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SMOOTH AFFINE SURFACES WITH NON-UNIQUE C∗-ACTIONS

HUBERT FLENNER, SHULIM KALIMAN, AND MIKHAIL ZAIDENBERG

Abstract. In this paper we complete the classification of effective C∗-actions on
smooth affine surfaces up to conjugation in the full automorphism group and up to
inversion λ 7→ λ−1 of C∗. If a smooth affine surface V admits more than one C∗-action
then it is known to be Gizatullin i.e., it can be completed by a linear chain of smooth
rational curves. In [FKZ3] we gave a sufficient condition, in terms of the Dolgachev-
Pinkham-Demazure (or DPD) presentation, for the uniqueness of a C∗-action on a
Gizatullin surface. In the present paper we show that this condition is also necessary,
at least in the smooth case. In fact, if the uniqueness fails for a smooth Gizatullin
surface V which is neither toric nor Danilov-Gizatullin, then V admits a continuous
family of pairwise non-conjugated C∗-actions depending on one or two parameters.
We give an explicit description of all such surfaces and their C∗-actions in terms
of DPD presentations. We also show that for every k > 0 one can find a Danilov-
Gizatullin surface V (n) of index n = n(k) with a family of pairwise non-conjugate
C+-actions depending on k parameters.
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1. Introduction

The classification of C∗-actions on normal affine surfaces up to equivariant isomor-
phism is a widely studied subject and by now well understood, see e.g., [FlZa1]. How-
ever from this classification it is not clear which of these surfaces are abstractly isomor-
phic. This leads to the question of classifying all equivalence classes of C∗-actions on
a given surface V under the equivalence relation generated by conjugation in Aut(V )
and inversion t 7→ t−1 of C∗. In this paper we give a complete solution to this problem
for smooth affine surfaces. In particular we obtain the following result.

Theorem 1.0.1. Let V be a smooth affine C∗-surface. Then its C∗-action is unique
up to equivalence if and only if V does not belong to one of the following classes.

(1) V is a toric surface;
(2) V = V (n) is a Danilov-Gizatullin surface of index n ≥ 4 (see below);
(3) V is a special smooth Gizatullin surface of type I or II (see Definition 1.0.4 below).

Furthermore, V admits at most two conjugacy classes of A1-fibrations V → A1 if and
only if V is not one of the surfaces in (2) or (3).

1.0.2. Here two A1-fibrations ϕ1, ϕ2 : V → A1 are called conjugated if ϕ2 = β ◦ ϕ1 ◦ α
for some α ∈ Aut(V ) and β ∈ Aut(A1). Let us describe in more detail the exceptions
(1)-(3) in Theorem 1.0.1.

Obviously uniqueness of C∗-actions fails for affine toric surfaces. Restricting the
torus action to one-dimensional subtori yields an infinite number of equivalence classes
of C∗-action on such a surface.

A surface V = V (n) as in (2) is by definition the complement to an ample section C
of a Hirzebruch surface Σk → P1 with 1 C2 = n. By a remarkable theorem of Danilov
and Gizatullin [DaGi, Theorem II.5.8.1] 2 this surface only depends on n and neither
on k nor on the choice of the section. As was observed by Peter Russell, for n ≥ 4
there are non-equivalent C∗-actions on V (n); see [FKZ2, 5.3] for a full classification
of them. It is also shown in loc.cit. that there are at least n − 1 non-conjugated
A1-fibrations V (n) → A1. In Section 6.3 we give a complete classification of all A1-
fibrations on V (n). It turns out that there are even families of pairwise non-conjugated

1Our enumeration of the Danilov-Gizatullin surfaces differs from that in [FKZ2]. In this enumera-
tion e.g., V2 ≃ P1 × P1\∆, where ∆ is the diagonal.

2See Corollary 4.8 in [CNR], [FKZ4], or Corollary 6.2.4 below for alternative proofs.



SMOOTH AFFINE SURFACES WITH NON-UNIQUE C∗-ACTIONS 3

A1-fibrations depending on an arbitrary number of parameters, if n is sufficiently large;
see Corollary 6.3.20.

1.0.3. To describe the special surfaces as in (3) we recall3 that a normal affine surface
is said to be Gizatullin if it can be completed by a zigzag that is, by a linear chain
of smooth rational curves. Any normal non-Gizatullin surface admits at most one C∗-
action up to equivalence (see [Be] for the smooth and [FlZa2] for the general case). Thus,
if for a normal affine C∗-surface uniqueness of C∗-action fails, it must be Gizatullin.

By a result of Gizatullin [Gi1] (see also [Du1, FKZ2]) any non-toric Gizatullin surface
has a completion (V̄ , D) with a boundary D = V̄ \V which is a standard zigzag. This
means that D is a zigzag with dual graph

(1) ΓD : c

0

C0

c

0

C1

c

w2

C2

. . . c

wn

Cn

,

where C2
0 = C2

1 = 0 and wi = C2
i ≤ −2, i = 2, . . . , n. Such a completion V̄ can be

constructed starting from the quadric Q = P1 × P1 and the curves

C0 = {∞} × P1, C1 = P1 × {∞}, C2 = {0} × P1

by a sequence of blowups on C2\C1 and infinitesimally near points, see 3.2.1. An
exceptional curve not belonging to the zigzag is called a feather [FKZ2]. If in this
process a feather F is created by a blowup on component Cµ of the zigzag then we call
Cµ the mother component of F .

Definition 1.0.4. A smooth Gizatullin surface V is said to be special if it admits a
standard completion (V̄ , D) such that

(a) every component Ci+1, i ≥ 2, is created by a blowup on Ci\Ci−1, and
(b) n ≥ 3 and the divisor formed by the feathers can be written as

F2 + Ft1 + · · · + Ftr + Fn, r ≥ 0,

where F2, Ftρ, 1 ≤ ρ ≤ r, and Fn have mother component C2, Ct and Cn, respectively.
Such a surface V is called a special surface of

• type I if either r = 1 or r ≥ 2 and t ∈ {2, n};
• type II if r ≥ 2 and 2 < t < n.

The remaining special surfaces with r = 0 are just the Danilov-Gizatullin surfaces
Vn with n ≥ 3. They are neither of type I nor II.

In [FlZa3, FKZ3] we have shown that a C∗-action on a smooth affine surface V is
unique up to equivalence unless V belongs to one of the classes (1)-(3) in Theorem
1.0.1 (see also 3.5.2 and 3.5.3). A similar uniqueness theorem holds for A1-fibrations
V → A1, see [FKZ3, 5.13] and Proposition 6.4.1 in Sect. 6.4. Thus Theorem 1.0.1 is a
consequence of the following result.

Theorem 1.0.5. Let V be a special smooth Gizatullin surface. If V is of type I then
the equivalence classes of C∗-actions on V form in a natural way a 1-parameter family,
while in case of type II they form a 2-parameter family. Similarly, conjugacy classes of
A1-fibrations V → A1 contain, in the case of type I special surfaces, a one-parameter
family, while in case of type II they contain two-parameter families.

3See [Gi1] or [FKZ3].
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In particular any special Gizatullin surface admits a C∗-action. To construct a one-
or two-parameter family of such C∗-actions let us recall [FlZa2] that on a non-toric
Gizatullin surface there can exist only hyperbolic C∗-actions. These actions can be
described via the following DPD-presentation [FlZa1].

1.0.6. Any hyperbolic C∗-surface can be presented as

V = SpecA, where A = A0[D+, D−] = A0[D+] ⊕A0
A0[D−]

for a pair of Q-divisors (D+, D−) on a smooth affine curve C = SpecA0 satisfying the
condition D+ +D− ≤ 0. Here

A0[D±] =
⊕

k≥0

H0(C,OC(⌊kD±⌋))u
±k ⊆ Frac(A0)[u, u

−1] ,

where ⌊D⌋ stands for the integral part of a divisor D and u is an independent variable.
Two pairs (D+, D−) and (D′

+, D
′
−) are said to be equivalent if D′

± = D± ± divϕ for a
rational function ϕ on C.

In terms of these DPD-presentations we can reformulate Theorem 1.0.5 in the fol-
lowing more precise form.

Theorem 1.0.7. (a) A smooth Gizatullin surface V equipped with a hyperbolic C∗-
action is special if and only if V admits a DPD-presentation V = Spec C[z][D+, D−]
with

(2) (D+, D−) =

(

−
1

t− 1
[p+] ,−

1

n− t+ 1
[p−] −D0

)

,

where p+ 6= p−, 2 ≤ t ≤ n, n ≥ 3 and D0 =
∑r

i=1[pi] is a reduced divisor on C ∼= A1

such that r ≥ 0 4 and all points pi are different from p±.
(b) [FlZa1, Theorem 4.3(b)] Two such C∗-surfaces V , V ′ given by pairs of divisors

(D+, D−) and (D′
+, D

′
−) as in (a) are equivariantly isomorphic if and only if (D+, D−)

and (D′
+, D

′
−) are equivalent up to interchanging D+ and D−, if necessary, and up to

an automorphism of the underlying curve C = A1.
(c) Two surfaces V , V ′ as in (b) are (abstractly) isomorphic if and only if the un-

ordered pairs 5 (deg{D+}, deg{D−}) and (deg{D′
+}, deg{D′

−}) coincide and the integral
part ⌊−D+−D−⌋ is equivalent to ⌊−D′

+−D
′
−⌋ up to an automorphism of the underlying

curve C = A1.

In case r = 0, (c) is just the theorem of Danilov and Gizatullin cited above. The
generalized Isomorphism Theorem of (c) is our principal new result, which occupies
the major part of the paper.

The standard boundary zigzag of a special smooth Gizatullin surface V as in (a) is

(3) [[0, 0, (−2)t−2,−2 − r, (−2)n−t]] ,

where [[(−2)a]] represents a chain of (−2)-curves of length a. Here the numbers n, r, t
have the same meaning as in Definition 1.0.4. In particular,

• V is of type I if and only if either r = 1 or r ≥ 2 and one of the coefficients of
p± in (2) equals −1,

4For r = 0 we obtain the Danilov-Gizatullin surfaces.
5{D} denotes the fractional part of the Q-divisor D.
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• V is of type II if and only if r ≥ 2 and both coefficients of p± are in the interval
] − 1, 0[.

Comparing part (b) and (c) of the theorem, the position of p+ is essential for the
equivariant isomorphism type of V while it does not affect the abstract isomorphism
type of V unless the coefficient of p+ in D+ is integral. Dually the same holds for p−.
Thus Theorem 1.0.7 implies Theorem 1.0.5, since fixing D0 we can vary p+ and p− for
surfaces of type II and one of these points for surfaces of type I. This preserves the
isomorphism type of V , but changes the equivalence class of the C∗-action and of the
A1-fibration.

1.0.8. To make the result above more concrete, consider for instance the normalization
V of the singular surface in A3 given by the equation

xn−1y = (z − p−)(z − 1)n−1qn−1(z), where q(z) =
r
∏

i=1

(z − pi), r ≥ 0, n ≥ 3,

and 1, p−, p1 . . . , pr ∈ C are pairwise different. Such a surface carries a hyperbolic
C∗-action

λ.(x, y, z) = (λx, λ1−ny, z) ,

which amounts to a DPD-presentation (2) with t = 2 and p+ := 1; see Example 4.10
in [FlZa1]. For r ≥ 1 these are special smooth Gizatullin surfaces of type I whereas for
r = 0, V = V (n) is the Danilov-Gizatullin surface of index n.

According to Theorem 1.0.7(b),(c) fixing a polynomial q ∈ C[z] of degree r ≥ 2 and
varying p− ∈ A1 \ {p1, . . . , pr+1} the resulting surfaces V are all abstractly but not
equivariantly isomorphic, in general.

Let us give a brief overview of the contents of the various sections. After recalling
in Section 2 some necessary preliminaries, we prove in Section 3 that the configuration
of points in ⌊−D+ − D−⌋ represents an invariant of the (abstract) isomorphism type
of a Gizatullin C∗-surface V , see Corollary 3.5.5 and Remark 3.5.6. This remains valid
more generally without assuming the existence of a C∗-action, see Theorem 3.4.1.

In Section 6 we establish that for special C∗-surfaces this configuration of points
together with the numbers deg{D±} is the only invariant of the isomorphism type of
V , see Theorem 6.2.1. This yields Theorem 1.0.7. The proof proceeds in two steps. In
Section 4 we deal with special Gizatullin surfaces of (−1)-type, which are characterized
by the property, that all feathers are (−1)-curves. The hard part in the proof of the
general case is to transform any standard completion of a special surface into one of
(−1)-type. This problem is solved in Sections 5 and 6.1 using an explicit coordinate
description of special surfaces.

Sections 6.2-6.4 contain applications of the main results. For instance, we show
in Section 6.3 how to classify C+-actions or, equivalently, A1-fibrations on Gizatullin
surfaces, see Theorem 6.3.18. In Section 6.4 we strengthen our previous uniqueness
result [FlZa3] for A1-fibrations on (singular, in general) Gizatullin surfaces.

The authors are grateful to Peter Russell for inspiring discussions concerning the
results of Section 6.3.

2. Preliminaries

In this section we recall some necessary notions and facts from [DaGi] and [FKZ3].
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2.1. Standard zigzags and reversions.

2.1.1. Let X be a complete normal algebraic surface, and let D be an SNC (i.e. a
simple normal crossing) divisor D with rational components contained in the smooth
part Xreg of X. We say that D is a zigzag if the dual graph ΓD of D is linear i.e.,

(4) ΓD : c

w0

C0

c

w1

C1

. . . c

wn

Cn

,

where wi = C2
i , i = 0, . . . , n, are the weights of ΓD. We abbreviate this chain by

[[w0, . . . , wn]]. We also write [[. . . , (w)k, . . .]] if a weight w occurs at k consecutive
places.

2.1.2. A zigzag D is called standard if its dual graph ΓD is either [[w0, . . . , wn]] with
all wi ≤ −2, or ΓD is one of the chains6

(5) [[0]] , [[0, 0]] , [[0, 0, 0]] or [[0, 0, w2, . . . , wn]], where n ≥ 2 and wj ≤ −2 ∀j.

A linear chain Γ is said to be semi-standard if it is either standard or one of

(6) [[0, w1, w2, . . . , wn]], [[0, w1, 0]] , where n ≥ 1, w1 ∈ Z, and wj ≤ −2 ∀j ≥ 2 .

2.1.3. Every Gizatullin surface V admits a standard completion (V̄ , D) i.e., a comple-
tion by a standard zigzag D, see [DaGi, Du1] or Theorem 2.15 in [FKZ1]. Similarly we
call (V̄ , D) a semi-standard completion if its boundary zigzag is semi-standard.

The standard boundary zigzag is unique up to reversion

(7) D = [[0, 0, w2, . . . , wn]] [[0, 0, wn, . . . , w2]] =: D∨ .

We say that D is symmetric if D = D∨.
The reversion of a zigzag, regarded as a birational transformation of the weighted

dual graph, admits a factorization into a sequence of inner elementary transformations
(see 1.4 in [FKZ3] and [FKZ1]). By an inner elementary transformation of a weighted
graph we mean blowing up at an edge incident to a 0-vertex of degree 2 and blowing
down the image of this vertex. Given [[0, 0, w2, . . . , wn]] we can successively move the
pair of zeros to the right

[[0, 0, w2, . . . , wn]] [[w2, 0, 0, w3, . . . , wn]] . . . [[w2, . . . , wn, 0, 0]]

by inner elementary transformations, which gives the reversion. An outer elementary
transformation consists in blowing up at a 0-vertex of degree ≤ 1 and blowing down
the image of this vertex. A birational inner elementary transformation on a surface is
rigid, whereas an outer one depends on the choice of the center of blowup.

If (V̄ , D) is a standard completion of a Gizatullin surface V , then reversing the
zigzag D by a sequence of inner elementary transformations we obtain from (V̄ , D) a
new completion (V̄ ∨, D∨), which we call the reverse standard completion. It is uniquely
determined by (V̄ , D).

6The case of the zigzag [[w0, . . . , wn]] with all wi ≤ −2 was unfortunately forgotten in [FKZ1,
Lemma 2.17], in [FKZ2, 2.8] and in [FKZ3, 1.2]. However, such a chain and also [[0]] cannot appear
as boundaries of affine surfaces. Hence this omission does not affect any of the results of these papers.
By abuse of notation, we often denote an SNC divisor and its dual graph by the same letter.
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2.2. Symmetric reconstructions. Given a Gizatullin surface, any two SNC comple-
tions are related via a birational transformation which is called a reconstruction, see
[FKZ3, Definition 4.1]. For further use we recall the necessary notions and facts.

2.2.1. Given weighted graphs Γ and Γ′, a reconstruction γ of Γ into Γ′ consists in a
sequence

γ : Γ = Γ0
.......
γ1

- Γ1
..........

γ2

· · · ......
γn
- Γn = Γ′ ,

where each arrow γi is either a blowup or a blowdown. The graph Γ′ is called the end
graph of γ. The inverse sequence γ−1 = (γ−1

n , . . . , γ−1
1 ) yields a reconstruction of Γ′

with end graph Γ.
Such a reconstruction is said to be

- admissible if it involves only blowdowns of at most linear vertices, inner blowups or
outer blowups at end vertices;

- symmetric if it can be written in the form (γ, γ−1). Clearly in this case the end graph
is again Γ.

For symmetric reconstructions the following hold (see Proposition 4.6 in [FKZ3]).

Lemma 2.2.2. Given two standard completions (X,D) and (Y,E) of a normal Gizat-
ullin surface V 6∼= A1 × A1

∗,
7 after replacing, if necessary, (X,D) by its reversion

(X∨, D∨), there exists a symmetric reconstruction of (X,D) into (Y,E).

2.3. Generalized reversions.

Definition 2.3.1. We say that two standard completions (V̄ , D), (V̄ ′, D′) of a Gizat-
ullin surface V are evenly linked if there is a symmetric reconstruction of (V̄ , D) into
(V̄ ′, D′). In particular, the dual graphs of D and D′ are then the same. Otherwise
(V̄ , D) and (V̄ ′, D′) are called oddly linked.

By Lemma 2.2.2, (V̄ ′, D′) is always evenly linked to one of the completions (V̄ , D)
or (V̄ ∨, D∨).

Definition 2.3.2. We let (V̄ , D) be a semi-standard completion a Gizatullin surface V
with boundary zigzag [[0,−m,w2, . . . , wn]], wherem ≥ 0. Moving the zero vertex to the
right by elementary transformations we can transform this to a semi-standard zigzag
[[w2, . . . , wm,−k, 0]] for every k ≥ 0. We call the resulting semi-standard completion
(V̄ ′, D′) a generalized reversion of (V̄ , D).

Transforming [[0,−m,w2, . . . , wn]] into the standard zigzag [[0, 0, w2, . . . , wn]] re-
quires outer elementary transformations; see 2.1.3. To transform further the latter
zigzag into [[w2, . . . , wm,−k, 0]] only inner elementary transformations are needed.
Thus the resulting semi-standard completion (V̄ ′, D′) depends on parameters, namely
on the choice of the centers of outer blowups when passing from [[0,−m,w2, . . . , wn]]
to [[0, 0, w2, . . . , wn]].

The following proposition follows from the connectedness part of Theorem I.1.2 in
[DaGi]. We provide an independent proof relying on [FKZ1].

7Here A1
∗

:= A1 \ {0}.
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Proposition 2.3.3. For any two semi-standard completions (V̄ , D), (V̄ ′, D′) of a
Gizatullin surface V , (V̄ ′, D′) can be obtained from (V̄ , D) by a sequence of generalized
reversions

(V̄ , D) = (V̄0, D0)  (V̄1, D1)  . . .  (V̄l, Dl) = (V̄ ′, D′) .

Proof. By Lemma 3.29 in [FKZ1] we can find a sequence of semi-standard completions

(V̄ , D) = (V̄0, D0), (V̄1, D1), . . . , (V̄l, Dl) = (V̄ ′, D′)

such that every step (V̄i, Di)  (V̄i+1, Di+1) is dominated by a completion (Wi, Ei) of
V with a linear zigzag Ei. Thus it is sufficient to show the assertion in case where
l = 1 i.e., (V̄ , D) and (V̄ ′, D′) are dominated by a completion (W,E) with a linear
zigzag E. We can perform elementary transformations of (V̄ , D) and (V̄ ′, D′) to obtain
standard completions (V̄0, D0) and (V̄ ′

0 , D
′
0), respectively, such that all these surfaces are

dominated by a suitable admissible blowup of (W,E). Replacing (V̄ , D) and (V̄ ′, D′)
by (V̄0, D0) and (V̄ ′

0 , D
′
0), respectively, we are reduced to the case where both (V̄ , D)

and (V̄ ′, D′) are standard completions of V . The result follows now from Proposition
3.4 in [FKZ1], which says that a birational transformation between standard graphs
ΓD

.......- ΓD′ dominated by a linear graph is either the identity or the reversion. �

3. The principle of matching feathers

Consider a Gizatullin surface V . By Gizatullin’s Theorem [Gi1] (see also [FKZ1]),
the sequence of weights [[w2, . . . , wn]] (up to reversion) of a standard boundary zigzag
D of V is a discrete invariant of the abstract isomorphism type of V . In this section we
introduce a more subtle continuous invariant of V called the configuration invariant.
This is a point in the product of certain configuration spaces, up to reversing the order
in the product. Although it is defined using a standard completion of V , in Corollary
3.4.3 below we establish that this point is an invariant of the open surface V .

3.1. Configuration spaces. The configuration invariant takes values in configura-
tions of points on A1 and A1

∗ = A1 \ {0}. We recall shortly the necessary notions.

3.1.1. We let M+
s denote the configuration space of all s-points subsets {λ1, . . . , λs}

of the affine line A1. This is a Zariski open subset of the Hilbert scheme of A1. By the
main theorem on symmetric functions M+

s can be identified with the set of all monic
polynomials P = Xs +

∑s

j=1 ajX
s−j of degree s, whose discriminant is nonzero. This

identification

{λ1, . . . , λs} 7→ P =
s
∏

j=1

(X − λj)

sends M+
s onto the principal Zariski open subset D(discr) := As\{discr(P ) = 0} of As.

The affine group Aut(A1) acts on M+
s in a natural way. By restriction we obtain an

action on M+
s of the normal subgroup Ga of translations. The quotient M+

s /Ga can
be identified with the space, say, U0 of all monic polynomials P = Xs +

∑s
j=2 ajX

s−j

with a1 = 0 and with nonzero discriminant. The residual action of the multiplicative
group C∗ ≃ Aut(A1)/Ga on U0 is given by

P = Xs +

s
∑

j=2

ajX
s−j 7→ t.P := Xs +

s
∑

j=2

tjajX
s−j , t ∈ C∗ .
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Consequently, the quotient
M+

s = M+
s /Aut(A1)

exists and is an affine variety of dimension s− 2. More precisely, we can identify M+
s

with the principal Zariski open subset of the weighted projective space P(2, 3, . . . , s)
given by the discriminant i.e., M+

s = D+(discr), see e.g., [Li] or [ZaLi, Ch. 1, Example
2].

3.1.2. Let M∗
s be the part of M+

s consisting of all subsets of A1
∗. Similarly as before this

can be identified with the space of all monic polynomials P of degree s with P (0) 6= 0.
The group C∗ acts on M∗

s, and the quotient M∗
s embeds as a principal Zariski open

subset into the weighted projective space P(1, . . . , s).

3.2. The configuration invariant. We consider a smooth Gizatullin surface V =
V̄ \D completed by a semi-standard zigzag

(8) D : c

0

C0

c

−m

C1

c

w2

C2

. . . c

wi

Ci

. . . c

wn

Cn

, wi ≤ −2 ∀i ≥ 2.

We associate to (V̄ , D) a point in the product of configuration spaces

M := Mτ2
s2
× . . .× Mτn

sn

for suitable numbers si, 2 ≤ i ≤ n, where τi ∈ {+, ∗} depends on the component Ci as
described below. This point occurs to be an invariant of V , i.e. it depends only on the
isomorphism class of V and not on the choice of a semi-standard completion (V̄ , D).

3.2.1. To define this invariant we need to recall the notion of extended divisor. Let
(V̄ , D) be a semi-standard completion of a Gizatullin surface V . Then the linear
system |C0| on V̄ defines a morphism Φ0 : V̄ → P1 with at most one degenerate
fiber, say, Φ−1

0 (0) while the fiber C0 = Φ−1(∞) is non-degenerate. The reduced SNC
divisor Dext = D ∪ Φ−1

0 (0) is called the extended divisor of the completion (V̄ , D). By
Proposition 1.11 of [FKZ3], this divisor has dual graph

(9) Dext : c

0

C0

c

−m

C1

c

C2

F2

. . . c

Ci

Fi

. . . c

Cn

Fn

,

where Fi = {Fiρ}1≤ρ≤ri
(2 ≤ i ≤ n) is a collection of pairwise disjoint feathers attached

to the component Ci, i ≥ 2. A feather is a linear chain of smooth rational curves
on V̄ . In our particular case, where V is assumed to be smooth and affine, each
of these feathers consists of just one smooth rational curve Fij with self-intersection
wij := F 2

ij ≤ −1. Given i we have wij ≤ −2 for at most one of the feathers Fij , see
Proposition 2.6 in [FKZ3].

As in [FKZ3] we let D≥i
ext denote the branch of Dext at the vertex Ci−1 containing Ci,

while D>i
ext stands for D≥i

ext − Ci.

D≥i
ext : c

Ci

Fi

. . . c

Cn

Fn

, D>i
ext :

Fi

c

Ci+1

. . . c

Cn

Fn

.
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Likewise, we let D≥i = D ∩D≥i
ext and D>i = D ∩D>i

ext.
Assume now that (V̄ , D) is a standard completion so that m = 0 in (9). The linear

systems |C0|, |C1| on V̄ define a morphism

Φ = Φ0 × Φ1 : V̄ → P1 × P1,

called the standard morphism, which is birational according to [FKZ2], Lemma 2.19.
Decomposing Φ into a sequence of blowups we can grow V̄ starting with the quadric

P1 × P1, see [FKZ3]. For a feather Fiρ we let Cµiρ
denote its mother component. The

latter means that Fiρ was born by a blowup with center on Cµiρ
under this decom-

position of Φ. Since the zigzag D is connected this defines Cµiρ
in a unique way. By

Proposition 2.6 in [FKZ3], µiρ = i (i.e., Ci is the mother component for Fiρ) if and only
if F 2

iρ = −1, otherwise µiρ < i. In the latter case we say that the feather Fiρ jumped.

Definition 3.2.2. (1) We let

sµ := #{(i, ρ) : 2 ≤ i ≤ n, 1 ≤ ρ ≤ ri, and µiρ = µ}

be the number of feathers Fiρ whose mother component is Cµ.
(2) We say that Cµ (2 ≤ µ ≤ n) is a component of type ∗, or a ∗-component for

short, if

(i) D≥µ+1
ext is not contractible, and

(ii) D≥µ+1
ext − Fij is not contractible for every feather Fij of D≥µ+1

ext with mother com-
ponent Cτ , where τ < µ.

Otherwise Cµ is called a component of type +, or simply a +-component. For instance,
C2 and Cn are always components of type +. We let τµ = ∗ in the first case and τµ = +
in the second one.

Remark 3.2.3. It is easily seen that, in the process of blowing up starting from the
quadric, every ∗-component Cµ with µ ≥ 3 appears as a result of an inner blowup of
the previous zigzag, while an outer blowup of a zigzag creates a +-component (cf. 2.1.3
and 1.0.3 in the Introduction).

Given a component Cµ we denote by pµρ, 1 ≤ ρ ≤ sµ, the following collection of
points on Cµ\Cµ−1

∼= A1. For every feather Fµρ of self-intersection −1 we let pµρ be its
intersection point with Cµ. This gives rµ or rµ − 1 points on Cµ\Cµ−1 depending on
whether the feathers Fµrµ

attached to Cµ are all (−1)-curves or not. If there is a feather
Fij with mother component Cµ and with i > µ then we also add the intersection point
cµ+1 of Cµ and Cµ+1 to our collection. Thus sµ is one of the numbers rµ − 1, rµ or
rµ + 1, and the points

pµσ ∈ Cµ, 1 ≤ σ ≤ sµ

are just the locations on Cµ in which the feathers with mother component Cµ are born
by a blowup. We call them the base points of the associated feathers.

The collection (pµσ)1≤σ≤sµ
defines a point Qµ in the configuration space M+

sµ
.

Suppose further that Cµ is a component of type ∗. We consider then Qµ as a
collection of points in Cµ\(Cµ−1 ∪ Cµ+1). Note that the intersection point cµ+1 of
Cµ and Cµ+1 cannot be one of the points pµσ because of (ii) in Definition 3.2.2(2).
Identifying Cµ\(Cµ−1 ∪ Cµ+1) with C∗ in such a way that cµ+1 corresponds to 0 and
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cµ to ∞, we obtain a point in the configuration space M∗
sµ

. Thus in total we obtain a
point

Q(V̄ , D) := (Q2, . . . Qn) ∈ M = Mτ2
s2
× . . .× Mτn

sn

called the configuration invariant of (V̄ , D).
Performing in (V,D) elementary transformations with centers at the component C0

in (8) does neither change Φ0 nor the extended divisor (except for the self-intersection
C2

1) and thus leaves si and Q(V̄ , D) invariant. Hence we can define these invariants for
any semi-standard completion (V̄ , D) of V by sending it via elementary transformations
with centers on C0 into a standard completion.

3.3. Matching feathers. In the following proposition we show that reversion of the
boundary zigzag of length n leads to the same configuration invariant. To formulate
this result, it is convenient to use systematically the notation

(10) t∨ = n− t+ 2

for an integer t ∈ Z.

Proposition 3.3.1. (Matching Principle) Let V = V̄ \ D be a smooth Gizatullin
surface completed by a standard zigzag D. Consider the reversed completion (V̄ ∨, D∨)
with boundary zigzag D∨ = C∨

0 ∪ . . . ∪ C∨
n , associated numbers s′2, . . . , s

′
n and types

τ ′2, . . . , τ
′
n. Then si = s′i∨ and τi = τ ′i∨ for i = 2, . . . , n. Furthermore, the associated

points Q(V̄ , D) and Q(V̄ ∨, D∨) in M coincide under the natural identification

M = Mτ2
s2
× . . .× Mτn

sn

∼= M
τ ′

2

s′
2

× . . .× M
τ ′

n

s′n
.

The proof is given in 3.3.2-3.3.11 below. It uses the following construction.

3.3.2. Correspondence fibration. Let us consider a standard completion (V̄ , D)
of V and the reversed completion (V̄ ∨, D∨). Thus D = C0 ∪ . . . ∪ Cn is a standard
zigzag [[0, 0, w1, . . . , wn]] as in (8) and D∨ = C∨

0 ∪ . . . ∪ C∨
n is the standard zigzag

[[0, 0, wn, . . . , w2]]. Let Dext and D∨
ext denote the corresponding extended divisors and

let Fiρ and F∨
jρ be the feathers attached to Ci, C

∨
j , respectively.

Using inner elementary transformations we can move the pair of zeros in the zigzag
[[0, 0, w2, . . . , wn]] several places to the right. In this way we obtain a new completion,
say, (W,E) of V with boundary zigzag E = [[w2, . . . , wt−1, 0, 0, wt, . . . , wn]] for some
t ∈ {2, . . . , n + 1}. For t = 2, E = D = [[0, 0, w2, . . . , wn]] is the original zigzag, while
for t = n + 1, E = D∨ = [[w2, . . . , wn, 0, 0]] is the reversed one. The transformed
components of E are

E = C∨
n ∪ . . . ∪ C∨

t∨ ∪ Ct−1 ∪ Ct ∪ . . . ∪ Cn ,

where we identify Ci ⊆ V̄ and C∨
j ⊆ V̄ ∨ with their proper transforms in W (t−1 ≤ i ≤

n, t∨ ≤ j ≤ n). In particular E = D≥t−1 ∪ D∨≥t∨ with new weights C2
t−1 = C∨2

t∨ = 0.
There are natural isomorphisms

(11)
W\D∨≥t∨ = W\(C∨

n ∪ . . . ∪ C∨
t∨) ∼= V̄ \(C0 ∪ . . . ∪ Ct−2) and

W\D≥t−1 = W\(Ct−1 ∪ . . . ∪ Cn) ∼= V̄ ∨\(C∨
0 ∪ . . . ∪ C∨

t∨−1) .

In the proof of the Matching Principle 3.3.1 we use the following fibration.
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Definition 3.3.3. The map
ψ : W → P1

defined by the linear system |Ct−1| on W will be called the correspondence fibration for
the pair of curves (Ct, C

∨
t∨).

The components Ct and C∨
t∨ represent sections of ψ. Since the feathers of Dext and

D∨
ext are not contained in the boundary zigzags they are not contracted in W . We

denote their proper transforms in W by the same letters. It will be clear from the
context where they are considered.

We use below the following technical facts.

Lemma 3.3.4. (a) The divisor D≥t+1
ext is contained in some fiber ψ−1(q), q ∈ P1. Simi-

larly, D∨≥t∨+1
ext is contained in some fiber ψ−1(q∨). The points q and q∨ are uniquely

determined unless D≥t+1
ext and D∨≥t∨+1

ext are empty, respectively.
(b) A fiber ψ−1(p) can have at most one component C not belonging to D>t

ext ∪D
∨>t∨

ext .
Such a component C meets both D≥t and D∨≥t∨.

Proof. (a) follows immediately for the divisor D≥t+1
ext since it is connected and disjoint

from the full fiber Ct−1 of ψ. By symmetry the assertion holds also for the divisor

D∨≥t∨+1
ext .
(b) Let C be a component of the fiber ψ−1(p) belonging neither to D>t

ext nor to
D∨>t∨

ext . We claim that it meets both D≥t and D∨≥t∨ . Assume on the contrary that it
does not meet e.g., D≥t. Since the affine surface V does not contain complete curves
and V = W\E, we have C ·E = C ·D∨≥t∨ 6= 0. Thus the proper transform C ′ of C on
V̄ ∨ must be a feather of D∨

ext. Indeed, C ′ ·C∨
0 = 0, see (11). Hence C ′ is a component of

the only degenerate fiber (Φ∨
0 )−1(0) of Φ∨

0 : V̄ ∨ → P1 and does not belong to D∨. Since
C ′ · D∨≥t∨ 6= 0, we must have C ′ ⊆ D∨>t∨

ext on V̄ ∨. This contradicts our assumption
that C does not belong to D∨>t∨

ext on W , and so the claim follows.
Finally, there can be at most one such fiber component C since the fiber ψ−1(p) does

not contain cycles and meets only once each of the sections Ct and C∨
t∨ of ψ. �

Corollary 3.3.5. If, in the notation as in Lemma 3.3.4(a), q 6= q∨ then each of the

divisors D≥t+1
ext and D∨≥t∨+1

ext is either empty or contractible.

Proof. We suppose that q 6= q∨ and D≥t+1
ext 6= ∅. By Lemma 3.3.4(a) the latter divisor

is contained in the fiber ψ−1(q). This fiber contains also a component C meeting the
section C∨

t∨ . Clearly such a curve C is neither a component of the zigzag nor a feather

of D≥t+1
ext and so not a component of D≥t+1

ext . Since q 6= q∨ the fiber over q cannot

contain any component of D∨≥t∨+1
ext . Thus by Lemma 3.3.4(b) ψ−1(q) = C ∪ D≥t+1

ext .
Since the multiplicity of C in the fiber is 1, the remaining part D≥t+1

ext of the fiber can

be blown down. Symmetrically, the same holds for D∨≥t∨+1
ext . �

The following lemma is crucial in the proof of Proposition 3.3.1, see 3.3.11 below.

Lemma 3.3.6. Let Fiρ be a feather of the extended divisor Dext attached to Ci and
with mother component Cτ , where τ ≤ t ≤ i. Then the following hold.

(a) Fiρ is contained in a fiber ψ−1(qiρ) on W for some point qiρ ∈ P1.

(b) The fiber ψ−1(qiρ) contains as well a feather F∨
jσ of D∨>t∨

ext meeting Fiρ. This feather
F∨

jσ has mother component C∨
τ∨.
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(c) The feather F∨
jσ in (b) is uniquely determined by Fiρ, and the points qiρ in (a) are

all different.

Proof. Let Fiρ be a feather with mother component Cτ , where τ ≤ t ≤ i. Since Fiρ

does not meet Ct−1 it is vertical with respect to ψ and so contained in a fiber over
some point qiρ ∈ P1, proving (a). We note that by the same reasoning, any feather F∨

jσ

of D∨
ext with j ≥ t∨ is a fiber component of ψ on W .

To deduce (b), let us start with the case i = t = τ so that Ftρ is a (−1)-feather. In this
case the fiber ψ−1(qiρ) cannot be irreducible and so Ftρ meets some other component,

say, C of ψ−1(qiρ). Clearly, qtρ 6= q (see Lemma 3.3.4(a)) and so C · D≥t
ext = 0. By

Lemma 3.3.4 (b) C belongs either to D∨>t∨

ext or to D>t
ext. Since Ftρ cannot meet any

other feather of Dext and cannot meet the boundary zigzag twice, C must be one of
the feathers, say, F∨

jσ of D∨>t∨

ext .
Let us show that F∨

jσ has mother component C∨
t∨ . Since Ftρ ·Ct = 1, the feather Ftρ

has multiplicity 1 in the fiber ψ−1(qtρ). Thus the remaining part ψ−1(qtρ) − Ftρ can
be blown down to a (−1)-curve. After this contraction we must still have F 2

tρ = −1.
Hence this remaining (−1)-curve must be the image of C = F∨

jσ. Moreover, after this
contraction F∨

jσ ·C
∨
t∨ = 1, hence F∨

jσ appears under a blowup with center on C∨
t∨ . Thus

the mother component of F∨
jσ is indeed C∨

t∨ , as stated.
Consider further the case where i > t = τ so that Fiρ is contained in the fiber

ψ−1(q), see Lemma 3.3.4(a). According to Proposition 2.6(b) in [FKZ3] the divisor
A := D≥t+1

ext −Fiρ is contractible to a point on Ct. Since Ct is the mother component of
Fiρ in Dext, after this contraction Fiρ becomes a (−1)-curve with Fiρ ·E = Fiρ ·Ct = 1.
Replacing W by the contracted surface W/A and arguing as before the result follows
as well in this case.

If i, t, τ with τ ≤ t ≤ i are arbitrary, then we pass to the correspondence fibration
ψ′ : W ′ → P1 for the pair (Cτ , C

∨
τ∨), see Definition 3.3.3. By what was shown already

there is a feather F∨
jσ of D∨>τ∨

ext with mother component C∨
τ∨ meeting Fiρ on W ′. Since

D∨>τ∨

ext ⊆ D∨>t∨

ext these feathers Fiρ and F∨
jσ also meet on the surface W . Being both

fiber components of ψ (see the proof of (a) above), they meet within the same fiber.
This completes the proof of (b).

Finally, (c) is a simple consequence of the fact that the fibers of ψ cannot contain
cycles and intersect with index 1 each of the sections Ct, C

∨
t∨ of ψ. �

Lemma 3.3.6 motivates the following definition.

Definition 3.3.7. Consider a pair (Fiρ, F
∨
jσ), where Fiρ is a feather of Dext attached

to component Ci and F∨
jσ is a feather of D∨

ext attached to component C∨
j . This pair is

called a pair of matching feathers, or simply a matching pair, if i+ j ≥ n + 2 and Fiρ

and F∨
jσ meet on V .

Remark 3.3.8. Thus if two feathers Fiρ and F∨
jσ with i+ j ≥ n + 2 meet on V , then

(Fiρ, F
∨
jσ) is a matching pair. By Lemma 3.3.6 every feather Fiρ of Dext has a unique

matching feather F∨
jσ of D∨

ext, and vice versa. Moreover, if Fiρ has mother component
Cτ then its matching feather F∨

jσ has mother component C∨
τ∨ .

The condition i + j ≥ 2 here is essential. Indeed, every feather Ft−1,ρ represents a

section of ψ, hence it meets every fiber of ψ. Since it cannot meet D≥t
ext, it meets every

feather F∨
t∨,σ with F∨2

t∨,σ = −1 on the affine surface V .
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Remark 3.3.9. One can treat in a similar way feathers of arbitrary length instead of
length one. Such feathers appear under the minimal resolution of a singular Gizatullin
surface. These are linear chains

Fiρ : c

Biρ

c

Fiρ1

. . . c

Fiρkiρ

,

where the chain Fiρ − Biρ (if non-empty) contracts to a singular point on V and
Biρ is attached to component Ci. The curve Biρ is also called the bridge curve of
the feather Fiρ. For instance, an Ak-singularity on V leads to an Ak-feather, where
kiρ = k and Fiρ − Biρ is a chain of (−2)-curves of length k. Again, a matching
principle provides a one-to-one correspondence between feathers Fiρ and F∨

jσ such that
the mother component of the bridge curve Biρ of Fiρ is equal to the mother component
of the tip of F∨

jσ. Moreover F∨
jσ has dual graph

c

B∨
jσ

c

Fiρkiρ

c

Fiρkiρ−1

. . . c

Fiρ1
,

so that the tip of F∨
jσ is just Fiρ1.

In the next lemma we show that the reversion respects the type of components of
the zigzag.

Lemma 3.3.10. Ct is a ∗-component if and only if C∨
t∨ is. Furthermore in this case

the points q and q∨ in Lemma 3.3.4(a) are equal.

Proof. Let Ct be a ∗-component of the zigzag D; see Definition 3.2.2.(2). Let us first
deduce the second assertion. If on the contrary q 6= q∨ then by Corollary 3.3.5 above,
D≥t+1

ext is contractible contradicting (i) in Definition 3.2.2. Thus q = q∨.
It remains to check that also C∨

t∨ is a ∗-component i.e., conditions (i) and (ii) in
Definition 3.2.2 are satisfied.

To check (i), we assume on the contrary that D∨≥t∨+1
ext is contractible. After con-

tracting this divisor in the fiber of ψ over q = q∨ there is a component F that meets
the section C∨

t∨ with multiplicity 1. The rest, say, R of the remaining fiber is as well
contractible. Clearly F cannot be a component of the zigzag D≥t+1. If F is a feather
of D≥t+1

ext then R = D≥t+1
ext − F is contractible, which is only possible if F has mother

component Cτ , τ ≤ t. The latter contradicts condition (ii) in Definition 3.2.2. Oth-
erwise F = C is an extra component of the fiber ψ−1(q) (see Lemma 3.3.4(b)), and
the argument as in the proof of Corollary 3.3.5 shows that R = D≥t+1

ext . Since R is
contractible, again we get a contradiction, this time to (i) of Definition 3.2.2.

Let us finally check that (ii) in Definition 3.2.2 holds. We need to show that for

every feather F∨ of D∨≥t∨+1
ext with mother component C∨

τ , where τ ≤ t∨, the divisor

D∨≥t∨+1
ext − F∨ cannot be contracted. Indeed, otherwise after contracting this divisor,

F∨ meets the section C∨
t∨ . The remaining fiber is D≥t+1

ext + F∨, since F∨ meets a

matching feather F in D≥t+1
ext . Hence D≥t+1

ext is contractible, and again we arrive at a
contradiction. �

Now we are ready to deduce Proposition 3.3.1.

3.3.11. Proof of Proposition 3.3.1. By Lemma 3.3.6(b) the map ψ provides a one-to-
one correspondence between the feathers of Dext with mother component Ct and the
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feathers of D∨
ext with mother component C∨

t∨ . Moreover using Lemma 3.3.6(c) it pro-
vides a one-to-one correspondence between the base points ptρ and p∨t∨,ρ of the feathers
as considered in 3.2.1. By virtue of Lemma 3.3.10 Ct is a ∗-component if and only if
C∨

t∨ is, proving the assertion. �

3.4. Invariance of the configuration invariant. Theorem 3.4.1 and its Corollary
3.4.3 below are the main results of Section 3.

Theorem 3.4.1. Given two semi-standard completions (V̄ , D), (V̄ ′, D′) of a Gizatullin
surface V , for the corresponding configuration invariants si, s

′
i and Q(V̄ , D) ∈ M,

Q(V̄ ′, D′) ∈ M′ as introduced in 3.2.1 the following hold.

(1) If (V̄ , D) and (V̄ ′, D′) are evenly linked then si = s′i for i = 2, . . . , n and the
points Q(V̄ , D) and Q(V̄ ′, D′) of M = M′ coincide.

(2) If (V̄ , D) and (V̄ ′, D′) are oddly linked then si = s′i∨ for i = 2, . . . , n and the
points Q(V̄ , D) and Q(V̄ ′, D′) of M and M′ coincide under the identification

M = Mτ2
s2
× . . .× Mτn

sn

∼= M
τ ′

n

s′n
× . . .× M

τ ′

2

s′
2

= M′ .

Proof. (1) By Proposition 2.3.3 (V̄ ′, D′) can be obtained by a sequence of generalized
reversions

(V̄ , D) = (V̄0, D0)  (V̄1, D1)  . . .  (V̄l, Dl) = (V̄ ′, D′) ,

where (V̄i, Di), 0 ≤ i ≤ l, are semi-standard completions of V . Moreover l is even if
(V̄ , D) and (V̄ , D) are evenly linked, and odd otherwise. Hence it suffices to show the
theorem for a generalized reversion of semi-standard completions. Since elementary
transformations on (V̄ , D) with centers on the component C0 in (8) do not change the
extended divisor (except for the weight C2

1) and leave si and Q(V,D) invariant, we
can reduce the statement to the case where (V,D) and, symmetrically, (V ′, D′) are
standard. The assertion now follows from Proposition 3.3.1. �

Definition 3.4.2. Given a configuration space M = Mτ2
s2
× . . .×Mτn

sn
we consider the

reversed product
M∨ = Mτn

sn
× . . .× Mτ2

s2
.

By the symmetric configuration invariant of a completion (V̄ , D) of a Gizatullin surface
V we mean the unordered pair

Q̃(V̄ , D) =
{

Q(V̄ , D), Q(V̄ ∨, D∨)
}

, where Q(V̄ , D) ∈ M and Q(V̄ ∨, D∨) ∈ M∨.

Theorem 3.4.1 leads immediately to the following result.

Corollary 3.4.3. The sequence (si)2≤i≤n (up to reversion) and the pair Q̃(V ) :=

Q̃(V̄ , D) are invariants of the isomorphism type of V .

3.5. The configuration invariant for C∗-surfaces. According to [FlZa1] a normal
non-toric C∗-surface admits a hyperbolic DPD-presentation V = Spec C[u][D+, D−].
If, moreover, V is Gizatullin, then there are (not necessarily different) points p± with
supp {D±} ⊆ {p±}, see [FlZa2, Section 4]. By [FKZ2] V admits an equivariant standard
completion (V̄ , D), which is unique up to reversion. Concerning the structure of this
completion we can summarize the main results from [FKZ2] and Section 3 in [FKZ3]
for smooth C∗-surfaces as follows. We recall that the parabolic component is the unique
component Ct of the zigzag with t ≥ 2 consisting of fixed points of the C∗-action.
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Proposition 3.5.1. If V is non-toric and smooth then it admits a unique equivariant
standard completion (Ṽ , D) with extended divisor

(12) Dext : c

0

C0

c

0

C1

c

w2

C2

. . . c

wt−1

Ct−1

c

wt

Ct

{Ftρ}
r
ρ=0

c

wt+1

Ct+1

. . . c

wn

Cn

Fn

and with boundary zigzag D represented by the bottom line in (12) such that Ct is an
attractive parabolic component. Here wt = deg(⌊D+⌋ + ⌊D−⌋) ≤ −2, Fn is a single
feather (possibly empty) and {Ftρ}

r
ρ=0 is a non-empty collection of feathers with all Ftρ,

ρ ≥ 1, being (−1)-curves. Furthermore the following hold:

(a) Suppose that p+ 6= p− or one of the fractional parts {D±} of the divisors D± is
zero. Then Fn is a (−1)-curve8, Ft0 with F 2

t0 = 1− t has mother component C2 and
wi = −2 for i 6= 0, 1, t. Up to equivalence the pair (D+, D−) is

(13) D+ = −
1

t− 1
[p+], D− = −

1

n− t+ 1
[p−] −

r
∑

i=1

[pi]

with pairwise different points p+, p−, p1, . . . , pr, where r = −2−wt ≥ 0. The feath-
ers Ft0, . . . , Ftr are attached to the points p+, p1, . . . , pr of Ct\Ct−1

∼= A1 whereas
p− corresponds to the intersection point Ct ∩Ct+1 if t < n and to Cn ∩Fn if t = n.

(b) {D+(p+)} = 0 iff t = 2 and, similarly, {D−(p−)} = 0 iff t = n.
(c) Assume that p+ = p− =: p. Then the Ftρ are (−1)-feathers ∀ρ ≥ 0 while Fn = ∅ if

and only if D+(p) +D−(p) = 0. Moreover the feathers Ft0, . . . , Ftr are attached to
the points of the reduced divisor ⌊−D+ − D−⌋ =

∑r

i=0[pi] considered as points of
Ct\Ct−1

∼= A1 while p− corresponds to the intersection point Ct ∩ Ct+1.

For the proof we refer the reader to [FKZ3, §3], in particular to Proposition 3.10 and
Remark 3.11(2).

3.5.2. We recall the following conditions (α∗) and (β) of Theorem 0.2 in [FKZ3].

(α∗) supp {D+}∪supp {D−} is either empty or consists of one point p, where D+(p)+
D−(p) ≤ −1 or both fractional parts {D+(p)}, {D−(p)} are nonzero.

(β) supp {D+} = {p+} and supp {D−} = {p−} for two distinct points p+, p−, where
D+(p+) +D−(p+) ≤ −1 and D+(p−) +D−(p−) ≤ −1.

By Theorem 0.2 of [FKZ3] for a normal C∗-surface satisfying one of these condition
the C∗-action is unique up to conjugation and inversion. In the next proposition we
clarify for which smooth surfaces these conditions do not hold. This yields in particular
part (a) of Theorem 1.0.7 from the Introduction.

Proposition 3.5.3. Let V be a smooth Gizatullin C∗-surface with DPD-presentation
V = Spec C[u][D+, D−]. Then the following conditions are equivalent.

(i) Neither (α∗) nor (β) is fulfilled.
(ii) (D+, D−) is equivalent to a pair as in (13) with n ≥ 3.
(iii) V is special with n ≥ 3.

8Hence it is non-empty.
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Proof. If (i) holds then supp {D+} ∪ supp {D−} is non-empty and so by Proposition
3.5.1(b) n ≥ 3 in (12). Moreover p+ 6= p− or one of the fractional parts {D±} is zero.
Hence (ii) follows from 3.5.1(a). The implication (ii)⇒(i) is easy and left to the reader.

If (ii) holds then inspecting (12) V is special with n ≥ 3 and so (iii) holds. To prove
the converse, assume that V is special with n ≥ 3. If p+ 6= p− or one of the divisors
{D±} is zero, then we can conclude by Proposition 3.5.1(a). So assume that both
divisors {D±} are non-zero and p+ = p−. In particular by 3.5.1(b) 3 ≤ t ≤ n− 1.

According to Definition 1.0.4, the extended divisor has a feather F2 with mother
component C2 and another one Fn with mother component Cn. Comparing with (12)
F2 must be attached to Ct with F 2

2 ≤ −2. This contradicts Proposition 3.5.1(c). �

Remark 3.5.4. If V is as in (13) with r = 0, then V is a Danilov-Gizatullin surface,
see [FKZ2, 5.2] or 6.2.3 below. Furthermore, if n ≥ 3 then V is special of type I if
either r = 1 or r ≥ 2 and one of the fractional parts {D±} vanishes (i.e., t = 2 or
t = n). Otherwise it is of type II.

We note the following important consequence.

Corollary 3.5.5. Assume that V = Spec C[u][D+, D−] is a special smooth C∗-surface
with

⌊−D+ −D−⌋ = q1 + . . .+ qs .

Then the following hold.

(1) The configuration invariant of V is given by the point (q1, . . . , qs) ∈ M+
s .

(2) The numbers deg {D+}, deg {D−} and s uniquely determine the zigzag D of a
standard completion of V up to reversion.

Proof. According to Proposition 3.5.3 (D+, D−) is up to equivalence a pair as in (13).
Using the description of the zigzag in Proposition 3.5.1, (2) follows.

To deduce (1), we assume first that 2 < t < n. With the notations as in Proposition
3.5.1(a), the feather Ft0 has mother component C2 while the feathers Ft1, . . . , Ftr are
(−1)-feathers attached to Ct\Ct−1

∼= A1 in the points p1, . . . , pr. Since in this case
⌊D+ +D−⌋ = p1 + . . .+ pr, the assertion follows.

In the case t = 2 < n we have ⌊D++D−⌋ = p++p1+. . .+pr while F0 is an additional
(−1)-feather attached to C2 = Ct in p+. Hence we can conclude as before. Replacing
F0 by Fn and p+ by p− the same argument works also in the case 2 < t = n. �

Remark 3.5.6. Let V = Spec C[u][D+, D−] be a non-special smooth C∗-surface such
that the divisors {D+} and {D−} are both nonzero and supported on the same point
p = p+ = p−. In this case the parabolic component Ct in (12) is of ∗-type. Indeed,
condition (ii) in Definition 3.2.2 is empty. Condition (i) follows in the case D+(p) +
D−(p) 6= 0 by Lemma 3.21 in [FKZ3] and in the case D+(p) +D−(p) = 0 from the fact
that Fn = ∅, see 3.5.1(c).

Now again the conclusion of Corollary 3.5.5 holds. Indeed, part (1) with M+
s replaced

by M∗
s is a consequence of Proposition 3.5.1(c), while part (2) follows from the fact that

the weights w2, . . . , wt−1 and wt+1, . . . , wn of the boundary zigzag in (12) are uniquely
determined by deg{D+} and deg{D−}, respectively (see [FKZ3, Proposition 3.10]).

The preceding remark can be used to deduce uniqueness of C∗-actions for all non-
special smooth Gizatullin surfaces; cf. the more general Theorem 0.2 in [FKZ3], which
covers as well the singular case.
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Corollary 3.5.7. If V is a non-special smooth C∗-surface then its C∗-action is unique
up to equivalence.

Proof. Assume that V = Spec C[t][D+, D−] is non-special. Then either both D± are
integral, or both fractional parts {D±} are non-zero and supported by the same point
p = p+ = p−.

Suppose first that both D± are integral. Comparing with Proposition 3.5.1(a) D
is then a zigzag with n = t = 2, and the configuration invariant of V is given by
(p−, p+, p1, . . . , pr). Hence the pair (D+, D−) is uniquely determined up to equivalence.

Suppose now that both fractional parts {D±} are non-zero and supported by the
same point p. Let ⌊−D+ − D−⌋ =

∑r

i=0 pi. By Remark 3.5.6 and Theorem 3.5.1(c)
the values {D+(p)} and {D−(p)} are, up to interchanging, uniquely determined by the
boundary zigzag and so by the abstract isomorphism type of V . Since V is smooth,
using Theorem 4.15 in [FlZa1] we have −1 < D+(p) +D−(p) ≤ 0. Hence if we require
that −1 < D+(p) < 0 then D±(p) are uniquely determined.

Applying again Remark 3.5.6, the parabolic component Ct is of ∗-type. By Theorem
3.5.1(c) under a suitable isomorphism Ct\Ct−1

∼= A1 the configuration invariant of V
is the point in M∗

r+1 given by the subset {p0, . . . , pr} of Ct\(Ct−1 ∪ Ct+1). Since by
loc.cit. p corresponds to the intersection point Ct ∩ Ct+1 the abstract isomorphism
type of V determines the pair (D+, D−) up to equivalence. �

4. Special Gizatullin surfaces of (−1)-type

The main result of this section says that the isomorphism type of a special surface
(as introduced in Definition 1.0.4) is uniquely determined by its configuration invariant
provided that all feathers are (−1)-curves, see Proposition 4.4.1. To this purpose we
introduce presentations of Gizatullin surfaces. Given such a surface V , we define certain
natural group actions on the set of all presentations of V . They change the completion
while leaving the affine surface unchanged. The most important ones are a 2-torus
action, elementary shifts, and backward elementary shifts. Given two special smooth
Gizatullin surfaces V, V ′of (−1)-type with the same zigzag and configuration invariant,
we show that they admit a common presentation, hence are isomorphic (see the proof
of Proposition 4.4.1). To achieve this we gradually change two given presentations of
V and V ′ by means of the above actions until they become equal.

4.1. Presentations. Every smooth Gizatullin surface V can be constructed along with
a standard completion (V̄ , D) via a sequence of blowups starting from the quadric
P1 × P1. If all components Ci of D with i ≥ 2 are of +-type then the necessary
sequence of blowups can be described in the following way (cf. Corollary 4.1.6).

4.1.1. We let Q = P1×P1 denote the quadric, where P1 = A1∪{∞}. In Q we consider
the curves

C0 = {∞} × P1 , C1 = P1 × {∞} , and C2 = {0} × P1 .

We choose finite sets of points

M2, c3,M3, . . . , cn,Mn

among the points of C2 and infinitesimally near points as follows.
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(a2) M2 ⊆ C2\C1 is a finite subset. Blowing up X2 = Q with centers at the points
of M2 we obtain a surface X3.

(b2) c3 ∈ X3 is a point on C2\C1, where by abuse of notation we identify the curves
C1, C2 with their proper transforms in X3. Blowing up X3 with center at c3
leads to a surface X̃3 with an exceptional curve C3 over c3.

(a3) M3 ⊆ C3\C2 is a finite subset, where we identify the curves C2 and C3 with
their proper transforms in X̃3. We assume that none of the points of M3 is
contained in an exceptional curve over M2. Blowing up X̃3 with centers at the
points of M3 we obtain a surface X4.

(b3) c4 ∈ X4 is a point on C3\C2, where we identify again the curves C2 and C3

with their proper transforms in X4. Blowing up c4 leads to a surface X̃4 with
an exceptional curve C4.

Iterating this procedure we finally arrive at a smooth rational projective surface

(14) Xn = X(M2, c3,M3, . . . , cn,Mn) .

We emphasize that in each step (ai) we require that

(15) none of the points of Mi is in an exceptional curve over Mj with j < i.

As before we identify the curves Ci with their proper transforms in Xn. The smooth
open surface

Vn = V (M2, c3,M3, . . . , cn,Mn) = Xn\D ,

where D = C0 ∪ . . . ∪ Cn ⊆ Xn stands for the boundary zigzag, is an affine Gizatullin
surface, see Lemma 4.1.4.

Definition 4.1.2. We call Xn as in (14) a presentation of V = Vn. It is called a
presentation of (−1)-type, or simply a (−1)-presentation, if ci+1 6∈Mi ∀i. Equivalently,
this means that at each step (bi) the point ci+1 is not contained in any of the exceptional
curves over the points of Mi.

We say that a standard completion (V̄ , D) of a Gizatullin surface V is of (−1)-type, or
simply a (−1)-completion, if all feathers of the extended divisor Dext are (−1)-feathers
or, equivalently, are attached to their mother components. It is easily seen that (Xn, D)
as above gives a (−1)-completion of Vn if and only if Xn is a (−1)-presentation.

4.1.3. We let Π(s2, . . . , sn) denote the space of all presentations X(M2, c3, . . . , cn,Mn)
with |Mi| = si. The tower of smooth fibrations

Π(s2, . . . , sn) → Π(s2, . . . , sn−1) → . . .→ {·}

shows that Π(s2, . . . , sn) is a smooth quasiprojective variety (non-affine, in general).

The next lemma is immediate from the construction in 4.1.2; we leave the details to
the reader.

Lemma 4.1.4. For a presentation as in 4.1.2 and with si = |Mi| the following hold.

(a) If n ≥ 3 then D = C0 ∪ . . . ∪ Cn ⊆ Xn represents a zigzag

(16) ΓD = [[0, 0,−s2 − 1,−s3 − 2, . . . ,−sn−1 − 2,−sn − 1]] ,

while for n = 2 we have ΓD = [[0, 0,−s2]]. Consequently, if s2, sn ≥ 1 for n ≥ 3
and s2 ≥ 2 for n = 2, then Vn is a Gizatullin surface with standard completion
(Xn, D).



20 HUBERT FLENNER, SHULIM KALIMAN, AND MIKHAIL ZAIDENBERG

(b) Letting Mi = {pij}, for a point pij ∈Mi we let Fij denote9 the proper transform in
Xn of the exceptional curve over pij that was generated in step (ai). Then Fij is
a feather of Dext with mother component Ci, and every feather of Dext appears in
this way.

(c) All components C2, . . . , Cn of the zigzag D are +-components.10

(d) The configuration invariant Q(V̄ , D) ∈ M = M+
s2
× . . .× M+

sn
of V as in 3.2.1 is

given by the sequence (M2, . . . ,Mn), where Mi is viewed as a point in the configu-
ration space M+

si
of si-tuples of distinct points in Ci\Ci−1

∼= A1.

To show that Vn in (a) is affine it suffices to observe that the zigzag D supports an
ample divisor

∑n

i=0miCi with 0 < m0 ≪ m1 ≪ . . .≪ mn, due to the Nakai-Moishezon
criterion (cf. e.g., [Gi1, Du1]).

We have the following criteria for a surface to admit a presentation.

Lemma 4.1.5. Let (V̄ , D) be a standard completion of a smooth Gizatullin surface V ,
and let Φ : V̄ → Q = P1 × P1 be the standard morphism so that V̄ is obtained from Q
by a sequence of blowups. Then the following conditions are equivalent.

(a) Every standard completion (V̄ , D) of V arises from a presentation V̄ = Xn.
(b) V arises from a presentation as in 4.1.2.
(c) Every component Cs+1, s = 2, . . . , n − 1, of the zigzag is created by a blowup on

Cs\Cs−1.
(d) The dual graph of D is as in (16), where si is the number of feathers with mother

component Ci.

Proof. (a)⇒(b) is trivial while (b)⇒(c) follows from the definitions. To deduce (c)⇒(d)
and (d)⇒(a) we proceed by induction on the length n of the zigzag. In case n = 2
both implications are evident. Clearly every feather with mother component Cn is a
(−1)-feather. If n ≥ 3, blowing down all (−1)-feathers of Cn this component becomes
a (−1)-curve and can be blown down too. This results in a zigzag of shorter length
and so the induction argument works.

Since by Proposition 4.4.1 condition (d) does not depend on the choice of the com-
pletion, (d)⇒(a) follows as well. �

Corollary 4.1.6. Every standard completion of a special surface (see Definition 1.0.4
(a)) admits a presentation.

4.2. Reversed presentation. In this subsection we study how a presentation changes
when we reverse the boundary zigzag. The matching principle 3.3.6 yields the following
result.

Corollary 4.2.1. Let Xn as in 4.1.2 be a presentation of a special smooth Gizatullin
surface V = Xn\D, and let (X∨

n , D
∨) be the reversion of the completion (Xn, D) with

reversed zigzag D∨ = C∨
0 ∪ . . . ∪ C∨

n . Then there is a presentation

X∨
n
∼= X(Mn, c

∨
3 ,Mn−1, . . . , c

∨
n ,M2)

for suitable points c∨3 , . . . , c
∨
n, where we identify Mµ with a subset of C∨

µ∨\C∨
µ∨−1 via the

correspondence fibration ψ for the pair (Cµ, C
∨
µ∨) as in Definition 3.3.3.

9Attention: now i stands for the index of the mother component, whereas in Section 3 it means
the index of the component of attachment.

10See Definition 3.2.2.
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Next we describe the positions of matching feathers in Xn and X∨
n .

Proposition 4.2.2. Let X = Xn be as in Definition 4.1.2, and let F and F∨ be a pair
of matching feathers with mother components Cµ and C∨

µ∨, respectively, and with the
same base point p ∈ Mµ. Then the following hold.

(a) F is attached to component Ck+1 with µ < k + 1 < n if and only if

(i) p = cµ+1, ci+1 = c∨i∨+1 for µ < i ≤ k, and (ii) ck+2 6= c∨k∨ .

Similarly, F is attached to component Cn with µ < n if and only (i) is satisfied
with k = n− 1.

(b) F∨ is attached to component C∨
l∨+1 with µ∨ < l∨ + 1 < n if and only if

(i) p = c∨µ∨+1, ci+1 = c∨i∨+1 for l ≤ i < µ, and (ii) cl 6= c∨l∨+2 .

Similarly, F∨ is attached to component C∨
n with µ∨ < n if and only (i) is satisfied

with l∨ = n− 1.

Proof. To deduce (a), assume that F is attached to Ck+1 with µ ≤ k. It is clear that
then p = cµ+1 since otherwise in the construction the feather F would be attached to
Cµ as a (−1)-feather. Let us consider the correspondence fibration ψ : (W,E) → P1

for the pair (Ci, Ci∨) as in Definition 3.3.3. In the notation of Lemma 3.3.4(a) we have
q = ci+1 and q∨ = c∨i∨+1. If F is attached to Ck+1 and µ+ 1 ≤ i ≤ k then F appears in
the fiber ψ−1(ci+1) (cf. Lemma 3.3.4(a)). Since F meets its matching feather F∨ and
the latter sits in the fiber ψ−1(c∨i∨+1), this forces ci+1 = c∨i∨+1 in this range. However,
if i = k + 1 and k + 1 ≤ n− 1 then F is not any longer contained in ψ−1(ck+2) while
F∨ and then also F is still in ψ−1(c∨k∨). This shows that indeed ck+2 6= c∨k∨ .

Dualizing (a) also (b) follows. �

Corollary 4.2.3. Suppose that F is a feather of X with mother component Cµ and
G∨ a feather of X∨ with mother component C∨

ν∨. If F and G∨ are attached to the
components Ck+1 of X and C∨

l∨+1 of X∨, respectively, then the intervals of integers
[µ, k + 1] and [l − 1, ν] have at most one point in common.

Proof. If µ = k+1 or ν∨ = l∨ +1, i.e. ν = l−1, then the assertion is trivial. So assume
for the rest of the proof that µ < k + 1 and ν > l − 1. Let p ∈M∨

ν∨
∼= Mν be the base

point of G∨. We claim that:
(1) ν 6∈]µ, k] and, dually, µ 6∈ [l, ν[. Clearly it suffices to show the first part. If

on the contrary ν ∈]µ, k] then by Proposition 4.2.2(a) cν+1 = c∨ν∨+1 while by 4.2.2(b)
p = c∨ν∨+1 hence cν+1 ∈Mν . This contradicts (15) in 4.1.1.

(2) l − 1 6∈]µ, k] and, dually, k + 1 6∈ [l, ν[. Again it suffices to show the first part.
If on the contrary l − 1 ∈]µ, k] then by (i) in 4.2.2(a) cl = c∨l∨+2, contradicting (ii) in
4.2.2(b).

(3) k + 1 6= ν and, dually, l − 1 6= µ. As before it suffices to show the first part.
If on the contrary ν = k + 1 then by Proposition 4.2.2(b) p = c∨ν∨+1. The feather F
is attached to Cν and contained in the fiber over c∨ν∨+1, since it has to meet its dual
feather. Moreover G∨ and then also its dual feather G are in this fiber. Thus the two
feathers G and F are attached to the same point of Cν , which gives a contradiction.

Obviously (1)-(3) imply our assertion. �
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4.3. Actions of elementary shifts on presentations. Here we develop our princi-
pal tool in the proof of the main theorem.

4.3.1. We fix a coordinate system (x, y) on the affine plane A2, and we let Auty(A
2)

denote the group of all automorphisms h : A2 → A2 stabilizing the y-axis {x = 0}.
Such an automorphism can be written as

(17) h : (x, y) −→ (ax, by + P (x)), where a, b ∈ C∗ and P ∈ C[x].

Clearly h extends to a birational transformation of the quadric Q = P1 × P1, which is
biregular on Q \ C0 and stabilizes the curves C1, C2

11.

The group Auty(A
2) acts on presentations Xn := X(M2, c3, . . . , cn,Mn). Indeed,

given h ∈ Auty(A
2), in the inductive construction of 4.1.1 the set M2 ⊆ C2 is moved

by h into a new set of point, say M ′
2 ⊆ C2. Thus h induces a morphism X(M2)\C0 →

X(M ′
2)\C0. Under this map c3 is mapped to a point c′3, yielding again a morphism

X(M2, c3)\C0 → X(M ′
2, c

′
3)\C0. Continuing in this way we obtain finally a transformed

presentation

h∗(Xn) := X ′
n := X(M ′

2, c
′
3, . . . , c

′
n,M

′
n)

together with an isomorphism (also denoted by h)

(18) h : X(M2, c3, . . . , cn,Mn)\C0

∼=
−→ X(M ′

2, c
′
3, . . . , c

′
n,M

′
n)\C0 .

In particular the affine surfaces V = Xn\D and V ′ := X ′
n\D

′ are isomorphic under h.
Furthermore, h maps Dext − C0 isomorphically onto D′

ext − C0, where Dext and D′
ext

are the extended divisors of Xn and X ′
n, respectively.

Remarks 4.3.2. 1. The automorphism h as in (17) extends to an automorphism of
the Hirzebruch surface Σt, where t = deg(P ). We can replace Xn and X ′

n by the
corresponding semi-standard completions of V and V ′, respectively, with boundary
zigzags [[0,−t, . . .]], by performing on both surfaces a sequence of inner elementary
transformations with centers at C0 ∩ C1. Then h extends to a biregular map between
these new completions, sending Dext isomorphically onto D′

ext.
2. It is easy to see that the assignment

X(M2, c3, . . . , cn,Mn) 7→ X(M ′
2, c

′
3, . . . , c

′
n,M

′
n)

defines a regular action of the group Auty(A
2) on the presentation space Π(s2, . . . , sn)

as in 4.1.3.

Let us study in detail the action of the elementary shifts h = ha,t ∈ Auty(A
2), where

(19) ha,t : (x, y) 7→ (x, y + axt−2) with a ∈ C and t ≥ 2 .

Lemma 4.3.3. Let Xn as in (4.1.2) be a (−1)-presentation. Then for every a ∈ C

and t ≥ 2 the elementary shift h = ha,t induces the identity on C2 ∪ . . . ∪ Ct−1 and a
translation x 7→ x+ a in a suitable coordinate on Ct \ Ct−1. In particular,

X ′
n = h∗(Xn) = X(M2, c3, . . . ,Mt−1, ct, a+Mt, a+ ct+1,M

′
t+1, . . . , c

′
n,M

′
n)

for some c′i+1 and M ′
i for i > t.

11With notation as in Definition 4.1.2, we identify the y-axis with C2 \ C1.
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Proof. For t = 2 the assertion is evidently true. So we assume in the sequel that
t ≥ 3. Since Xn is a (−1)-presentation it can be obtained by first creating the zigzag
D = C0 ∪ . . . ∪ Cn by successive blowups with centers at c3, . . . , cn and then blowing
up the points of M2, . . . ,Mn. Let as before C2 \ C1 = {x = 0} in coordinates (x, y)
in A2. After a suitable translation we may suppose that c3 = (0, 0). The blowup with
center at c3 can be written in coordinates as

(x3, y3) = (x, y/x) , or, equivalently, (x, y) = (x3, x3y3).

In these coordinates, the exceptional curve C3 is given by x3 = 0 and the proper
transform of C2 by y3 = ∞. The elementary shift ha,t can be written as

(20) ha,t : (x3, y3) 7→ (x3, y3 + axt−3
3 ) .

In particular ha,3 yields the identity on the curve C3\C2
∼= A1 if t > 3 and the transla-

tion by a if t = 3. The formulas (20) remain the same after replacing the coordinates
(x3, y3) by the new ones (x3, y3 − δ4), where c4 = (0, δ4). Thus we may assume that
c4 = (0, 0) in the coordinate system (x3, y3). Now the lemma follows easily by induc-
tion. �

4.3.4. Consider now the action of the 2-torus T = C∗ × C∗ on A2 given by

(λ1, λ2).(x, y) = (λ1x, λ2y), (λ1, λ2) = λ ∈ T .

It leaves both axes invariant and extends to a biregular action on the quadric Q =
P1 × P1. Hence in this case the map h in (18) is biregular, while in general it can
have points of indeterminacy. By Lemma 4.3.3 we can use the induced T-action on
presentations in the following way.

Corollary 4.3.5. Let as before Xn = X(M2, c3, . . . , cn,Mn) be a (−1)-presentation.
Then it can be transformed by a suitable sequence of elementary shifts into a new one
such that the points c3, . . . , cn and one of the points pn,j ∈ Cn to which a feather is
attached, are fixed by the induced T-action.

Proof. After a suitable translation we may assume that c3 = (0, 0), so this point is fixed
by the torus action. Using induction on t, suppose that the presentation is already
transformed by a sequence of elementary shifts into a new one such that c3, . . . , ct are
invariant under the torus action. Then for t < n, T acts on Ct. Applying Lemma 4.3.3,
the elementary shift ha,t with a suitable a ∈ C moves ct+1 into the second fixed point
of the T-action on Ct, as required. Similarly, if t = n then we can achieve that pn,j is
the second fixed point of T on Cn. �

Lemma 4.3.6. Let

Xn = X(M2, c3, . . . ,Mt−1, ct,Mt, ct+1, . . . , cn,Mn) and

X ′
n = X(M2, c3, . . . ,Mt−1, ct,M

′
t , c

′
t+1, . . . , c

′
n,M

′
n)

be presentations with reversed presentations12

X∨
n = X(Mn, c

∨
3 , . . . , c

∨
t∨ ,Mt, c

∨
t∨+1,Mt−1, . . . , c

∨
n ,M2) and

X ′ ∨
n = X(M ′

n, c
′ ∨
3 , . . . , c

′ ∨
t∨ ,M

′
t, c

′ ∨
t∨+1,Mt−1, . . . , c

′ ∨
n ,M2) ,

12See Corollary 4.2.1.
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respectively. Then we have

(21) c∨i = c′ ∨i ∀i = t∨ + 1, . . . , n .

Proof. Starting with the completion (Xn, D) of V we consider the correspondence fi-
bration ψ : (W,E) → P1 for the pair of curves (Ct, C

∨
t∨) as in Definition 3.3.3. Simi-

larly, we let ψ′ : (W ′, E ′) → P1 be the correspondence fibration associated to (X ′
n, D

′)
for the pair of curves (C ′

t, C
′ ∨
t∨ ). To obtain the part D∨≥t∨ = C∨

n ∪ . . . ∪ C∨
t∨ of the

reversed zigzag D∨ only inner elementary transformations with centers at the compo-
nents C0 = C ′

0, . . . , Ct−1 = C ′
t−1 are required. It follows that C∨

i∨ = C ′ ∨
i∨ for all i ≤ t−1

i.e., for all i∨ ≥ t∨ + 1. In particular (21) hold. �

Our next aim is to study the behavior of (−1)-presentations under reversion, see
Proposition 4.3.8. Let us first give an example showing that reversion does not neces-
sarily preserve (−1)-type.

Example 4.3.7. Consider a C∗-surface V and its equivariant standard completion
(V̄ , D) as in Proposition 3.5.1. By virtue of that Proposition, if t = 2 in the extended
divisor (12) then V is special of (−1)-type. Passing to the inverse C∗-action λ 7→ λ−1

amounts to interchanging the divisors D+ and D−, see [FlZa1]. According to Proposi-
tion 3.5.1(a) the reverse equivariant completion (V̄ ∨, D∨) has an extended divisor with
t = n and (F∨

n,0)
2 = 1 − n. Thus for n ≥ 3, (V̄ ∨, D∨) is not of (−1)-type, while (V̄ , D)

is.

Proposition 4.3.8. Given a (−1)-presentation Xn = X(M2, c3, . . . , cn,Mn), by ap-
plying a finite sequence of elementary shifts as in (19) we can transform Xn into a
(−1)-presentation

Xo
n := X(Mo

2 , c
o
3, . . . , c

o
n,M

o
n)

such that the reversion of (Xo
n, D

o) is again of (−1)-type.

Proof. Let

X∨
n = X(Mn, c

∨
3 , . . . , c

∨
t∨ ,Mt, c

∨
t∨+1,Mt−1, . . . , c

∨
n ,M2)

be the reversion of Xn, see Corollary 4.2.1. With a suitable coordinate on A1 ∼=
Ct\Ct−1, the elementary shift ha,t transforms Xn into a (−1)-presentation

(22) X ′
n = X(M2, c3, . . . , ct, a+Mt, a+ ct+1,M

′
t+1, c

′
t+2, . . . c

′
n,M

′
n)

with reversion

X ′ ∨
n = X(M ′

n, c
′ ∨
3 , . . . , c

′ ∨
t∨ , a+Mt, c

∨
t∨+1,Mt−1, . . . , c

∨
n ,M2) ,

see Lemmas 4.3.3 and 4.3.6. Choosing a general we may suppose that

(∗)t c∨t∨+1 6∈Mo
t := a +Mt .

Applying successively shifts hat,t, t = 2, . . . , n − 1, with general a3, . . . , an ∈ C the
resulting surface Xo

n satisfies (∗)t for all t = 2, . . . n− 1. Thus Xo∨
n is of (−1)-type, as

required. �

Definition 4.3.9. Applying an elementary shift h = ha,t to the reversed presentation
X∨

n we obtain a presentation

h∨a,t∨(Xn) := (ha,t(X
∨
n ))∨ ,
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which we call a backward elementary shift. If X∨
n is of (−1)-type, then according to

Lemmas 4.3.3 and 4.3.6, h∨a,t∨ transforms a presentation

Xn = X(M2, c3, . . . , ct−1, Mt−1, ct, Mt, ct+1, Mt+1, . . . , cn, Mn)

into

(23) X ′
n = X(M ′

2, c
′
3, . . . , c

′
t−1, M

′
t−1, c

′
t, a +Mt, ct+1, Mt+1, . . . , cn, Mn) .

Clearly then X ′∨
n is as well of (−1)-type. However note that a backward shift can

transform a (−1)-presentation Xn into one not of (−1)-type.

In the sequel we fix, for every t in the range 2 ≤ t < n, an isomorphism

(24) αt : Ct\Ct−1

∼=
- A1 with αt(Ct ∩ Ct+1) = {0}

so that [Mt] ∈ M∗
st

(see 3.1.2).

Lemma 4.3.10. Let

Xn = X(M2, c3,M3 . . . , cn,Mn) and X ′
n = X(M ′

2, c
′
3,M

′
3 . . . , c

′
n,M

′
n)

be (−1)-presentations of (possibly different) Gizatullin surfaces V and V ′, respectively.
Assume that the reversed presentations X∨

n and X ′ ∨
n are also of (−1)-type. If the

corresponding invariants

(si)2≤i≤n, Q(Xn, D) ∈ M and (s′i)2≤i≤n, Q(X ′
n, D

′) ∈ M

are equal (cf. 3.2.2), then there exists a presentation

X ′′
n = X(M ′′

2 , c
′′
3,M

′′
3 , . . . , c

′′
n,M

′′
n) of V

such that for every t ≥ 2,

(a) α′
t(M

′
t) = α′′

t (M
′′
t ) when fixing suitable isomorphisms α′

t : C ′
t\C

′
t−1 → A1 and

α′′
t : C ′′

t \C
′′
t−1 → A1 as in (24);

(b) X ′′
n and its reversion are both of (−1)-type.

Proof. By assumption we have

(25) λiα
′
i(M

′
i) = αi(Mi) + ai for some λi ∈ C∗ and ai ∈ C, i = 2, . . . , n− 1 .

After changing one of the isomorphisms αi, α
′
i appropriately we may assume that λi =

1. Applying a suitable backward shift h∨a,t∨ we can translate Mt to M ′′
t = Mt+at

∼= M ′
t .

Under this transformation ci and Mi remain unchanged for i > t, see (23). Moreover
the relations (25) remain valid for i < t with possibly new coefficients λi, ai. Applying
decreasing induction starting with t = n − 1 we can thus achieve that at = 0 for
t = 2, . . . , n − 1, as required. The transformed presentation X ′′

n is then necessarily
of (−1)-type since M ′′

t ⊆ C ′′
t \(C

′′
t−1 ∪ C ′′

t+1) by construction. Moreover the reversed
presentation is as well of (−1)-type since we only applied backwards shifts, proving
also (b). �
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4.4. Isomorphisms of special surfaces of (−1)-type. The following Proposition is
the main result of Section 4.

Proposition 4.4.1. Two special smooth Gizatullin surfaces V and V ′ with standard
(−1)-completions (V̄ , D) and (V̄ ′, D′) 13 are isomorphic if and only if D′ ∼= D or
D′ ∼= D∨ and the configuration invariants

(26) Q̃(V̄ , D) and Q̃(V̄ ′, D′)

are equal.

Proof. The ‘only if’ statement follows from Theorem 3.4.1. To show the converse we
note first that according to Corollary 4.1.6 and Lemma 4.1.5 V̄ and V̄ ′ admit (−1)-
presentations. Using Proposition 4.3.8, applying appropriate elementary shifts we can
achieve that also the reversed completions are of (−1)-type.

Since V and V ′ are special, the standard zigzags of our completions have the form

D = [[0, 0, (−2)t−2,−2 − r, (−2)n−t]] and D′ = [[0, 0, (−2)t′−2,−2 − r′, (−2)n′−t′ ]] ,

respectively, where by our assumption either t′ = t or t′ = t∨. Replacing (V̄ , D) by
the reversion (V̄ ∨, D∨), if necessary, we may restrict to the case where t′ = t and the
configurations invariants Q(V̄ , D) and Q(V̄ ′, D′) are equal, see Theorem 3.4.1.

Assume first that 2 < t = t′ < n. As we already remarked, the completions (V̄ , D)
and (V̄ ′, D′) arise from (−1)-presentations

V̄ = Xn = X(M2, c3, . . . ,Mt . . . , cn,Mn) and V̄ ′ = X ′
n = X(M ′

2, c
′
3, . . . ,M

′
t . . . , c

′
n,M

′
n),

respectively, where

s2 = s′2 = sn = s′n = 1 , st = s′t = r, and si = s′i = 0 ∀i 6∈ {2, t, n} .

According to Lemma 4.3.10 we may assume that for every j = 2, . . . , n− 1 the config-
urations Mj , M

′
j coincide under appropriate isomorphisms Cj\(Cj−1 ∪ Cj+1) ∼= C∗ ∼=

C ′
j\(C

′
j−1∪C

′
j+1). In particular, they are proportional whatever are these isomorphisms.

Applying now a sequence of elementary shifts, by Corollary 4.3.5 we may suppose
that the points c3, . . . , cn and the unique point of Mn are fixed under the torus action,14

and similarly for c′3, . . . , c
′
n and M ′

n. In particular ci = c′i for i = 3, . . . , n and Mn = M ′
n.

After these shifts the configurations Mi and M ′
i are contained in the same curve

Ci = C ′
i. By our assumption they are proportional for 2 ≤ i < n and equal for i = n.

Using further the torus action on one of the surfaces we can move the point of M2

into that of M ′
2 so that M2 = M ′

2. There is a one-parameter subgroup of the torus
acting trivially on C2. It is easily seen that, since t > 2, this subgroup acts nontrivially
on Ct. With this C∗-action we can move Mt on Ct into the position of M ′

t (that is
proportional to Mt), keeping M2 and Mn fixed. Now the presentations became equal,
and so they define isomorphic Gizatullin surfaces V and V ′.

The same argument works also in the case, where t = t′ = 2 < n or 2 < t = t′ = n.
We leave the details to the reader. �

To give right away an application let us deduce Theorem 1.0.7(c) in the Introduction
in a particular case.

13See Definition 4.1.2.
14Possibly after such transformations X∨

n is not any longer of (−1)-type; however this does not
matter in the rest of the proof.
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Corollary 4.4.2. Let V, V ′ be smooth Gizatullin C∗-surfaces with DPD-presentations

V = Spec C[u][D+, D−] and V ′ = Spec C[u][D′
+, D

′
−] .

Suppose that D+ = D′
+ = 0. Then V and V ′ are isomorphic if and only if

(27) deg{D−} = deg{D′
−} and ⌊D−⌋ = ⌊β∗(D′

−)⌋

for some automorphism β of A1.

Proof. Since D+ = 0, the pair (D+, D−) is equivalent to a pair in (13) with t = 2.
Hence by Proposition 3.5.3 either n = 2 in (13) i.e., {D−} = 0, or V is special. The
same holds for V ′.

Suppose first that (27) is fulfilled. In the case where {D−} = 0 the pairs (D+, D−)
and (D′

+, D
′
−) are equivalent in the sense of 1.0.6 and so V and V ′ are equivariantly

isomorphic. For the remaining part of the proof we assume that {D−} 6= 0. Letting
⌊D−⌋ = {p1, . . . , pr}, by Corollary 3.5.5(1) the configuration invariants of both V and
V ′ are given by Q(V̄ , D) = (pi)0≤i≤r ∈ Mr+1. Since deg{D−} = deg{D′

−} the zigzags
of the standard completions of V and V ′ are equal, see Corollary 3.5.5(2). Since t = 2
in (12), both V and V ′ arise from (−1)-presentations. Applying Proposition 4.4.1, V
and V ′ are isomorphic, as required.

Conversely, if V ∼= V ′ then their standard boundary zigzags coincide up to rever-
sion. Inspecting Proposition 3.5.1 it follows that deg{D−} = deg{D′

−}. Moreover, by
Proposition 4.4.1 the configuration invariants of V and V ′ are the same. Since they
are given by ⌊D−⌋ and ⌊D′

−⌋, respectively, (27) follows.
�

Remark 4.4.3. The C∗-surfaces as in Corollary 4.4.2 are just normalizations of the
hypersurfaces in A3 as in 1.0.8 in the Introduction.

5. Shifting presentations and moving coordinates

In this section we provide further technical tools that will enable us in the next section
to deduce Theorem 1.0.7 from the Introduction (see Theorem 6.2.1 below). For certain
special Gizatullin surfaces of type I this theorem was already proved in Section 4. The
strategy of proof for the remaining surfaces is similar, namely to apply Proposition
4.4.1. However, given a special Gizatullin surface V of type II with standard completion
(V̄ , D) usually neither (V̄ , D) nor its reverse completion is of (−1)-type, as it was the
case for the special type I surfaces already treated. For instance, if in the presentation
the blowup centers c3, . . . , ck+1 are points of a feather generated by the blowup of M2

then the elementary shifts are the identity on many of the subsequent components of
the zigzag. It is not enough to shift just the first moving blowup center, either in the
presentation or in its reversion, as in the proof of Proposition 4.4.1 above. We have to
take into account also second order motions, which makes the proof considerably more
involved.

5.1. Coordinate description of a presentation. As a principal technical tool we
use a sequence of coordinate charts on our presentation Xn. They appear in the recur-
sive construction of Xn when describing the blowups in coordinates. This procedure is
similar to the Hamburger-Noether algorithm for resolving a plane curve singularity, and
our coordinates are analogous to those in the Hamburger-Noether tables, see e.g., [Ru].
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One of the main insights is that they allow an explicit description of the correspondence
fibration ψ : W → P1 as in Definition 3.3.3, see Proposition 5.2.1 below.

5.1.1. On the quadric X1 = Q = P1 × P1 we consider the affine chart

U1 = Q\(C0 ∪ C1) ∼= A2

with affine coordinates (x1, y1) = (x, y), where as before

(28) C0 = {x = ∞}, C1 = {y = ∞}, and C2 = {x = 0} .

We let V = Vn be a special smooth Gizatullin surface with a presentation X =
X(M2, c3, . . . , cn,Mn) obtained from the quadric Q by a sequence of blowups as in
Definition 4.1.1. We decompose this presentation into a sequence of single blowups

X = XN → XN−1 → . . .→ X1 = Q ,

so that first we blow up the points of M2 on C2 to create the corresponding feathers
(in any order), then c3 to create C3, then the points on M3 ⊆ C3 to create feathers
etc., as prescribed by Definition 4.1.2.

We say that the blowup Xi → Xi−1 is of type (F) if it creates a feather, say, Fi.
Otherwise Xi → Xi−1 is called of type (C), in which case we let Fi = ∅.

Starting with the coordinate system (x1, y1) = (x, y) on X1 = Q we construct re-
cursively coordinate charts Ui

∼= A2 on the intermediate surfaces Xi with coordinates
(xi, yi). They satisfy the following properties.

(1)i If Cs is the last curve of the zigzag constructed on Xi then

(29) Ui = Xi\

(

C0 ∪ C1 ∪ . . . ∪ Cs−1 ∪
⋃

j≤i

F∨
j

)

∼= A2 .

where F∨
j = ∅ if the blowup Xj → Xj−1 is of type (C), and F∨

j is the curve
described explicitly below, when this blowup is of type (F). As we shall show
in 5.2.2 F∨

j is the matching feather of Fj .

(2)i Cs ∩ Ui = {xi = 0} and yi|Cs yields an affine coordinate on Cs\Cs−1
∼= A1.

(3)i If Xi → Xi−1 is of type (F) then Fi ∩ Ui = {yi = 0}.

Clearly these properties are satisfied for U1 and (x1, y1) when we let F∨
1 = ∅. Assume

that the coordinate chart Ui ⊆ Xi with coordinates (xi, yi) was already constructed so
that (1)i, (2)i, (3)i are satisfied. We introduce the coordinate chart Ui+1 on Xi+1 as
follows.

Type F: In the next blowup Xi+1 → Xi with center at a point p = (0, d) ∈Ms ⊆ Cs

a feather Fi+1 is created. Then we let

(30) (xi+1, yi+1) =

(

xi

yi − d
, yi

)

so that (xi, yi) = ((yi+1 − d)xi+1, yi+1) .

We let F∨
i+1 denote the proper transform on Xi+1 (and on all further surfaces Xi+j+1)

of the closure in Xi of the affine line {yi = d}. Clearly, the rational function xi+1 has
a first order pole along the curve F∨

i+1. So (xi+1, yi+1) are coordinates in the affine
chart Ui+1 as in (1)i+1 with axes as in (2)i+1 and (3)i+1. By construction, the level set
{yi = d} of the rational function yi on Xi+1 contains both Fi+1 and F∨

i+1. We show in
Lemma 5.2.2 below that (Fi, F

∨
i ) is actually a matching pair as in Definition 3.3.7.
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Type C: In the next blowup Xi+1 → Xi with center at a point cs+1 = (0, c) ∈ Cs

the component Cs+1 is created. In this case Fi+1 = F∨
i+1 = ∅ and

(31) (xi+1, yi+1) =

(

xi,
yi − c

xi

)

so that (xi, yi) = (xi+1, xi+1yi+1 + c) .

These are coordinates in the affine chart Ui+1 as in (1)i+1. The exceptional curve Cs+1

is given on Ui+1 as {xi+1 = 0}. The rational function xi+1 has a first order pole along
the curve Cs, hence Cs ∩ Ui+1 = ∅.

5.2. Correspondence fibration revisited. Let us reverse the zigzag D = C0 ∪ . . .∪
Cs on the surface Xi by a sequence of inner elementary transformations so that Cs

and its previous (new) component C∨
s∨−1 become 0-curves. On the resulting surface Wi

the component Cs−1 is blown down, while the coordinate chart Ui remains unchanged;
indeed,

Ui = Wi \

(

Ei ∪
⋃

j≤i

F∨
j

)

, where Ei = C∨
n ∪ . . . ∪ C∨

s∨−1 ∪ Cs .

The linear systems |Cs| and |C∨
s∨−1| define morphisms p1 : Wi → P1 and p2 : Wi → P1,

respectively. We may suppose that Cs and C∨
s∨−1 are the fibers of p1 and p2, respectively,

over ∞ ∈ P1. Here p2 is the correspondence fibration for the pair of curves (C∨
s∨, Cs)

(see Definition 3.3.3). We note that this fibration differs from the correspondence
fibration for (Cs, C

∨
s∨) just by a sequence of elementary transformations in the fiber

C∨
s∨ of p2. The following proposition gives an insight into the geometric meaning of the

above coordinates (xi, yi).

Proposition 5.2.1. In appropriate coordinates on A1 = P1\{∞}, the maps p1 and
p2 restricted to the chart Ui are given by xi and yi, respectively. Furthermore, in the
coordinates (xi, yi) the curve C∨

s∨+1∩Ui is given by equation yi = 0 and so q∨ = c∨s∨+1 =
(0,∞) ∈ C∨

s∨\C
∨
s∨−1.

15

Proof. We assume by induction that the assertion holds for Wi, and we show that it
holds also for Wi+1. Suppose first that the blowup Xi+1 → Xi is of type (F) so that
the feather Fi+1 attached to the point (0, d) ∈ Cs is created. Reversing the zigzags, we
replace Xi by Wi and Xi+1 by Wi+1.

To pass directly from the surface Wi to Wi+1, we perform first an elementary trans-
formation on Wi by blowing up with center at the point P ′ ∈ C∨

s∨−1 ∩C
∨
s∨ (this results

in a new curve C̃∨
s∨−1) and contracting the proper transform of C∨

s∨−1. Then we blow
up with center at the point (0, d) ∈ Cs to create the feather Fi+1. On the resulting

surface Wi+1 we have C2
s = 0 and (C̃∨

s∨−1)
2 = 0.

Let us consider a coordinate chart on the surface Wi centered at the intersection
point Cs ∩ C

∨
s∨−1 with coordinate functions

(u, v) =

(

xi,
1

yi − d

)

and axes Cs = {u = 0} , C∨
s∨−1 = {v = 0} .

15Cf. Lemma 3.3.4(a) and Corollary 3.3.5.
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Blowing up P ′ and contracting C∨
s∨−1 leads to coordinates

(ũ, ṽ) = (uv, v) =

(

xi

yi − d
,

1

yi − d

)

=

(

xi+1,
1

yi+1 − d

)

on the surface Wi+1 (see (30)) with axes

Cs = {ũ = 0} = {xi+1 = 0} and C̃∨
s∨−1 = {ṽ = 0} = {yi+1 = ∞} .

Now both assertions follow in this case.
Suppose further that the blowup Xi+1 → Xi is of type (C) so that it creates the new

component Cs+1 of the zigzag. Similarly as before, we introduce first a coordinates chart
on Wi centered at the point Cs ∩ C

∨
s∨−1, at which (xi, yi) = (0,∞), with coordinates

(u, v) =

(

xi,
1

yi − c

)

.

Next we create the component Cs+1 by a blowup at the point (0, c) ∈ Cs with (u, v)-
coordinates (0,∞). After performing an elementary transformation at P ′ as before we

get a new surface W̃i and a coordinate chart on W̃i with coordinate functions

(ũ, ṽ) = (uv, v) =

(

xi

yi − c
,

1

yi − c

)

and axes Cs = {ũ = 0} , C̃∨
s∨−1 = {ṽ = 0} .

On W̃i we have (C̃∨
s∨−1)

2 = C2
s = 0 and C2

s+1 = −1. Around the intersection point

Cs ∩ Cs+1 on W̃i this leads to coordinates

(x̃, ỹ) =

(

ũ,
1

ṽ

)

=

(

xi

yi − c
, yi − c

)

and axes Cs = {x̃ = 0} , Cs+1 = {ỹ = 0} .

To achieve the equality C2
s+1 = 0 16 we have to perform a further elementary transfor-

mation by blowing up with center at the point Cs ∩ C̃
∨
s∨−1 and contracting the proper

transform of Cs. On the resulting surface Wi+1 this creates a new component C∨
s∨−2

with (C∨
s∨−2)

2 = C2
s+1 = 0. Proceeding in the same way as before we obtain on Wi+1

coordinates (see (31))

(û, v̂) = (x̃ỹ, x̃) =

(

xi,
xi

yi − c

)

=

(

xi+1,
1

yi+1

)

,

centered at the point C∨
s∨−2 ∩ Cs+1, with axes

Cs+1 = {û = 0} and C∨
s∨−2 = {v̂ = 0} ,

and again the first assertion follows.
Let us finally check that also in this case the intersection point C∨

s∨ ∩ C̃∨
s∨+1 satisfies

the condition yi+1 = 0. The coordinate chart on Wi+1 around this intersection point
has coordinates

(u′, v′) =

(

1

ũ
, ṽ

)

with axes C̃∨
s∨−1 = {v′ = 0} and C∨

s∨ = {u′ = 0} .

Since u′ = 1/ũ = 1/x̃ = yi+1 , the curve C∨
s∨ ∩ Ui+1 is contained in {yi+1 = 0}. Now

the proof is completed. �

The next lemma clarifies the meaning of the curves F∨
i .

16That is, to shift two zero weights in the zigzag one position to the right.
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Lemma 5.2.2. If Fi+1 and F∨
i+1 are nonempty then they form a matching pair on the

surface X = XN as in (3.3.7) above.

Proof. Consider the correspondence fibration ψ : W → P1 for the pair (Cs, C
∨
s∨). With

the notation as in the proof of Proposition 5.2.1, W is a blowup of Wi+1 with centers
in points of Cs ∩ Ui+1 different from (0, d) and in infinitesimally near points. By
construction, the curve F∨

i+1 on Wi+1 does not meet Cs. Hence the proper transform of

F∨
i+1 on W does not meet D≥t. By Lemma 3.3.4(b) F∨

i+1 is a feather of D∨≥t∨

ext . Since
it meets Fi+1, the pair (Fi+1, F

∨
i+1) is a matching pair, as desired. �

5.3. Coordinates on special Gizatullin surfaces.

5.3.1. Let V be a special smooth Gizatullin surface with data (n, r, t) as in Definition
1.0.4. This means that V admits a standard completion (V̄ , D) satisfying:

(a) every component Ci, i ≥ 3, of the zigzag D is created by a blowup on Ci−1;
(b) the extended divisor of (V̄ , D) is of the form

Dext = C0 + . . .+ Cn + F2 + Ft1 + . . . Ftr + Fn, n ≥ 3 ,

where F2, Ftρ and Fn are feathers with mother components C2, Ct, and Cn,
respectively.

Due to Corollary 4.1.6 there exists a presentation

(32) V̄ = X = X(M2, c3, . . . , cn,Mn)

as in 4.1.1 with V = X\D. Reversing the completion (V̄ , D), if necessary, we may
assume that either

(i) 2 < t < n, |M2| = |Mn| = 1, |Mt| = r ≥ 0 and |Mi| = ∅ ∀i 6= 2, t, n, or
(ii) 2 < t = n, |M2| = 1, |Mn| = r + 1 ≥ 1 and |Mi| = ∅ ∀i 6= 2, n.

We suppose in the sequel that the feather F2 is attached to component Ck+1 with k ≥ 1.
Thus ci+1 ∈ Ci ∩ F2 ∀i = 2, . . . , k, while ck+2 /∈ F2.

We note that in general neither (V̄ , D) nor its reversion is of (−1)-type. Our main
goal is to transform such a presentation into one of (−1)-type.

Returning to the procedure as in Definition 4.1.2, we adopt the coordinates in 5.1.1
to our case.

5.3.2. In what follows we suppose that k+1 ≤ t. To describe coordinate charts of the
surface X as in (32) we proceed as follows.

(1) Let U1 = X1 \ (C0 ∪ C1) be the affine coordinate chart on the quadric X1 = Q
as in 5.1 with coordinates (x1, y1). The feather F2 is created via the blowup
X2 → X1 of type (F) with center c2 = (0, 0) ∈ C2 and F∨

2 ⊆ X2 is the proper
transform of {y1 = 0}. In the affine chart U2 as in (29) we have coordinates

(x2, y2) = (x1/y1, y1) with axes C2 = {x2 = 0} and F2 = {y2 = 0} .

(2) We perform inner blowups at the subsequent intersection points c3 = F2 ∩ C2,
c4 = F2 ∩ C3, . . . , ck+1 = F2 ∩ Ck creating the components C3, . . . , Ck+1 of
the zigzag.17 Since c3 = (0, 0) in (x2, y2)-coordinates, its blowup results in

17In the case k = 1 this step is absent.
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new coordinates (x3, y3) = (x2, y2/x2). Continuing in this way, in each step
i = 2, . . . , k we obtain the affine chart

(33) Ui+1 = Xi+1\(C0 ∪ . . . ∪ Ci ∪ F
∨
2 )

on the corresponding surface Xi+1 with coordinates

(34) (xi+1, yi+1) = (xi, yi/xi) =
(

x/y, yi/xi−1
)

,

the origin ci+2 for i ≤ k − 1 and axes

Ci+1 = {xi+1 = 0} and F2 = {yi+1 = 0} .

The converse formulas are:

(35) (x, y) = (xi
i+1yi+1, x

i−1
i+1yi+1), i = 1, . . . , k .

(3) For i = k + 1, . . . , t − 1 18 we perform outer blowups with center at ci+1 ∈
Ci \ Ci−1 creating the components Ck+2, . . . , Ct of the zigzag. In particular,
in (xk+1, yk+1)-coordinates we have ck+2 = (0, c′k+2) with c′k+2 6= 0. To reduce
notation we will identify ck+2 with its coordinate c′k+2. Using this convention
also in the following steps, we get the affine chart Ui+1 ⊆ Xi+1 as in (33) with
coordinates

(36) (xi+1, yi+1) =

(

xi,
yi − ci+1

xi

)

, where Ci+1 = {xi+1 = 0}

The converse formulas are

(37) (xi, yi) = (xi+1, xi+1yi+1 + ci+1) .

(4) In particular, for i = t we get the affine chart Ut ⊆ Xt with coordinates (xt, yt).
We perform outer blowups at the distinct points di=̂(0, di), 1 ≤ i ≤ r, of
Mt ⊆ Ct \Ct−1 to create the feathers Fti, and a further blowup at ct+1=̂(0, ct+1)
creating the component Ct+1. On the resulting surface Xt+1 this leads to the
new coordinate system19

(38) (xt+1, yt+1) =

(

xt

P
,
yt − ct+1

xt

P

)

, where P =

r
∏

i=1

(yt − di) ∈ C[yt] ,

in the affine chart

Ut+1 = Xt+1\(C0 ∪ . . . ∪ Ct ∪ F
∨
2 ∪ F∨

t1 ∪ . . . ∪ F
∨
tr)

∼= A2 ,

where Ct+1 = {xt+1 = 0} and F∨
ti denotes the proper transform of the closure

in Xt+1 of the affine line {yi = di} ⊆ Ut, i = 1, . . . , r. If ct+1 /∈ Mt then
Fti = {xt+1yt+1 = di − ct+1}, while for di = ci+1 the feather Fti is given by
yt+1 = 0. The converse formulas are

(39) (xt, yt) =
(

xt+1Pt+1, xt+1yt+1 + c′t+1

)

, where P =
r
∏

j=1

(xt+1yt+1 + ct+1 − di) .

18This step is absent if k + 1 = t.
19The enumeration differs from those in 5.1.1 since we are performing several blowups in one step.
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(5) For i = t + 1, . . . , n − 1 we blow up at the point ci+1 ∈ Ci \ Ci−1 creating the
component Ci+1, while for i = n we blowup at the point cn+1 ∈Mn creating the
feather Fn. In step i with t+1 ≤ i ≤ n−1 we obtain coordinates (xi+1, yi+1) by
formula (36), where ci+1=̂(0, ci+1) in (xi, yi)-coordinates. The converse formulas
(37) are still available. Obviously (xi+1, yi+1) forms a coordinate system in the
affine chart

Ui+1 = Xi+1\(C0 ∪ . . . ∪ Ci ∪ F
∨
2 ∪ F∨

t1 ∪ . . . ∪ F
∨
tr)

∼= A2

on the corresponding surface Xi+1, where t+1 ≤ i ≤ n. Similarly for i = n the
same formulas define coordinates (xn+1, yn+1) in the affine chart Un+1 on the
terminal surface X = Xn+1, where Fn = {xn+1 = 0}.

5.4. Moving coordinates. In this subsection we study the effect of an elementary
shift20

(40) h = ha,m : (x, y) 7−→ (ξ(x, y), η(x, y)) = (x, y + ax1+m) ,

where m ≥ 0 and a ∈ C+, on the sequence of coordinate systems as in 5.3.2. According
to 4.3.1, h transforms the presentation X as in (32) into X ′ = h∗(X), and yields an
isomorphism of the affine surfaces V onto a new one V ′ = h∗(V ). The standard
completion can change due to the presence of indeterminacy points of h on C0. We
introduce the following coordinates on h∗(X).

Letting (ξ1, η1) = (ξ, η) and performing the sequence of blowups as described in 5.3.1
in the images of the centers under h, we obtain a new sequence of coordinates

(ξi(xi, yi), ηi(xi, yi)), i = 1, . . . , n+ 1 .

Our next aim is to give, for every i ≥ 1, explicit expressions of the maps (xi, yi) 7−→
(ξi(xi, yi), ηi(xi, yi)) and of the vector field

(

ξ̄i, η̄i

)

=

(

∂ξi
∂a

(0),
∂ηi

∂a
(0)

)

.

5.4.1. According to the cases in 5.3.2, the following recursive formulas hold.

(1) In the blowup X2 → X1 we have (ξ2, η2) = (ξ1/η1, η1).
(2) In the inner blowups Xi+1 → Xi, i = 1, . . . , k, of 5.3.1(2) we have in view of (34)

(ξi+1, ηi+1) =

(

ξi,
ηi

ξi

)

=

(

ξ

η
,
ηi

ξi−1

)

=

(

x

y + ax1+m
,
(y + ax1+m)i

xi−1

)

.

Using (35) we get

(41) (ξi+1(xi+1, yi+1), ηi+1(xi+1, yi+1)) =

(

xi+1

1 + axim+1
i+1 ym

i+1

, (1 + axim+1
i+1 ym

i+1)
iyi+1

)

.

(3) In the blowups Xi+1 → Xi, i = k + 1, . . . , t− 1 with centers at ci+1=̂(0, ci+1) ∈ Ci

we get

(42) (ξi+1, ηi+1) =

(

ξi,
ηi − γi+1

ξi

)

, where γi+1 = ηi(0, ci+1) .

20This corresponds to the elementary shift ha,m+3 from Section 3.
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In the same range i = k + 1, . . . , t− 1 we obtain by (37)

ξi+1(xi+1, yi+1) = ξi(xi+1, xi+1yi+1 + ci+1) and(43)

ηi+1(xi+1, yi+1) =
ηi(xi+1, xi+1yi+1 + ci+1) − γi+1

ξi(xi+1, xi+1yi+1 + ci+1)
.(44)

Moreover

(45) ξ̄i+1 = ξ̄i(xi+1, xi+1yi+1 + ci+1) and

(46) η̄i+1 =
η̄i(xi+1, xi+1yi+1 + c) − η̄i(0, ci+1)

xi+1
−
yi+1

xi+1
ξ̄i(xi+1, xi+1yi+1 + ci+1) .

(4) Similarly as in (38), with γt+1 = ηt(0, ct+1) and δρ = ηt(0, dρ) we have

(47) (ξt+1, ηt+1) =

(

ξt
Π
,
ηt − γt+1

ξt
Π

)

, where Π =
r
∏

ρ=1

(ηt − δρ) .

The converse formulas are

(48) (ξt, ηt) = (ξt+1Π, ξt+1ηt+1 + γt+1) , where Π =

r
∏

ρ=1

(ξt+1ηt+1 + γt+1 − δρ) .

(5) If i > t, the recursion formulas for (ξi+1, ηi+1) are the same as in step (3).

Remarks 5.4.2. 1. In all cases ξi = 0 is a local equation for Ci and so

(49) ξi(0, yi) = ξ̄i(0, yi) = 0 .

Furthermore,
∂1ξi(0, yi) = 1 and ∂1ξ̄i(0, yi) = 0 ,

where ∂1 = ∂
∂xi

and ∂2 = ∂
∂yi

. Indeed, ∂1ξi(0, yi) 6= 0 ∀yi ∈ Ci\Ci−1
∼= A1, ∀a ∈ A1.

Hence ∂1ξi(0, yi) is a constant equal to its value at a = 0, which equals 1. The second
relation follows by differentiating the first one.

2. The map hi : yi 7→ ηi(0, yi) yields a translation

ηi(0, yi) = yi + ei(a) with ei(a) ∈ C[a] , ei(0) = 0,

of the affine line Ci\Ci−1
∼= A1. Indeed, ηi(0, yi) is an automorphism of A1 hence it has

the form c(a)yi + ei(a), where c(a), e(a) ∈ C[a]. Here c(a) = c(0) = 1 is constant since
it does not vanish for all a. Moreover ei(0) = 0 since h0,m = id. In particular

(50) ∂2ηi(0, yi) = 1 and ∂2η̄i(0, yi) = 0 .

We can now deduce the following formulas.

Proposition 5.4.3. (a) At step k + 1 we have

ξk+1(xk+1, yk+1) =
xk+1

1 + axkm+1
k+1 ym

k+1

,

ηk+1(xk+1, yk+1) = (1 + axkm+1
k+1 ym

k+1)
kyk+1 ,

ξ̄k+1(xk+1, yk+1) = −xkm+2
k+1 ym

k+1 ,

η̄k+1(xk+1, yk+1) = kxkm+1
k+1 ym+1

k+1 .



SMOOTH AFFINE SURFACES WITH NON-UNIQUE C∗-ACTIONS 35

(b) If k + 2 ≤ t then we have at step k + 2

ξ̄k+2(xk+2, yk+2) = −cmxs−k
k+2 + h. o. t. ,

η̄k+2(xk+2, yk+2) = kcm+1xs−k−2
k+2 + (s− 1)cmxs−k−1

k+2 yk+2 + h. o. t. ,

where h. o. t. stands for higher order terms in the first variable xk+2 and

(51) s = k(m+ 1) + 2 ≥ k + 2 , c = ck+2 6= 0 .

(c) With c and s as in (51), in the range k + 3 ≤ i ≤ min{s, t} we have

ξ̄i(xi, yi) = −cmxs−k
i + h. o. t. and

η̄i(xi, yi) = kcm+1xs−i
i + (s− 1)ck+3c

mxs−i+1
i + h. o. t.

Proof. The first two formulas in (a) are contained in (43) while the remaining two are
obtained by differentiation.

Inserting ξ̄k+1 and η̄k+1 as in (a) into the recursive formulas (45)-(46) we get

ξ̄k+2(xk+2, yk+2) = −xkm+2
k+2 (xk+2yk+2 + c)m and(52)

η̄k+2(xk+2, yk+2) = xkm
k+2(kc+ (k + 1)xk+2yk+2)(c+ xk+2yk+2)

m .(53)

Now the Taylor expansion implies (b).
Finally, starting from (b) and using again the recursion formulas (45)-(46), (c) follows

by an easy computation. We leave the details to the reader. �

Proposition 5.4.3 implies the following corollary.

Corollary 5.4.4. Suppose that m = 0 so that s = k + 2.
(a) On component Ck+1 we have

ξk+1(xk+1, yk+1) =
xk+1

1 + axk+1

,

ηk+1(xk+1, yk+1) = (1 + axk+1)
kyk+1 .

(b) For every i = 2, . . . , t we have

ξ̄i(xi, yi) = −x2
i ,

η̄i(xi, yi) = (i− 1)xiyi + (i− 2)ci .

In particular, if s ≤ t then η̄i(0, yi) = 0 for i = 2, . . . , s− 1, while η̄s(0, ys) 6= 0.

Proof. (a) is just a specialization of Proposition 5.4.3 to the case where m = 0. The
first two formulas in (b) follow in the case 2 ≤ i ≤ k+2 from (41) by differentiation. In
the general case one can proceed by recursion using (43) and (44). The last assertion
holds since by our assumptions c2 = . . . = ck+1 = 0 while ck+2 6= 0, see 5.3.2(2),
(3). �
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5.5. Induced motions. Let us study the map induced by the shift

h = ha,m : (x, y) 7→ (x, y + ax1+m)

on the component Ci = {xi = 0}. By Remark 5.4.2(2) for every i = 1, . . . , n,

h = h|Ci : (0, yi) 7−→ (ξi(0, yi), ηi(0, yi)) = (0, yi + ei(a)) for some ei(a) ∈ C[a]

with ei(0) = 0. We say that h generates a motion on component Ci if deg ei > 0. For
instance, using (41) we obtain ηi(0, yi) = 0 for i = 2, . . . , k + 1, so there is no motion
on components C2, . . . , Ck+1.

In the next lemma we study the motions in the case m = 0.

Lemma 5.5.1. Let X = Xn+1 be as in 5.3.2. Assume as before that k + 1 ≤ t. Then
deg eq = q − k − 1 > 0 and eq(0) = 0 ∀q ∈ [k + 2, t]. In particular, the shift h = ha,0

induces a motion on component Cq for every q in this range.

Proof. We let x̃ = x2 and ξ = ξ2. At each step i = 2, . . . , t in 5.3.2, only components
of the zigzag are created. Hence we have

(54) xi = x̃, ξi = ξ =
x̃

1 + ax̃
, and, conversely, x̃ =

ξ

1 − aξ
.

Furthermore, by 5.3.2(3) for k + 2 ≤ q ≤ t

(55)
yq =

yq−1 − cq
x̃

=
yq−2 − cq−1 − cqx̃

x̃2
= . . . =

yk+1 −
∑q

j=k+2 cj x̃
j−k−2

x̃q−k−1

= x̃k+1−qyk+1 −
∑q

j=k+2 cj x̃
j−q−1 .

Conversely,

(56) yk+1 = x̃q−k−1yq +

q
∑

j=k+2

cj x̃
j−k−2 .

Similarly as in (55), letting γj+1 = ηj(0, cj+1) we obtain

(57) ηq(x̃, yq) = ξk+1−qηk+1(x̃, yk+1) −

q
∑

j=k+2

γjξ
j−q−1 ,

where, by virtue of Corollary 5.4.4(a) and (56),

(58) ηk+1 = (1 + ax̃)kyk+1 = (1 + ax̃)k

(

x̃q−k−1yq +

q
∑

j=k+2

cjx̃
j−k−2

)

.

According to (54) we have x̃ = ξ(1− aξ)−1 and so 1 + ax̃ = (1 − aξ)−1. Inserting (58)
into (57) and replacing x̃ by ξ leads to

(59)
ηq(x̃, yq) = ξk+1−q(1 + ax̃)kyk+1 −

q
∑

j=k+2

γjξ
j−q−1

= (1 − aξ)1−qyq +
∑q

j=k+2 cj(1 − aξ)2−jξj−q−1 −
∑q

j=k+2 γjξ
j−q−1 .

Regarding ηq(x̃, yq) as a function of (ξ, yq) we need to compute the constant term
eq(a) = ηq(0, 0) in its Laurent expansion. We note that this function is regular in a
neighborhood of the axis {x̃ = 0} = {ξ = 0}. Therefore we can omit the first term and
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the last sum on the right in (59). Using the binomial expansion the remaining sum can
be written as the Laurent series

(60)

q
∑

j=k+2

cj

∞
∑

µ=0

(

2 − j

µ

)

(−1)µaµξj−q−1+µ .

Its constant term is

(61) eq(a) = ηq(0, 0) =

q
∑

j=k+2

(

2 − j

q + 1 − j

)

(−1)q+1−jcja
q+1−j .

Since ck+2 6= 0, see 5.3.2(3), this is a polynomial of degree q−k−1 in a, while eq(0) = 0
by 5.4.2(2), as stated. �

Corollary 5.5.2. If V is a Danilov-Gizatullin surface i.e. r = 0 in 5.3.2, then in
the range k + 2 ≤ q ≤ n the shift h = ha,0 induces a translation yq 7→ yq + eq(a) on
component Cq, where deg eq = q − k − 1 and eq(0) = 0.

In the general case, where m ≥ 0 is arbitrary and X is a standard completion of a
special smooth Gizatullin surface as in 5.3.2, we have the following lemma.

Lemma 5.5.3. For every i ≥ 2 with i 6= t the degrees of ei+1 and ∂1ηi(0, ci+1) as
polynomials in a are equal. Moreover the same is true for i = t provided that ct+1 /∈Mt

i.e., ct+1 is not a root of P .

Proof. We give the proof only in the case i = t; in all other cases the same proof applies
by replacing t by i and P by 1. According to (48) and (39)

(62) ηt(xt+1Pt+1, xt+1yt+1 + ct+1) = ξt+1(xt+1, yt+1) · ηt+1(xt+1, yt+1) + γt+1 .

By virtue of Remark 5.4.2 we have the relations:

ξt+1(0, yt+1) = 0, ∂1ξt+1(0, yt+1) = 1, and ∂2ηt(0, ct+1) = 1 .

Thus differentiating (62) with respect to xt+1 and evaluating at xt+1 = 0 yields

∂1ηt(0, ct+1) · P (ct+1) + yt+1 = ηt+1(0, yt+1) .

By definition the term on the right is yt+1 + et+1(a). Since ct+1 /∈ Mt is not a root of
P , P (ct+1) 6= 0, hence the result follows. �

Returning to the special case m = 0 (that is, h = ha,0) treated in Lemma 5.5.1, let
us show that its conclusion can be equally applied to the polynomial et+1.

Proposition 5.5.4. Let as before k+1 ≤ t. If ct+1 /∈Mt andm = 0, then dega et+1(a) =
t− k > 0 and et+1(0) = 0.

Proof. Let again r = 0 so that no feather is attached to component Ct and V = V DG is
a Danilov-Gizatullin surface. The construction of 5.3.2 yields coordinates (xDG

i , yDG
i )

and (ξDG
i , ηDG

i ) on XDG = V̄ DG. Let us compare these coordinates with those (xi, yi)
and (ξi, ηi) on a general surface X = V̄ , where r is arbitrary. Since up to step t in 5.3.2
the constructions in the Danilov-Gizatullin case and in the general case are identical,
we have

(xDG
t , yDG

t ) = (xt, yt) and (ξDG
t , ηDG

t ) = (ξt, ηt).
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By Lemma 5.5.3 the degrees of the polynomials et+1(a) and ∂1ηt(0, ct+1) are equal.
Moreover

∂1ηt(0, ct+1) = ∂1η
DG
t (0, ct+1) .

Applying Lemma 5.5.3 and Corollary 5.5.2, the term on the right is a polynomial of
degree t− k with zero constant term, which gives the required result. �

5.6. Component of first motion. We continue to study an elementary shift

h = ha,m : (x, y) 7→ (x, y + ax1+m)

expressed in terms of moving coordinates (ξi, ηi).

Proposition 5.6.1. (Motion Lemma) Suppose that k + 1 ≤ t and ct+1 /∈ Mt. Let as
before s = k(m+ 1) + 2. Then the following hold.

(a) The first motion under ha,m occurs on component Cs i.e., ei = 0 for all i < s, while
deg es > 0.

(b) If k + 2 ≤ t then after a general coordinate change (x, y) → (x, y + bx) there is a
motion on component Cs+1 i.e., deg es+1 > 0.

The proof of Proposition 5.6.1 is based on the following lemma.

Lemma 5.6.2. If k + 1 ≤ t and ct+1 /∈Mt then the following hold.

(a) η̄i(0, yi) = 0 for all i = 1, . . . , s− 1 while η̄s(0, ys) = η̄s(0, 0) 6= 0.
(b) If k + 2 ≤ t then after a general coordinate change (x, y) → (x, y + bx) we have

∂1η̄s(0, cs+1) 6= 0.

Proof of Proposition 5.6.1. Lemma 5.6.2(a) implies that e′s(0) = η̄s(0, 0) = η̄s(0, ys) 6=
0 and so there is a motion on the component Cs. For every i < s by Lemma 5.6.2(a),
η̄i(0, yi) = 0. This remains true after a coordinate change (x, y) → (x, y + a′x1+m),
which replaces a by a + a′. Consequently, e′i(a) = ∂ηi

∂a
(0, 0) = 0 for every a and so

ei(a) = ei(0) = 0. This proves (a).
To deduce (b) we note that by Lemma 5.6.2(b), ∂1η̄s(0, cs+1) 6= 0 and so ∂1ηs(0, cs+1)

is not constant in a. In view of Lemma 5.5.3 also es+1 is not constant. Now the
assertion follows. �

The rest of this subsection is devoted to the proof of Lemma 5.6.2.

Proof of Lemma 5.6.2. By (41) and Proposition 5.4.3, (a) is true if s ≤ t. Let us
deduce (b) for s ≤ t. The latter inequality implies that k + 2 ≤ t. Thus by Lemma
5.5.1 a coordinate change (x, y) → (x, y + bx) results in a non-trivial translation on
component Ck+2. Applying such a translation we may assume that ck+3 6= 0. Now
∂1ηs(0, cs+1) 6= 0 by the second formula in 5.4.3(c), as required.

We assume in the sequel that s > t. We have to distinguish several cases. First we
treat in 5.6.3 the case k + 3 ≤ t. The proof in the remaining cases where k + 2 = t or
k + 1 = t is given in 5.6.4. �

5.6.3. The case k + 3 ≤ t. According to Proposition 5.4.3(c), in step t

ξ̄t(xt, yt) = −cmxs−k
t + h. o. t. and(63)

η̄t(xt, yt) = αxs−t
t + βck+3x

s−t+1
t + h. o. t. , where(64)

c = ck+2, α = kcm+1 and β = (s− 1)cm(65)
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are nonzero constants. Let us compute the vector field (ξ̄t+1, η̄t+1). By (47),

(66) (ξt+1, ηt+1) =

(

ξt
Π
,
(ηt − ηt(0, ct+1))Π

ξt

)

, where Π =
r
∏

ρ=1

(ηt − ηt(0, dρ)) .

Since by our assumption s − t > 0, by virtue of (64) η̄t(0, dρ) = 0 ∀ρ = 1, . . . , r.
Consequently d

da
(Π)|a=0 = P ′ · η̄t, where P = P (yt) is as in (38). Applying in (66) the

derivation d
da
|a=0 and expressing xt, yt by xt+1, yt+1 as in (39) we get

(67)

ξ̄t+1 =
ξ̄t

P (yt)
−

xt

P 2(yt)
P ′(yt) · η̄t

=
ξ̄t
Pt+1

−
xt+1

Pt+1
P ′

t+1 · (αx
s−t
t+1P

s−t
t+1 + h. o. t.) ,

where
Pt+1 := P (ct+1 + xt+1yt+1) and P ′

t+1 := P ′(ct+1 + xt+1yt+1) .

The first order Taylor expansion of P s−t
t+1 is

(68) P s−t
t+1 = P (ct+1)

s−t + (s− t)P ′(ct+1)P (ct+1)
s−t−1xt+1yt+1 + h. o. t.

To compute the lowest order term of ξ̄t+1, the first term on the right of (67) is irrelevant
by (63). Therefore from (67) and (68) we obtain

(69) ξ̄t+1 = γxs−t+1
t+1 + h. o. t. , where γ = −αP ′(ct+1)P

s−t−1(ct+1) .

Likewise we can differentiate the expression for ηt+1 in (66) with respect to a, then
replace xt, yt by xt+1, yt+1 according to (39), and finally use (63), (64) to obtain

(70)

η̄t+1 =
η̄t

xt

P (yt) +
yt − ct+1

xt

P ′(yt)η̄t −
yt − ct+1

x2
t

P (yt)ξ̄t

= αxs−t−1
t+1 P s−t

t+1 + βck+3x
s−t
t+1P

s−t+1
t+1 + yt+1

P ′
t+1

Pt+1
η̄t + h. o. t.

Inserting (64) and the Taylor expansion (68) into this formula yields

(71)

η̄t+1 = αP (ct+1)
s−txs−t−1

t+1 + (s− t)αP ′(ct+1)P (ct+1)
s−t−1yt+1x

s−t
t+1

+βck+3P (ct+1)
s−t+1xs−t

t+1 + αP ′(ct+1)P (ct+1)
s−t−1yt+1x

s−t
t+1 + h. o. t.

= α̃xs−t−1
t+1 + (β̃ck+3 + γ̃yt+1)x

s−t
t+1 + h. o. t. ,

where

(72) α̃ = αP (ct+1)
s−t, β̃ = βP (ct+1)

s−t+1 , and γ̃ = (s− t+ 1)
P ′(ct+1)

P (ct+1)
α̃

are constants with α̃, β̃ 6= 0.
In the range t + 1 ≤ j < s we have xj+1 = xj and ξj+1 = ξj. In view of (69) this

yields

(73) ξ̄j+1 = −γxs−t+1
j+1 + h. o. t. for k + 1 ≤ j < s .

To compute η̄j for j ≥ t+2 we first consider the step from t+1 to t+2. Differentiating
the recursion formula (42) for η̄t+2 we obtain

η̄t+2 =
η̄t+1

xt+1

−
yt+1 − ct+2

x2
t+1

ξ̄t+1 .
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Using (69) and (71) and replacing xt+1, yt+1 by xt+2, yt+2 as in (37) we get

η̄t+2 = α̃xs−t−2
t+2 + (β̃ck+3 + γ̃ct+2)x

s−t−1
t+2 + h. o. t.

Recursively the same arguments yield

(74) η̄j = α̃xs−j
j + (β̃ck+3 + γ̃ct+2)x

s−j+1
j + h. o. t. for t+ 2 ≤ j ≤ s .

Using (74) in the case s ≥ t+ 2 and (71) in the case s = t+ 1, assertion (a) of Lemma
5.6.2 follows.

Let us show part (b) of the lemma. For j = s ≥ t+ 2 (74) yields

(75) ∂1η̄s(0, cs+1) = β̃ck+3 + γ̃ct+2 .

Because of (71) this formula remains valid in the case s = k + 1. To deduce (b) we
have to check that this quantity is nonzero after an appropriate coordinate change

(x, y) −→ (x(b), y(b)) = (x, y + bx) .

For this we perform the sequence of blowups as above with (x(b), y(b)) instead of (x, y)
so that the centers ci(b) ∈ Ci−1 and dρ(b) ∈ Ct of the blowups now depend on b.
According to Remark 5.4.2.2 these centers can be written as

ci(b) = ci + ei−1(b) and dρ(b) = dρ + et(b)

with polynomials ei(b) satisfying ei(0) = 0. Now (75) can be written as

(76) ∂1η̄s(0, cs+1)(b) = β̃ck+3 + γ̃ct+2 + β̃ek+2(b) + γ̃et+1(b) .

By Lemma 5.5.1 and Proposition 5.5.4,

ek+1(b) = 0, deg ek+2(b) = 1, and deg et+1(b) = t− k ≥ 3 .

In particular, ck+2(b) = ck+2 + ek+1(b) = ck+2 does not depend on b, and hence also the
constants α and β in (65) do not depend on b.

We claim that the polynomial P as in (38) does not depend on b either. Indeed,
with P (b, T ) =

∏r
i=1(T − dρ(b)) we have

P (b, yt(b)) =
r
∏

i=1

(yt(b) − dρ(b)) =
r
∏

i=1

(yt − et(b) − dρ + et(b)) =
r
∏

i=1

(yt − dρ) = P (yt) .

In particular, P (b, ct+1(b)) = P (ct+1) and P ′(b, ct+1(b)) = P ′(ct+1). Hence α̃, β̃, and γ̃
in (72) do not depend on b.

It follows that (76) is a nonzero polynomial in b of degree 1 if γ̃ = 0 and of degree
t− k otherwise. Anyway, ∂1η̄s(0, cs+1)(b) 6= 0 for a suitable choice of b, proving (b).

5.6.4. The cases k+ 2 = t and k+ 1 = t. If k+ 2 = t then according to Proposition
5.4.3(b)

ξ̄t(xt, yt) = −cmxs−t+2
t + h. o. t. ,

η̄t(xt, yt) = αxs−t
t + βxs−t+1

t yt + h. o. t.

with α and β as before. The formulas (69) for ξt+1, (71) for ηt+1, (73) for ξj+1 and
(74) for ηj+1 are applicable again; note that ck+3 = ct+1 since t = k + 2. So the proof
of (a) proceeds as before. Also the proof of (b) applies if we take into account that
deg et+1(b) = t− k = 2 in our case.
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In the case k + 1 = t we only need to establish (a). Therefore it suffices to control
the terms of lowest order of ηj for j = t+ 1, . . . , s. By Proposition 5.4.3(a), instead of
(63) and (64) we have to use the formulas

ξ̄t(xt, yt) = −xs−t+1
t ym

t and

η̄t(xt, yt) = kxs−t
t ym+1

t .

Proceeding as before we obtain that ξ̄t+1 is a multiple of xs−t+1
t+1 , while

η̄t+1(xt+1, yt+1) = α̃xs−t−1
t+1 + h. o. t. ,

where α̃ is as in (72). By recursion in the range j = t+ 2, . . . , s,

η̄j(xj , yj) = α̃xs−j
t+1 + h. o. t.

(cf. (74)) and so (a) follows. Now the proof of Lemma 5.6.2 is completed. �

Remark 5.6.5. In case k+1 = t the distinguished feather F2 is attached to component
Ct. It may happen that ∂1ηs(0, ys) = 0 so that there is no motion on component

Cs+1. Indeed, the formula (71) holds with α̃ as before and β̃ = 0 while γ̃ is a bit
more complicated than in (71) since the term yt−ct+1

x2
t

P (yt)ξ̄t in (70), which contributed

before only to higher order terms, cannot be ignored any more. More precisely,

γ̃ = cmt+1P (ct+1)
km (k(km+ 2)ct+1P

′(ct+1) + (km+ k + 1)P (ct+1))

and so γ̃ vanishes for an appropriate choice of ct+1. Note that γ̃ also vanishes after
a linear change of coordinates as in Lemma 5.6.2(b), since such a coordinate change
induces no motion on component Ct. Therefore the second highest coefficient of the
expansion for ηj, j ≤ s, vanishes as well in all following steps. Thus ∂1ηs(0, cs+1) =
γ̃cs+1 = 0 i.e., the derivative vanishes for this choice of ct+1.

6. Applications

6.1. Moving feathers. Given a presentation

X = X(M2, c3, . . . , ct,Mt, ct+1, . . . , cn,Mn)

of a special smooth Gizatullin surface V = X\D with data (n, r, t) (see 5.3.1), we
consider the sequence of coordinate systems (xi, yi) as in 5.3.2. For a fixed i the curve
Ci\Ci−1

∼= A1 is the axis xi = 0. So it is equipped with the coordinate yi such that
Ci ∩Ci−1 = {yi = ∞}. With respect to this coordinate, the data (Mi, ci+1) correspond
to a collection of complex numbers. We also deal with the reversed presentation

X∨ = X(Mn, c
∨
3 , . . . , c

∨
t∨ ,Mt∨ , c

∨
t∨+1, . . . ,M2) ,

where as before t∨ = n − t + 2 and the curves Ci and C∨
i∨ are identified via the

correspondence fibration as in 3.3.3. Under this identification yi yields a coordinate on
C∨

i∨ so that the data (M∨
i∨ = Mi, c

∨
i∨+1) are as well expressed by complex numbers. The

reader should keep in mind that according to Proposition 5.2.1 c∨i∨+1 = 0.
Let F2, Ftρ (1 ≤ ρ ≤ r) and Fn be the feathers of X corresponding to the points

of M2, Mt and Mn, respectively. The dual feathers F∨
2 , F∨

tρ and F∨
n have then mother

components C∨
n , C∨

t∨ and C∨
2 , respectively.

To study the effect of an elementary shift

ha,m : (x, y) → (x, y + ax1+m)
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on these presentations, we exploit as in 5.4.1 the induced coordinate systems (ξi, ηi)
depending on a. The data ci+1(a), Mi(a) and c∨i∨+1(a) expressed in the coordinate yi

also depend on a. The following result is immediate from Proposition 5.2.1 and Remark
5.4.2(2).

Lemma 6.1.1. If ηi(0, yi) = yi + ei(a) then

ci+1(a) = ci+1 + ei(a), Mi(a) = Mi + ei(a), while c∨i∨+1(a) = c∨i∨+1 = 0 ∀a ∈ C .

Consequently, if deg ei(a) > 0 then the shift h = ha,m translates Mi = M∨
i∨ and

ci+1 while keeping the point c∨i∨+1 = 0 fixed. Thus for general a we have ci+1 6= c∨i∨+1

and c∨i∨+1 6∈ M∨
i∨ . Inspecting Proposition 4.2.2 this means that for every feather F∨

attached to a component C∨
j∨ with j∨ > i∨ one has µ∨ > i∨, where C∨

µ∨ is the mother
component of C∨

j∨. In other words, feathers cannot “cross” C∨
i∨. Using this idea to

remove jumping feathers we can prove the following lemma.

Lemma 6.1.2. Assume that F2 sits on component Ck+1 and F∨
n on component C∨

l∨+1.
Applying suitable elementary shifts and backward shifts we can achieve that

(a) k + 1 < max(3, t) and, dually, l∨ + 1 < max(3, t∨);
(b) all feathers Ftρ of X and F∨

t∨ρ of X∨ are attached to their mother components Ct

and C∨
t∨, respectively.

Proof. By Corollary 4.2.3 we have k+1 ≤ l−1 or, equivalently, k+1+ l∨+1 ≤ n+2 =
t + t∨. Thus k + 1 ≤ t or l∨ + 1 ≤ t∨. By symmetry we may suppose that k + 1 ≤ t.
We proceed in several steps.

(1) After a suitable shift we can achieve that l∨ + 1 ≤ t∨. Indeed, if k + 1 = t then
by the above inequality we have l∨ +1 ≤ t∨. If k+1 < t then using Lemma 5.5.1, after
a shift c∨t∨+1 = 0 6= ct+1. Inspecting Lemma 4.2.2(b) this shows that l∨ + 1 ≤ t∨.

(2) After suitable shifts and backward shifts (b) holds. If k + 1 = t then applying
Corollary 4.2.3 to the pairs (F2, F

∨
tρ), all feathers F∨

tρ are attached to their mother
component C∨

t∨ . If k + 1 < t then by Lemma 5.5.1, after a suitable shift ha,0 we have
c∨t∨+1 = 0 6∈Mt. Thus by Lemma 4.2.2(b) all feathers F∨

tρ are attached to their mother
component C∨

t∨ . Applying the same arguments to the reversion, after suitable backward
shifts all feathers Ftρ are attached to their mother component Ct.

(3) If t∨ 6= 2 then after a suitable shift l∨ + 1 < t∨. Indeed, using (b) we have
ct+1 6∈ Mt so that Proposition 5.5.4 can be applied. The shift ha,0 creates a motion
on component Ct+1. After such a motion we may assume that ct+2 is nonzero, i.e.
ct+2 6= c∨t∨ . By Lemma 4.2.2(b) this forces l∨ + 1 < t∨.

Applying now (3) and its dual statement, (a) follows. �

Corollary 6.1.3. Given a presentation X of a special smooth Gizatullin surface, by
performing shifts and backward shifts we can transform X into a (−1)-presentation.

Proof. After applying suitable shifts and backward shifts we may assume that (a) and
(b) in Lemma 6.1.2 are fulfilled. Interchanging X and X∨, if necessary, we may assume
that k ≤ l∨. We may also suppose that k ≥ 2, since otherwise X has (−1)-type and
we are done. We choose now m in such a way that

n ≥ s = k(m+ 1) + 2 ≥ n− l∨ + 1;

this is always possible because of our assumption k ≤ l∨. By Proposition 5.6.1, the
elementary shift ha,m induces a motion on the curve Cs. After this motion we will have
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cs+1 6= c∨s∨+1 = 0. Inspecting Lemma 4.2.2(b), on the new surface X∨ the feather F∨
n

will sit on a component C∨
l̃∨

with l̃∨ < l∨. Thus after several such shifts we can achieve
that l∨ < k. Interchanging now X and X∨ and continuing as before we obtain after a
finite number of steps that k = l∨ = 1, as required. �

Combining this with Proposition 4.4.1 leads to the following result.

Corollary 6.1.4. Assume that V and V ′ are smooth special Gizatullin surfaces such
that the zigzags of standard completions are equal up to reversion. Then V and V ′ are
isomorphic if and only if the configuration invariants of V and V ′ coincide.

Proof. The ‘only if” part follows from Theorem 3.4.1. To prove the converse, let (V̄ , D)
and (V̄ ′, D′) be standard completions of V and V ′, respectively. Reversing one of
them, if necessary, we may suppose that the dual graphs of D and D′ are equal. By
Proposition 4.1.6 both surfaces admit presentations. Moreover by Corollary 6.1.3 we
may assume that both presentations are of (−1)-type. Applying Proposition 4.4.1 the
result follows. �

6.2. Main theorem and its corollaries. Let us now deduce the Isomorphism The-
orem 1.0.7(c) in the Introduction.

Theorem 6.2.1. Given a special smooth Gizatullin C∗-surface V = Spec C[u][D+, D−],
the isomorphism type of V is uniquely determined by the unordered pair of numbers
(deg{D+}, deg{D−}) and the configuration of points

(77) supp (⌊−D+ −D−⌋) = {p1, . . . , pr} ,

up to the natural action of the automorphism group Aut(A1) on such configurations.

Proof. This follows immediately from Corollary 6.1.4. Indeed, according to Corollary
3.5.5 the configuration invariant is given by {p1, . . . , pr} ∈ M+

r , whereas the boundary
zigzag is up to reversion uniquely determined by the numbers deg{D+} and deg{D−}.

�

The next result and Corollary 6.2.5 below yield the first assertion of Theorem 1.0.5
in the Introduction.

Theorem 6.2.2. Every special smooth Gizatullin surface carries a C∗-action. More-
over, if V is of type I then the conjugacy classes of C∗-actions on V form in a natural
way a one-parameter family, while in case of type II they form a two-parameter family.

Proof. By Corollaries 4.1.6 and 6.1.3, V admits a presentation of (−1)-type X =
X(M2, c3, . . . ,Mt, . . .Mn) as in 5.3.1, where Mt = {p1, . . . , pr}. After reversing the
presentation, if necessary, we may suppose that t < n.

First assume that also t > 2. Let us consider the C∗-surface V ′ = Spec C[t][D+, D−]
with

D+ = −
1

t− 1
[p+] and D− = −

1

n− t+ 1
[p−] −

r
∑

ρ=1

[pρ] ,

where p+, p− are different and not contained in Mt. Applying Corollary 3.5.5(a) the
configuration invariant of this surface is given by Mt ∈ M+

r . Moreover by (12) the
boundary zigzags of V and V ′ coincide. Now by virtue of Corollary 6.1.4, V and V ′

are isomorphic.
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Furthermore, the equivariant isomorphism type of V ′ depends on the position of p+,
p− and Mt while the abstract isomorphism type only depends on the configuration Mt.
Thus in the case r ≥ 2 the family of conjugacy classes of C∗-actions on the surface V
depends on two parameters, while in the case r = 1 it depends on just one parameter.
Since for r ≥ 2 the surface is of type II while for r = 1 it is of type I, the result follows
in this case.

Finally if t = 2 and r ≥ 2 then the above reasoning together with Corollary 4.4.2
shows again that the C∗-actions on V form a one-parameter family. �

6.2.3. Any Danilov-Gizatullin surface V admits a presentation

(78) X = X(M2, c3, . . . , cn,Mn) with n ≥ 2, |M2| = |Mn| = 1 and Mi = ∅ otherwise.

Indeed, let V = Σk\S, where S is an ample section in the Hirzebruch surface Σk → P1

with S2 = n > k. Blowing up a point of S successively yields a semistandard boundary
zigzag [[0,−1, (−2)n−1]] and so a standard zigzag [[0, 0, (−2)n−1]]. Hence by Lemma
4.1.5, V admits a presentation as in (78). Applying Corollary 6.1.4 we recover the
theorem of Danilov and Gizatullin [DaGi] cited in the Introduction21.

Corollary 6.2.4. The isomorphism type of a Danilov-Gizatullin surface V = Σk\S
depends only on n = S2.

The following corollary completes the proof of Theorem 1.0.5 in the Introduction.

Corollary 6.2.5. A special smooth Gizatullin surface V of type I admits a one-
parameter family of pairwise non-equivalent A1-fibrations V → A1, while for type II it
admits such a family depending on two parameters.

Proof. Every C∗-action on V extends to two mutually reversed equivariant standard
completions (V̄ , D) and (V̄ ∨, D∨). On each of them there is an associated A1-fibration
of V induced by the linear system |C0|. By Lemma 5.12 in [FKZ3], if these A1-fibrations
are conjugated then the associated extended divisors are isomorphic as reduced curves.
Moreover, by Proposition 5.12 in [FKZ2] and its proof, the latter holds if and only if
the associated C∗-actions are conjugated. Consequently, there are at least as many
conjugacy classes of A1-fibrations as of C∗-actions. �

Every A1-fibration on V arising as in Corollary 6.2.5 is compatible with a certain
C∗-action. In the next subsection we exhibit further A1-fibrations that do not appear
in this way.

6.3. Applications to C+-actions and A1-fibrations. Every A1-fibration V → A1

on a Gizatullin surface V arises as the orbit map of a C+-action Λ on V , see e.g. Lemma
1.6 in [FlZa2]. Of course, Λ is not unique. If, say, ∂ is the locally nilpotent derivation
associated to Λ and a ∈ Ker ∂ is non-zero then ∂′ = a∂ is also locally nilpotent and
generates a C+-action with the same general orbits. It is well known that this is the
only ambiguity in associating a C+-action to a given A1-fibration, see e.g., [KML].
Thus to classify C+-actions up to conjugation is essentially equivalent to determining
all A1-fibrations over A1 up to conjugation.

According to Theorem 5.2 in [FKZ3] for a wide class of Gizatullin surfaces there
are at most 2 conjugacy class of A1-fibrations; see also Section 6.4 below. However,

21See also [CNR, FKZ4].
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for surfaces arising from presentations the assumptions of this theorem are almost
never satisfied. Thus we concentrate below on surfaces of the latter class and even
of a subclass called quasi-special surfaces. In Theorem 6.3.18 we give a complete
classification of A1-fibrations on such surfaces up to conjugation. Our methods can be
applied as well to other classes of Gizatullin surfaces.

To start with, let us recall some notation. Let V be a smooth Gizatullin surface and
(V̄ , D) be a standard completion of V . The linear system |C0| defines a P1-fibration
Φ0 : V̄ → P1 called the standard fibration. Its restriction ϕ0 = Φ0|V : V → A1 will
be called the associated A1-fibration on V . A key observation is the following result,
which summarizes 5.11, 5.12 in [FKZ3] and their proofs.

Proposition 6.3.1. Let V be a normal Gizatullin surface equipped with an A1-fibration
π : V → A1. Then V admits a standard completion (V̄ , D) such that π is induced by
the standard fibration Φ0 : V̄ → P1. Furthermore, if V 6∼= A1 ×A1

∗ and Φ′
0 : V̄ ′ → P1 is

a second extension of π to another standard completion (V̄ ′, D′) of V then there exists
an isomorphism ψ : V̄ \ C0 → V̄ ′ \C ′

0 with ψ|V = idV and Φ′
0 ◦ ψ = Φ0. In particular,

the extended graphs of both completions coincide.

Thus every A1-fibration V → A1 arises as a standard fibration from a standard
completion (V̄ , D), which is unique up to a modification at C0.

The pair of linear systems |C0|, |C1| defines a birational morphism Φ = (Φ0,Φ1) :
V̄ → Q = P1 × P1 to the quadric Q called the standard morphism in 3.2.1. In suitable
coordinates (x, y) on Q\ (C0∪C1) ∼= A2 we have Φ0 = x◦Φ on Q\ (C0∪C1). Moreover

C0
∼= {∞} × P1, C1

∼= P1 × {∞}, and C2
∼= {0} × P1 ,

while the curves C3, . . . , Cn are contained in the preimage of the origin.

6.3.2. Let as in 4.3.1 Auty(A
2) stand for the group of all automorphisms of A2 sta-

bilizing the y-axes, and let Auty,0(A
2) ⊆ Auty(A

2) denote the stabilizer of the origin.
Every automorphism α ∈ Auty,0 can be written as

α.(x, y) = (λ1x, λ2y + q(x)) with λ1, λ2 ∈ C∗ and q ∈ C[x], q(0) = 0 ,

cf. (17). Hence Auty,0(A
2) = H⋊T is a semidirect product of the torus T = C∗2 acting

on A2 by

(79) λ.(x, y) = (λ1x, λ2y), λ = (λ1, λ2) ∈ T ,

and the abelian group H of all triangular automorphisms

(80) hq : (x, y) 7→ (x, y + q(x)), q ∈ C[x], q(0) = 0 .

Here T acts on H by conjugation (λ, µ).hq(x) = hµ−1q(λx) .

6.3.3. Given a standard completion (V̄ , D) of a Gizatullin surface V , we consider the
restriction Ψ = Φ|V̄ \(C0∪C1) : V̄ \ (C0 ∪C1) → A2 of the standard morphism. Clearly Ψ
is the contraction of the feathers and the components C3, . . . , Cn of the zigzag. Every
automorphism α ∈ Auty,0(A

2) extends to V̄ \(C0∪C1) inducing a commutative diagram

(81)

V̄ \ (C0 ∪ C1)
α̃
- V̄ ′ \ (C ′

0 ∪ C
′
1)

A2

Ψ
?

α
- A2,

Ψ′

?
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where V̄ ′ is a completion of another Gizatullin surface V ′ isomorphic to V , and Ψ′ is
defined similarly as Ψ. In fact α̃ can be extended to an automorphism ψ : V̄ \ C0 →
V̄ ′ \C ′

0. Note that α ∈ Auty,0(A
2) in (81) is compatible with the standard fibration Φ0

on V as it preserves the x-coordinate up to a multiple. Proposition 6.3.1 implies the
following result.

Corollary 6.3.4. Every isomorphism ψ : V̄ \ C0 → V̄ ′ \ C ′
0 as in Proposition 6.3.1 is

induced by an automorphism α ∈ Auty,0(A
2).

In terms of presentations this leads to the following proposition.

Proposition 6.3.5. Let V be a smooth Gizatullin surface, and let

Xn = X(M2, c3, . . . ,Mi, . . . , cn,Mn) and X ′
n = X(M ′

2, c
′
3, . . . ,M

′
i , . . . , c

′
n,M

′
n)

be two presentations of V . Then the associated A1-fibrations Φ0|V,Φ
′
0|V : V → A1 are

conjugated if and only if there is an automorphism α ∈ Auty,0(A
2) with

X ′
n = α∗(Xn).

The Motion Lemma 5.6.1 was stated for presentations of special Gizatullin surfaces.
However, part (a) remains true more generally for quasi-special surfaces which we
introduce below.

Definition 6.3.6. A presentation X = X(M2, c3, . . . ,Mn) as in 4.1.1 will be called
quasi-special of type (n, k) (or simply quasi-special) if 0 ∈ M2 and c3 = . . . = ck+1 = 0
but ck+2 6= 0 and ci+1 6∈Mi for i = k+1, . . . , n−1. As usual, here the data (Mi, ci+1) are
considered as collections of complex numbers expressed in the coordinates introduced
in Section 5.1. It will be convenient to complete these data by introducing also the
point cn+1 as the center of mass of Mn.

Thus all components Ci+1, i ≥ 2 of the zigzag D are of +-type i.e., Ci+1 is created by
blowing up a point ci+1 ∈ Ci \ Ci−1. Furthermore, for k ≥ 2 the extended divisor Dext

of (V̄ , D) has exactly one feather, denoted F2, with F 2
2 ≤ −2; the mother component

of this feather is C2 and the neighbor in the zigzag is Ck+1. Otherwise the presentation
can be arbitrary.

In particular, every (−1)-presentation is quasi-special, cf. Definition 4.1.2 and Corol-
lary 4.1.6. By Corollary 6.1.3 every special surface admits quasi-special presentations.
However there exist also presentations of special surfaces which are not quasi-special.

Lemma 6.3.7. Given a quasi-special presentation X = X(M2, c3, . . . ,Mn), the first
motion under the elementary shift ha,m as in (40) occurs on component Cs, where as
in Section 5 s = k(m+ 1) + 2, i.e., ei = 0 for all i < s, while deg es > 0.

Proof. The map a 7→ ha,m yields a C+-action on A2. We can lift its infinitesimal
generator ∂ to the surface X as a meromorphic vector field. The curves on which ha,t

is constant are characterized by the fact that ∂ is regular and identically zero on them.
Moreover the curve of first motion Cl is characterized by the property that ∂ (tangent
to Cl) is regular and nonzero in the general points of Cl. However this property is
independent of blowdowns of (−1)-feathers. Thus it is enough to find the curve of first
motion in the case where X has no (−1)-feathers, which is just the Danilov-Gizatullin
case. Applying Proposition 5.6.1(a), the result follows. �

We let below m0(n, k) = ⌊n−2
k
⌋ .
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Corollary 6.3.8. With X = Xn and h = ha,m as in Lemma 6.3.7, if m ≥ m0(n, k)
then Xn = h∗(Xn) i.e., h generates an automorphism of Xn \ C0.

Proof. By the Motion Lemma 6.3.7 the data Mi, ci+1 remain unchanged for i ≤ k(m+
1) + 2, in particular for i ≤ n so that Xn = h∗(Xn). �

Given m ∈ N, we let Hm denote the subgroup of H generated by all elements hq as
in (80) with deg q(x) ≤ m.

Definition 6.3.9. A presentation X = Xn of type (n, k) will be called semi-canonical
if it is quasi-special with ck+2 = 1 and cj+1 = 0 for all j = k + 2, 2k + 2, . . . , m0k + 2,
where m0 = m0(n, k).

22

Lemma 6.3.10. Every quasi-special presentation X = Xn of type (n, k) can be trans-
formed into a semi-canonical one by applying a suitable automorphism h0◦λ ∈ Auty,0(A

2),
where λ ∈ T and h0 ∈ Hm0

. Furthermore, such an element h0 ∈ Hm0
is unique.

Proof. The torus T acts non-trivially on Ck+1 \Ck
∼= A1 with the fixed point 0. Hence

a suitable λ ∈ T sends ck+2 6= 0 to the point 1.
Consider further an elementary shift hq as in (80) with q(x) = axm+1, where m ≤ m0.

By the generalized Motion Lemma 6.3.7 it does not change the data (Mi, ci+1) for
i ≤ s−1, where s = k(m+1)+2, and induces a nontrivial translation on Cs\Cs−1

∼= A1.
So hq sends cs+1 to 0 for a suitable value of a ∈ C+. Applying such actions repeatedly
form = 0, 1, . . . , m0 we obtain the desired semi-canonical presentation. The uniqueness
part is easy and left to the reader. �

6.3.11. Given an arbitrary presentation Xn = X(M2, c3, . . . ,Mn) we can adopt the
construction of canonical coordinate systems on Xn in 5.3.2 as follows. Starting with
the affine coordinates (x2, y2) = (x, y) on the quadric Q, at the first step we blow up
M2 ∪ {c3} getting a coordinate chart (x3, y3), at the second one we blow up M3 ∪ {c4}
getting (x4, y4), and so forth. 23

Under this procedure the coordinates are given recursively by the formulas in 5.3.2(4).
So letting Mi = {di1, . . . disi

} for i = 2, . . . , n, by virtue of (38) we have

(82) (xi+1, yi+1) =

(

xi

P
,
yi − ci+1

xi

P

)

, where P =

si
∏

j=1

(yi − dij) ∈ C[yi] .

Let us investigate the torus action in terms of these coordinates. In the following,
for m = (m1, m2) ∈ Z2 and λ = (λ1, λ2) ∈ T the power λm stands for λm1

1 λm2

2 .

Lemma 6.3.12. (a) xi and yi (i = 2, . . . , n + 1) are quasi-invariant functions under
the induced T-action, i.e. there are vectors ai, bi ∈ Z2 with

(83) λ.xi = λaixi and λ.yi = λbiyi for λ ∈ T

In particular, this action leaves the point on Ci with yi-coordinate zero unchanged.
(b) If we form the matrix Ai = (ai, bi) with column vectors ai, bi then detAi = 1 for

2 ≤ i ≤ n+ 1.
(c) T acts on the set of all quasi-special presentations.

22In particular, for m0 = n−2

k
the center of mass cn+1 of Mn should be also 0.

23In the case of special surfaces the enumeration is slightly different from 5.3.2 since we perform
here the first two blowups in one step.
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Proof. (a) is certainly true for i = 2 with a2, b2 being the standard basis of Z2. As-
sume that for i ≥ 2 this action can be expressed in (xi, yi)-coordinates as in (83). In
particular, with the notations as in 6.3.11, λ.dij = λbidij and λ.ci+1 = λbici+1. Hence
λ.P = λsibiP and so

λ.xi+1 =
λ.xi

λ.P
= λai−sibi

xi

P
= λai−sibixi+1

and similarly

λ.yi+1 =
λ.(yi − ci+1)

λ.xi

λ.P = λbi−ai+sibi
yi − ci+1

P
= λbi−ai+sibiyi+1 .

Thus

(84) λ.(xi+1, yi+1) = (λai+1xi+1, λ
bi+1yi+1) with ai+1 = ai − sibi , bi+1 = bi(1 + si)− ai ,

proving (a). To deduce (b) we note that the recursion (84) can be expressed as

Ai+1 = BiAi = Bi · Bi−1 · · · ·B2, where Bi :=





1 −si

−1 1 + si



 2 ≤ i ≤ n .

Since A2 is the identity matrix and detBi = 1 we obtain by induction that also detAi =
1 for i = 2, . . . , n+ 1. Finally (c) was already observed in 4.3.1. �

6.3.13. Given a semi-canonical presentation of type (n, k) we let T′ ⊆ T denote the
stabilizer subgroup of the point ck+2 = 1. According to (83)

T′ = {λ ∈ T | λbk+1 = 1} .

Hence T′ ∼= C∗; indeed, by Lemma 6.3.12(c) the columns of the matrix Ai with detAi =
1 are unimodular i.e., primitive lattice vectors. Due to Lemma 6.3.12(c) the 1-torus T′

is independent of the choice of a semi-canonical presentation as soon as the sequence
(si = |Mi|)i=2,...,n is fixed. Furthermore, it acts on the set of all such presentations.

It also acts non-trivially on every component Ci of the zigzag except for the com-
ponent Ck+1. To show this, let us first grow in the blowup process the zigzag D
together with the feather F2. At this point our T′ = C∗-action lifts to the result-
ing surface, say X ′ with Ct as the unique parabolic component. Since our surface
X = X(M2, c3, . . . ,Mn) is obtained fromX ′ by blowing up the remaining (−1)-feathers,
T′ will act also non-trivially on Ci, i 6= k + 2, when considered as curves in X.

Combining now Lemmas 6.3.10, 6.3.12 and Proposition 6.3.5 leads to the following
corollary.

Corollary 6.3.14. Given two semi-canonical presentations Xn and X ′
n of the same

Gizatullin surface V , the associated A1-fibrations ϕ0, ϕ
′
0 : V → A1 are conjugated if

and only if X ′
n = λ∗(Xn) for some λ ∈ T′.

We can normalize the presentation further using the action of T′.

Definition 6.3.15. A semi-canonical presentation Xn (see Definition 6.3.9) will be
called cl+1-canonical, if ci+1 = 0 for k+2 ≤ i ≤ l−1 and cl+1 = 1. Such a cl+1-canonical
presentation can only exist for k + 2 ≤ l ≤ n and l 6= k + 2, 2k + 2, . . . , m0k + 2.

It can happen that ci+1 = 0 for every i 6= k + 1 so that the presentation is not
cl+1-canonical whatever l is. In this case we let l (2 ≤ l ≤ n) be the minimal index
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with l 6= k + 1 such that M∗
l := Ml\{0} 6= ∅. 24 The presentation Xn will be called

Ml-canonical if

ml :=
∏

m∈M∗

l

m = 1 .

In the remaining case, where

ci+1 = 0 for all i = k + 2, . . . , n and M∗
l = ∅ for all l 6= k + 1 with 2 ≤ l ≤ n,

Xn will be called ∗-canonical.
A presentation will be called for short canonical if it is a-canonical for some a ∈

{cl+1,Ml, ∗}.

The next lemma is immediate from the fact that the 1-torus T′ acts in a nontrivial
way on each component Ci, i 6= k + 1, with the only fixed points 0 and ∞.

Lemma 6.3.16. Every semi-canonical presentation can be transformed into a canon-
ical one by an element λ ∈ T′.

We also need below the following simple lemma.

Lemma 6.3.17. Let Xn be a canonical presentation of type (n, k). If it is cl+1-canonical
or Ml-canonical for some l ≤ n, then the subgroup

Gkl = {λ ∈ T | λbk+1 = λbl = 1} ⊆ T′

is a finite cyclic group of order | det (bk+1, bl)| 6= 0.

Proof. Since Gkl is contained in T′ ∼= C∗ it is either cyclic or equal to T′. As observed
in 6.3.13, T′ acts non-trivially on Cl for l 6= k + 1. As by (83) Gkl is the subgroup of
all elements of T′ acting trivially on Cl, it is finite. �

We now come to our main classification results. By Proposition 6.3.1, if the standard
A1-fibrations associated to two different presentations of the same Gizatullin surface V
are conjugated, then the corresponding extended divisors are isomorphic. Therefore, if
these presentations are quasi-special then they are of the same type (n, k).

Theorem 6.3.18. Let Xn be an a-canonical and X ′
n an a′-canonical presentations of

the same type (n, k) of a smooth Gizatullin surface V , where a ∈ {cl+1,Ml, ∗} and
a′ ∈ {cl′+1,Ml′ , ∗} are as in Definition 6.3.15. Let ϕ0, ϕ

′
0 : V → A1 be the associated

A1-fibrations.

(a) If a 6= a′ then ϕ0 and ϕ′
0 are not conjugated.

(b) If a = a′ = cl+1 or a = a′ = Ml then ϕ0 and ϕ′
0 are conjugated if and only if

X ′
n = λ∗(Xn) for some λ ∈ Gkl.

(c) If Xn and X ′
n are both ∗-canonical, then ϕ0 and ϕ′

0 are conjugated if and only
if Xn = X ′

n. Furthermore T′ leaves Xn invariant and yields a C∗-action on V .
Conversely, if a canonical presentation Xn admits an effective C∗-action then it is
∗-canonical.

Proof. Assume that ϕ0 and ϕ′
0 are conjugate. Then by Corollary 6.3.14 there exists

λ ∈ T′ transforming Xn into X ′
n. To show (a) let us first suppose that Xn is cl+1-

canonical and X ′
n is cl′+1-canonical with l < l′. Then cl+1 = 1, which implies by (83)

24We note that M∗

l = Ml if 3 ≤ l ≤ n − 1 and l 6= k + 1.
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that c′l+1 = λbl+1 6= 0. The latter contradicts the assumption that X ′
n is cl′+1-canonical,

see Definition 6.3.15. A similar argument yields the other cases in (a).
In (b), assuming again that ϕ0 and ϕ′

0 are conjugated, in the case of cl+1-canonical
presentations we obtain as before that X ′

n = λ∗(Xn) for some λ ∈ T′. However, since
cl+1 = c′l+1 = 1, by (83) we have λbl+1 = 1. Hence λ ∈ Gkl. The proof in the case of
Ml-canonical presentations is similar. The converse can be easily deduced along the
same lines.

Finally, if both presentations are ∗-canonical then T′ leaves all points of Mi and ci+1

fixed. Hence it induces a C∗-action on Xn and on V . Conversely, if Xn is canonical and
admits an effective C∗-action then this action (which has just one parabolic component
Ck+1) must stabilize Mi and ci+1 for all i 6= k + 1. This can occur only if Xn is ∗-
canonical. �

Corollary 6.3.19. Let X (V ) denote the set of all canonical presentations of a smooth
Gizatullin surface V and Y(V ) denote the set of all conjugacy classes of A1-fibrations
V → A1. Then the natural correspondence X (V ) → Y(V ), which sends a canonical
presentation into the conjugacy class of its standard fibration, is surjective and finite-
to-one.

In the case of Danilov-Gizatullin surfaces this leads to the following complete classi-
fication of A1-fibrations; cf. 1.0.2 in the Introduction.

Corollary 6.3.20. The A1-fibrations on the Danilov-Gizatullin surface V (n) are com-
pletely classified by the following canonical presentations.

(a) For every type (n, k), k = 1, . . . , n−1, there is exactly one ∗-canonical presentations
of V (n).

(b) There are no Ml-canonical presentations on V (n).
(c) For every type (n, k) with 1 ≤ k ≤ n − 1 the surface V (n) has a cl+1-canonical

presentation if and only if

(85) k + 2 ≤ l ≤ n and l 6= k + 2, 2k + 2, . . . , m0k + 2 ,

where as before m0 = ⌊n−2
k
⌋. Furthermore, if l ≤ n and ak+2 < l < (a+1)k+2 with

1 ≤ a ≤ m0, then these cl+1-canonical presentations form a family of dimension
r(n) = (n− l) − (m0 − a).

Proof. Every surface admitting a presentation with s2 = sn = 1 and si = 0 for i 6= 2, n,
is a Danilov-Gizatullin surface (see 6.2.3). Clearly one can choose such a presentation
of any given type (n, k). In view of Theorem 6.3.18 this proves (a).

(b) and also the first part of (c) are immediate from Definition 6.3.15. The second
part of (c) is a consequence of the fact, that for a cl+1-canonical presentation the
positions of the remaining points ci+1, l < i ≤ n and i 6= 2k + 2, . . . , m0k + 2, can be
freely chosen and so give rise to a family of the claimed dimension. �

Example 6.3.21. In particular, choosing k = 2 and l = 5 in Corollary 6.3.20(c) any
Danilov-Gizatullin surface V (n) of index n ≥ 7 carries continuous families of pair-
wise non-conjugated A1-fibrations with the number of parameters being an increasing
function of n.

If n < 6 then according to Corollary 6.3.20 all canonical presentations of V (n) are
∗-canonical and so related to a C∗-action. If n = 6 then besides the five ∗-canonical
presentations there are only two further canonical presentations, one for k = 2, l = 5



SMOOTH AFFINE SURFACES WITH NON-UNIQUE C∗-ACTIONS 51

and another one for k = 3, l = 6. Thus for any n ≥ 6 there exist A1-fibrations on V (n)
not related to C∗-actions.

With a similar reasoning we obtain the following result for special surfaces.

Corollary 6.3.22. Let V be a special surface of type I or II. Then there are families
of pairwise non-conjugated A1-fibrations V → A1 depending on r(n) ≥ 1 parameters
with limn→∞ r(n) = ∞.

Proof. By Corollary 6.2.5 V admits at least a one-parameter family of pairwise non
conjugated A1-fibrations. To construct other such families we proceed similarly as in
Corollary 6.3.20 for Danilov-Gizatullin surfaces. We assume first that V is special of
type II so that there is a presentation X = X(M2, c3, . . . ,Mt, . . . cn,Mn) with |M2| =
|Mn| = 1, st = |Mt| ≥ 2 and Mi = ∅ otherwise, where 2 < t < n. According to
Corollary 6.1.4 the isomorphism class of the affine part V is uniquely determined by
its configuration invariant [Mt] ∈ M+

st
.

This implies in particular that for any k = 1, . . . , n − 1 there are quasi-special
presentations of type (n, k) of V . Furthermore, different choices of the points ci+1 lead
to the same surface as long as we keep the configuration [Mt] ∈ M+

st
fixed. Thus one can

construct families of A1-fibrations depending on the same number r(n) of parameters
as in Corollary 6.3.20(c).

In the case of special surfaces of type I the reasoning is similar; we leave the details
to the reader. �

Let us give another application to Danielewski-Fieseler surfaces; see [Du1]. Recall
that such a surface V is an affine surface equipped with an A1-fibration π : V → A1

such that all scheme-theoretic fibers π−1(a), a 6= 0, are smooth affine lines, while π−1(0)
is a disjoint union of smooth affine lines. It is necessarily smooth. We give below an
alternative proof of the following result of A. Dubouloz, see Corollary 4.13 in [Du2].

Proposition 6.3.23. For a Danielewski-Fieseler surface V the following are equiva-
lent.

(a) Its A1-fibration is uniquely determined up to conjugation;
(b) either V is not Gizatullin or V is isomorphic to a hypersurface in A3 given by an

equation {xy = P (z)}, where P ∈ C[z] has only simple roots.

Proof. By the result of Gizatullin [Gi2] a non-Gizatullin surface V carries at most one
A1-fibration V → A1 up to an automorphism of the base. Moreover, by Proposition
6.4.1 below (see also [Dai, ML]) the surface V = {xy = P (z)} in A3 has only one
A1-fibration V → A1 up to conjugation. This proves (b)⇒(a).

To show the converse we may assume that V is Gizatullin and not the surface
{xy = P (z)} in A3. By Proposition 6.3.1 there is a standard completion (V̄ , D) of V
such that π extends to the standard fibration on V̄ .

The surface {xy = P (z)} in A3 has DPD presentation with D+ = 0 and D− =
−div(P ), see e.g., [FlZa1]. Hence inspecting Proposition 3.5.1 the boundary zigzag D
is of length n = 2, and every surface with a boundary zigzag of length 2 arises in this
way. Hence under our assumptions n > 2.

The feathers of the extended divisor Dext are just the components of the fiber
π−1(0) ⊆ V . Since they are all reduced in the fiber, to create the surface V̄ from
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the quadric only outer blowups can occur. Thus V̄ arises form a presentation of (−1)-
type say, Xn = X(M2, c3, . . . ,Mn). As before we suppose that the data Mi and ci are
represented by complex numbers in the standard coordinates of Section 5.1. Applying
an elementary shift we may as well assume that 0 ∈Mn. Inspecting Proposition 4.2.2,
the reversion X∨

n is then not any longer of (−1)-type. Thus the extended divisors of
Xn and X∨

n cannot be isomorphic. In particular, by Proposition 6.3.1 its associated
A1-fibration cannot be conjugated to π. Now the proposition follows. �

Remark 6.3.24. 1. It is interesting to compare our results with those in Section 5 of
the recent paper [GMMR], devoted to the study of affine lines on smooth Gizatullin
surfaces. It turns out that, if the Picard group Pic(V ) of such a surface V is not a
torsion group (i.e., if V 6∼= A2), then there exists an affine line A1 →֒ V which is not a
component of a fiber of any A1-fibration V → A1. Consequently, there is no analogue of
the Abhyankar-Moh-Suzuki Theorem for such surfaces, and the classification of affine
lines on them cannot be deduced from that of A1-fibrations V → A1.

2. Let V be a Gizatullin surface admitting continuous families of A1-fibrations
V → A1. Let us deduce the existence on V of a continuous family of affine lines
A1 →֒ V such that for any two of them, there is no automorphism of V sending one
into another.

Indeed, let ϕ : V → A1 and ϕ′ : V → A1 be two non-conjugated A1-fibrations and let
ℓ and ℓ′ be smooth fibers of ϕ and ϕ′, respectively. Let us show that these two affine
lines on V are not conjugated in the automorphism group. Assuming the contrary,
after an automorphism we may suppose that ℓ = ℓ′ is a smooth fiber of two different
A1-fibrations. Let (V̄ , D) be a completion of V such that ϕ is the restriction of the
associated standard fibration Φ0. If ℓ′′ = ϕ′−1(a) is a general fiber of ϕ′ then ℓ′′ cannot
be a fiber component of ϕ. Hence its closure ℓ̄′′ in V̄ is horizontal with respect to
Φ0 and so intersects every fiber of Φ0. In particular, ℓ̄′′ meets both C0 ⊆ D and ℓ̄′.
Since ℓ′ and ℓ′′ are disjoint, this shows that ℓ̄′′ meets D in two different points, which
is impossible.

6.4. Uniqueness of A1-fibrations on singular surfaces. Here we consider more
generally normal Gizatullin C∗-surfaces, which are not necessary smooth. Using the
technique developed in the previous sections we are able to strengthen our previous
uniqueness result for A1-fibrations on such surfaces, see Corollary 5.13 in [FKZ3].

We recall the following notation from [FKZ3]. Let us consider a DPD presentation
V = Spec A0[D+, D−] of a Gizatullin C∗-surface V , where A0 = C[u]. We let (V̄ , D)
be a C∗-equivariant standard completion of V . Such a completion is unique up to
reversion of the boundary zigzag D = C0 ∪ . . . ∪ Cn, cf. (7). The linear system |C0|
defines an A1-fibrations Φ0 : V → A1, and similarly the linear system |C∨

0 | on the
reversed equivariant completion (V̄ ∨, D∨) provides a second A1-fibration Φ∨

0 : V → A1.
In [FKZ3] we introduced the following two conditions:

(α∗) supp {D+}∪supp {D−} is empty or consists of one point p, where either D+(p)+
D−(p) ≤ −1 or both fractional parts {D+(p)}, {D−(p)} are nonzero.

(α+) supp {D+}∪supp {D−} is empty or consists of one point p, where eitherD+(p)+
D−(p) = 0 or

D+(p) +D−(p) ≤ −max

(

1

m+2 ,
1

m−2

)

,
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where ±m± denote the minimal positive integers such that m±D±(p) ∈ Z.

Corollary 5.13 in [FKZ3] asserts the uniqueness of the A1-fibration V → A1, up to
conjugation and reversion, under condition (α+). In the next proposition we show that
the latter uniqueness holds as well under the weaker condition (α∗).

Proposition 6.4.1. Let V be a Gizatullin C∗-surface as above. If condition (α∗) is
fulfilled then the following hold.

(a) Every A1-fibration V → A1 is conjugated either to Φ0 or to Φ∨
0 .

(b) Suppose that V is non-toric. Then Φ0 and Φ∨
0 are conjugated if and only if

{D+(p)} = {D−(p)}.

6.4.2. The proof of (b) is the same as in [FKZ3, Corollary 5.13]. To deduce (a) we
start with some preliminary observations. Comparing (α∗) and (α+) it is enough to
suppose that supp {D+} = supp {D−} = {p} and

(86) 0 < −(D+ +D−)(p) < max

(

1

m+2 ,
1

m−2

)

< 1 .

Indeed, assuming (86), condition (α∗) is fulfilled, but (α+) fails. We precede the proof
with some necessary preliminaries.

Let Dext and D∨
ext denote the extended divisors of (V̄ , D) and (V̄ ∨, D∨), respectively.

According to Corollary 3.26 in [FKZ3], in our case at least one of these divisors is
rigid25. We may assume that Dext is. By Proposition 3.10 in [FKZ3], its dual graph is

(87) Dext : c

C0

0

c

C1

0 {D+(p)}∗
c

Cs
c

ws

{Fρ}ρ≥1

{D−(p)}

F0

,

where {Fρ}ρ≥1 is a collection of Akρ
-feathers. Since Dext is rigid, by Proposition 2.15 in

[FKZ3] the bridge curve Õ−
p of the feather F0 is a (−1)-curve. We recall (see Definition

3.20 in loc.cit.) that the tail L = Ls+1 of Dext is the linear chain

(88)
{D−(p)} F0

= c

Cs+1
. . . c

Cn
c

F0
. . . c

Fk
,

where the feather F0 is formed by the curves F0, . . . , Fk with bridge curve F0 = Õ−
p , cf.

Remark 3.3.9. By our assumption, F 2
0 = −1. According to Lemmas 3.21 and 3.22(c)

in loc.cit. we have

(1) L is not contractible;
(2) some subtail Lt of L, s+2 ≤ t ≤ n can be contracted to a smooth point, where

Lt is the chain starting with Ct to the right in (88).

Let Cr be the mother component of Fk. By (2) r ≥ t. Furthermore, since the subtail
Lt is contractible, after contracting the divisor Lr \Fk and all (−1)-feathers Fρ (ρ ≥ 1)
we obtain the linear chain

(89) c

0

C0

c

0

C1

. . . c

−1

Cs

. . . c

≤ −3

Ct−1

c

−2

Ct

c

−2

Ct+1

. . . c

−2

Cr

c

−1

Fk

.

25See the terminology in [FKZ3].
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Here C2
t−1 ≤ −3 since by our minimality assumption the subtail Lt−1 is not contractible.

Moreover, in this chain necessarily C2
s = −1, since otherwise it cannot be contracted

to [[0, 0, 0]].
The mother component of Ct−1 is C2, since otherwise, blowing down successively

(−1)-vertices in (89), we arrive at a chain [[0, 0, w2, . . . , wl,−1]] with l ≥ 2, wi ≤ −2 ∀i,
which cannot be contracted to [[0, 0, 0]].

Therefore (89) can be obtained starting from the chain C0∪C1∪C2 on the quadric Q
and performing a sequence of outer blowups, which create the component Ct−1, . . . , Cr,
Fk, followed by a sequence of inner blowups to create the components C3, . . . , Ct−2.
Thus we can obtain the completion V̄ from Q via the following 3 steps.

Step 1. Performing a sequence of outer blowups, we create first the components
Ct−1, Ct, . . . , Cr, Fk getting a surface V̄(1) together with a linear chain

(90) c

C0

0

c

C1

0

c

C2

−1

c

Ct−1

−2

. . . c

Cr

−2

c

Fk

−1

.

Applying on Q a sequence of suitable shifts ha,m as in Lemma 4.3.3 we can subsequently
move the centers of outer blowups in V̄(1) → Q into the fixed points of the torus action
on V̄(1) induced, step by step, by the standard T-action on Q.

Step 2. Starting from V̄(1) we create the components C3, . . . , Ct and also Cr+1, . . . , Cn,
F1, . . . , Fk−1 by a sequence of inner blowups, which results in a surface V̄(2) and a T-
equivariant morphisms V̄(2) → V̄(1) → Q. We note that the T-action on V̄(2) restricts
to a non-trivial T-action on the component Cs.

Step 3. Starting from V̄(2) we create the Akρ
-feathers Fρ, ρ ≥ 1, attached to the

component Cs. This requires outer blowups, one at each point where a feather is
attached. The remaining blowups are inner, resulting in the completion V̄ .

Proof of Proposition 6.4.1. Suppose that we are given an A1-fibration ϕ : V → A1. By
Proposition 6.3.1 there exists a standard completion (V̄ ′, D′) of V such that ϕ = Φ′

0|V
is defined by the linear system |C ′

0| on V̄ ′. After replacing (V̄ , D), if necessary, by
the reversed completion we may assume that (V̄ ′, D′) is obtained from (V̄ , D) via a
symmetric reconstruction, see Lemma 2.2.2.

Let us now look at the blowup process as in 3.2.1 which creates V̄ and V̄ ′, respectively,
starting from the quadric Q = P1 × P1. It suffices to prove the following claim.

Claim. There is an automorphism α ∈ Aut(Q \ C0) ∼= Aut(A1 × P1) which stabilizes
the curves C1 = P1 × {∞}, C2 = {0} × P1, fixes the point (0, 0) and maps the centers
of successive blowups in the decomposition of the standard morphism Φ : V̄ → Q into
the respective centers of blowups in the decomposition of Φ′ : V̄ ′ → Q.

Assuming the claim, such an automorphism α preserves the A1-fibration associated to
the first projection pr1 : Q → P1. Hence it can be lifted to an automorphism of V
which conjugates the standard A1-fibrations Φ0 : V → A1 and ϕ = Φ′

0 : V → A1, as
required.

Thus it remains to prove the claim.

Proof of the claim. We decompose the standard morphisms Φ,Φ′ following Steps 1-3:

Φ : V̄ → V̄(2) → V̄(1) → Q and Φ′ : V̄ ′ → V̄ ′
(2) → V̄ ′

(1) → Q .
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On Step 1 the T-equivariant morphisms V̄(1) → Q and V̄ ′
(1) → Q coincide, since they

have the same centers of blowups at the fixed points of the T-action. Hence V̄(1) = V̄ ′
(1) .

Then also V̄(2) = V̄ ′
(2) , since Step 2 involves only inner blowups. We let further

P1, . . . , Pk ∈ Cs, P ′
1, . . . , P

′
k ∈ C ′

s = Cs

denote the base points of the Akρ
-feathers collections {Fs,ρ}ρ≥1 and {Fs′,ρ′}ρ≥1 attached

to the components Cs ⊆ V̄(2) and C ′
s ⊆ V̄ ′

(2) = V̄(2), respectively. Since Dext is rigid, by

Proposition 5.3 in [FKZ3] the configurations

{P1, . . . , Pk} and {P ′
1, . . . , P

′
k}

of points in Cs \ (Cs−1 ∪ Cs+1) ∼= C∗ must be equivalent under the C∗-action on Cs \
(Cs−1 ∪ Cs+1). Hence, changing suitably the enumeration and using the induced T-
action on Cs in V̄(2) we can achieve that Pi = P ′

i for all i = 1, . . . , k (cf. the proof of
Proposition 4.4.1). Now the surfaces V̄ and V̄ ′ become isomorphic via an isomorphism
which conjugates the induced A1-fibrations on V , as required. �
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