., 1995; Palo et al.,
1997; Oberheide et al., 2000; Bruinsma et al., 2002; Grieger
et al., 2002; Pancheva et al., 2002; She et al., 2003; Batista
et al., 2004; Zhang et al., 2004) showed obvious discrepan-
cies from the GSWMs, especially at altitudes above 90 km,
where larger tidal amplitudes appear and have the potential
to lead to a stronger nonlinear interaction. The effect of the
nonlinear interaction is not clear and needs to be investigated.

As for nonlinear tidal models, some tidal investigations
with General Circulation Models (GCMs) (e.g. Fesen et al.,
1993; Miyahara et al., 1993; Miyahara and Miyoshi, 1997;
Grieger et al., 2002) have provided important insights into
wave-tide and tide-mean flow interactions, which are unre-
solved in a linear tidal theory. Moreover, some excellent
work on the nonlinear calculation of the semidiurnal migrat-
ing tide has been done by Angelats i Coll and Forbes (2002).
They reveal that the nonmigrating semidiurnal tides in the
MLT can be generated by nonlinear wave-wave interaction
and provide a distinct physical explanation. In particular,
their work demonstrates the zonal mean zonal winds driven

by dissipation of the semidiurnal tide and verifies the im-
portance of tides on the thermospheric mean circulation, in
accordance with the work by Miyahara and Wu (1989) and
Miyahara et al. (1991).

For exploring the impact of nonlinear interactions on tidal
structure, we developed a nonlinear numerical tidal model,
and presented comparisons between the nonlinear propaga-
tion solutions from this model and the linear steady-state so-
lutions from the GSWM-00. For the convenience of com-
parison, here we try to keep all the calculation conditions
(including the prescribed background, the polar boundaries,
etc.) consistent with the GSWM-00, except that the non-
linear terms are retained in order to ensure that the differ-
ences between them mainly come from nonlinearity. Ini-
tialized by the GSWM-00 results, our nonlinear tidal model
can present tidal propagation solutions while the GSWM-00
provides steady-state tidal solutions. Therefore, for the con-
venience of comparison with the GSWM-00, we obtain the
tidal amplitudes by using a cosine function to fit the propaga-
tion solutions (detailed illustration can be found in Sect. 2.4)

The paper is organized as follows. In Sect. 2, our numer-
ical tidal models, mainly including governing equations, ini-
tial values, boundary conditions and processing algorithm,
are introduced in detail. In addition, the model examination
by comparing our linear model results and the GSWM-00 is
carried out. Section 3 gives the nonlinear simulation results.
The numerical convergence of our linear and nonlinear tidal
models is verified by simulations starting from zero tidal os-
cillations in the next section. Sections 5 and 6 are, respec-
tively, devoted to discussions and conclusions. The technical
details of our numerical algorithm can be found in the Ap-
pendix.

2 Numerical models

2.1 Governing equations

Our nonlinear tidal model is similar to the GSWM-00,
but with that the linear assumption, namely tidal fields are
considered as small perturbations on a basic state, and the
hydrostatic assumption are removed. Other basic assump-
tions of the GSWM-00 are retained: the Earth is assumed to
be a smooth sphere and the atmosphere is assumed to be a
compressible, shallow perfect gas; tidal fields are treated as
perturbations on the initial given basic state that is a purely
zonal flow dependent only on latitude and altitude, and the
zonal mean meridional and vertical winds are neglected.
Therefore, the Navier Stokes equations can be written as
below:
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where t is local time; r(6371 km≤r≤6507km), λ

(0◦≤λ≤360◦) and ϕ (−90◦≤ϕ≤90◦) are vertical (positive
upward), zonal (positive eastward) and meridional (posi-
tive northward) coordinates, respectively;u, v, w are the
eastward, northward and vertical velocities, respectively;
ρ, T are the density and temperature;u′,v′,w′ are the per-
turbation eastward, northward and vertical velocities, re-
spectively;T ′ are the perturbation temperature;u0, ρ0, T0
are the zonal mean wind, background density and tem-
perature, respectively;R=286.9821N·m/kg·K is the gas
constant; cv=718 J/kg·K is the heat capacity at constant

volume; cp=cv+R is the heat capacity at constant pres-
sure; γ=cp/cv; �=7.292×10−5Rads−1 is the Earth’s ro-
tation rate;a=6371 km is the mean Earth radius;α is the
Newtonian cooling coefficient;Dλ, Dϕ, Dr are the ion drag
forces in zonal, meridional, and vertical directions, respec-
tively; νR is the coefficient of Rayleigh friction;J0+J ′

is the net heat input per unit mass;J ′ is the thermotidal
heating; K0 is the molecular thermal conductivity coeffi-
cient (K0=0.015T 2/3

0 /M, whereM is the mean molecular
weight), µ0 is the dynamic molecular viscosity coefficient
(µ0=0.266K0/R), νeddy is the kinematic eddy viscosity co-
efficient,Keddy is the eddy thermal conductivity coefficient
(Keddy=1.36νeddy).

Evidently, in Eqs. (1), the linear assumption is not adopted
and all the nonlinear terms are retained. Therefore, we call
the Eqs. (1) nonlinear formulations. By inputting the ini-
tial values, we can obtain the time-dependent solutions of
Eqs. (1), which can be called tidal nonlinear propagation so-
lutions. Since we focus on the migrating semidiurnal tidal
solution in this paper, in our models the semidiurnal tide
heating is the same as that adopted by the GSWM-00 and the
diurnal heating source is turned off. If the semidiurnal tide
is the only disturbance included in the initial values, the non-
linear model can offer the possibility to quantitatively study
the effects of the nonlinear interactions among the semidiur-
nal tide, the mean flow and the nonlinearity-excited waves on
the tides and mean flow, while other nonlinear processes in-
volved in tidal propagation, such as the resonant interaction
between the diurnal and semidiurnal tides (which is beyond
the purpose of this paper) are excluded.

Reviewing the GSWM-00, Hagan et al. (2001) adopted the
linear assumption, so the quadratic and higher order terms in
Eqs. (1) are neglected and the linearized forms are as below:
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In Eqs. (1) and (2), the thermotidal heatingJ ′, Newto-
nian cooling efficientα, ion drag forces (Dλ, Dϕ andDr),
kinematic eddy viscosity coefficientνeddy, and efficient
of Rayleigh friction νR are all same as those specified
in GSWM-00. In GSWM-00, the time-dependent factor
ein(�t+λ)(n=2 for the semidiurnal component) is left out
from both sides of the Eqs. (2), so that the GSWM-00 results
are the time-independent (steady-state) solutions. It is well
known that the GSWM-00 results are essentially the latitude-
height distributions of tidal amplitudes and phases in each
month of the year.

Based on Eqs. (1) and (2), our nonlinear and linear tidal
models are numerically resolved by the completely identi-
cal temporal integration and spatial difference methods. A
detailed description of the spatial difference equations and
computational methods, temporal integration method and the
specification of the time step length can be found in the Ap-
pendix. By inputing the initial values, we can obtain the
time-dependent nonlinear and linear propagation solutions of
tides. They are then processed by the same method to obtain
the background and tidal components. Since the nonlinear
model is same as the linear one but with the nonlinear terms
switched on, the differences between the nonlinear and linear
simulations can reflect the impact of the nonlinear processes
on the tidal structure. We note here that our linear propaga-
tion solutions and the GSWM-00 results are deduced from
the same equations (i.e. Eqs. 2); after dropping the time-
dependant factorein(�t+λ) from the former, they should be
equal. If the GSWM-00 results are inputted as the initial val-
ues, our linear model should retain the initial tidal structures
unchanged.

2.2 Initial values

Because GSWM-00 can provide an increasingly reasonable
estimate of most migrating tidal characteristics in the MLT
region, and its calculation results are available from the
NCAR CEDAR database (http://www.hao.ucar.edu/public/
research/tiso/gswm/gswm.html), we choose the GSWM-00
results as the initial tidal disturbances of our models (both
linear and nonlinear models). Taking the real parts of the
steady-state solutions of the migrating semidiurnal tide with
respect tot=0 in a certain month as the initial disturbances
of Eqs. (1) and (2), the nonlinear and linear propagation so-
lutions of the semidiurnal tide can be calculated.

2.3 Boundary conditions

A periodic boundary is implied in the zonal direction. For
the convenience of comparison with the GSWM-00, the dis-
turbance winds, temperature and density are set to zero at
the geographic poles to keep consistent with the GSWM-00.
At the lower boundary (z=0), the conditions utilized by the
GSWM-00 are adopted, while at the upper boundary, in or-
der to avoid the influence of the wave reflection on the in-

terior solutions, a projected characteristic line boundary is
adopted, which consists of the compatibility equations along
the outgoing projected characteristic lines and the projected
characteristic quantity conservation equations along the in-
coming projected characteristic lines, described in detail by
Zhang and Yi (1999). This boundary specification has been
successfully applied to simulate the nonlinear propagation of
atmospheric waves in the Cartesian and spherical coordinates
(Zhang and Yi, 1999, 2004), and proved to be effective in
preventing the wave reflection from the upper boundary. In
this study, the top boundary is set at 136 km. Our numer-
ical experiments have verified that this projected character-
istic line boundary hardly impacts the solution in the inner
computational region, especially below 110 km. This bound-
ary makes our calculation height range much smaller than
that in the GSWM-00 (the top boundary is set at∼250 km).

2.4 Processing algorithm

In order to obtain the mean flow and tidal components,
a cosine function is used to fit the computational results
(f c(λ, ϕ, r, t)) based on the variableλ, that is:

f c(λ, ϕ, r, t)=f 0(ϕ, r, t)+f 1(ϕ, r, t) cos[2(�t+λ)+f 2(ϕ, r, t)], (3)

wheref 0(ϕ, r, t) is the mean flow (mean flow alteration) for
the nonlinear (linear) model;f 1(ϕ, r, t) andf 2(ϕ, r, t) are
tidal amplitude and phase, respectively.

We would like to emphasize here, that all the results pre-
sented in this paper are the fitted tidal amplitudes, not the in-
stantaneous magnitudes of tidal oscillations. Therefore, our
results can factually illustrate the variation of the tidal struc-
ture, which is due to the nonlinear processes.

2.5 Model examination

To examine our tidal models, we first calculated the linear
propagation solution of the migrating semidiurnal tide by
adopting the GSWM-00 results as initial tidal disturbances
and employing the same background atmosphere, tidal forc-
ing and dissipation schemes as those in the GSWM-00. As
mentioned above, under completely identical conditions af-
ter dropping the time-dependant factorein(�t+λ), our linear
propagation solutions should be equal to the GSWM-00 re-
sults, namely our linear model should retain the initial tidal
amplitudes and phases unchanged.

The migrating semidiurnal tide dominates over the mi-
grating diurnal tide at latitudes from∼50◦ N/S to∼70◦ N/S
above 90 km in the MLT region. The GSWM-00 predicts
that the migrating semidiurnal tide is hardly hemispheri-
cally symmetric, except for March, and displays remark-
able monthly variation: it maximizes during March and min-
imizes during June. For the entire year, the zonal- and
meridional-wind amplitudes maximize at 45–60◦ N/S, but
the exact latidude-altitude locations and maximum ampli-
tudes exhibit a strong month-to-month variation. Although
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Fig. 1. Temporal evolution of the zonal-wind amplitudes within 8 tidal periods for March deduced from the linear propagation solution of the
migrating semidiurnal tide starting from the GSWM-00 tidal oscillations. The minimum values of the contours are 1 ms−1, and the intervals
of the contours are 5 ms−1 when the amplitudes are greater than 5 m/s.

we have carried out monthly linear simulations, for reasons
of space, only the result for March is presented here. In
March, the zonal-wind component of the migrating semidi-
urnal tide predicted by GSWM-00 is almost hemispherically
symmetric and has two large-amplitude regions centered at
54◦ N/S. Figure 1 is the time evolution of the zonal-wind
amplitudes within 8 tidal periods (4 days for the semidiur-
nal tide) conducted from our linear model. It shows that
the amplitudes are in excellent agreement with those from
the GSWM-00 at altitudes 0–110 km and are nearly constant
with time. We numerically compared the amplitudes from
these two linear models in detail. The comparisons indicate
that they accord well with each other in most computational
regions. Below 110 km, the maximum difference is 1.1 ms−1

(vs. the maximum amplitude of 77.7 ms−1), confirming that
our linear model (including algorithm and coding) is reliable.
The same conclusion can be obtained from the linear simu-
lations for the other 11 months.

Since we adopted the identical temporal integration and
spatial difference methods in resolving the nonlinear Eqs. (1)
and linear Eqs. (2), the differences between the results of our
nonlinear model (i.e. the nonlinear propagation solutions)
and the GSWM-00 (i.e. the linear steady-state solutions) ac-
tually reveal the impact of the nonlinear processes on the
tidal structure. In this study, we focus on the amplitude struc-
ture on the basis of the monthly background atmosphere.

Moreover, it is well known that in a linear regime, the
background atmosphere will remain unchanged. For observ-
ing the alteration of the background atmosphere, we fit our
linear propagation solution according to Eq. (3) to obtain
the time-dependent mean flow alteration (i.e.f 0(ϕ, r, t)).
Within 8 wave periods, the maximum alteration of back-
ground zonal wind is 1.03×10−4 ms−1 (the figure not pre-
sented here), which reveals that there is indeed no evident
mean-flow change in our linear propagation solutions and
further verifies that our linear model is reliable.

3 Nonlinear simulation results

3.1 Tidal amplitude structure variation

Obviously the GSWM-00 linear tidal solutions satisfy our
linear equations, namely Eqs. (2), but do not satisfy our non-
linear equations, namely Eqs. (1). Initialized by the GSWM-
00 results, our nonlinear propagation solutions of the migrat-
ing semidiurnal tide may deviate from the initial tidal oscil-
lations since the nonlinear terms are switched on. We will
compare the fitted tidal amplitudes from our nonlinear sim-
ulations with those from the GSWM-00. Their amplitude
differences expressed by subtracting the GSWM-00 results
from our nonlinear model results can represent the impact
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of nonlinear processes on the tidal amplitude and can be re-
garded as the nonlinearity-induced tidal variation.

Firstly, we present the time evolution of the tidal ampli-
tude difference. It is well known that the migrating semidiur-
nal tide shows a remarkable month-to-month variation. Ac-
cordingly, we carried out monthly nonlinear simulations to
study the monthly characteristics of the nonlinearity-induced
tidal variation. However, for reasons of space and a clearer
illustration, we only present the simulations for two repre-
sentative months, i.e. March and June. The simulations for
the other 10 months will be referred to, where necessary.

Below 90 km, there is no appreciable tidal amplitude dif-
ference, which may be attributed to the small tidal ampli-
tudes at that location. Therefore, in the following text, we
only present the computational results in the height range of
90–110 km.

Figure 2 is the time evolution of the amplitude difference
of the semidiurnal zonal-wind tide within 8 wave periods for
March. It can be seen that the magnitudes of the amplitude
differences become larger and larger with time at the be-
ginning and the increase tendency is kept within the first 5
tidal periods. After 6 periods, they vary slightly. Detailed
numerical analyses denote that their differences are less
than 1.0 ms−1, indicating that the nonlinear model reaches
a quasi-steady state. Furthermore, the nonlinear tidal am-
plitude within 8 wave periods evidently shows the uniform
variation tendency: in the MLT region, the amplitudes are
intensively strengthened in equatorial region and intensively
weakened at middle and high latitudes centered at 54◦ N/S,
the inertial latitudes of the semidiurnal zonal-wind tide.

Figure 3 is same as Fig. 2 but for June. It displays the sim-
ilar evolution tendency. After 6 periods, their differences are
less than 0.5 ms−1. The nonlinear tidal amplitudes within 8
wave periods also show the uniform variation tendency: in
the MLT region, the amplitudes are slightly strengthened at
latitudes from 12◦ N to 45◦ S and slightly weakened at other
latitudes.

From the above results, we can conclude that the tidal
amplitude variation arising from nonlinear processes has an
evident period-to-period variation at the beginning, and its
magnitudes show a notable increase with time. The varia-
tion tendency is kept until the model reaches a quasi-steady
state, implying that this variation is irreversible. Its large
magnitudes at the quasi-steady state reveal that the nonlinear-
induced tidal variation is very significant and cannot be ne-
glected. Considering that the nonlinear model is remaining
at the quasi-steady state after 8 wave periods, hereinafter we
only present the results after 8 wave periods to illustrate the
tidal structure variation. The maxima (minima) of the vari-
ation magnitude in the zonal wind for March and June are,
respectively, 15.8 (−15.3) ms−1 and 7.7 (−5.3) ms−1.

Some characteristics of tidal amplitude variation of the mi-
grating semidiurnal tide can be found from our monthly sim-
ulations: significant magnitudes only appear above 100 km,
where the GSWM-00 predicts large tidal amplitudes; the

magnitudes and latitudinal distributions for 12 months of the
year are much different from each other; it can be described
by the same annual cycle as the semidiurnal tidal amplitudes
themselves. It is very clear from Figs. 2 and 3 that the zonal-
wind amplitude difference shows striking monthly features:
it is very significant in March while rather weak in June, de-
noting that the significant variation often accompanies the
large tidal amplitudes (implying strong nonlinear effect). In
March, the tidal amplitude variation exhibits a hemispheric
symmetry, which may be attributed to the hemispheric sym-
metry of the tidal zonal-wind amplitudes.

Figure 4 shows the tidal amplitude difference in temper-
ature for March and June. Many features discussed above
are also better seen in Fig. 4, such as height distributions and
monthly variations. During March, the amplitude increases
and decreases appear alternatively with latitudinal varia-
tion: three distinct amplitude-decreasing regions are cen-
tered, respectively, at∼6◦ S and∼45◦ N/S and four distinct
amplitude-increasing regions are centered, respectively, at
∼21◦ N/S and∼60◦ N/S. During June, the temperature am-
plitudes evidently decrease at 33◦ N and 108 km. The max-
imum increase (14.7 K) and decrease (−11.6 K) in March is
more pronounced than those (3.0 K and−5.3 K) in June. Fig-
ures 2, 3 and 4 indicate that nonlinear processes can inten-
sively impact the tidal structures and lead to notable struc-
ture variation of the migrating semidiurnal tide in the MLT
region above 100 km, especially in the month with a strong
semidiurnal tide.

Moreover, we expand the semidiurnal temperature for
March for the GSWM-00 result and the nonlinear fitted result
at the quasi-steady state based on the normalized semidiur-
nal migrating Hough Functions. We find that above 100 km,
the coefficient of (2, 12) Hough mode for the nonlinear result
is evidently larger than that for the GSWM-00 result, which
implies that the nonlinear interactions can enhance the high-
order symmetric Hough modes in the tidal solution at alti-
tudes above 100 km.

3.2 Background alterations

In this section we are interested in presenting the background
alterations due to the nonlinear propagation of the migrating
semidiurnal tide. Similarly to the previous subsection, our
illustration concentrates on the zonal-wind and temperature
components. It is well known that the nonlinear tide-mean
flow interaction can induce alterations in the dynamical and
thermal structures of the background atmosphere, which ob-
viously cannot be revealed by any linear model, such as the
GSWM-00. Our nonlinear model allows us to explore quan-
titatively the nonlinear interactions on the monthly climatol-
ogy of the background atmosphere. By fitting our nonlinear
propagation solution according to Eq. (3), we can obtain the
time-dependent mean flow. After subtracting the prescribed
mean flow, we can obtain the mean flow alteration. The
presented background alterations are also seen in the results
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Fig. 2. Temporal evolution of the zonal-wind amplitude difference (specified by subtracting the GSWM-00 results from the nonlinear model
results) within 8 tidal periods for March deduced from the nonlinear propagation solution of the migrating semidiurnal tide starting from the
GSWM-00 tidal oscillations. The intervals of the contours are 2 ms−1. The solid and dotted curves denote the positive and negative values,
respectively.

after 8 tidal periods. As noted in Sect. 2.5, when tides prop-
agate in a linear regime, there is no appreciable background
alteration. Therefore, the background alterations emerging
in a nonlinear regime should be attributed to the tide-mean
flow interaction. Figures 5 and 6 are the alterations of the
background zonal wind and temperature, respectively. Some
characteristics presented in Figs. 2, 3 and 4 can also been
observed in Figs. 5 and 6, such as large magnitudes above
100 km, monthly variation and hemispherical symmetry for
March while hemispherical asymmetry for June. It can be
seen from Fig. 5 that in March, the background zonal winds
evidently change at middle and high latitudes. They are de-
celerated in middle latitudes centered∼39◦ N/S while accel-
erated at high latitudes greater than∼60◦ N/S, and the de-
celeration effects are more pronounced. In June, large alter-
ations occur at middle latitudes in the Southern Hemisphere.
The maximum decrease in March is−21.4 ms−1 while that
in June is−9.8 ms−1.

The common feature of the background temperature al-
terations during March and June is that the warming-up
and cooling-down regions appear alternatively with lati-
tude. In March, three distinct warming-up regions are cen-
tered, respectively, at∼0◦ and ∼30◦ N/S and four distinct
cooling-down regions are centered, respectively, at∼15◦ N/S
and ∼51◦ N/S. During June, the background atmosphere
is warmed up around∼25◦ N/S, and cooled down around

∼43◦ N/S. The maximum increase (57.9 K) and decrease
(−52.9 K) in March are with rather large magnitudes, which
are more pronounced than those (15.2 K and−16.3 K) in
June.

Figures 5 and 6 demonstrate that the nonlinear propaga-
tion of the migrating semidiurnal tide can intensively affect
the transient dynamical and thermal structures of the back-
ground atmosphere in the MLT region.

4 Numerical convergence

In this section we give the linear and nonlinear model results
for March, starting from zero tidal oscillations, to help assess
the numerical convergence of our tidal models, to further ver-
ify that the above presented results are reliable. Figure 7 is
the linear tidal evolution in the zonal wind within 10 tidal
periods. From this figure we note that tidal amplitudes grad-
ually approach the GSWM-00 values. Detailed data analyses
on the simulations of every tidal period yield that the am-
plitudes increase rapidly and exceed the GSWM-00 values
in most regions within 1 period, then oscillate around them,
and finally approach them. After 8 periods, the absolute dif-
ferences between our linear results and the GSWM-00 values
in the zonal-wind tidal component are less than 2.5 ms−1.
So, we can conclude that our linear model starting from zero

www.ann-geophys.net/24/3241/2006/ Ann. Geophys., 24, 3241–3256, 2006



3248 C. M. Huang et al.: Impact of nonlinear interactions on the amplitude of the migrating semidiurnal tide

Fig. 3. Same as Fig. 2 but for June. The intervals of the contours are 1 ms−1. The solid and dotted curves denote the positive and negative
values, respectively.

Fig. 4. Temperature amplitude differences after 8 tidal periods for March (left) and June (right) deduced from the nonlinear propagation
solutions of the migrating semidiurnal tide starting from GSWM-00 tidal oscillations. The intervals of the contours are 2 K. The solid and
dotted curves denote the positive and negative values, respectively.

tidal oscillations can reach the GSWM-00 results after 8 pe-
riods of integration, manifesting the numerical convergence
and reliability of our linear model. Figure 8 is the time evolu-
tion of the tidal amplitude difference in the zonal wind within
10 tidal periods. It can be observed that even if starting from
zero tidal oscillations, the nonlinear model can also gradually
reach a quasi-steady state. Detailed quantitative analyses in-
dicate that after 8 periods, the variation magnitudes of tidal

amplitudes are less than 3.0 ms−1. Comparing the results af-
ter 8 periods, starting from GSWM-00 tidal oscillations and
zero tidal oscillations, we find that their absolute differences
are less than 3.0 ms−1. So, it validates the numerical conver-
gence of our nonlinear model.
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Fig. 5. Background zonal-wind alterations after 8 tidal periods for March (left) and June (right) deduced from the nonlinear propagation
solutions of the migrating semidiurnal tide starting from the GSWM-00 tidal oscillations. The intervals of the contours are 3 ms−1. The
solid and dotted curves denote the positive and negative values, respectively.

Fig. 6. Same as Fig. 5 but for background temperature alterations for March (left) and June (right). The intervals of the contours are 10 K.
The solid and dotted curves denote the positive and negative values, respectively.

5 Discussions

Our nonlinear simulations demonstrate well the pronounced
and irreversible impact of nonlinear interactions on the
semidiurnal tidal amplitude and mean flow. There are some
issues which should be addressed here.

The first issue is that the numerical examination (presented
in Sect. 2.5) and convergence check (presented in Sect. 4)
have confirmed that our tidal models (mainly including algo-
rithm and coding) are reliable and with a high degree of ac-
curacy. For testing the accuracy of the integration algorithm
adopted in our model, and more important, for verifying that
the presented tidal amplitude difference represents the real-
istic effects of nonlinear dynamics rather than the numerical
effects due to the specification of the upper boundary, we
compare the linear model results within 8 wave periods with

the GSWM-00 and find that they are in excellent agreement
in most computational regions. Below 110 km, the amplitude
differences in the zonal wind for March are very small, with
the maximum magnitude of 1.1 ms−1, which are at least one
order smaller than the maximum magnitude of the tidal am-
plitude difference (15.8 ms−1), suggesting that the numerical
effects of our linear model are negligible. Since completely
identical spatial differential and temporal integration meth-
ods were adopted in our nonlinear model, the reliability of
the linear model results can partly ensure that the numerical
error of the nonlinear model results are restricted to within a
very small range. Additionally, in order to manifest that the
presented tidal difference is indeed due to nonlinearity rather
than numerical adjustment of the initial wave disturbances,
we provide the linear and nonlinear model results, starting
from zero tidal oscillations. Detailed quantitative analyses
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Fig. 7. Temporal evolution of the zonal-wind amplitudes within 10 tidal periods for March deduced from the linear propagation solution of
the migrating semidiurnal tide starting from zero tidal oscillations. The minimum values of the contours are 1 ms−1, and the intervals of the
contours are 5 ms−1 when the amplitudes are greater than 5 m/s.

Fig. 8. Temporal evolution of the zonal-wind amplitude difference within 10 tidal periods for March deduced from the nonlinear propagation
solution of the migrating semidiurnal tide starting from zero tidal oscillations. The intervals of the contours are 2 ms−1. The solid and dotted
curves denote the positive and negative values, respectively.

denote that our models can eventually approach the identical
state if a difference of 3.0 ms−1in the zonal wind is allowed
regardless whether one starts from the GSWM-00 tidal os-
cillations or from the zero tidal oscillations. Therefore, our
nonlinear model results should be believable and the pre-
sented variations of the tidal amplitude and mean flow fac-
tually arise from the nonlinear interactions.

The second issue is that since the results presented in this
paper are all the fitted tidal amplitudes, our results factu-
ally illustrate the variations of the wave structure rather than
the periodic oscillations of the wave disturbances. Observ-
ing the evolution of the tidal amplitude variation, we can
see that its magnitude exhibits an increase tendency within
the first several periods, and finally reaches a quasi-steady
state. Therefore, the nonlinear-induced tidal structure varia-
tion is believed to be irreversible. It should be noted that the
GSWM-00 result is a linear steady solution under the spec-
ified thermotidal heating, dissipative terms and background
atmosphere, while our nonlinear model result represents the
quasi-steady solution when nonlinear interactions are taken
into account under the same conditions.

As stated above, our simulation results reveal that the
nonlinear interactions may lead to a pronounced structure
variation of the migrating semidiurnal tide. Regarding the
tidal amplitudes, our simulation results show some agree-

ment with certain observations in some disagreement with
the GSWM-00, suggesting that the nonlinear effect could
be an important cause of the discrepancy between the ob-
servation and the GSWM-00. Palo et al. (1997) provided a
comparison between the GSWM, UARS, and ground-based
radar observations in January 1993, and found that there were
a number of cases where their agreement was not particu-
larly good between 95 and 105 km. One such instance is
for the meridional semidiurnal tide in the Northern Hemi-
sphere, where the GSWM estimates may exceed observa-
tions by 50%. Here, we presented the nonlinearity-induced
amplitude difference of the meridional semidiurnal tide dur-
ing January (left panel of Fig. 9). We can see that in most
regions of the Northern Hemisphere, the variation is nega-
tive and very strong, which means that the meridional-wind
amplitudes of the semidiurnal tide from our nonlinear model
are smaller than the GSWM-00 and consistent with the ob-
servations. Wu et al. (2006) compared the TIDI observations
with the GSWM-00 output for April between 85 and 110 km,
and found that the Southern Hemisphere amplitudes shown
by the TIDI data are much weaker than those predicted by
the GSWM-00. Here, for comparison, we presented the
nonlinearity-induced amplitude difference of the meridional
semidiurnal tide during April (right panel of Fig. 9). Evi-
dently, in the Southern Hemisphere, there are large negative
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Fig. 9. Meridional-wind amplitude differences after 8 tidal periods for January (left) and April (right) deduced from the nonlinear propaga-
tion solutions of the migrating semidiurnal tide starting from the GSWM-00 tidal oscillations. The intervals of the contours are 3 ms−1. The
solid and dotted curves denote the positive and negative values, respectively.

values, also indicating that the meridional-wind amplitudes
of the semidiurnal tide from our nonlinear model are smaller
than the GSWM-00 and in agreement with the observations.
Therefore, to some extent, our nonlinear model results can be
used to quantitatively elucidate some physical mechanisms
accounting for the discrepancies between the GSWM-00 and
global observations.

The third issue is that some potential dissipation mecha-
nisms are not taken into consideration, both in our study and
the GSWM-00, such as the nonlinear interactions among dif-
ferent atmospheric wave modes (tides, planetary waves and
gravity waves). In fact, many theoretical and observational
works have revealed that these interactions are ubiquitous in
the real middle and upper atmosphere, e.g. the interactions
between different tidal components presented by Teitelbaum
et al. (1989), Smith (2000) and Zhang et al. (2004), tides
and planetary waves by Hagan and Roble (2001) and Mayr
et al. (2003) and tides and gravity waves by Miyahara and
Forbes (1991) and Lu and Fritts (1993). These interactions
may also lead to the disagreement of the observed tidal am-
plitudes with the GSWMs at altitudes above 90 km (Burrage
et al., 1995; Palo et al., 1997; Bruinsma et al., 2002; Grieger
et al., 2002; Pancheva et al., 2002; She et al., 2003; Batista et
al., 2004; Zhang et al., 2004; Wu et al., 2006), in addition to
the nonlinear interactions discussed in this paper. The very
large alterations in the background temperature (57.9 K and
−52.9 K) deduced from our nonlinear model may be due to
the absent of these dissipation mechanisms. Therefore, in a
sequential work, we will focus on the nonlinear resonance
interaction between the diurnal and semidiurnal tides.

The last issue is that in our tidal models, the prescribed
mean flow is the same as that employed by the GSWM-00,
which are monthly averaged values, implying that in each
simulation case, the mean flow is assumed to be almost time-
independent except for the nonlinearity (tide-mean flow in-

teraction) induced variation. Since the presented background
variations are not beyond 10 wave periods (5 days for the
model simulations starting from zero tidal oscillations), such
an assumption is basically appropriate.

An essentially linear model, such as the GSWM-00, can-
not present the background field alterations resulting from
the tide-mean flow nonlinear interaction. Our nonlinear
model can facilitate correlative studies and our simulation re-
sults have displayed such rather significant alterations (with
maximum magnitudes of 21.3 ms−1 for zonal-wind field and
57.9 K for temperature field), suggesting that for a further
understanding global dynamics of the MLT region, the in-
fluences of tide-mean flow interactions should be seriously
studied.

Additionally, we would like to explore the physical cause
for our nonlinear results. It is well known that some waves
with periods other than 12 h would be generated when the
semidiurnal tide is propagating in a nonlinear regime. For
making clear which waves are excited, we recorded 24-
h time sequences of the zonal wind disturbances at three
selected spatial nodes, which are, respectively, located at
(180◦, 45◦ S, 108 km), (180◦, 45◦ N, 108 km), and (180◦, 0◦,
108 km), where significant tidal differences occur (shown in
Fig. 2). These time sequences are recorded from 72 h (when
the model is at the quasi-steady state) to 96 h at a 30-min
interval. We carried out discrete-time Fourier transforms on
these time sequences and Fig. 10 is the spectral result. It is
very clear from this figure that besides the prominent peaks
at n=2 (12-h period), evident 6-h (n=4) and 4-h (n=6) tidal
components also appear in our nonlinear simulation, and no
significant diurnal and terdiurnal tidal components are ob-
served. Such a result indicates that some new tidal compo-
nents can be excited by nonlinearity and it cannot be revealed
by any linear model.
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Fig. 10. Normalized frequency spectra of zonal wind disturbances at three selected points, which are respectively located at (180◦, 45◦ S,
108 km) (solid line), (180◦, 45◦ N, 108 km) (dashed line) and (180◦, 0◦, 108 km) (dotted line).

Fig. 11. Five tidal component amplitudes in the zonal wind for March. For the 12-h tide the minimum value of the contour is 1 ms−1, and
the intervals of the contours are 5 ms−1 when the amplitudes are greater than 5 ms−1. For the other components, the minimum values and
intervals of the contours are 2 ms−1.

Then, we would like to provide some physical insight as
to why the 6-h and 4-h tides could be generated. We know
that in a nonlinear regime, a quadratic harmonic will be gen-
erated by nonlinearity (Zhang and Yi, 2004). Considering
that the migrating semidiurnal tide is with a frequency in cy-
cles per day, n1=2, and a wave number, s1=2, the nonlin-
earity excited quadratic harmonic should have a frequency-
wave number pair (n2, s2)=(2n1, 2s1)=(4, 4), i.e. the mi-
grating 6-hr tide. Subsequently, the excited 6-h wave may
resonantly interact with the original 12-h wave to create the
other two waves with frequency-wave number pairs: (n2+n1,
s2+s1)=(6, 6) and (n2–n1, s2–s1)=(2, 2). They are, respec-
tively, migrating 4-h and 12-h tides. The above nonlinear
interaction mechanism has been clearly elucidated by An-
gelats i Coll and Forbes (2002). These nonlinear processes
explain why we can observe 6-h and 4-h rather than 24-h and
8-h tidal components in Fig. 10. More important is that the
resonant interaction between the initially given semidiurnal
tide and the nonlinearity excited 6-h tide can generate a new
migrating semidiurnal tide, which will further alter the initial
semidiurnal tidal structure. Our speculation implies that the

variation in the semidiurnal tidal structure exhibited in our
nonlinear simulation may be the result from the above non-
linear processes. For confirming our speculation, we want
to compare the amplitudes of the different tidal components
in our nonlinear solution. Since the generated tides are all
migrating components, we can analyze the tide components
in a spatial domain instead of in a temporal domain. In or-
der to extract the tidal components (the first, second, third,
fourth, and sixth harmonics) from our nonlinear simulation
results, a cosine function is used to fit the computational re-
sults (f c(λ, ϕ, r, t)) based on the variableλ, that is:

f c(λ, ϕ, r, t) = f 0(ϕ, r, t) +
∑

n=1,2,3,4,6

f an(ϕ, r, t) cos[n(�t+λ)+f pn(ϕ, r, t)],(4)

where n=1(2, 3, 4, 6) for the diurnal (semidiurnal, terdi-
urnal, 6-h, 4-h) component;f 0(ϕ, r, t) is the mean flow;
f an(ϕ, r, t) andf pn(ϕ, r, t) are tidal amplitude and phase,
respectively. Figure 11 presents the zonal-wind amplitude
structures for the above five tidal components, deduced from
the nonlinear, quasi-steady tidal solution for March. It can be
clearly seen that the apparent 6-h and 4-h tides are excited by
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nonlinear interactions and the 6-h component is more signif-
icant than the 4-h component. At the quasi-steady state, the
maximum amplitude of the generated 6-h tide is 8.6 ms−1,
appearing at 36◦ N and 106 km, while the maximum ampli-
tude of the generated 4-h tide is 2.8 ms−1, appearing at 33◦ S
and 108 km. Moreover, the amplitudes for the diurnal and
terdiurnal tidal components are too weak to be observed.

Based on the above results, we can conclude that the main
cause for the differences between the linear and our nonlin-
ear results at the quasi-steady state of the semidiurnal tide
is that the initial migrating 12-h tide will interact with the
mean flow, as well as the nonlinearity excited 6-h tide, and
subsequently yield a new 12-h tidal part. In fact, the final
migrating 12-h tide at the quasi-steady state is the result of
the combination of the effects of these nonlinear processes.

6 Conclusions

In this paper, we developed a numerical tidal model based
on the nonlinear Navier Stokes equations in spherical coor-
dinates, to study the impact of nonlinear interactions on the
amplitude structure of the migrating semidiurnal tide and the
mean flow. Its numerical reliability and convergence are re-
spectively checked by the numerical experiments by switch-
ing off the nonlinear terms and starting from zero tidal oscil-
lations.

Initialized by the GSWM-00 tidal oscillations, our nonlin-
ear tidal solution deviates from the GSWM-00 result grad-
ually. This difference can be attributed to wave-mean flow
and wave-wave nonlinear interactions. Observing the tempo-
ral evolution of the tidal amplitude difference, it can be con-
cluded that its magnitude becomes larger and larger within
the first several tidal periods and eventually reaches a quasi-
steady state. The pronounced difference at the quasi-steady
state suggests that the nonlinear interactions can evidently
influence the tidal structures in the MLT region, especially
above 100 km, and cannot be neglected in the study of tidal
phenomena in this region. Moreover, the difference exhibits
an obvious monthly behavior, i.e. very significant in March
and very slight in June. The difference in March is almost
hemispherically symmetric while that in June is hardly hemi-
spherically symmetric. A quantitative analysis suggests that
the main cause for the differences between the linear and our
nonlinear results at the quasi-steady state of the semidiurnal
tide is that the initial migrating 12-h tide will interact with
the mean flow, as well as the nonlinearity-excited 6-h tide,
and subsequently yield a new 12-h tidal part. In fact, the fi-
nal migrating 12-h tide at the quasi-steady state is the result
of these nonlinear processes.

Additionally, the simulation results also show that the tide-
mean flow nonlinear interaction will evidently alter the back-
ground wind and temperature fields, suggesting that the non-
linearity can impact intensively the global transient dynami-
cal and thermal structures in the MLT region. Similar to the
tidal amplitude variations, the nonlinear-induced alterations

of the background fields vary greatly with the month, and
the alteration magnitudes depend closely on the tidal ampli-
tudes. The alterations in March are much more significant
than those in June.

Although not all disagreements of the various models
with observations can be explained by the nonlinear inter-
actions, our simulations quantitatively exhibit the significant
impact of nonlinear interactions on the global structures of
the semidiurnal tide and background atmosphere. Therefore,
in the study of atmospheric tides and global atmospheric dy-
namics in the MLT region, the nonlinear processes involved
in the propagations of tides should be comprehensively con-
sidered, which can be revealed only by a nonlinear numerical
model, as presented in this paper.

Appendix A

Numerical implementation

A1 Spatial difference equations and computational meth-
ods

The spectral method, wherein model scalar variables are nat-
urally represented in terms of a truncated series in spheri-
cal harmonics, appears to be more appropriate for the study
of global-scale wave phenomena. Therefore, computation-
ally efficient models based on the spectral platform gain
much popularity in the atmospheric research. While solving
Eqs. (1) and (2), we apply spectral formulations in the zonal
and meridional directions, and the finite differential method
in the vertical direction. Since the solutions are periodic in
the zonal direction, the Fourier collocation method (Canuto
et al., 1988) is applied to obtain the spatial differentiation
in this direction. Regarding the variableϕ, a transforma-
tion as below is introduced:x= cos(π

2 −ϕ). Then the Leg-
endre spectral method is used regarding the variablex and
the Legendre-Gauss-Lobatto points is applied (Canuto et al.,
1988). The nodes used can be expressed as:






λi = 2πi
Nλ

, i=0, . . . , Nλ−1,

x0 = −1, xNϕ =1, xj (j=1, ..., Nϕ−1) zeroes ofL′
Nϕ

(x)

rk = r0 + k · 1r, k=0, . . . , Nr .

,

where, Nλ, Nϕ+1, Nr+1, respectively, denote the node
number in three spatial directions;L′

Nϕ
(x) is the derivative

of Legendre polynomialsLNϕ (x). Considering the spatial
scales of the migrating semidiurnal tide, the zonal and verti-
cal space step lengths, i.e.1λ and1r are, respectively, set to
be 5◦ and 2 km. In the meridional direction,Nϕ is set to be
60, and the corresponding meridional space step at1ϕ ≈ 3◦.
The resolution of our simulations approximates that of the
GSWMs.

According to the Fourier and Legendre spectral colloca-
tion methods described by Canuto et al. (1988), the spatial
derivatives in the horizontal directions can be written as:
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









































∂fS (λ,ϕ,r,t)
∂λ

∣

∣

∣λ = λl

ϕ = ϕm

r = rn
t = tk

= fλ(λl, ϕm, rn, tk) =
Nλ−1
∑

j=0
(Dλ)ljf (λj , ϕm, rn, tk),

(Dλ)lj =

{

1
2(−1)l+j cot[ (l−j)π

Nλ
], l 6 =j

0, l=j
.



























































∂fS (λ,ϕ,r,t)
∂ϕ

∣

∣

∣λ = λl

ϕ = ϕm

r = rn
t = tk

= fϕ(λl, ϕm, rn, tk) = ∂x
∂ϕ

fx(λl, ϕm, rn, tk) = sin(π
2 − ϕ) ·

Nϕ
∑

j=0
(Dϕ)mjf (λl, ϕj , rn, tk),

(Dϕ)mj =



















LN (xm)
LN (xj )

1
xm−xj

, m 6 =j

(Nϕ+1)Nϕ

4 , m=j=0

−
(Nϕ+1)Nϕ

4 , m=j=Nϕ

0, otherwise

.

A finite-difference method is adopted to calculate the spatial derivative in the vertical direction

∂fS(λ, ϕ, r, t)

∂r

∣

∣

∣

∣λ = λl

ϕ = ϕm

r = rn
t = tk

= fr(λl, ϕm, rn, tk) =











f (λl ,ϕm,rn+1,tk)−f (λl ,ϕm,rn−1,tk)

21z
, 0 < n < Nr ,

f (λl ,ϕm,r1,tk)−f (λl ,ϕm,r0,tk)
1z

, n=0,
f (λl ,ϕm,rNr ,tk)−f (λl ,ϕm,rNr−1,tk)

1z
, n=Nr .

A2 Temporal integration method

An Eulerian implicit scheme is applied to guarantee the long-
term stability. The dependent variables at the old (or given)
time step are indicated by a superscriptn, at the new time step
(i.e. (n+1)th time step) thek-th iterations are indicated by the
superscriptk. Then the resultant finite difference equations
can be written as:
∂U

∂t
= G(U, t), U k+1 = Un + 1tG(U k+1, tn+1),

k = 1, 2 . . . .

whereU=
[

u′v′w′ρ′T ′
]

. Setting a tolerance errorε to be
10−4, we repeat the iteration until the condition:
∣

∣

∣

∣

∣

U k+1 − U k

U k

∣

∣

∣

∣

∣

< ε,

is satisfied and then set the iteration result to beUn+1.

Appendix B

Time step length

For the explicit scheme applied in the specification of bottom
and top boundary conditions, the time step-length should sat-

isfy the stability condition:

1t < 1tc =
1

(va + vT )[ 1
1r2 + 1

(r cosϕ1λ)2 + 1
(r1ϕ)2 ]

1
2

,

where,va is the acoustic velocity,vT =

√

(u0+u′)2+(v′)2+(w′)2. In a
practical calculation, for more accurate results with less it-
eration required for convergence under the same tolerance
error, we choose1t=0.251tc.
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