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Abstract. One-dimensional stationary flows of a plasma 1 Introduction

consisting of two ion populations and electrons streaming

against a heavy ion cloud are studied. The flow structurerhe multi-ion nature of the solar wind and plane-

is critically governed by the position of sonic and critical tary/cometary plasmas gives rise to new and interesting ef-
points, at which the flow is shocked or choked. The con-fects. The plasma and field environment of comets Halley
cept of sonic and critical points is suitably generalized to g Grigg-Skjellerup encountered by the Giotto spacecraft
the case of multi-ion plasmas to include a differential ion gisplayed a complex structure characterized by the existence
streaming. For magnetic field free flows, the sonic and crit-of unexpected sharp boundaries which separate regions with
ical loci in the {,x, uxx) space coincide. Amongst the dif- gifferent plasma characteristics, which are not predicted by
ferent flow patterns for the protons and heavy ions, there is|assical MHD models (see, e.g. Coates, 1997, and refer-
a possible configuration composed of a “heavy ion shock”ences therein). Space measurements near the nonmagnetized
accompanied by a proton rarefaction. The magnetic field inpjanets with extended ionospheric/atmospheric shells have
troduces a “stiffness” for the differential ion Streaming trans- also shown the appearance of unexpected boundaries (eg
verse to the magnetic field. In general, both ion fluids re-pile-up boundaries at Mars and Venus (Acuna et al., 1998;
spond similarly in the presence of “ion obstacle”; the super-gertucci et al., 2005; Boesswetter et al., 2004). Although the
fast (subfast) flows are decelerated (accelerated). The colleGiature of these boundaries remains unclear, it is suggested
tive flow is choked when the dynamic trajectomy,(, usx)  that the multi-ion origin of the interacting plasmas may be a
crosses the critical loci. In specific regimes the flow containskey element. Another interesting feature of the plasma envi-
a sequence of solitary structures and as a result, the flow iggnment of comets and nonmagnetized planets is the obser-
strongly bunched. In each such substructure the protons argations of strongly nonlinear coherent wave structures which

almost completely replaced by the heavies. A differential ionoften fill the broad regions of the interaction between differ-
streaming is more accessible in the collective flows obliqueent plasmas (Bme et al., 1987, 1993).

.to the mqgnetic field. Such a flexibility of .the ion motion It is well known that the existence of discontinuities
is determined by the properties of energy integrals and the;n plasmas is often related to transitions through “sonic”

Bernoulli energy functions of each ion species. The structurepoints The appearance of new wave modes in a multi-
of flows, oblique to the magnetic field, depends critically on ion plasma can modify the pattern of standing waves up-

the velocity regime and demonstrates a rich variety of soli-

d oscil i Th | fstream of any effective obstacle and influence the position
tary and oscillatory nonlinear wave structures. The results of ¢ «go i points. Moreover differential streaming between

the paper are relevant to the plasm'a and f!eld e_nv'ronmentaifferent ion species requires the concept of sonic point in a
at comets and planets through the interaction with the S°|afnulti-fluid plasma to be generalized. McKenzie et al. (1992)

wind. and McKenzie (2001) have generalized the idea of a sonic
point in differentially streaming, magnetic field-free, multi-
Keywords. Magnetospheric physics (Plasma waves and in-ion plasmas by using the linear dispersion to find the con-
stabilities; Solar wind interactions with unmagnetized bod- dition that compressional waves, as viewed in a laboratory
ies) — Space plasma physics (Nonlinear phenomena; Shodkame relative to which the various ion species stream, ap-

waves) pear stationary.

In this study we consider the problem of sonic and critical
Correspondence to: E. M. Dubinin points in the more complicated case of a magnetized multi-
(dubinin@mps.mpg.de) ion plasma. To clarify this issue we examine the structure of
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3042 E. M. Dubinin et al.: Critical points in multi-ion plasma

the one-dimensional stationary flows of plasma consisting 0fwhere<p is the electric field potentia(a—(pz—E> and7, is
protons, heavy ions (e.@ ") and electrons. The heavy (oxy- . dx

gen) ions form a local source which acts as an obstacle to thi€ €lectron temperature in energy units.

flow. In Sect. 2 we investigate the structure of the flow with- Ve Will investigate the steady-state response of the plasma

out magnetic field. It is shown that for certain parameters, aloW On the “obstacle” for which purposes Egs. (1), in di-

13 1 ” 1 “ ” . . . 8
heavy ion shock”, corresponding to the “slow wave mode” mensionless variables, for stationary roQ&:O) may be
accompanied by a rarefaction of the protons is generated in ot

front of the obstacle. In Sect. 3 we include a magnetic fieIdW”tten as

transverse to the plasma flow. In this case a sonic point trans; i, =1 (3a)
lates to a locus in theu(,., u;,) plane, which corresponds to

a superfast-subfast transition, and the value of speed which x

generalizes the fast magnetosonic speed in a bi-ion plasmay,u;, = P = / S(x)dx (3b)
is evaluated. In contrast to flows without a magnetic field, the A

loci of critical points, on whichlu; /dx=00, do not coincide

with the sonic locus determined from the condition of wave (1 1 )dﬂ _ 1 1 dn (3¢)
stationarity. The structure of the equation for the critical loci Mguf, dx MZnoup, dx’

is similar to the magnetic field-free case and describes two

loci in the @y, uxy) plane. There are specific values of the 1- 1 )dﬂ B 1 1dn. 1 dP (3d)

Mach numbers at which solitary bi-ion structures are embed-
ded in the flow. Finally, in Sect. 4 we examine the structure
of flow oblique to the magnetic field. The problem of crit- whereM;, M,, M), are the Mach numbers characterizing the
ical points is Q|s_cussed in the terms of cnfucal loci and z_alsoHOW of different speciesM,=—2 (c?=T,/m,), M,=-"2
the characteristic features of the Bernoulli energy functions Cs Cp
for bi-ion flows. It is shown that the characteristics of a flow (cf,:T,,/m,,), M= (65=Th/mh). mp=1, my=p, the

. . ) . )
may be strongly influenced by the possible existence of soli velocities are normalized to their values at——oo
tary and oscillatory structures.

(o=t po=ttho=1, npo=1, npoupo=ct), i.. atx=—oo both

ion fluids stream from the left to right with equal speeds. For
convenience, we also assume that the ions are isothermal.
Note that the spatial variable is normalized to the value
x=x. which characterizes the spatial extent of the source.
Correspondingly, the electric field is normalized to the value

. . : . —y 2
We consider one-dimensional flow of a plasma consistingEo=71pu5/exe-

Mfu% dx _uMszneuhE MguhPE’

Uho

2 Magnetic field free flows

2.1 Governing equations

The heavies are described by a local source which forms &S
“cloud” of ions, centered at=x,. The basic equations gov- | x —x, |

erning the ion dynamics are the standard multifluid equations -
o . S = S,e Xe o, 4)
of continuity and momentum:

Then the heavy ion flu®=njuy, is

on ad
a_zp + a(n,,u,,) =0, (1a) gl
Xedpe ¢ +a X <X
P = s (2 ‘ i(X*Xo))_F ? (5)
a0 ad X —e o I X>X
S ) = S, (1b) <> °
i X The relation between the number densities of the species is
s It V given by the quasineutrality condition
mi(% ~|—ui£) — ¢ZE — n—" G =p,h) (1c) A
‘ ne=— 4 ——. (6)
gE=_10 1d C
T nee ox (1d) 55 Sonic and critical loci in a bi-ion plasma

The latter equation prescribes massless electrons and undtris well known that the study of stationary flows is inti-
isothermal conditions yields the so called Bolzmann distri- mately related with the problem of sonic points. The problem

bution forn,. of sonic loci in a multi-ion plasma was discussed in McKen-
zie et al. (1993), McKenzie (2001). Here we briefly recall
Ne = noee‘p/ TE, (2) some important results. In a single-ion plasma streaming

Ann. Geophys., 24, 3041-3057, 2006 www.ann-geophys.net/24/3041/2006/
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with the speed,, the sonic point is met where the flow speed
matches the sonic speed. Indeed Egs. (1a) and (1c) with as-
sumption that ,=n, (u,) yield

q)

superfast
ou ou
L4 (Mp + Cs)a—xp =0 @) uh subfast

ot (Sup_erslow)
With the sign minus, the compressional wave propagates to (region 2)

(region 1)

112
(cyt+ an)

the left and the flow becomes stationagy=0 if the protons (1 + c(d+ )"
stream to the right with the sonic speed, which is the phase subslow
speed of waves in a single-ipn plasma. In the rest frame the o1 + GG S L
phase speed of a compressional wave propagating to the left u
is reduced to zero (the wave is carried to the right by the
flow). Therefore the sonic point is reached when the com-
pressional wave becomes stationary.

In general, in a multi-ion plasma, the speeds of ion fluids
are different. To determine a “sonic” point in a such plasma
configuration one has to derive the dispersion equations for
waves propagating in a plasma with differentially streaming Uy,
ions and then puv,,=w/k=0. Such a procedure gives the
equation which generalizes the idea of the sonic point for ‘subsonic’
multi-ion plasmas, namely @h

Y

whereu; are the bulk speeds of the ion fluids,are the ion  Fig. 1. (a)Sonic and critical loci in a bi-ion plasma without mag-

thermal speedsqizzTi/mi, andg; are the modified sound netic field,(b) two loci degenerate to one locus for the case of cold
i 2 ions.

p

P

o)

‘supersonic’

ap

2
4q;
2 = 19 (8) Up

2
uy — ¢

2 n; .. .
speedsa;= ¢s. In a plasma, consisting of two ion

ie
species Eq. (8) is reduced to two sonic loci in thg uy,
plane. The appearance of two loci is associated with twois proportional to the amplitude of the perturbation This
different compressional modes in a bi-ion plasma, fast andadmits a nonlinear wave steepening since points with higher

slow, given by u, move faster than points with smalley,. If we neglect

. . .. . . u
2 2 2 dispersion and dissipation, steepening Ieacfé—%—mo and
w <y +cj,

2 (c2 = cj)? + A(a3 + af) . Y T dx
Vo2 = Z=" 3 + 7 (9)  overturning of the wave. If dissipation is included, a shock
_ wave can be formed. Therefore, in a single-ion plasma sonic
If the electrons are cold/,;1,2=c, ¢;. If the ions are cold,  and critical points are reached where the flow becomes sonic.

two modes merge to one withphzcs(l—ﬂ—_lrﬂ)l/z. In In a bi-ion plasma, critical points (or loci) can be found

. o e ._from the condition
the general case, the “sonic point” is met where the combina-

tion of the ion speeds:(,, ;) lies on two loci (Fig. 1a). The du,
hyperbolic-like curve in the upper comer of thg, uj, plane ~ — = — (10)
corresponds to the “superfast/subfast” transition related to
the proton wave mode. The closed locus encircling the originpifferentiating Eq. (6) and substituting into Eq. (3) yields
is associated with the slower heaVy ion mode. Correspondtwo nonlinear differential equations in the form
ingly, region 2 may be labeled “subfast”, but “superslow”,
and region 3 “subslow”. du; N

If we take the plus sign in Eq. (7) (the sound wave propa-— -~ = ;- (11)
gates in the same direction as the plasma flow) and go to the '
reference frame moving to the right with the sound speged whereN; and D; are algebraic functions of, P (x) and the
Eq. (7) reduces to a simple nonlinear equation for the i0n-\jach numbers. We are interested in the denominators,

sound wave—~ =0, where the velocities,, can be consid-
2 2

t
. i 1 a
ered as perturbations to the wave speedn a such nonlin D; = (1— — (- P a, ) (12)
i Ui

ear sound wave all points move with a constant speed which i (u[27 — c%) B (u% — 05)

www.ann-geophys.net/24/3041/2006/ Ann. Geophys., 24, 3041-3057, 2006
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4=0.05, =16, S,=0.1, %,=20 A comparison W|th Eq. (8).§hows _that, asina .smgle_—llon
6 : plasma where sonic and critical points coincide, in a bi-ion
| plasma the sonic and critical loci are also the same.
ot In the case of immobile heavy iong f=00) and cold pro-
S 4 tons, Eg. (11) becomes
<
® dny,
I u
c 2F dﬂ — _ r dx (14)
f dx nyM2(u2 — 2P
hiVLg up Cs )
L Ne
Oo 100 200 which allows a simple interpretation The “supersonic”,
15 (up>cs (—)1/2) (“subsonic”,u , <c, (—)1/2) proton flow is
decelerated (accelerated) upstream ‘of the heavy ion source,
I any,
510 where—>0, and accelerated (decelerated) downstream of
=] r X
=3 M5 it (Sauer et al., 1992). Acceleration or deceleration of the
T proton flow is determined by the sign of the ambipolar elec-
S 05k . L dn, . . . .
i M=3 tric field E~— . In the “subsonic” regime, information
- . X N
I M | about the ion obstacle propagates upstream with higher than
0 100 500 300 400 500 the flow speed, and the flow undergoes the necessary changes
15 : : : : to maintain the quasineutrality {=1/u ,+n;), namely, it is

accelerated because of a deficit of the electrons in the heavy
ion obstacle. The energy for the proton acceleration is taken

from the enthalphy of the electron gas—é In —) Ina
s Neo
contrast, in the supersonic case, the S|gn of the ambipolar

electric field is reversed since the information cannot reach
the flow and to maintain the charge neutrality, the electrons
create their own excess in the cloud.
0 100 200 300 460 '64500 This picture is not greatly changed if a motion of the heavy
ions is included. Figure 2 shows the spatial variations of
the velocities and densities of protons, heavy ions (all ions
are cold andM;=00) and electrons in the supersonic (two
upper panels) and subsonic (two bottom panels) regimes for
an ion source centered 8400 with a characteristic width
x.=20. Thick solid (dashed) curves correspond to the pro-
tons (heavy ions) whereas the dotted curves refer to the elec-
trons. The dashed-dotted curve depicts the characteristics of
E ‘ ‘ ‘ ‘ E the ion source §,x. exp(— | (x—x,)/xc |)+a«). Simulta-
0 100 200 300 400 500 neous deceleration or acceleration of the ion species is ob-
distance, x/x, served. The sonic (critical) point is achieved where
2 a2
Fig. 2. Variations of the ion and electron densities (protons-the 1 = _2 + g
solid curves, oxygen ions — the dashed curves, electrons — the dot- U3 Uy,
ted curves) and velocities (protons-the solid curves, oxygen ions
the dashed curves, asymptoteg+a,) — the red curves) for super-
sonic and subsonic flows around the “ion source” (the case of col
ions). The curves are torn off at the critical points.

; M=0.2

Up U, Ucr
w
T

(15)

"Condition (15) is fulfilled on the hyperbolic sonic locus

Q(Flg 1b) In the region 1, the “collective” flow is “super-

sonic” while in the region 2, the flow is “subsonic”. Red
curves on the panels for the velocities (Fig. 2) show the

asymptotes ,=a, of the locus. Note that the sonic (critical)
which shows that besides the “classical” sonic points=¢;) point is met at different distances from the source depend-

new critical points appear, lying on the loci, ing on the flow parameterg4;). In the supersonic case, the
flows at M;=3, 4 do not reach the sonic points whereas the

(13) flows with M; <2 meet with such points in front or rear sides

W2 —c2) (s —cd) of the obstacle. In the subsonic case, the flow/a0.02

2 2
a ah

Ann. Geophys., 24, 3041-3057, 2006 www.ann-geophys.net/24/3041/2006/
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does not achieve a sonic point whereas at higher Mach num- _ _ - -
bers the flows are choked at different distances. a=0.05, M_16’ SO 0'1’ X 20

These results can be readily interpreted. In the case of MS=0.04,Mp=1 O,Mh=2.1
cold ions M ,=M;,=0c0) Egs. (3) yield the energy integrals 2.0 1
of motion: l
1 2 l Ne |
E(Mp—l)—i-vyzlnazo, (16a) C;C

CQ.

1) 1 ne < ]
E(l/{h —1)+Vs2|na —O, (16b) C(D

i.e. both ions fluids are either accelerated (or decelerated) as
the electron number density decreases (or increases). Vari- 1
ations of the electron number density are governed by the ~0 100 200 300 400 500
equation, 101 ‘ ‘ ‘

oo:— ——

dne _ % 17) 8- ]
d)C 1 ap al/zl) L
— (= _l’_ —_ L
A" 5 o i
which shows that the sign of the denominator determinesthe _o 4| -
fluid structure. In the “supersonic” regime (Fig. 1b) the plus L
. . . d , ; ]
sign of the denominator |mpI|e%n—e >0 and deceleration of 2] i ’
X
. . . d ‘ ‘ B 1
the both ion fluids. In the case of “subsonic” flovg?r% <0 00 100 200 300 400 500

and correspondingly the ions are accelerated.

The situation becomes more complicated for finite ion dlstance, X/XC

temperatures. In general, the structure of a stationary one- 10
dimensional flow of a bi-ion fluid without a source is de- L fast sonic |
termined by the constants of motion (16), with additional 8 locus |

terms associated with ion enthalpies (for the isothermal ions,
1

M? " ni
in lEq. 3d) also influences the behavior of the heavy ion flow.
As a result, both ion fluids may react differently, e.g. accel-
eration of the protons in subfast regime (region 2 in Fig. 1a)
may occur along with deceleration of the heavy ions. If then
the dynamical trajectory of the collective flow crosses the
“slow wave locus”, corresponding to a superslow/subslow
transition a “heavy ion shock” accompanied by proton rar-

efactl_o_n may be formed. Figure 3 Shows a_n e>_(ample of SUCI'fiig. 3. Variations of the ion and electron densities (protons-the
tranSItlon_..The top panel_presents th(:j‘ dlstrlk_)utlon ofthe NUM-olid curves, oxygen ions —the dashed curves, electrons — the dotted
ber densities of the species, (, ¢). Thick solid, dashed and  ¢rves) and velocities (the end point of the slow mode locus — the
dotted curves correspond to the protons, heavies and eleged curve) for the flow around ion source for the case of finite ion
trons, respectively. The second panel depicts the velocitiesemperatures. The bottom panel shows the dynamic trajectory of
of the protons and heavy ions. The remarkable feature heréhe flow in theu ,, uj, plane. The red curves are the slow and fast
is that the behavior of the protons and heavy ions is differ-wave loci. The system starts at point “O” and goes to point “E” with
ent, with deceleration of the heavies being accompanied byrossings of the critical loci. A shock-like transition for the heavies
an acceleration of the protons. A sharp increase of the heav{f @ccompanied by the strong rarefaction of the proton flow.

ion density atc~330 with a drop in the velocity,, is remi-

niscent of a shock frorit The red curve on the second panel

n; .
In —). The presence of an ion source (the second term U,
Py

30

1|t is known that the 1-D-shocks in gases and plasmas are no@ives the values of the characteristic speed which determines

stationary relative to a piston. Therefore the term “a shock” usedthe end point of the slow-mode locus (see e.g. Fig. 1a). The
in this paper rather corresponds to a shock-like transition which isshock position X ~335) corresponds to a superslow/subslow
supported only by a numerical “dissipation”. transition for the heavy ion flow that occurs close to the point

www.ann-geophys.net/24/3041/2006/ Ann. Geophys., 24, 3041-3057, 2006
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whereuh:(cﬁJrc,Zl/(1+a,2,/c,2,))1/2 (the end point of the slow ~ where M, is the Alfven Mach numberMa=u,/Vap, Va,
sonic locus). The dynamical trajectony,f, u;) is depicted is the Alfven speed based on the proton mass density,
by the solid curve on the bottom panel of Fig. 3 with a sub- Va,=B,/(ion yom ,)Y/?, P is a heavy ion flux,us, (EQ. 5).
sequent crossing of the slow and fast sonic loci. The systenThe spatial variable: is normalized to the length,/ ),
starts at the poin® in subfast (superslow) region, makes the whereQ2,=eB,/m,, is the proton cyclotron frequency.
transition to the subslow regime with a heavy ion shock for-

mation and following ion acceleration. At the poiat the 3.2 Sonic and critical loci

dynamical trajectory crosses another critical point on the fast ) . _ . . .
mode locus and the flow is choked. As discussed in the previous section, the loci of sonic points

are determined by the dispersion equation for compressional
waves in a bi-ion plasma including differential streaming by

3 Flow in the transverse magnetic field the selection of stationary Waveg;:-(=0) in the long wave-

length limit, k—0. This procedure is discussed in detail in
the Appendix which shows that the equation for the sonic

Here the effects of including a magnetic field transverselocus is given by
to the plasma flonB=(0, 0, B) are considered. Faraday’s 2 2_ 2 2 2 2
law implies thatE,=const E,=const, S0 thak,=uexoB:o, up Ty = ¢y Fapcy + 1+ aq)e + Vi 3)
E.=0. The electric fieldt, is determined from equation of With u,=u,=V, the value
motion for massless electrons,
Vi V:Vfbiz;(c2+auc;2,+c?(l+aq)+V§ )l/2 (24)
Pe (18) T (42T * b
yields the fast magnetosonic speed in a bi-ion plasma (Du-
The scalar product of Eq. (18) wittB yields B,=0 binin et al., 2002a). Thus, in contrast to the previous case
(Vp.-B=0 since the magnetic field is in the yz plane). (without a magnetic field), there is only one elliptical-like
Assuming for simplicity that the ions and electrons are locus encircling the origin, which corresponds to superfast-
isothermal (the assumption of adiabatic behavior does nosubfast transition (there is no a slow-wave which could give
change the results principally) , and using the dimensionlessise to a slow wave locus).
variables, we have the following momentum equations

3.1 Governing equations

E=—-u,xB—

nee

. . . du;
The critical loci, at whmhﬁ:oo, can be found after
X
a 1 dupy L dne (upy—uey) o (10a) Simple algebraic calculations from Egs. (19), by substitut-
yal

_ ) —
2,2 2 i B :
Mjug, "~ dx Mgneup, dx Upx ing u,, from Eq. (20), and% from Eq. (22) after differ-
X
entiation. Consequently, we again deduce Eq. (11) with the
(1 — 1 )d“hx _ _ 1 dn, T (upy — ”ey)B corresponding equation for loci of critical speeds (see also
M2z~ dx MZneups dx Upx ) Sauer et al., 1996):
% dpP 2 2
- (19b) 2., " 2 M2
PMZupy dx ap+ 3V, 4t 3 Vi
1= ¢ + ¢ (25)
du py 1 MZX —c? u% — 0,21
— = — B, (19¢) P P x
dx Upx where V4, and Va;,. are respectively the local Alfven
dup, 1 speeds based on the local values of the magnetic field and
7 Y= — _B, (19d) the proton and heavy ion mass densities.
* Uix Thus, the inclusion of a transverse magnetic field implies
. , 2
ne
which are supplemented by Ampere’s law, the substitutiorn?>—~a?+—5 V%, into Eq. (13) and, as in
n
4B, = M%(”euey _ oy Puhy), (20) the previous case, two critical loci. Figure 4 shows exam-
dx Upx  Uhx ples of sonic locus (the solid curves) corresponding to su-
the quasineutrality condition, perfast/subfast transition and critical loci (dotted curves) in
a bi-ion plasma withw=5x10"2, =16, 8;=0.1 and 1. It
n, = 1 P (21) is observed only one point inf., us.)-space at which the

Upx — Uphx sonic and critical loci intersect.

In the case of immobile heavy ions (Baumgartel and Sauer,
1992), the sonic point is achieved at

Ne

L+P =3 @2 2 —24 24 Vin, (26)

and the current-free conditiori(=0), which becomes

Ann. Geophys., 24, 3041-3057, 2006 www.ann-geophys.net/24/3041/2006/
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.05, }J.=16, 80:0.1’ X= 20, a=0.05, M=16, SO=0.1, X= 20,

a=0.05, u=16, f=0.1, Bz=0.1,B,=0.1
‘“‘ Be‘ P ‘Bh =1.05, M=10M=10M,=10  M:=0.02, My=10,M,=10,M,=10

=1
In o
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R

20 I

c
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a
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critical locus

o
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15}
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o
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o
o
o
@
o
N
)
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Up w,/”-—
m 1.0 1 1.0 ]
(X,:0.0S, u:16, Be—1, ﬁp—1 ,ﬁh—1 ost ] osh ]
‘ ‘ ‘ ‘ : \
0'UO 200 400 600 0'00 200 400 600
fast distance, x/x, distance, x/x,
L critical locus
sonic’ locus . . . - -,
2k 4 Fig. 5. Variations of the ion and electron densities, velocities and
the magnetic field for the flows across the transverse magnetic field
L around the ion source.
Un slow

critical locus

the velocities correspond to the gyration of both ion fluids
caused by a small difference in their initial speeds (each ion
05 ‘ ‘ ‘ 2 ‘ fluid feels, in their reference frame, the motional electric field
due to the differential streaming and the ions begin to move
on tiny cycloidal trajectories). The difference between the
ion velocities increases close to the ion source. Decelera-
tion (acceleration) of the collective plasma flow at superfast
(subfast) speeds is accompanied with an increase (decrease)
of the magnetic field strength. Correspondingly, a decrease
The system possesses the energy integral, namely (increase) of the magnetic energy at the rear of the source is

balanced by an increase (decrease) of the ion kinetic energy.
In(n,)=0, (27) If a “collective” bi-ion flow reaches a critical point, lying

on the critical loci, smooth solutions cannot be constructed,
wheren,,=1+n,. Thex-component of the equation of mo- Since they correspond to either choked or shocked flow.
tion can then be written in the form

Up

Fig. 4. Sonic (the solid curve) and critical (the dotted curves) loci
for the bi-ion flows transverse to the magnetic field.

1, 2 1 ne ne—1 1
E(u”x+u”y_1)+W|nE+M_§+M_§

N

Why are the “sonic” and fast critical loci different (in

—2% = fupy) (28) contrast to the magnetic field free case)? In general, dis-

dx persive effects which are naturally involved in the nonlin-
which elucidates the structure of the flow through the behav-ear Egs. (19-20) weaken the steepening of the flow profile.
ior of the function f (), without numerically solving the  As the result, the effect of overturningi(; /dx— oo) may
differential equation. We will not discuss this case here butoccur at larger amplitudes. In magnetic field free flows the
consider the general case of mobile heavy ions. dispersive effects appear at Debye lengths. Since we have

Solving Egs. (19-20), and using Egs. (21) and (22), yieldsused the quasineutrality condition, these flows are nondis-
stationary solutions for bi-ion plasma flows transverse to thepersive. The magnetic field introduces dispersion on much
magnetic field. It is observed that the magnetic field intro- larger scales and this explains the difference between the val-
duces a “stiffness” in the differential streaming of the ion ues of the bi-ion fast magnetosonic and critical speeds. This
species. In the superfast regime (sufficiently far from thealso implies, for example, that in bi-ion flows in the range
critical loci) the protons and heavies stream with approxi- of the velocities between the fast and critical loci, one may
mately the same speeds (Fig. 5). The small oscillations okxpect the existence of solitary structures.
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a) b) c) d)

a=0.2, p=16, M_=8, 0=0.6, p=16, M=8, o=2, p=16, M;=8, a=2, p=16, M;=8,
M,=6.4,M,=6.4M,=0.85 Mp=2.5,M;=2.5M,;=0.6 M;=8,M,=8,M,=0.33  M,=8,M;=8,M,=0.33

0.05 20 w0 %0 20 40 %% 10 20 00g 10 20
distance, x/x, distance, x/x, distance, x/x, distance, x/x,

Fig. 6. Solitary structures in bi-ion plasmas with different abundance of the heavies. The right panels show a possible shock structure in a
bi-ion plasma.

3.3 Solitons M ppi=(L4am)u, /(A +apci+(I+ag)c?+VE )12 in a
bi-ion plasma, wherax is the fraction of the heavies,

N ) _ a=npe/npe. IN the regime of soliton solutions we require
There are specific ranges of the Mach numbers in which tthbi>l-
protons and heavies move quite differently on the dispersive Solitary structures may be also observed in a bi-ion flow
length scales. Since the dispersive length in magnetized bizgainst the source. Figure 7 depicts a sequence of bi-ion soli-
ion plasmas is much larger than the electron and even protogyry structures with increasing amplitude that appear when
inertial length a flow may be strongly affected. In fact, thesepe plasma flows around a very extended source (dashed-
flow regimes correspond to solitons propagating perpendicyotted curve). Atc=0 the parameters of the collective flow
ular to the magnetic field in multi-ion plasmas (Sauer et al.,jie jn the range where solitons can exist. Solitons of increas-
2001, 2003; McKenzie et al., 2001; Dubinin et al., 2002a). ing amplitude, with rarefaction of the protons in the cores are

An interesting feature Of bi-iOI’l Compl’eSSive SO|it0nS iS thatobserved on approach to the centre of the source.
they can contain an embedded rarefaction proton substruc-

ture. Within this rarefaction core, the protons are strongly

accelerated. Figure 6 shows examples of solitons in a protord  Flow in an oblique magnetic field
oxygen plasma with a different abundance of the heavies. A ) )

proton rarefaction core is clearly observed. Compression of+-1 Governing equations

the protons is followed by a sudden rarefaction and accel-E i 19 b lized 1o include the effects of
eration, while the oxygen ions continue to be decelerated quations (19) can be generalized to include the effects o

Such unusual behavior of different ion species hints that tthOWS (_)bllque to magnet_|c field. We assume that the mag-
inclusion of dissipation may lead to the appearance of theetic field atx=-oo lies m}the xz—pIaneB%(Bx.(,, 0’.3“’)’
peculiar heavy ion shock characterized by a proton rarefac\-’\{here szponstz cosQ (divB=0), Bz(,:sme_m dimen-
tion (Fig. 6d). In particular, it has been suggested that theSOMESS uglts. Foristatéllonary flowss, =const sing, £.=0,
magnetic pile-up boundaries observed near comets and Marsxz_ﬂ },_Tﬁ,

could be such type of transition (see e.g. Sauer and Dubinin, COS? Mgn, dx

2000). Although solitons appear at sub-Alfvenic speeds Ampere’s law yields,

(the Alfven speed is based on the proton mass density)J B, o Upz  Pup;

the flow remains super-fast in the bi-ion plasma. The fast, — A(upx o Mellez), (292)
Mach numberM =u,/ Vs (whereVms=(V§p+c12,+cs2)1/2

is the_ magne_\tosor_nic speed) wh_ich characterizes the plasm@ _ _Mz(u,,y n Pupy Rottey) (29b)
flow in a single-ion plasma is replaced by the value 3, — Dupe | upy ereys
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in which the electron velocity is given by the Eq. (18), 0=0.2, p=16, $,=0.1, x= 80
ol D) (o) L] b
1+P B, 1+P B sing =10, M,=10,M =10,M,=0.8
Uey = —", Uez = = — . (30) 10 MS P Mh A
ne C€OsH n. C€0sH  cosH r ‘ ‘ ‘ ‘
The current-free conditiont,=(1+P)/n. yields the x- B

component of the electron speed. Thus we have
nine nonlinear differential equations for nine variables

Upxs Upy, Upzs Upxs Uhy, Uhz, By, Bz, ne.
4.2 Sonic and critical loci

The results of Sect. 3.2 and the appendix are readily gener-
alized to the case of the oblique magnetic field although the - ‘ b
number of wave modes significantly increases. These modes 0 20 40 60 80 100 120 140
can give rise to several “sonic” loci which, in general, do not 15 ‘ ‘ ‘ ‘
coincide with the critical loci. i
In contrast to the case of flows transverse to the magnetic
field, the number of constants of motion for oblique propa- <= 1 L
gation is less than is necessary to obtain algebraic relations™
between the variables contained on the RHS of the motion $
equations fodu;, /dx. Since, in general, terms on the RHS :D 0.5 r
may be also proportional téu;, /dx, the equation for crit- 5 UV
ical loci cannot as readily be obtained as in the transverse
case. However, the problem of critical points can be con- 0ol
sidered from another viewpoint. It has been shown (Du- : ‘ ‘
binin et al., 2003b; McKenzie et al., 2004) that stationary 0 20 40 60 80 100 120 A1
one-dimensional and adiabatic flows oblique to the magnetic 8]
field, possess the following energy integrals i

S
o

E xu
mi (— M) +w; +qw, =const i =p,h (31)
2 By
wherew; andw, are, respectively, the ion and electron en-

thalpies,

wye = B, (32)
Vi,e_lni.e

07 | | | | | |
These relations imply that at any point of the flow the change 0 20 40 60 80 100 120 140
in energy density per unit charge of any ion species is ac- distance, x/x,

companied by an equal and opposite change in the electron

energy density. In dimensionless units, the energy integralgig 7. A train of solitatary structures arising from the plasma flow

for each ion species can be written in the form around very extended source.
) EZ 2 1
lx+uzv+(ul’+_) —1+ﬁ+—lna

i (1,0,0). Cross-sections of the surfacesuat=const are

2 Ini, (33) the circles with the radiir; —(EZ/B2 f@wi)¥?, where

+
miM2 " Uy

f(u-)—(ulx 1)+—In(1/u,-x) are the Bernoulli energy
wherei=p, h, m;=1, u. Here we have assumed isothermal M

electrons and |on31(,-=— In ;) and the constants are fixed functions for the Iongltudlnal flows (the sum of changes in
M? the kinetic energies and enthalpies). It is important to note

from the conditions at=—oo. that the radii of the cross-sections depend only on the lon-
For cold electrons, Eqgs. (33) for the protons and gitudinal speed:;,. Figure 8, which depicts examples of
heavies decouple, which leads to the following sim- Bernoulli functions and spheroids, and shows that for su-
ple geometrical interpretation. The tip of the vectors personic flows #/;>1) accessible rarefactive flows are re-
u; move on the surfaces of two spheroids with cen- stricted by the top of the spheroids (the poion f; and
ters at (00, —E,/By) which cross the initial pointO on the spheroid, where the poi@tcorresponds to the initial
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M.=2, 6=60° M,=0.5, 6=60°
4 tan 9 ] 4 ]
2t . 2F ]
oL é 2F -
A é -4+ 4
0 1 2 3 4 5 0 1 2 3 4 5
Ui i
uix
0(1,0,0)
S
0(1,0,0)
¢ uiz

Fig. 8. Examples of Bernoulli functions and spheroids for subsonic and supersonic flows with cold electrons. The system starts at point “O”
and moves along rarefactive or compressive paths.

state) . Compressive flows are restricted (critical points) by
the position of “sonic” points M;=1) which correspond to

minima (§) of the functionsf («;). In the subsonic regime f; = (u,-zx -1+ iz In i + 2 5 In( 1 + ¢ )

(M; <1), a possible compression is limited by the bottom of ME o wie miME o upe - Uny

the spheroids (poin€), while an accessible rarefaction is _

limited by the “sonic” pointS at u;,=1/M; (minimum of m; M? In( +aq) (34)
f(ui)).

If ottt e K, then f (up)~(w? —1)+2(1/M2+1/M3?) In
(1/u,x) and the critical speed for the protong(ig+c2)*/2.
When the electron pressure is taken into account, the Figure 9a shows the Bernoulli function for the bi-ion

radius of the cross-section of the spheroid for the protondlows (@=0.05, =16, 6=60C°) at M;=1.48, M;=occ and
(heavies) depends not only on the constahts B, and M;=1.48, which corresponds to flows withf4,=1.48 in a
M;, but also onM; and, more importantly, the value of the plasma withg;=1. In the case of cold electronsf{=cc), a
local heavy ion (proton) speed,.(u,,). The generalized sonic pointis reached at,~0.7. SinceM ,=M), the shapes
Bernoulli functions which determine the shape of the of both spheroids are the same, although the trajectories of
spheroids then become, the vectorsu; on their surfaces may be very different, e.g.
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M;=1.48, M= a=0.05, p=16, 6=60, §0, M =1.48, Ms=1.48

a) | 207
0.5+ T
f 0.0
-0.5+ -
50
0.5 1.0 u. 1.5 2.0 ’ ° fioistance,SXO/)@ *
|
a=0.05, u=16, IVli_‘I 48, Mg=1.48, ;=1 Fig. 10. Coherent solitary-oscillatory structure corresponding to
b) \ s l the upper “window” in Fig. 13. Despite of strong oscillations the
r 4 ] vectorsu; move on the smooth surface of the Bernoulli spheroid
05[ ,’ ] (Fig. 9c).
i , fp |
| s il
fi 0.0 Fe - | are extremely restricted, while the sonic point for the heavies
-~ — f 1 remains approximately the sameg,{~0.7). Figure 9¢ shows
I h i the functionsf, and f;, for stationary solutions fox ,, and
-05+ 8 uyy by solving the full set of nonlinear differential equations
i | for the bi-ion flow with S=0. The agreement between the
05 10 15 20 curves on Figs. 9b and c is reasonable although the motion
Up »Up, of the ions is very different and complicated as is observed
c) 0=0.05, p=16, M. =1.48, M&1.48 in Fig. 10 which depicts the exact stationary solutions. The
: ' ion motion exhibits strong oscillations, although the tips of
1 the vectorsy; move on the smooth surface of the Bernoulli
0.5 - spheroids with the radii determined from the Bernoulli func-
| tions shown in Fig. 9c. In this case, a coherent motion of
both fluids is maintained by a perfect coupling between the
fi0.0 ions (a solitary-like structure).

In general, the Bernoulli spheroids can become strongly
contracted or expanded during the collective motion since
051 i the motion of the protons (heavies) influences the Bernoulli

i 1 functions of the heavies (protons}j, (f,) in a rather com-

05" 0 5 50 plicated way. The top panel of Fig. 11 shows an example of

' oUpoUy, how the radiiR; of the cross-sections of the proton (heavy
ion) spheroids at;;,=const vary in the bi-ion flow against
the extended ion source. Lower panels show the number den-
sities of the species, the longitudinal speeds and the magnetic
field. The flow consists of many perturbations which provide
rapid expansions and contractions of the spheroids (the dif-
acceleration of the protons along with deceleration of theferent radiir, (R;) are observed for the same values:gf
heavies and vice versa. However, in both flows, sonic pointgu;,) but different values o, (i px)).
are achieved at;,=1/M;. Therefore it is possible that the The geometrical interpretation of the energy integrals (33)
flow of only one ion fluid becomes sonic. When electron shows that differential ion streaming of the collective flows
pressure is included, the motion of the ions becomes moreblique to the magnetic field is more easily accessible than in
complicated. The Bernoulli functiong, and f;, are now dif-  the transverse case. Both ion fluids may respond differently
ferent. Figure 9b showg, and f, (Eq. 34) for M;=1.48 on an “ion obstacle”. As a result, the flow structures are more
(here we assume also for a simplicity that=1 (u,,=1) richly varied. Figure 12a depicts the formation of a “heavy
for f, (fr))- The sonic point of the proton flow is reached at ion shock” when the velocity of the heavies crosses the slow
upx~0.95, i.e. accessible smooth compressive proton flowscritical locus. At this transition, the protons are however

Fig. 9. Examples of Bernoulli functions for bi-ion flows with warm
electrons.
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efaction. Figures 12c, d present examples of compressive
and rarefactive large-amplitude waves of growing amplitude
on approaching the obstacle.

The functionsf, and f;, cannot always be considered as
the Bernoulli functions where minima determine the criti-
cal points. For example, when the term corresponding to
the electron enthalphy dominates over the ion kinetic and
thermal energies, the behavior ¢f is very different from
a “classical” Bernoulli function, and only when, (kinetic
energy) increases, the functighexhibits a minimum at the
sonic point.

Assuming that the transverse ion velocitigs, u;, (the
magnetic field componenis,, B, can be expressed as func-
tions of the transverse speeds using the momentum flux con-
servation laws) are not proportional the;,/dx, and per-
forming simple algebraic manipulations with the governing

equations, yieldsdn—ezﬁe, whereD, is a function only of
X

the longitudinal velocitieestix. The conditionD,=0 for the
critical points reduces to the same expression (13) for the
magnetic field-free case, namely

2 2
a ah

1= L (35)
2 2 2 2
px — Cp Uy —Cp

which does not explicitly contain the magnetic field, al-
though the behavior of,, anduy, is, in fact, controlled
by the magnetic field.

4.3 Solitary and oscillatory structures

It has been shown (Sauer et al.,, 2001, 2003; Dubinin
et al.,, 2002b, 2003b) that bi-ion stationary flows with
speeds in the “windows” between the longwavelength lim-
its (k=0) of the phase speeds of the linear wave modes,
can generate solitary or oscillatory structures. Figure 13
presents the phase speed of waves in a bi-ion plasma
(¢=0.05, B;=1, u=16, #=60"). Dashed areas depict the
ranges of the velocities at which solitary (or oscillatory)
wave structures can be observed in a bi-ion plasma with
a=0.05, B;=1, =16, 6=60°. Figure 10 has already pro-
vided us with an example of a coherent stationary structure
in a bi-ion flow when the flow speed (at=—00) lies in the
upper “window” in Fig. 13. The existence of a phase veloc-

ity minimum on the upper resonance mode gives rise to 0s-

cillations embedded within the solitary structure. This type

The value ofR, (Rj,) depends not only the constarifs, By, M;, of solitary waves arises from a specific feature, namely the

but also on the valuey, (up.) at this point. (lower panels) Vari- existence of an extremum on the curve of the phase speed

ations of the ion and electron number densities, velocities and th@o/k(k) (Sauer et al., 2001, 2003; Dubinin et al., 2002b,

magnetic field for the bi-ion flow around the extended ion cloud. 2003a, b). Since the minimum is rather smooth the structure
differs from a typical oscilliton.

The strongly nonlinear wavy structure shown in Fig. 14
strongly accelerated. Figure 12b shows an example of howprovides another example of a stationary flow when
the velocity of the heavies exhibits large-amplitude oscilla- u;,,=0.434, i.e. the speed occurs in the second window for
tions followed by a shock-like transition. As in the previous oscillitons (Fig. 13). At larger wave speeds, the amplitude of
case, the heavy ion shock is accompanied by a proton rarthe oscilliton increases and the expanding protons can reach

Fig. 11. (top panel) Variations of the radR; of the cross-sections
of the proton (heavy ion) spheroids with the longitudinal speggs
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a)  a=0.05, p=16, S=0.1, x,=20, 6=10, b) a=0.05, u=16, S$,=0.1, x,.=20, 6=80,
- Ms=0.04, Mp=10,M,=2.095,M,=0.2 - Ms=0.04, My=10,M,=2.095,M,=0.2
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Fig. 12. Examples of the structures observed for the collective ion flows obliquely to the magnetic field.

the critical point corresponding to the minimum gf with For example, here we observe a different behavior of the
the result that a smooth solution cannot be constructed. Adifferent ions with a small reacceleration of the heavies in
speeds below.37V,,, but above the velocity of the “heavy the centre of their compression. The magnetic field com-
ion” mode (031V,,,) classical solitary waves can exist. ponent B;, besides the main maximum, reveals two clear
“shoulders” at the edges. It is interesting that all these fea-
The inclusion of an ion source naturally disturbs a soli- tyres can be readily recognized when the ion source is placed
ton (oscilliton) structure. However, because of the ratherat x=400 (Fig. 15b). The structure observed closer to the
large characteristic width of bi-ion oblique solitons their typ- source ¢~360) is reminiscent of the shock-like transition
ical features can be readily recognized within the large-scalen Fig. 3 for the magnetic field free case while a part of an
flow patterns. Figure 15a presents an example of the solipplique soliton is clearly displayed far upstream of the obsta-
tary wave. In contrast to classical solitons in a single-iongje.
plasma, their structures in a bi-ion plasma are much richer.
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0a=0.05, p=16, 8=60, B~1, B=1,8,=1 a=0.05, H:16’ SOIO, 0=60,
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Fig. 13. The dispersive diagranw( k—k) for oblique propagating [ ]
waves in a bi-ion plasma . In windows between the longwavelength 20F a

limits (k=0) of the phase speeds solitary and oscillatory waves exist. 2 7
:% 15
The shock transition occurs with a sudden jump (drop) in & i
dn, 2 1.0
the heavy ion (proton) density. At this point—d =—>00. i
X = ]
Note that the functionsf,, and f;, have no clear minima 05 a
at this point and therefore cannot be considered as clas- L ] w w !
sical Bernoulli functions. In contrast, at greater distances 0 200 400 600 800
(x~440), where the protons and heavies are strongly accel- 2F

erated (and where contribution of the kinetic energy becomes
essential) the collective flow reaches the critical point where
D.—0 and alsof), , reach their minima.

5 Conclusions

This paper explores in detail the features of stationary flows
in bi-ion plasmas. One of the most important points is the i ‘ ‘ ‘ i
identification of critical loci, on which the flow is shocked or 0 200 400 600 800
choked, with the idea of sonic loci providing a generalization distance, x/x,

of the concept of a sonic point to multi-ion flows with differ-

ential ion streaming. In this sense the dispersion equation foFig. 14. Oscillatory structure in bi-ion flow without a source.
stationary waves, as viewed in a lab frame in which differen-

tial ion streaming takes place, yields the sonic locip, ()

space which is therefore subdivided into various regions, assuch solitons exhibit the remarkable property of a heavy ion
to the nature of the flow, superfast, subfast, superslow andleceleration accompanied by a rather sharp proton rarefac-
subslow. These ideas are extended to include the effects ation near the centre of the wave, with concomitant features in
the flows of the magnetic field. The flows set up in responsethe magnetic field profile. Inclusion of dissipation may lead
to an ion source are studied within this framework. Theseto shock transitions characterized by the deceleration (accel-
can reveal rather complicated structures, depending upon theration) of the heavies (protons). In other velocity regimes
regimes into which the unperturbed flow speed finds itself.the magnetic field introduces a stiffness in the differential
For example, it is possible that “heavy ion shocks” are ac-streaming of the ion fluids. Magnetic obliquity significantly
companied by a proton rarefaction. This feature is alreadyincreases the variety of accessible collective ion flows with
present in magnetic field free flows of a bi-ion plasma with differential ion streaming. The analysis of such flows and
finite ion temperatures. Two critical loci also appear in the critical points for an oblique case is facilitated by the use of
case of flow in the transverse magnetic field. A different be-energy integrals and properties of the Bernoulli energy func-
havior of the ion fluids is revealed in the specific range of thetions for the longitudinal ion speeds. An extremely useful ge-
velocities where bi-ion solitary structures can be generatedometrical interpretation of the integrals of motion elucidates
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Fig. 15. (a)Solitary structure in bi-ion flow (without a source) propagating obliquely to the magnetic ([@ltPerturbations” in solitary
structure by the ion source. Shock-like transitions for the heavies accompanied by the proton expansion appear at critical points.

the main characteristic features of the collective ion dynam-Appendix A

ics of a multi-ion plasmas. The results are underlined by a

series of numerical solutions which illustrate the rich, com-Dispersion of waves propagating transverse to the

plex flow structures which arise in various flow regimes in magnetic field in a bi-ion plasma

response to various ion sources. In particular, heavy ion

shocks accompanied by the proton rarefaction may appedror plane wave disturbances varying as @kp—i«t) the

for the flows oblique to the magnetic field. Coherent wave linearized equation of motion for ions in dimensionless vari-
motions, associated with very specific features of solitary@bles can be written in the<2 matrix form,

structures in a bi-ion plasma, can also be readily generated ,,, — g (A1)
Since the characteristic width of oblique solitons (oscillitons)

can reach several hundreds of the proton inertial lengths suchiereLi is the matrix

structures are easily recognizable. . imik%p;
o i@ —kVmi/g + ———=—] -1
Lk — (@—kVi)gi~
t [ Lwm;
w—kV; qi

whereu;=(u;,, uiy), E=(Ey, Ey) are the velocity and elec-
tric field perturbations,=p, h, m; andg; are respectively the
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mass and charge of the ions (=1, my=u, q,=1, qr=q),
Bi=c?/ Vjp (herec; are the thermal speeds:=T;/m; and

E. M. Dubinin et al.: Critical points in multi-ion plasma

In the case of an oblique magnetic field, all matrixes become
of the third order, but the procedure for deriving the sonic

Vap is the Alfven speed based on the proton mass density)locus remains similar.
We assume that the ions are isothermal and have bulk speeds o
V; along the x-axis, while the magnetic field is parallel to Acknowledgements. E. M. Dubinin thanks the Deutsche
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