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SOLVING VARIATIONAL INEQUALITIES WITH STOCHASTIC
MIRROR-PROX ALGORITHM

ANATOLI JUDITSKY*, ARKADI NEMIROVSKIT, AND CLAIRE TAUVEL}

September 4, 2008

Abstract. In this paper we consider iterative methods for stochastic variational inequalities
(s.v.i.) with monotone operators. Our basic assumption is that the operator possesses both smooth
and nonsmooth components. Further, only noisy observations of the problem data are available. We
develop a novel Stochastic Mirror-Prox (SMP) algorithm for solving s.v.i. and show that with the
convenient stepsize strategy it attains the optimal rates of convergence with respect to the prob-
lem parameters. We apply the SMP algorithm to Stochastic composite minimization and describe
particular applications to Stochastic Semidefinite Feasability problem and Eigenvalue minimization.

Key words. Nash variational inequalities, stochastic convex-concave saddle-point problem,
large scale stochastic approximation, reduced complexity algorithms for convex optimization
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1. Introduction. Let Z be a convex compact set in Euclidean space £ with
inner product (-,-), || - || be a norm on E (not necessarily the one associated with the
inner product), and F : Z — £ be a monotone mapping:

(1.1) V(z,2/ € Z): (F(2) — F(2'),z = 2') 2 0)
We are interested to approximate a solution to the variational inequality (v.i.)
(1.2) find z. € Z: (F(2),2.. —2) <0 VzeZ

associated with Z, F. Note that since F' is monotone on Z, the condition in ([.3) is
implied by (F(zx),z — z+) > 0 for all z € Z, which is the standard definition of a
(strong) solution to the v.i. associated with Z, F. The inverse — a solution to v.i. as
defined by ([.9) (a “weak” solution) is a strong solution as well — also is true, provided,
e.g., that F' is continuous. An advantage of the concept of weak solution is that such
a solution always exists under our assumptions (F is well defined and monotone on a
convex compact set Z).
We quantify the inaccuracy of a candidate solution z € Z by the error

(1.3) Erry;(2) := %1€a§(<F(u), z—u);

note that this error is always > 0 and equals zero iff z is a solution to ([L.9).
In what follows we impose on F', aside of the monotonicity, the requirement

(1.4) V(2,2 € Z): ||[F(z) = F(Z')|l« < L||z = 2| + M
with some known constants L > 0, M > 0. From now on,

(1.5) €]l = max (¢, 2)

zillzlI<1
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is the norm conjugate to || - ||

We are interested in the case where ) is solved by an iterative algorithm based
on a stochastic oracle representation of the operator F(-). Specifically, when solving
the problem, the algorithm acquires information on F' via subsequent calls to a black
box (“stochastic oracle”, SO). At i-th call, i = 0,1,..., the oracle gets as input a
search point z; € Z (this point is generated by the algorithm on the basis of the
information accumulated so far) and returns the vector Z(z;, ¢;), where {¢; € RV},
is a sequence of i.i.d. (and independent of the queries of the algorithm) random
variables. We suppose that the Borel function Z(z, ¢) is such that

(L6) Ve Z: B{E(:,()} = F(2), B{IE(:¢) - F()|2} < N

We call a monotone v.i. ([L.1]), augmented by a stochastic oracle (SO), a stochastic
monotone v.i. (s.v.i.).

To motivate our goal, let us start with known results [ﬂ] on the limits of perfor-
mance of iterative algorithms for solving large-scale stochastic v.i.’s. To “normalize”
the situation, assume that Z is the unit Euclidean ball in £ = R™ and that n is
large. In this case, the rate of convergence of a whatever algorithm for solving v.i.’s

cannot be better than O(1) [% + M\;%N ] In other words, for a properly chosen pos-

itive absolute constant C, for every number of steps ¢, all large enough values of n
and any algorithm B for solving s.v.i.’s on the unit ball of R", one can point out
a monotone s.v.i. satisfying ([.4), ([.4) and such that the expected error of the
approximate solution Z; generated by B after ¢ steps , applied to such s.v.i., is at least

c [% + M—\J/%N} for some ¢ > 0. To the best of our knowledge, no one of existing algo-

rithms allows to achieve, uniformly in the dimension, this convergence rate. In fact,
the “best approximations” available are given by Robust Stochastic Approximation
(see [[] and references therein) with the guaranteed rate of convergence O(l)w
and extra-gradient-type algorithms for solving deterministic monotone v.i.’s with Lip-
schitz continuous operators (see [ﬂ, E, , E]), which attains the accuracy O(l)% in
the case of M = N =0 or O(l)% when L =N =0.

The goal of this paper is to demonstrate that a specific Mirror-Prox algorithm [E]
for solving monotone v.i.’s with Lipschitz continuous operators can be extended onto
monotone s.v.i.’s to yield, uniformly in the dimension, the optimal rate of conver-

gence O(1) [% + %} We present the corresponding extension and investigate it

in details: we show how the algorithm can be “tuned” to the geometry of the s.v.i. in
question, derive bounds for the probability of large deviations of the resulting error,
etc. We also present a number of applications where the specific structure of the rate
of convergence indeed “makes a difference”.

The main body of the paper is organized as follows: in Section E, we describe
several special cases of monotone v.i.’s we are especially interested in (convex Nash
equilibria, convex-concave saddle point problems, convex minimization). We single
out these special cases since here one can define a useful “functional” counterpart
Errn(-) of the just defined error Erry;(-); both Erry and Erry; will participate in
our subsequent efficiency estimates. Our main development — the Stochastic Mirror
Prox (SMP) algorithm — is presented in Section %Some general results obout the
performance of the SMP are presented in Section B.4. Then in Section E we present
SMP for Stochastic composite minimization and discuss its applications to Stochastic
Semidefinite Feasability problem and Eigenvalue minimization. All technical proofs
are collected in the appendix.
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Notations. In the sequel, lowercase Latin letters denote vectors (and sometimes
matrices). Script capital letters, like £, ), denote Euclidean spaces; the inner product
in such a space, say, &, is denoted by (-, )¢ (or merely (-,-), when the corresponding
space is clear from the context). Linear mappings from one Euclidean space to an-
other, say, from £ to F, are denoted by boldface capitals like A (there are also some
reserved boldface capitals, like E for expectation, RF for the k-dimensional coordi-
nate space, and S* for the space of k x k symmetric matrices). A* stands for the
conjugate to mapping A: if A : £ — F, then A* : F — & is given by the identity
(f,Ae)r = (A*f,e)e for f € F,e € £. When both the origin and the destination
space of a linear map, like A, are the standard coordinate spaces, the map is identified
with its matrix A, and A* is identified with AT. For a norm || - || on &, || - ||« stands
for the conjugate norm, see ([L.F).

For Euclidean spaces &1, ...,Em, € = &1 X ... X &, denotes their Euclidean direct
product, so that a vector from & is a collection v = [u1;...; Uy, (“MATLAB notation”)
of vectors ug € &, and (u,v)e =Y ,(ug,ve)e,. Sometimes we allow ourselves to write
(U1, ..., ) instead of [u1;...; U]

2. Preliminaries.

2.1. Nash v.i.’s and functional error. In the sequel, we shall be especially
interested in a special case of v.i. ([Lg) — in a Nash v.i. coming from a convex
Nash Equilibrium problem, and in the associated functional error measure. The Nash
Equilibrium problem can be described as follows: there are m players, i-th of them
choosing a point z; from a given set Z;. The loss of i-th player is a given function
¢i(2) of the collection z = (21,...,2m) € Z = Z1 X ... X Zy, of player’s choices. With
slight abuse of notation, we use for ¢;(z) also the notation ¢;(z;, z*), where 2 is the
collection of choices of all but the i-th players. Players are interested to minimize their
losses, and Nash equilibrium Z is a point from Z such that for every ¢ the function
¢i(2i,7") attains its minimum in z; € Z; at z; = Z; (so that in the state Z no player
has an incentive to change his choice, provided that the other players stick to their
choices).

We call a Nash equilibrium problem convex, if for every i Z; is a compact convex
set, ¢i(zi,2") is a Lipschitz continuous function convex in z; and concave in 2%, and
the function ®(z) = 31" | ¢:(2) is convex. It is well known (see, e.g., [§) that setting

F(z) = [F'(2);...; F™(2)], F'(2) € 9., ¢i(2:,2"), i =1,...,m

where 9., ¢;(2;,2") is the subdifferential of the convex function ¢;(-, 2) at a point z;,
we get a monotone operator such that the solutions to the corresponding v.i. ([L.9)
are exactly the Nash equilibria. Note that since ¢; are Lipschitz continuous, the
associated operator F' can be chosen to be bounded. For this v.i. one can consider,
along with the v.i.-accuracy measure Erry;(z), the functional error measure

Errn(z) = Z [(I%(Z) — min ¢i(wz‘,zi)

= wi€Z;

This accuracy measure admits a transparent justification: this is the sum, over the
players, of the incentives for a player to change his choice given that other players
stick to their choices.

Special cases: saddle points and minimization. An important by its own right
particular case of Nash Equilibrium problem is an antagonistic 2-person game, where
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m = 2 and ®(z) = 0 (i.e, ¢2(2) = —¢1(2)). The convex case of this problem
corresponds to the situation when ¢(z1,22) = ¢1(21,22) is a Lipschitz continuous
function which is convex in z; € Z; and concave in zo € Zs, the Nash equilibria are
exactly the saddle points (min in z7, max in 22) of ¢ on Z; x Zs, and the functional
error becomes

Errn(z1,22) = max  [P(z1,u1) — d(u1, 22)] -
(u1,u2)€Z
Recall that the convex-concave saddle point problem min,, ¢ z, max,,ez, ¢(21, 22) gives
rise to the “primal-dual” pair of convex optimization problems
(P): min ¢(z1), (D) : max ¢(z2),

z1€21 22€2Z2

where

P(z1) = max P(21,22), ¢(22) = min P(21, 22).
The optimal values Opt(P) and Opt(D) in these problems are equal, the set of saddle
points of ¢ (i.e., the set of Nash equilibria of the underlying convex Nash problem)
is exactly the direct product of the optimal sets of (P) and (D), and Errn(z1, 22) is
nothing but the sum of non-optimalities of z1, z2 considered as approximate solutions
to respective optimization problems:

Errn(z1, 22) = [@(21) — Opt(P)] + [Opt(D) — ¢(22)] -

Finally, the “trivial” case m = 1 of the convex Nash Equilibrium is the problem of
minimizing a Lipschitz continuous convex function ¢(z) = ¢1(z1) over the convex
compact set Z = Z7, In this case, the functional error becomes the usual residual in
terms of the objective:

Errn(z) = ¢(2) — mZin o.

In the sequel, we refer to the v.i. ([.J) coming from a convex Nash Equilibrium
problem as Nash v.i., and to the two just outlined particular cases of the Nash v.i. as
the Saddle Point and the Minimization v.i., respectively. It is easy to verify that in
the Saddle Point/Minimization case the functional error Errx(z) is > Erry;(2); this
is not necessary so for a general Nash v.i.

2.2. Prox-mapping. We once for ever fix a norm || - || on &; || - ||« stands for the
conjugate norm, see (@) A distance-generating function for Z is, by definition, a
continuous convex function w(-) : Z — R such that

1. if Z° be the set of all points z € Z such that the subdifferential dw(z) of w(-)
at z is nonempty, then the subdifferential of w admits a continuous selection
on Z°: there exists a continuous on Z° vector-valued function w’(z) such that
w'(z) € dw(z) for all z € Z°

2. for certain o > 0, w(-) is strongly convex, modulus «, w.r.t. the norm || - ||:

(2.1) Y(z,2' € Z°): (W(2) =W (2)), 2 — ) = a|z = 2'||%.

In the sequel, we fix a distance-generating function w(-) for Z and assume that w(-)
and Z “fit” each other, meaning that one can easily solve problems of the form

(2.2) 1;%1? [w(z) + (e, 2)], ee€k.
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The prox-function associated with the distance-generating function w is defined
as

Viz,u) = w(u) —w(z) — (W(2),u—2):Z2°<x Z - R".
We set
(23) (@) O(z) = maxuezV(z,u) [z€Z°; (b) 2z = argmingw(z);
7 (e) 0 = 0O(z); d) Q@ = /20/a.

Note that z. is well defined (since Z is a convex compact set and w(-) is continuous
and strongly convex on Z) and belongs to Z° (since 0 € dw(z.)). Note also that due
to the strong convexity of w and the origin of z. we have

(2.4) Y(uweZ): %Hu —z|*<Oe< maé(w(z) — w(ze);
z€E

in particular we see that
(2.5) Z CA{z: ||z — 2] < Q}.

Proz-mapping. Given z € Z°, we associate with this point and w(:) the prox-
mapping

P(z,¢) = ar;genéin {w(u) + (€ — ' (2),u)} = arfen;in{V(z,u) + (& u)}: E— Z°.

We illustrate the just-defined notions with three basic examples.

Example 1: Euclidean setup. Here £ is R with the standard inner product,

| - ||2 is the standard Euclidean norm on R™ (so that |- [l = || - ||) and w(z) = 127=

(i.e,, Z° = Z, a = 1). Assuming for the sake of simplicity that 0 € Z, z. = 0,
Q = max.cyz ||2[|2 and © = 202, The prox-function and the prox-mapping are given
by V(z,u) = 32 — ul}3, P(2,€) = argmin,c, | (= — €) — ula.

Example 2: Simplex setup. Here £ is RN, N > 1, with the standard inner prod-
uct, ||z|| = ||z]|1 := Zjvzl |z;] (so that ||€]|« = max; |;]), Z is a closed convex subset
of the standard simplex

N
DN:{zGRN:z>O,sz:1}
j=1

containing its barycenter, and w(z) = Zj\]:l zjInz; is the entropy. Then
Z°={2€Z:2>0} and W'(z) =[1+Inz;..;1+Inzy, z€ Z°.
It is easily seen (see, e.g., [j]) that here
a=1, z=[1/N;..;1/N], © <In(N)

(the latter inequality becomes equality when Z contains a vertex of Dy), and thus
Q < v2InN. The prox-function is

V(z,u) = Zuj n(u;/zj),

and the prox-mapping is easy to compute when Z = Dy:

N -1
(P(2,8)); = (Z zi eXp{&}) zjexp{—§;}.

=1
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Example 3: Spectahedron setup. This is the “matrix analogy” of the Simplex
setup. Specifically, now £ is the space of N x N block-diagonal symmetric matrices,
N > 1, of a given block-diagonal structure equipped with the Frobenius inner product
(a,b)p = Tr(ab) and the trace norm |a|; = vazl [Ai(a)], where A1(a) > ... = An(a)
are the eigenvalues of a symmetric N x N matrix a; the conjugate norm |a|s is the
usual spectral norm (the largest singular value) of a. Z is assumed to be a closed
convex subset of the spectahedron S = {z € £ : z »= 0, Tr(z) = 1} containing the
matrix N ~1Iy. The distance-generating function is the matrix entropy

ZA ) In X (

so that Z° ={z€ Z: z > 0} and Q'(z) = In(z). This setup, similarly to the Simplex
one, results in @ = 1, z. = N"'Iy, © = InN and Q = v2In N [f. When Z = S,
it is relatively easy to compute the prox-mapping (see [E, ﬂ]), this task reduces to
the singular value decomposition of a matrix from &£. It should be added that the
matrices from S are exactly the matrices of the form

a=H(b) = (Tr(exp{b})) ™" exp{b}

with b € £. Note also that when Z = S, the prox-mapping becomes “linear in matrix
logarithm”: if z = H(a), then P(z,£) = H(a — &).

3. Stochastic Mirror-Prox algorithm.

3.1. Mirror-Prox algorithm with erroneous information. We are about to
present the Mirror-Prox algorithm proposed in [H] In contrast to the original version
of the method, below we allow for errors when computing the values of /' — we assume
that given a point z € Z, we can compute an approximation F(z) € £ of F(z). The
t-step Mirror-Prox algorithm as applied to ([L.9) is as follows:

ALGORITHM 3.1.

1. Initialization: Choose ro € Z° and stepsizes v» >0, 1 < 7 < t.
2. StepT, T=1,2,...,t: Given r-_1 € Z°, set

w, = P(rr_1,7F(r,_1)),
(3.1) {TT = P(Trfl,’Yrﬁ(wr))

. When 7 < t, loop to step t + 1.
3. At step t, output

t -1y
(3.2) 2 = [Z 771 Z’err-
=1 T=1

The preliminary technical result on the outlined algorithm is as follows.
THEOREM 3.2. Consider t-step algorithm @ as applied to a v.i. (D) with a
monotone operator F satisfying (@) Fort=1,2,..., let us set

A, = Flw;) — F(w;);
for z belonging to the trajectory {ro, w1, r1,..., we, 1} of the algorithm, let

e = |F(z) = F(2)|-,
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and let {y. € Z°}._, be the sequence given by the recurrence

(3'3) Yr = P(nyl,’yTA,,-), Yo =To-

Assume that

Then

(3.5) Erry; (%) < (Z %> L(t),

where Erry;(Z;) is defined in (L),

(3.6) I'(t) = 20(rg) + Z Ll [MQ 4 (€r, y F €0, )+ 2

and O©(-) is defined by (R.3).
Finally, when ([.2) is a Nash v.i., one can replace Erry;(z;) in [B.9) with Errx(%;).

3.2. Main result. From now on, we focus on the case when Algorithm @ solves
monotone v.i. (D), and the corresponding monotone operator F' is represented by
a stochastic oracle. Specifically, at the i-th call to the SO, the input being z € Z,
the oracle returns the vector F' = Z(z,(;),, where {¢; € RV}, is a sequence of
i.i.d. random variables, and Z(z,¢) : Z x RY — & is a Borel function. We refer
to this specific implementation of Algorithm @ as to Stocastic Mirror Prox (SMP)
algorithm.

In the sequel, we impose on the SO in question the following assumption, slightly
milder than ([L.4):

Assumption I: With some p € [0,00), for all z € Z we have

@ E{E(.¢) - F} ], <p
3.7 ) E{[E(6) - P2} < M2

In some cases, we augment Assumption I by the following
Assumption II: For all z € Z and all i we have

(3.8) E {exp{||E(z,G) — F(2)[I2/M?}} < exp{1}.
Note that Assumption II implies @.b), since
exp{E {|[E(z,G) — F(2)[I2/M?}} < E{exp{E(z, ) — F(2)[l7/M?}}

by the Jensen inequality.

REMARK 3.3. Observe that that the accuracy of Algorithm @ (cf. @) depends
in the same way on the “size” of perturbation e, = | F(z)— F(2)||, and the bound M of
) on the variation of the non-Lipschitz component of F. This is why, to simplify
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the presentatwn we decided to use the same bound M for the scale of perturbation
2(z,G) — F(z) in B1), B.4).

REMARK 3 4. From now on, we assume that the starting point rq in Algorithm @
is the minimizer z. of w(-) on Z. Further, to avoid unnecessarily complicated formulas
(and with no harm to the efficiency estimates) we stick to the constant stepsize policy
v =7, 1 <7< t, wheret is a fized in advance number of iterations of the algorithm.
Our main result is as follows:

THEOREM 3.5. Let v.i. ([.2) with monotone operator F satisfying ([L4) be solved
by t-step Algorithm using a SO, and let the stepsizes v =, 1 < 7 < t, satisfy
0 <y < &g, see (L.4). Then

(i) Under Assumption I, one has

af?  21M3y

(3.9) E {Errvi(gt)} < Ko(t) = {W 4 o

] + 282,

where M is the constant from ([L.4) and Q is given by (R.3).
(ii) Under Assumptions I, II, one has, in addition to (B.9), for any A >0

(3.10)  Prob{Erry;(%) > Ko(t) + AK1(t)} < exp{—A?/3} + exp{—At},
where

MYy | 2MQ
20 Vi
In the case of a Nash v.i., Erry;(-) in B.9), B.10) can be replaced with Errx(-).
When optimizing the bound (B.d) in 7, we get the following

COROLLARY 3.6. In the situation of Theorem @, let the stepsizes v+ = 7 be
chosen according to

K (t) =

a af) |2
3.11 —min | ——, 20 ] 2
(3.11) g NETARD] 1
Then under Assumption I one has
(3.12) E {Erry;(z:} < ) = max [79 L —|—7§3%} + 2u8, .

(see £3)). Under Assumptions I, II, one has, in addition to (B.13), for any A > 0,
(3.13) Prob {Err;(%) > K§(t) + AK{(t)} < exp{—A*/3} + exp{—At}

with

oM

2 Vit

In the case of a Nash v.i., Erry;(+) in (B.19), (B.13) can be replaced with Errx(-).

3.3. Comparison with Robust Mirror SA Algorithm. Consider the case of
a Nash s.v.i. with operator F satisfying ) with L = 0, and let the SO be unbiased
(i.e., = 0). In this case, the bound (B.12) reads

Ki(t) =

QM

(3.14) E{Ern(z:} < BV
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where

M? = max SupZIIF(Z) — F()|%, SUBE{HE(Z’Q) — F(2)]}
z,z' € z€

The bound (B.14) looks very much like the efficiency estimate
QM
Vit

(from now on, all O(1)’s are appropriate absolute positive constants) for the approx-
imate solution Z; of the t-step Robust Mirror SA (RMSA) algorithm [{Y. In the
latter estimate, €} is exactly the same as in (, and M is given by

(3.15) E {Errn(2)} < O(1)

—92 —
M = max |sup || F(2)|%; SUIZ)E{”:('Z’Q)_F(Z)Hi} -
z zE

Note that we always have M < 2M, and typically M and M are of the same order of
magnitude; it may happen, however (think of the case when F' is “almost constant”),
that M < M. Thus, the bound (B.14) never is worse, and sometimes can be much
better than the SA bound (B.15). It should be added that as far as implementation
is concerned, the SMP algorithm is not more complicated than the RMSA (cf. the
description of Algorithm @ with the description

~

Tt = P(thlvF(thl))v

t -1y
E FYT E fYTTT;
T=1 T=1

Zr =

of the RMSA).

The just outlined advantage of SMP as compared to the usual Stochastic Ap-
proximation is not that important, since “typically” M and M are of the same order.
We believe that the most interesting feature of the SMP algorithm is its ability to
take advantage of a specific structure of a stochastic optimization problem, namely,
insensitivity to the presence in the objective of large, but smooth and well-observable
components.

We are about to consider several less straightforward applications of the out-
lined insensitivity of the SMP algorithm to smooth well-observed components in the
objective.

4. Application to Stochastic Approximation: Stochastic composite mi-
nimization.

4.1. Problem description. Consider the optimization problem as follows (cf.

B):
(4.1) min ¢(z) := O(P1(x), ..., om(x)),

rzeX
where

1) In this reference, only the Minimization and the Saddle Point problems are considered. How-
ever, the results of [rEC] can be easily extended to s.v.i.’s.
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1. X C X is a convex compact; the embedding space X is equipped with a
norm || - ||z, and X — with a distance-generating function w,(z) with certain
parameters ag, Oz, 0, w.r.t. the norm || - ||;

2. ¢o(x): X — &, 1 < £ < m, are Lipschitz continuous mappings taking values
in Euclidean spaces & equipped with norms (not necessarily the Euclidean
ones) || - [|(¢) with conjugates || - [|(¢,+) and with closed convex cones K,. We
suppose that ¢, are Ky-convex, i.e. for any x,2’ € X, A € [0,1],

¢e(Az + (1= N)a') <k, Ade(x) + (1= Ao (a),

where the notation a <x b < b >k a means that b —a € K.
In addition to these structural restrictions, we assume that for all v,v’ €
X, he X,

(4.2) (a) l[8p(v) — 4 ()]Alley < [Lallv —'llz + Mo]||Allo
®)  N@e()Plle) < [Lafe + M][|h]
for certain selections ¢)(z) € 9%¢¢,(x), * € X?) and certain nonnegative
constants L, and M,,.

3. Functions ¢y(+) are represented by an unbiased SO. At i-th call to the oracle,
x € X being the input, the oracle returns vectors fo(x,(;) € & and linear
mappings Gy(z, ;) from X to &, 1 < £ < m ({¢;} are i.i.d. random vectors)
such that for any x € X and ¢ =1,2, ...,

a) E{fi(z,G)} =du(x), 1<L<m
) ©{ max le.6) - ool b < M0
) "

E{G(z,G)} = ¢)(z), 1 <L <
d E max NGe(z, ) — qﬁ@(m)]h”%@} <M2 1<i<m.

Ihlle<1

4. ®(-) is a convex function on £ = &1 x ... X &, given by the representation

(4.4) ®(uq, ..., Um) = max {ZW’ Ay +be)e, — <I)*(y)}

2%
Y =1

for up € £, 1 < € < m. Here
(a) Y C Y is a convex compact set containing the origin; the embedding
Euclidean space Y is equipped with a norm |||, and Y - with a distance-
generating function wy(y) with parameters a,, ©,,€, w.r.t. the norm
- Iy
(b) The affine mappings y — Agy+be: YV — & are such that Ayy+b, € K}
for all y € Y and all ¢; here K is the cone dual to Ky;

2) For a K-convex function ¢ : X — £ (X C X is convex, K C £ is a closed convex cone) and
z € X, the K-subdifferential 8K¢>(:r) is comprised of all linear mappings h — Ph : X — £ such that
d(u) 2k d(x) + P(u—2) for all u € X. When ¢ is Lipschitz continuous on X, 0K ¢(x) # @ for
all z € X; if ¢ is differentiable at x € int X (as it is the case almost everywhere on int X), one has

992) ¢ 9K (x).

T
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(c) ®@.(y) is a given convex function on Y such that
(4.5) 19%(y) = @2 )ly.r < Lylly = o'lly + M,y

for certain selection @/ (z) € 0P, (y), y € Y.
Example: Stochastic Matrix Minimax problem (SMMP). For 1 < £ < m, let & = SP*
be the space of symmetric py; X p, matrices equipped with the Frobenius inner product
(A,B)r = Tr(AB) and the spectral norms | - o, and let K, be the cone S of
symmetric positive semidefinite p;, X py matrices. Consider the problem

i s, A (Z ot ) , (P)

where Pj, are given py X ¢; matrices, and Amax(A) is the maximal eigenvalue of a
symmetric matrix A. Observing that for a symmetric p x ¢ matrix A one has

Amax(A) = max Tr(AS)

Ses,

where §; = {S € 8% : Tr(S) = 1}. When denoting by Y the set of all symmetric
positive semidefinite block-diagonal matrices y = Diag{y, ..., yx} with unit trace and
diagonal blocks y; of sizes ¢; x gj, we can represent (P) in the form of (@), @)
with

D(u) = lIilja<X Amax (Z P]guzPJ5>
=  max ZTr (Z éwP]gyk>

y=Diag{y1,..., yk}EY

= ZTY ug Z oy P

y= Dlag{yl " 7yk}€Y

m
= > (e, Awy)r

y= Dlag{yl »»»»» yk}GYe

(we put Ayy = 2521 Pﬁyijg). The set Y is the spectahedron in the space S of
symmetric block-diagonal matrices with k diagonal blocks of the sizes ¢; x g;, 1 < j <
k. When equipping Y with the spectahedron setup, we get ay =1, ©y = ln(Z] 195)
and Q, = 21n(2:j:1 q;), see Section P.3.

Observe that in the simplest case of k = m, p; = ¢;, 1 < j <m and P}, equal to
I, for j = £ and to 0 otherwise, the SMMP problem becomes

zeX [1<l<m

(46) i [ s Ao (61(0)]

If, in addition, p; = ¢; = 1 for all j, we arrive at the usual (“scalar”) minimax problem

(4.7) min [ max @(:g)]

zeX [1<l<m
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with convex real-valued functions ¢y.
Observe that in the case of ([L4), the optimization problem (f.1)) is nothing but
the primal problem associated with the saddle point problem

(4.8) min max [ Z )s Aey + be)e, ‘I)*(ZJ)]

zeX yey
Y =1

and the cost function in the latter problem is Lipschitz continuous and convex-concave
due to the Ky-convexity of ¢,(-) and the condition A,y + by € K whenever y € Y.
The associated Nash v.i. is given by the domain Z and the monotone mapping

m

4.9)  F(z)=F(zy) = lZ[%( N [Ay +b; =D Ajdu(x +<I>i(y)]-
(=1

{=1

The advantage of the v.i. reformulation of ([i.1)) is that F' is linear in ¢(-), so that
the initial unbiased SO for ¢, induces an unbiased stochastic oracle for F', specifically,
the oracle

(4.10)  E(x,y,G) = [ZG z,G)[Aey + bel; ZAefe z,¢i) + Py )]

We are about to use this oracle in order to solve the stochastic composite minimization
problem ([1]) by the SMP algorithm.

4.2. Setup for the SMP as applied to (@) In retrospect, the setup for SMP
we are about to present is a kind of the best — resulting in the best possible efficiency
estimate (3.19) — we can build from the entities participating in the description of the
problem (K.1)). Specifically, we equip the space &€ = X x Y with the norm

(2, 9)ll = \/Hxlli/ﬂi + lyll5/€5;

the conjugate norm clearly is

1€, = \/Qillélli,* + QG nllg

Finally, we equip Z = X X Y with the distance-generating function
1 1
w(z,y) = mwm(z) + mwy(y)-

The SMP-related properties of our setup are summarized in the following
LEMMA 4.1. Let

(4.11) A= max ZIIAeyII(e*),B ZHbell(e*)

yeV:llylly <L o=
(i) The parameters of the just defined distance-generating function w w.r.t. the
just defined norm || - || are a =1, © =1, Q = /2.
(ii) One has

(4.12) V(2,2 € Z): |F(z) = F()|l. < Lljz = 2/l + M,
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where

L =5A0: [ Ly + M) + BQ L, + QL
= [24Q, + ||b]|1] QM. + Q, M,

Besides this,

(413)  ¥(z€Zi): E{E(z,G)} = F(2);  E{||2(z.G;) - F(2)|lZ} < M*
Furethermore, if relations (E.b,d) are strengthened to

B {exp { max 152 6) = 07 /(0,007 < expi),
(4.14)
B exp{max I(Ge(e) - ¢2(w>]hllﬁe>/M2}}<eXp{1},1<€<m,
|

[hlle <1

then

(4.15) E {exp{||E(z, G;) — F(2)[3/M?}} < exp{1}.

Combining Lemma EI with Corollary (@) we get explicit efficiency estimates for the
SMP algorithm as applied to the Stochastic composite minimization problem (@)

4.3. Application to Stochastic Semidefinite Feasibility problem. Assume
we are interested to solve a feasible system of matrix inequalities

(4.16) Yo(z) <0, 0=1,...m&z € X,

where m > 1, X C X is as in the description of the Stochastic composite problem,
and 1,(-) take values in the spaces & = SP* of symmetric p; x pp matrices. We equip
&y with the Frobenius inner product, the semidefinite cone Ky = Sﬂ’_‘" and the spectral
norm [ - |5y = |- |eo (recall that |A] is the maximal singular value of matrix A). We
assume that ¢, are Lipschitz continuous and K, = S%‘-convex functions on X such
that for all z,2’ € X and for all £ one has

(2 h w <L o My,
el O = S Ll =+ M
' hloo < L2y + M
nea2 i@l Q4 My
for certain selections ¢} (z) € 0K¢y(z), z € X, with some known nonnegative con-
stants Ly, M.
We assume that i(-) are represented by an SO which at i-th call, the input being
x € X, returns the matrices fe($ ¢;) € SP* and the linear maps Gy(z,¢;) from X to
&Er such that for all x € X it holds

@ E{fiw @)} = @), B{Gu(@6)} = vife) 1< <m
(a1g) O Fimy Ife(sc,cnwun@mmwﬁ}q

1<e<m

() E{ max [[Gy(x,G)~ wunh@o/w}sl,mmm.

\Ithsl

Given a number t of steps of the SMP algorithm, let us act as follows.
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A. We compute the m quantities p, = QI—\/%‘ + My, £=1,...,m, and set

(4.19) p= max g, [B¢= %a(bf(') = Betbe(-), Ly = , My =p.

1<e<m

Note that by construction 8y > 1 and L, /Ly > B¢, M, /My > B, for all £, so that the
functions ¢, satisfy (@) with the just defined L,, M,. Further, the SO for 1,(-)’s
can be converted into an SO for ¢,(-)’s by setting

fel@.€) = Befe(.Q). G, C) = GGl ).
By ([£19), this oracle satisfies ([.3).

B. We then build the Stochastic Matrix Minimax problem

(4.20) min max Amax(9i(2)),

associated with the just defined ¢1, ..., ¢y, that is, the Stochastic composite problem
(@) associated with ¢1, ..., ¢, and the outer function

m
DUy ey Up) = 121@355” Amax () = I:fyﬂea))/( ;Wg,yg)p,

Y = {y =Diag{y1, ..., ym} €Y =SP' x ... x 8P : y = 0, Tr(y) =1}
CY=8" x..x8Pm,

Thus in the notation from (@) we have Ayy = yg, by =0, &, =0. Hence L, = M, =
0, and Y is a spectahedron. We equip ) and Y with the Spectahedron setup, arriving
at

ay =1, 0y = anpe, Q, =
(=1

C. We have specified all entities participating in the description of the Stochastic
composite problem. It is immediately seen that these entities satisfy all conditions
of Section @ We can now solve the resulting Stochastic composite problem by
t-step SMP algorithm with the setup presented in Section @ The corresponding
convex-concave saddle point problem is

rzeX yey

min max Z BeWe(x), ye) F
=1

with the monotone operator and SO, respectively,

F(z) = F(.T,y) = [Z 56[%(95)]*?/@, _Diag{alwl(‘m)a "'aamwm(x)}‘| )
=1

(). 0) = [Z ﬂeém,c)ye;Diag{alfl(:c,o,...,amfm(:c@))}] :
=1
Combining Lemma EI, Corollary @ and taking into account the origin of the quan-
tities Ly, M, and that A =1, B=0 %), we arrive at the following result:

3) See ( and note that we are in the case when by = 0 and || - ||(¢,«) is the trace norm; thus,
20y Ayl = 200 lyelt = Iyl = llylly-
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PROPOSITION 4.2. With the outlined construction, the resulting s.v.i. reads
(4.21) find 2z, € Z=XxY : (F(2),z—2.) 20 Vz € Z,

for the monotone operator F which satisfies (D) with

=10 [11121%] Qg p( \/_+ 1), M=4 [lnipgl ) Qa1

=1
Beside this, the resulting SO for F' satisfies ) with the just defined value of M.
Let now

-1

Qep(Vt+1) 1< T <t

y= |10 l31nzpe

When applying to () the t-step SMP algorithm with the constant stepsizes v, =~y
(cf. (B-11)) and note that we are in the situation o = © = 1), we get an approzimate
solution zy = (T4, ) such that

=

Qg [In ZT:l pel® 1
Vit

(¢f. (B-1D) and take into account that we are in the case of Q = /2, while the optimal
value in ([.20)) is nonpositive, sm) is feasible).
119

Furthermore, if assumptions ({.18.b,c) are strengthened to

1<e<m

(4.22) E{ max ﬁg)\mdx(z/w(xt))} < &0

Engenmﬁ@@nwum;mmwmﬂ}<ewuh

M

E{eXp{ max _[[Ge(x, ) — d(2)]hl% /Me}} exp{l}, 1<<m,

heX, ||hll=<1

then, in addition to (4.29), we have for any A > 0:

1 1
- QY% pe® 15[ 3000 pe]® g
Prob{lrgnlzgn BeAmax (Ve(T1)) > 80 i + A i

< exp{—A?/3} + exp{—At}.

Discussion. Imagine that instead of solving the system of matrix inequalities
(1), we were interested to solve just a single matrix inequality 1¢(z) < 0, z € X.
When solving this inequality by the SMP algorithm as explained above, the efficiency
estimate would be

t

E {40(z0)} < 0(1) In(pe + 1)]"/% {M . Mﬂ

t Vi
=mwmw+nwwf%5

=ommw+mm%%
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(recall that the matrix inequality in question is feasible), where Z¢ is the resulting
approximate solution. Looking at (}£.22), we see that the expected accuracy of the

SMP as applied, in the aforementioned manner, to ({.16) is only by a logarithmic in
> ¢ pe factor worse:

1/2

B!

1/2
QZ,U/Z

7

m

1n2pe

{=1

Qup

(4.23) B{u(@)} < O(1) 7

= o(1)

In ZP@
=1

Thus, as far as the quality of the SPM-generated solution is concerned, passing from
solving a single matrix inequality to solving a system of m inequalities is “nearly
costless”. As an illustration, consider the case where some of vy are “easy” — smooth
and easy-to-observe (M, = 0), while the remaining v, are “difficult”, i.e., might be
non-smooth and/or difficult-to-observe (Ly = 0). In this case, (§£.29) reads

o) Y7, pe) /% Leke -y s casy,

O(1) I, po)'/? LMo 4, s difficult.

E{tp(71)} < {
Vi

In other words, the violations of the easy and the difficult constraints in (ft.16) converge
to 0 as t — oo with the rates O(1/t) and O(1/+/t), respectively. It should be added
that when X is the unit Euclidean ball in X = R™ and X, X are equipped with the
Euclidean setup, the rates of convergence O(1/t) and O(1/+/t) are the best rates one
can achieve without imposing bounds on n and/or imposing additional restrictions

on Yy’s.

4.4. Eigenvalue optimization via SMP. The problem we are interested in
now is

Opt = Hél}f(lf(l‘) = Amax (Ao + 2141 + ... + 2, Ap),

(4.24) .
X = {zeR":220,>, =1},

where Ag, A1,...,An, n > 1, are given symmetric matrices with common block-
diagonal structure (pi,...,pm). Le., all A; are block-diagonal with diagonal blocks
A? of sizes py X pe, 1 < £ < m. We denote

m
P = pE k=1,2,3 p™ = max p.
{=1

Setting
bo: X = & =8, ¢e(z):A€+Z$J‘A§’ L<tsm,
=1

we represent ( as a particular case of the Matrix Minimax problem @), with
all functions ¢¢(x) being affine and X being the standard simplex in X = R™.

Now, since A; are known in advance, there is nothing stochastic in our problem,
and it can be solved either by interior point methods, or by “computationally cheap”
gradient-type methods; these latter methods are preferable when the problem is large-
scale and medium accuracy solutions are sought. For instance, one can apply the ¢-step
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(deterministic) Mirror Prox algorithm from [f] to the saddle point reformulation (f£.§)
of our specific Matrix Minimax problem, i.e., to the saddle point problem
min ma

(4.25) np e (- do 2 2 A
Y = {y = Diag{y1, ....ym} 1 e € SE', 1 <L <m, Tx(Y) =1}.

The accuracy of the approximate solution Z; of the (deterministic) Mirror Prox algo-
rithm is [}, Example 2]

In(n) In(pM) Aso

f(@) - Opt < O(1) -

This efficiency estimate is the best known so far among those attainable with “com-
putationally cheap” deterministic methods. On the other hand, the complexity of
one step of the algorithm is dominated, up to an absolute constant factor, by the
necessity, given x € X andy € Y,
L. to compute the matrix Ag+)_7_, z;4; and the vector [Tr(Y A1);..; Tr(Y 4,)];
2. to compute the eigenvalue decomposition of y.
When using the standard Linear Algebra, the computational effort per step is

Caet = O(1)[np® + p¥]

arithmetic operations.

We are about to demonstrate that one can equip the deterministic problem in
question by an “artificial” SO in such a way that the associated SMP algorithm, under
certain circumstances, exhibits better performance than deterministic algorithms. Let
us consider the following construction of the SO for F (different from the SO (4.1()!).

Observe that the monotone operator associated with the saddle point problem (}£.25)
is

n

(4.26) F(z,y) = |[Tr(yAr); i Tr(yAn)]; —Ao— >

Fe(z,y)

z;A;

Jj=1

Fy(z,y)

Given z € X, y = Diag{y1, ..., ym} € Y, we build a random estimate = = [2%; Z¥] of
F(z,y) = [F*(z,y); FY(x,y)] as follows:
1. we generate a realization j of a random variable taking values 1,...,n with
probabilities x1,...,x, (recall that € X, the standard simplex, so that x
indeed can be seen as a probability distribution), and set

(4.27) SV = Ag+ A;

2. we compute the quantities v, = Tr(y,), 1 < £ < m. Since y € Y, we have
vy = 0 and Z;nzl vy = 1. We further generate a realization ¢ of random
variable taking values 1, ..., m with probabilities v, ..., v, and set

(4.28) BT = [Te(A17); - Tr(AL7)] 7o = (Te(w)) ™ e

The just defined random estimate = of F'(x,y) can be expressed as a deterministic
function Z(x,y,n) of (x,y) and random variable 7 uniformly distributed on [0, 1].
Given z,y and 7, the value of this function can be computed with the arithmetic cost
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O(1)(n(p™2*)? 4-p)) (indeed, O(1)(n 4 p!)) operations are needed to convert 7 into
2 and 7, O(1)p® operations are used to write down the y-component —Ag — A, of
Z, and O(1)n(p™**)? operations are needed to compute =%). Now consider the SO’s
Er (k is a positive integer) obtained by averaging the outputs of k calls to our basic
oracle Z. Specifically, at the i-t call to the oracle Z, z = (z,y) € Z = X x Y being
the input, the oracle returns the vector

?rl>—~

k
g (2, nis)s

where ¢; = [ni1;..;mik] and {7is }1<s, 1<s<k are independent random variables uni-
formly distributed on [0, 1]. Note that the arithmetic cost of a single call to Z, is

Cr = O(Lk(n(p™)? + p1?).

The Nash v.i. associated with the saddle point problem (4.25) with the stochastic
oracle Zj, (k being the first parameter of our construction) specify a Nash s.v.i. on
the domain Z = X x Y. Let us equip the standard simplex X and its embedding
space X = R™ with the Simplex setup, and the spectahedron Y and its embedding
space Y = SP! x ... x SPm with the Spectahedron setup (see Section @) Let us next
combine the z- and the y-setups, exactly as explained in the beginning of Section ,
into an SMP setup for the domain Z = X x Y — a distance-generating function w(-)
and a norm || || on the embedding space R” x (SP* x ... x SP¢) of Z. The SMP-related
properties of the resulting setup are summarized in the following statement.

LEMMA 4.3. Letn >3, p®Y) > 3. Then

(i) The parameters of the just defined distance-generating function w w.r.t. the
just defined norm || - || are a =1, © =1, Q = /2.

(ii) For any z,%z' € Z one has

(4.29) |F(z)— F(Z)||« < L||z—7||, L=2In(n)+ 4ln(p(1)).
Besides this, for any (z € Z, i =1,2, ...,

(a) E{Su(z,¢)} = F(2);
(4.30) () E{exp{[=(z,G) - F(2)[I2/M?}} < exp{1},
M = 27[In(n) + In(p"))As. /VE.
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5. Appendix.

5.1. Proof of Theorem @ We start with the following simple observation:
if 7. is a solution to (R.2), then dzw(r.) contains —e and thus is nonempty, so that
re € Z°. Moreover, one has

(5.1) (W(re) —e,u—re) = 0Vu € Z.

Indeed, by continuity argument, it suffices to verify the inequality in the case when
w € rint(Z) C Z°. For such an u, the convex function

ft) = wlre +tu—=re)) + (re +t(u—re),e), €[0,1]
is continuous on [0, 1] and has a continuous on [0, 1] field of subgradients
g(t) = (W' (re +t(u — 1)) +e,u— 7).

It follows that the function is continuously differentiable on [0, 1] with the derivative
g(t). Since the function attains its minimum on [0,1] at ¢ = 0, we have g(0) > 0,

which is exactly (f.1)).

At least the first statement of the following Lemma is well-known:
LEMMA 5.1. For every z € Z°, the mapping & — P(z,§) is a single-valued
mapping of € onto Z°, and this mapping is Lipschitz continuous, specifically,

(5.2) 1P(2,¢) = Plzm)| < @[ =mll« ¥¢,meE.
Besides this,

(a) Y(ueZ):V(P(z,(),u)
(b)

Proof.

Let v € P(2,¢), w € P(z,n). As V/(z,u) = &' (u) — w'(2), invoking .1, we have
v,w € Z° and

(Z’u) + (§,u— P(ZaC)> - V(va(ZaC))

(5.3) (z,u)+(<,u—z>+%-

|4
|4

IN N

(5.4) (W'(v) —w'(z)+¢v—u) <0 YueZ

(5.5) (W'(w) —w'(z)+nw—u) <0 YueZ.
Setting u = w in (5.4) and w = v in (.3), we get

(W' (v) —w'(2) + (v —w) <O, (W'(w) —w'(2) + 1,0 —w) =0,
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whence (W' (w) —w'(v) + [n = (],v —w) >0, or

I = Cllllv = wll = (n = ¢, v —w) > (W' (v) = w'(w),v —w) > aljv—wl]?,

and @) follows. This relation, as a byproduct, implies that P(z,-) is single-valued.
To prove (b.3), let v = P(2,¢). We have

V(v,u) = V(z,u) = [w(u) — (@' (v),u = v) —w(v)] — [w(u) — W'(2),u - 2) - w(2)]
= (W) —w'(2) + (v —u) +((u—v) - [wo) = (W(2),v-2z) - w(z)]
(due to (-4)) < (C,u—v)—V(zv),

as required in (a) of (F.3). The bound (b) of (f.3) is obtained from (f.9) using the
Young inequality:

2
HZ”* + gHZ _ U||2'

<<7va>< 20 2

Indeed, observe that by definition, V'(z,-) is strongly convex with parameter «, and
V(z,v) = %]lz — v||?, so that

<C,ufv>7V(Z,’U): <Cauiz>+<<7zfv>7v(z’v)< <C’U7Z>+%.

We have the following simple corollary of Lemma @
COROLLARY 5.2. Let &y, &, ... be a sequence of elements of £. Define the sequence
{y-}22 in Z° as follows:

Yr = P(y-r—l,fq—), Yo € Z°.

Then y, is a measurable function of yo and &1, ...,&+ such that

(56) (Vu € Z Z&—’ yOa + Z C‘ra

with

[I54[F
. 7 < T || * hy = ; r < - Ty YT — T
67 Il <rlgl. tere r=maslul); G < (€ yri) + 1o

Proof. Using the bound (b) of (@) with ¢ = & and z = y;—1 (so that y =
P(yt—1,&) we obtain for any u € Z:
Ve, u) = V(ye—1,u) — e u) < =&, ye) — V(Ye-1,9t) = G-
Note that
G = maX[ (&, v) = V(ye-1,v)],

so that

=&« < = (& ye—1) < G < 7|&ells
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Further, due to the strong convexity of V,

G == ye—1) + =&y —vi—1) = V(yi—1,90)] < — (& ye—1) +

When summing up from 7 = 1 to 7 =t we arrive at the corollary. O
We also need the following result.
LEMMA 5.3. Let z € Z°, let ¢, n be two points from £, and let

’LU:P(Z,C), T+:P(Z,77)
Then for all w € Z one has

(@) Jlw—re] < a ¢ =] )
1) V(rp,u) = V(zu) < (g, u—w) + 150 gy — )2,

Proof. (a): this is nothing but (p.2).
(b): Using (a) of (p.3) in Lemma p.1] we can write for u = r,:

V(w,ry) < V(z,r4) +((re —w) = V(z,0).

€12
200

(5.8)

This results in
(5.9) V(,rs) 2 Viw,ry) + V(e w) + (Gw—rs).
Using (5.d) with 7 substituted for ¢ we get

Vs, u) < V) + (nu—ry) - V(zr)

= V(Z’u) <’I7,’LL - > (na +> - V(Z,?“+)
by ED) < VW +u—w)+ - Cw=—r) = V(zw = Viwry)
<V(zyu) + (nu—w) + (1= G = 1) = Slllw =2 + o= e,

due to the strong convexity of V. To conclude the bound (b) of (b.§) it suffices to
note that by the Young inequality,

ln—dlif | «
<777Cﬂw77’+>< 2% +§||’LU*7’+||2.
O
We are able now to prove Theorem B.3. By ([L.4) we have that
”ﬁ(w'r) - ﬁ(r'rfl)n* < (LHT'rfl - w'r” +M+e,_, + fwT)Q
(5.10) < 3L |wr —rr_q || +3M? 4+ 3(ep,_, +ew, )

Let us now apply Lemma @ with 2 =r,_1, ( = fyT}?(rT,l), n= vTﬁ(wT) (so that
w =w; and 74 = r;). We have for any u € Z

(v F(wr), wr —u) + V(re,u) = V(re—1,u)
72 fa = 2 « 2
< _THF(U)T) — F(rr—)|" = §||w7 — 71|

by IO < 2=

by ED) < 27 02 4 e+ )

«
[Hw'r - 7"771”2 + M? + (6""7—1 + ewT)Q] - 5”“’7 - 7"r71||2
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When summing up from 7 = 1 to 7 =t we obtain

t

t
~ 3 2
Z(%F(wT),wT —u) < V(rog,u) — V(ry,u) + Z % [M?+ (er,_, + €w,)?]
T=1

T=1
t 3 2
<O(ro) + Y % [M2+ (e, +ew.)?] .

Hence, for all u € Z,
¢

Z<’Y¢F(7~UT), wr — u)

t

2 t
< O(ro) + Z 3 [M?+ (er,_, +€w,)’] + Z('VTAT,wT —u)

T=1 20 T=1
t 372 t
o T 2 2
(5.11) = O(ro) +;§ (M2 + (€, + €w,)?] +;<%A7,wr — yr_1)
t
+Z<'YTAT;?J771 *U>7

T=1

where y, are given by (B.d). Since the sequences {y,}, {&; = 7-A,} satisfy the
premise of Corollary @, we have

(Vu € Z) s 3y (v Brsyroy —u) <V(ro,u) + 30 32[1A]2
< O(ro) + Zj—:l €
and thus (5.11)) implies that for any u € Z

t t

(5.12) Z<%—F(w7—), wr —u) < 20(ry) + Z<'YTA'MU}T —Yr—1)

=1 T=1

t
3772' 2 2 w
§ T |\M -
+T:1 50, +(6r, , +€w. )+ 3

To complete the proof of (@) in the general case, note that since F' is monotone,
(b.19) implies that for all u € Z,

Zw(F(u),wT —u) <T'(¢),

where

t

32 eﬁj
F(t) - 2®(T0) + Z QLO: [M2 + (eTr—l =+ 6w7)2 + T] + Z<7’I’AT; Wr — y771>

T=1

(cf. (B.)), whence

V(ue Z): (F(u),2 —u) < lz %] I(t).
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When taking the supremum over u € Z, we arrive at (B.5).
In the case of a Nash v.i., setting w, = (wr 1, ..., Wrm) and u = (uq, ..., Up,) and
recalling the origin of F, due to the convexity of ¢;(z;,2") in z;, for all u € Z we get

from ()

Z% Z i(wr) = di(ui, (wr))] <D Z(F"(wT), (wr)i = ui) <T(t).
Setting ¢(z) = > it di(z), we get
Z% [ ) =3 bl (w»i)] 0

Recalling that ¢(-) is convex and ¢; (u;, ) are concave, i = 1, ..., m, the latter inequality
implies that

lz FYT‘| [ Zt - Z(bi(uzy(zt) )] < F(t)v

or, which is the same,

Z [¢z(zt Z¢z Uq s Zt ]

-1

Z %1 L'().

This relation holds true for all u = (ug, ..., u,,) € Z; taking maximum of both sides
in u, we get

-1

Errn(Z:) lz '771 (). [ |

5.2. Proof of Theorem @ In what follows, we use the notation from Theo-
rem @ By this theorem, in the case of constant stepsizes v, = v we have

(5.13) Erryi(2) < [t7] 7' T(),
where
F(t):2®+3—72i[M2+(6T +€ )2+€?”—T]+7i(A Wr — Yr_1)
20 o 3 =1 T
772

M~

(5.14) <20+ [M2 + 6“ L+ G%UJ + 'yZ(AT,wT — Yr—1).

2a
T=1

Il
N

T

For a Nash v.i., Erry; in this relation can be replaced with Erry.

Note that by description of the algorithm r,_; is a deterministic function of
¢V =1 and w, is a deterministic function of ¢(M(7) for certain increasing sequences
of integers {M(7)}, {N(7)} such that N(r — 1) < M(7) < N(7). Therefore ¢,__, is
a deterministic function of (N("=D+1 and €, and A, are deterministic functions of
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¢M()+1 Denoting by E; the expectation w.r.t. ¢;, we conclude that under assumption
I we have

(5.15) En(r—1)41 {62,,1} < M2, Er(ry+1 {6%],} < M2, IEar(ry+1 1A}« < py
and under assumption II, in addition,
2 -2
s Bt a07) <ont)
Bas( 1 {oxp{ed, M2} <exp{1}.
Now, let

t
7 2 2 2
— Q_Z [M +e2 +ew7} .

We conclude by (5.17) that
21v2 M2t
(5.17) B{To(n) < b

Further, y,_; clearly is a deterministic function of ¢M("=D+1 whence w, — y,_1 is a
deterministic function of ¢M(7). Therefore

EM(T)Jrl {(Arawr - yT—1>} = (EIVI(T)Jrl {A } Wr — y‘r—1>
(5.18) < llwr - yoa ]| < 20,

where the concluding inequality follows from the fact that Z is contained in the || - ||-

ball of radius Q = 1/20/a centered at z., see (.5). From (b.1§) it follows that

t
E {7 > (A w, - yT—1>} < 2ptQ2.
T=1
Combining the latter relation, (p.19), (F.14) and (F.17), we arrive at (B.9). (i) is

proved.
To prove (ii), observe, first, that setting

t
-2 2
Z |: TT 1 M 6w7.:| 9
we get

7y2M?
2

(5.19) To(t) = [t + Ji].

At the same time, we can write
2t
Jt = Z é-ja
=1

where & > 0 is a deterministic function of ¢! for certain increasing sequence
of integers {I (4)}- Moreover, when denoting by E; conditional expectation over
@) I+1 TG =1 being fixed, we have

E; {exp{¢;}} < exp{l},
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see (b.16). It follows that

k+1 k
ES exp{) &} p =E{Erpr {exp{d & exp{&i}
Jj=1 j=1
k k
(5.20) =ES exp{)_ &} Erp1 {exp{&i1}} p < exp{1}Eexp{> ¢}
j=1 j=1

Whence Elexp{J}] < exp{2t}, and applying the Tchebychev inequality, we get
VA > 0: Prob{J > 2t + At} < exp{—At}.
Along with (p.19) it implies that

21 2M2 2M2
¥ t +A77 t
20 2«

(5.21) VA > 0: Prob {Fo(t) > } < exp{—At}.

Let now & = (A, w; — yr—1). Recall that w, — y,41 is a deterministic function of
(M) Besides this, we have seen that ||w, — y,_1|| < D = 2Q. Taking into account

(-19), (B.1d), we get

(5.22) (@) Barrys1{é} <p=pD,
- (0)  Enrryr1 {exp{€ZR7?}} < exp{l}, with R = MD.

Observe that exp{z} < z+exp{92%/16} for all 2. Thus (5.23:b) implies for 0 < s < 35
(5.23)  Enr(r)+1 {exp{s&}} < sp + exp{9s®R*/16} < exp{sp + 9s*R*/16}.

Further, we have s&; < %S2R2 + %ngiQ, hence for all s > 0,

262 3s2R2 2
Enr(ry+1 {exp{s&;}} < exp{3s°R*/8}Ep(r)41 {GXP { 3R2 }} < eXP{ 3 + 3(

When s > 5%, the latter quantity is < 3s*R?/4, which combines with (5.23) to imply
that for s > 0,

(5.24) Enrr)+1 {exp{sé&; }} < exp{sp + 3s°R?/4}.
Acting as in (f.20), we derive from (f.24) that

t
s>0=E {exp{str}} < exp{stp + 3s*tR?/4},
T=1

and by the Tchebychev inequality, for all A > 0,

t
Prob {Z & >tp+ AR\/E} < iI>1£(') exp{3s%tR%/4 — sARVt} = exp{—A?/3}.

T=1

Finally, we arrive at

(5.25)  Prob {’yZ(AT, Wr — Yro1) > 27 [ut + AM\/Z} Q} < exp{—A?/3}.

=1

for all A > 0. Combining (§.13), (F.14), (b-21) and (5.25), we get (B.10). |
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5.3. Proof of Lemma @
Proof of (). We clearly have Z° = X° x Y°, and w(-) is indeed continuously
differentiable on this set. Let z = (z,y) and 2’ = (2/,y’), 2,2’ € Z. Then

WE) ~E) 2 =) = ) ) =)+ )y =)

1 1
> oalle =22+ oz ly = v'lI5 > Ml — sy’ =yl
02 B 02y v
Thus, w(-) is strongly convex on Z, modulus o = 1, w.r.t. the norm || - ||. Further,
the minimizer of w(-) on Z clearly is z¢ = (%c, Ye), and
1
O = S 0,=1
OzIQQ + yﬂg Y ’

so that © = 1, whence Q = /20 /a = V2.
Proof of (ii). 1°. Let z = (x,y) and 2’ = (2/,%') with 2,2’ € Z. Observe that
ly = ¢'lly < 28, and thus

(5.26) Iy'll, < 292,
dueto0 €Y.
On the other hand, we have from () F(2') — F(2) = [As; A, ], where
=2 _lsil (@)]"[ATY + b + Y _[0h(@)]" Ay’ — y],
(=1 e
== > Allou(w) — dela)] + BL(y') — @(y).
=1
We have
HAacHx,* = hEXnTI%)lfm<1 h,Z:l [(W )] [AZ y + bz] [(M(m)] Az[y — y]]>){
T f « ,

S ; _Hgng [9e() = Se@N' ALY +bel)a + | max (b, [$2(2)]" Adly —yh}

= Y T 1 ,

- ZZ::I J;}%}g;([%(m ) — dp(x)]h, Ajy +be)x + pe i HhHT@([W( z)]h, Ay y])x]

< 2:? s [64(a") = 6i@)hll o | Aey’ + bell e

hex ”h”m<1 H¢Z( )hH(Z)HAZ[Z// - y]||(¢,*) .
Then by (@),
Alloe <Y |Lallz = 2o + Ma][|Aey lle0) + [belle.0)] + Lo + M| Acly — /1l er)
=1
= [LacHl’ — m/HSC + Mx] Z[HAZZU/H(Z,*) + HbZH(l,*)] + [LxQx + Mx] Z HAZ[Z/ _ y/]H(Z,*)
=1 p

< [Lallz = 2'lle + M][Ally'lly + B] + [LaQa + M Ally = ¢/'lly,
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by definition of A and B. Next, due to (f.2d) we get by definition of || - |

|Aallon < [Lalle = o[l + MRAQ, + B] + [Le Qs + M Ally — '],
< Loz — [ + MRAQ + B) + [LoQ + M.JAQ, |12 - 2],

what implies

(@) 1 [ Agllon < [Q[24Q, + B]Ly + 240 [LoQy + M) |2 — /|| + [2AQ, + B]M

Further,

m

1Ay Ly« = *ZAz[m o)) + @L(y) — Dhly))y

ey, ||n||y<1

m

< max > (0, Alle(w) = ¢e(x)))y + [|PL(Y) = PLy)lly.x

ney,llnllyélzzl

m

=X D (A, de(x) = pe(x))e, + 1BL(Y) = DY)y

=1

< . ! DL (y) — @, .
\n€y||n||y<12|\ Acll e 9e(@) = e@) o 124 (") = B2(3)]l

< A I LeQe + M|z — x L + M,
i S WAl e~ & alLylly = o'l + M),

v ([£.3.b) and (.§). Now
18y[ly,« < AL + Mol — 2'|lo + [Lylly = ¥/lly + My],
and we come to
(6) : [1Ay[ly« < [QA[LeQe + Ma] +QyuLy] |2 — 2| + My,
From (a) and (b) it follows that

1F(2) = F(2)l« < Qull Agllz,x + Dyl Ay

Y,*

< [Q2[2AQ, + B]Ly + 3AQ,Qy[Lo Qe + M) + Ly Q7] ||z — 2/||

9,249, + BIM, + Q, M,

\/

We have justified (.12

27

. Let us verify (3 The first relation in (f.13) is readily given by ([£.3.a,c).

Letusﬁxz-( y) € Z and 1, and let

A = F(z)-E(2G)

P m
(527) = D _[0h(x) — Gelw, )" [Aey +bel; = > Aflde(x) — folw,G)].
=1 =1
Ay Ay

As we have seen,
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Besides this, for uy € £ we have

m m
Aluy = max Ajug,m max ug, Aen)y
H; e = ||n||y<1<; ey = Z ’
< max wel| oy | Aen|| e
S ney, Inlly <1 1;7”” eyl Aenlie.s
(5.29) S neynhzjz)ll(yq [1][<mea<X HWH(Q} Z [ Aenll e, = Algleiﬁ luellce)-

1<e<m

Hence, setting up = ¢¢(x) — fo(x,(;) we obtain

(5:30) 12 llyo = 1Y AFTe() = fela, Ollly,

<A max |loe(x) — fo(z, )l

1<e<m
/=1
£§=€(¢i)
Further,
AI Tk = h, G 2
18sllae = e ; o(, G)"Ye)x
= -G 7 h7
hexﬁﬁ)ﬁm@;q@( x) — Gy, Gi)]h, o) x

< max Y |[gh(@) — Gelw, G)lhl o el

hed, ||h]l<1

=1
< ;hex ax  l[@e(@) = Gelw, Gl [eller
f=E(G) "
Invoking (5.28), we conclude that
(5.31) 1Al <3 pite
=1

where all pg >0, >, pr < 2AQ, + B and

§=8(G) = max _[¢(x) — Gz, Gl

heX, ||h]l-<1

Denoting by p?(n) the second moment of a scalar random variable 7, observe that
p(+) is a norm on the space of square summable random variables representable as
deterministic functions of ¢;, and that

vy ([:3.b,d). Now by (F.30), (5-31),

[E{IAIZ}]* = [B{Z]A]7 . + QA [l . 3]
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yr) <P (Q > peke + %Ag)

p (QIHAJCHJE,* + QyHAy|

<L max p(&e) + 2y Ap(§)
4

0, [2AQ, + BIM,, + Q, AQ, M,
and the latter quantity is < M, see () We have established the second relation

in ([L13).

30. It remains to prove that in the case of ([£.14), relation (f.15) takes place. To
this end, one can repeat word by word the reasoning from item 2° with the function
pe(n) = inf {t > 0: E {exp{n?/t*}} < exp{1}} in the role of p(n). Note that similarly
to p(+), pe(+) is a norm on the space of random variables 7 which are deterministic
functions of ¢; and are such that p.(n) < occ. [ ]

5.4. Proof of Lemma ft.3. Ttem (i) can be verified exactly as in the case of
Lemma @; the facts expressed in (i) depend solely on the construction from Section
@ preceding the latter Lemma, and are independent of what are the setups for X, X
and Y, ).

Let us verify item (ii). Note that we are in the situation

(&, )| = VTelB/Cm) + pE/EmED)),
(5.32) «s, il = v/2In(n |\£II§O TGO
)

"\ € Z we have

FOI’Z: (:L"y)5ZI: ('T’y

F(z)=F(z) = | Ay = [Tr((y — v) A1) s Te((y — o) An)]; Ay = =Y (x5 — 7)) A,

j=1
whence
18alloo < ly =4l max [Ajlee < v2In(n) Aoz — 2
[Byloo < fl2 = 2"loo max [4jlo0 < 2¢/In(p) Aoz = 2,
and

120, Ay)ll < 2In(n) +41n(p™)]z — 2|l

as required in ([.29). Further, relation (.30.a) is clear from the construction of =.
To prove ([.3(.b), observe that when (z,y) € Z, we have (see ([.27), ([1.29))

(
H (‘T Yy,n ||oo < | Z|1r£1ax |A |oo < Ao,

and, since F*(x,y) = E{E%(x,y, (},

(5.33) 127 (z,y, 1) — F*(2,9)]| oo < 2400.
Clearly,
(5.34) 2Y (@, y,m) = F¥(2,9)o0 = [4) = Y 45|00 < 24cc.

j=1



30 A. JUDITSKY, A. NEMIROVSKI AND C. TAUVEL

Applying [l Theorem 2.1(iii), Example 3.2, Lemma 1], we derive from (f.33) and
(6.34) that for every (z,y) € Z and every i = 1,2, .. it holds

E {exp{||Z(z,y,G) — F*(2,9) |15 /Nt o} } < exp{1},
Nyw = 24 (2 exp{1/2}v/In(n) + 3) 1/

and
E {eXp{| EZ(mayaCZ) - Fy(xay)Hgo/ng,y}} < eXp{l}’

Niy =2Ax (2exp{1/2} In(p() +3) L-1/2.

Combining the latter bounds with ([5.33) we conclude ([.30.b). |



