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Abstract. The current primary radar method for determi- have been developed in recent years. Currently there are al-
nation of atmospheric momentum fluxes relies on multi- most 30 such radars distributed world-wide, with locations
ple beam studies, usually using oppositely directed coplanaas high as 78 N, to the equator, and on to the south pole, and
beams. Generally VHF and MF radars are used, and meteanore are under development. The advantage of this suite
radars have never been successfully employed. In this paperf radars is that most are similar in design (typically being
we introduce a new procedure that can be used for determiSKiYMET radars; Hocking et al., 2001a), making intercom-
nation of gravity wave fluxes down to time scales of 2—-3 h, parisons simple and reliable. However, these radars are not
using the SKiYMET meteor radars. The method avoids thenarrow-beam systems, but use all-sky coverage. Individual
need for beam forming, and allows simultaneous determinameteors are located to an accuracydf5° in zenith and az-
tion of the three components of the wind averaged over thamuth, and in principle it should be possible to choose a sub-
radar volume, as well as the variance and flux componentset of these meteors to emulate a dual-beam system. How-
w2, 02, w2, v, Www'andv'w’, wherew’ refers to the fluc-  €ver, meteor count rates are generally too low to make this
tuating eastward windy’ refers to the fluctuating northward possible. Hence to date meteor radars have not been able to
wind, andw’ refers to the fluctuating vertical wind. Data contribute to momentum flux studies.
from radars in New Mexico and Resolute Bay are used to The principle of the primary current momentum flux
illustrate the data quality, and demonstrate theoretically ex-method relies on two beams orientated in the same ver-
pected seasonal forcing. tical plane, but tilted at an anglé in opposite direc-
tions (Reid and Vincent, 1987). For simplicity, assume
that the two beams are in thex and —x directions. In
one beam the instantaneous radial velocity measured is
(U~+u') sil+(W+w’) co®), where U is the mean east-
ward wind, " is the fluctuating eastward componen,
1 Introduction is the mean vertical wind andv’ the fluctuating ver-
tical wind. In the other beam the radial velocity is
Determinations of gravity wave momentum fluxes are a cru-—(U+u’) si+(W+w’) co®. The difference in variance
cial requirment for understanding middle atmosphere dy-in the two beams is thenudw’ co® sind, or 2u’w’ sin(26),
namics and energetics. A few measurements of this paramewxhereu’w’ is the flux of horizontal fluctuating momentum
ter have been made (Reid and Vincent, 1987; Fritts and Vin4in the vertical direction (and also of the vertical fluctuating
cent, 1987; Fritts et al., 1992; Murphy and Vincent, 1998; momentum in the horizontal direction). In other words
Nakamura et al.,1993, 1996; Tsuda, et al., 1990; Thorsen et
al., 1997), but in the context of a full understanding of global &' w'=(vrad?’ —vrad1) /2 SiN(20) (1)
morphology, studies have really only just begun. Previous B B . .
measurements have been primarily made by radar (VHF and WN€révradi” anduraq1” are mean square fluctuating radial

MF), but VHF radars have limited seasonal and height Cov_velocities in the two beams. Similarly we can determine

erage, and MF radars with narrow beams are relatively rareV " USing antenna beams pointing to the north and south.
An alternative method for momentum flux calculations, us-

The need exists for a larger suite of instruments, better dis? . . .
tributed on a global scale, to supply geographic, seasondl'd MF broad beam interferometric radars, was introduced

and annual variability of momentum flux parameters. Meteor?Y Thorsen etal. (1997).

radars are well suited to fill this niche, since a large number " this paper, we wish to generalize the dual-beam for-
mulation to deal with cases where narrow radar-beams do

Correspondence tdV. K. Hocking not exist, but in which the location of individual scatterers is
(whocking@uwo.ca) known to good accuracy. We will show that the formulation

Keywords. Meteorology and atmospheric dynamics (Mid-
dle atmosphere dynamics; Waves and tides; Climatology)
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that we develop is quite general, and the traditional dualderivative to zero. For example, if we differentiate with re-
beam method is a special case of this formulation. The newspect tou'2, we obtain

method has parallels with the medium-frequency interfero-

metric method developed by Thorsen et al. (1997), but is dif-2 Y _[(vrad)*—(u'? SirP0 coS'p+v'2 sirf0 sing+w'>

ferent in the details of application, and is new because for
the first time meteor echoes are used to measure momentum

fluxes. +2v'w’ sing cod sing)] sinfe coLp=0. (5)

coLO+2u'v' SinfH cosp sing+2u’w’ sink coF cosp

Similarly we may differentiate with respect to all 6 param-
eters. The final result is a matrix equation of the following

. /2 ._
When mean winds are determined by meteor methodsform, assuming that the parameter$, v’ etc. are all uni

an all-sky fit of all radial velocities is performed, mini- form across the field of view.
mizing the quantity}" (vrad—vradm?, Where vragm is the
mean radial velocity expected if the winds were uniform
in a horizontal plane with values in cartesian coordinates
of (U,V,W). The summation is over all detected posi- "
tions. We have not added subscripts or a summation in-| ..o »
dex, but these are implied. For a meteor at positianpj "’
in spherical coordinates, whegeis the angle from zenith
and ¢ is the azimuthal angle anticlockwise form due east,
Vradm=U Sind cosp+V sind sing+W co®. However, in re-
ality the wind is not uniform, and the measured radial veloc- . _ . . .
ity vraq usually differs from the value afradm This equation can readily be inverted to produce an esti-
Recognizing that these deviations betweey and vyagm @te_fo@eﬂ)a@eters_ o o
represent true wind variability (primarily due to gravity % v w2 u/v/.u'w'andv'w’. This is the principle of the

2 Method outline

waves), we now propose to mimimize the quantity method. o . S _
As a check on the validity of this equation, it is relatively
A= Z((v’rad)z—((v’radm)z)z (2) easy to show that the traditional dual beam method is a spe-

cial case of this equation. To see this, imagine that all targets
We assume first that we have performed a fit of the mearoccur in thep=0 or ¢=18 plane, so sig is zero for all
wind, as described above, and at any meteor position we haveargets. In addition, assume all targets occur at a zenith an-
removed the radial velocity due to the mean wind. Heygy gle of #, where this time is a singular value. Targets may
represents the difference in radial wind between the meathen only occur afé, ¢) values of(9, 0) and(6, 18C°). The
sured value and the value expected from the knowledge of theummations in the above equation then become sums over
mean wind {’rag=vrad—Vradm Where we will refer tovragm ~ two possible angles. Then multiplying the first row of the
as the “model” values). Application of Eq2)(amounts to  first matrix by the first column matrix, and recognizing that
optimizing the similarity between the measured and modelecto€¢=1 for all cases, gives
variances of radial velocity as a function of time and position.
We write that the model radial velocity at positioh ¢), for Y _ sir'6u®+ ) sir?6 cosow'>+ > " 25irr6 cod) cospu'w’
assumed fluctuating velocities, v andw’, is 5 .
= vrad“ Sirfo (6)

Dividing through by siR6 gives

V' radn=u’ SinY cosp + v’ sind sing + w’ coy 3)

where the fluctuating velocity components are assumed to be
due to wave and turbulent motions. Squaring this term andy _usir’6+ ) " wcos0+ ) " 2u'w’sid cog) cosp
substituting into Eq.4) means that we must mimimize 5

= Z Vrad (7)

AssumingN scatters in the beam &=0 and M in the
coS0+2u"v' sinPH cosp sing+2u’w’ sind coF cosp beam atp=18C", separating out the terms in to casegef0
and¢=180C, denoting the mean square radial velocity fluc-
tuation in each beam a$ad02 and Uﬁadnz’ and recognizing
that the sum is just the product of the number of points and
%he mean, gives

A= 2:[(1)’rad)2—(u’2 sinte coSp+v'? sirfo sirfp+w'?

+2v'w’ sing cod sing)]? (4)

where the summation is over all detected meteor position
(6, ¢) within a user prescribed height and time interval.
Again, we have not specifically added indices.

To minimize A, we partially differentiate this function

with respect ta’2, v'2, w2, u'v’, u'w’ andv’w’, and set each 1An enlarged view of this equation can be seen in Appendix A.

(N+M)u2 Sirf0-+(N+M)w?2 coh+2Nu'w'sind cog cog0)
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+2Mu’w'sind co® cog180)=Nv/ 02+M vﬁadnz (8)

rad

where overbars indicate averages. Then we may write

w2 Sinf0+w'2 cofh=

Nv;ad02+MUfad,r2—2(N — M)u'w’ sirg cog) ©)
N+ M
The second line of the matrix equation containgdimall
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3 Application

In order to test this new theory, we use data from two sites -
a mid-latitude site and a polar site. The polar site is at Reso-
lute Bay, Nunavut, Canada, at coordinates of 75N and 95W.
The details about this radar have been reported in Hocking
et al. (2001b). The radar operates at 51.5MHz and shares
its resources between various recording modes, and runs in

terms, which is zero for our dual-beam configuration, so isMeteor mode for typically 60% of the time. Four receiver
of no use. The third line of the matrix multiplied by the first antennas are used to determine meteor locations by interfer-

column matrix gives identical information to Egr)( The
fourth line of of the matrix contains sfnin all terms and

ometry. In 2001 it was upgraded to employ four separate re-
ceivers, rather than multiplexing the signals as had been done

gives no information. Likewise for the last line. Thus the previously, and this increased the data rate. The mid-latitude
remaining useful equation is found as the fifth line multiplied Sit€ iS at Socorro, New Mexico, in the USA. It is located

by the column matrix, or
Y " 2sirfo cod cospu®+ ) 2 cose sing cospw’
+ 4sirfo costu'w'=) 2vad’sicogcosp  (10)
Dividing through by sifi co9 gives
Z 2 sirf6 cospu’’+ Z 2 cog6 cospw’
+ Z 4 sin coPu'w'= Z 2urad 2 cOSp (11)

at latitude 34 N and longitude 107 W, and is a standard un-
crossed SKIYMET radar (Hocking et al., 2001a), operating
at 35.24 MHz. It uses five receivers for reception. In each
case, meteors are located to an accuracy of athdf° in
angle, and an accuracy of about 3km in height. Position,
amplitude, radial velocity and decay time are determined for
each meteor, as well as other parameters related to reliability
and ambiguity. Only unambiguously located meteors have
been used in the analyses presented in this paper. Typically

Again considering N scatterers in the first beam and M inthe Resolute Bay radar detects about 6000 meteors per day in
the second, and substituting for the sums with the productsummer, and about 1500—2000 in winter. At Socorro, typical

of the appropriate means and numbers of points, gives

2Nu'? sinf9 cog0)+2Mu'? sinf6 cog180)
+2Nw'? cog cog0)+2Mw'? cogh cog180)

+4ANu'w' sind co9+4Mu'w' sinh co$=2N ”éadoz cog0)

+2Mu],, ? cog180) (12)
or
(N-M)(u?sirf9+w2cods)
F2(N+M)u'w’ Sinf o+ Ny 2~ Mv), .. 2 (13)

radm

We can now substitute fc(tﬁ Sinfo+w2 cos6) from (9)
to give

NVjpgo + Mg’ (N — M)2—
(N—M) Urado *M Vrade —2( ) u'w’ sinp co
N+M N+M T
F2(N+M)u'w' Sinf co9=NV/ o, —Mv],, ? (14)

Expanding gives

8MN — | 2MN —/——> — 3

N+M u’w’ sinp COSQZM—W(UI{adO _UI/'adﬂ ) (15)
or

4y’ w’ Sing C039=v;ad02—v;adn2 (16)

which is just Eq. {).

count rates are of the order of 3500 meteors per day through-
out the year, with a slight decrease in January and February.
Occurrence of noise can diminish these rates on any one day.

Good quality data exist for the Resolute Bay site since July
2001, when the receivers were upgraded, but with gaps due
to downtime and system failures. The Socorro radar was es-
tablished at that site in April 2002, having been previously
moved from Starfire Optical Range in Albuquerque, NM.
Data quality in 2002 was variable, due to an old computer,
but since late 2002 a new computer has been installed and
downtime has been minimal.

In order to test our theory, we have applied our equations
to data from both these sites. For the Socorro radar, peak me-
teor count rates occur at zenith angles of 50 to, &hd for
the Resolute Bay radar, wich uses a transmitter beam which
concentrates more on meteors closer to overhead, they occur
at about 50. However, because of the importance of the ver-
tical velocity in these determinations, we have excluded data
beyond 458 from zenith in our analyses. We have also ex-
cluded meteors detected at angles closer to zenith thgn 15
as is normal in meteor studies. Standard calculations of mo-
mentum fluxes using dual-beam radars (e.g. Reid and Vin-
cent, 1987) employ off-vertical tilts of 10 to 15where the
ratio of relative contributions from vertical and horizontal ve-
locities to the radial valocity are approximately in the ratio
4:1. At30 theratiois 1.7:1, and at 4%t is 1:1. Thus meteor

A similar logic may be followed for the case of dual beams radars are less sensitive to vertical velocity contributions, but

at$=90 and—90° which will give the standard dual-beam re- they can compensate for this by achieving higher count rates
sult for beams pointing to the north and south. Clearly ourthan MF and VHF radars. Ideally, we should concentrate the

matrix equation is a general equation which encompasses exneteor selection to zenith angles even closer to zero, but then
isting techniques. Henceforth we will use the matrix formu- count rates fall to unacceptable values. A new radar is under
lation for all our analyses. design which will allow optimal selection closer to vertical,
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Socorro, NM. 15 March 2004 - 19 March 2004 (incl.)
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Fig. 1. Examples of mean winds (upper left), northward gravity wave variance (upper right), northward flux of zonal momentum (and also
the eastward flux of meridional momentum) (lower left) and vertical flux of meridional momentum (lower right) for Socorro NM, using
90 min data sets. See text for details.

but for now we wish to evaluate the capabilities of standardrevealed, but the acceptance rate is low. Not surprisingly, we
SKIYMET meteor radars. also found that less erratic values of momentum flux can be
determined when the positions of meteors in any time-height
Because the parameters we are deriving are second ordéin are uniformly distributed around the sky.
terms, considerable care is needed in order to ascertain that Figure 2 also shows data from Socorro, for the same time
the results are reliable. Whereas typically 7 to 9 meteorsof year as in Fig. 1 (March, 2004), but in this case we have
are required in any height-time bin for reliable estimation of used three-hourly data bins, shifted in steps of 2h. In this
a mean wind, many more will be needed to make reliablecase the number of meteors per accepted bin always ex-
estimates of the momentum flux parameters. Our first taskeeded 30, and’2 andv2 were always positive. We, there-
has been to determine acceptable limiting parameters. Theyre, consider that the data are more reliable, and henceforth
upper two graphs in Fig. 1 shows determinations of meanyjjll use such averaging. The reliability is still of course un-
winds and the northward velocity variance for a 5-day periodproven, but will be addressed in the coming paragaphs.
at Socorro, using 1-h data bins at a range of 88km. The bins |n order to ascertain the importance of knowledge about
actually cover 90 min, covering 45 min before and 45 min af- the vertical velocities, we repeated the above procedures for
ter the nominal time, and the nominal time is shifted in stepsthe cases that we evaluated the mean vertical wind, and the
of 1h. The mean winds show a clear tidal signature. In thecase that we assumed that the mean vertical wind was zero.
second graph, the shaded region represents values less thajyr observations showed that the vertical wind variance was
zero. ltis clear that on occasions the values’®fall below  affected by this assumption, but the estimates®fv’?, u’v’,
zero, which is unphysical, but is not precluded by the equa+/w’, andv’w’ were fairly consistent for the two cases. We
tions. The points labelled A, B, C,...H corespond to caseshave adopted the practice of settimgo zero for our subse-
of extremely large variances or negative variances, and aljuent calculations.
corespond to low count rates. This indicates breakdown of The variances and fluxes shown in Fig. 2 show strong
the method in these cases. Investigations have shown thariability, with frequent occurrences of strong episodic in-
such negative values, and unusually large values, correspongteases. Typical values afw’ are of the order or 10 to
to cases where the number of points used in the analysison?s—2, with occasional values as high as 200. These
was less than 30. The “box-car” type line shown within the values appear to be higher than previously reported values,
shaded region highlights cases where the number of countsut Fritts and Vincent (1987), Fig. 14, shows values as high
is greater than and less than 30. When this function is highas 30 s=2, and these are for a 3-day average. In ad-
it indicates over 30 points, and when it is low, it indicates dition, MF radars are known to underestimate the winds
less than 30 points. The lower two figures show momentumabove 90 km altitude, so their values could have been in fact
fluxes, but cases of less than 30 points, and negative values ®drger. Fritts and Vincent (1987) discussed the fact that in-
1’2 andv’2 (which usually coincide with cases of less than 30 termittent episodic values of high momentum flux should
points) have been removed. Some values’af are clearly be an expected feature of mesospheric forcing. Fritts and
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Fig. 2. Socorro data using 3-h bins and 2-h steps. Slightly different parameters are shown compared to Fig. 1, just to illustrate that all flux
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terms are available. Quality has improved significantly compared to Fig. 1.
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Resolute Bay, Canada, 2001-4

AR Malpt  Malut  dlAwl SmlOdl  NowDe: BRd Malkpt  Mafut  Awt  SmOdt  NouDec
94 / 1 \ 94 94 l K 94
| | —~ 91 91 ~
r-_g 91 T 7‘ glg §, g
5 5 S g -
) 883 2 2
T T
> 85 85
85 85 /
82A—- ,JL &_‘ ,_J - . 82 \ \8 2 L L L ! L 8
[ ! ! J | | [ L -20 0 L L L | 0 L |
20 0 L1 0 L1 0 L 20 0 20 20 0 20 -20 0 20
20 0 20 20 0 20 -20 0 20
— uw’
uw’

Fig. 4. Height profiles of mean values ofw’ for Resolute Bay, for
the period July 2001 to September 2004, plotted as two-monthly
averages.

Fig. 3. Height profiles of mean values ofw’ for Soccorro, for the
period April 2002 to January 2005, plotted as two-monthly aver-
ages.

mentum fluxes showed significant variability on time scales

Alexander (2003), Sect. 8.1.2, note that values as high agf 10 to 20 days, presumably due to planetary-wave filtering
30-60m° 52 can easily be expected. The values presentedyt lower heights. In both Figs. 3 and 4, a least-squares fit
in our own Fig. 2 are therefore large, but not unreasonablystrajght line is plotted on each graph, for the data points 82
SO. to 91km. The 94km data are included, but have not been

In order to further check the validity of our measurements,used in the straight-line fit. The significance of these lines is
we have formed monthly averages for all the available re-discussed in the next section.
cent data from Resolute Bay and Socorro. Results are shown
in Figs. 3 and 4. For Socorro (Fig. 3), data used covers the
period April 2002 to January 2005. Data were averaged in4 Discussion
two-monthly bins in order to make the graphs more com-
pact. The Resolute Bay data cover the period from July 200XCurrent theories of gravity wave breaking in the mesosphere
to September 2004. Data were only accepted if count rateascribe the reversal of mean winds above 80km to de-
are suitable for more than 20 days per month. In some casggsosition of momentum by gravity waves (Lindzen, 1981;
this limits us to 2 months of data, and in other cases data werélolton, 1983; Fritts and Alexander, 2003). It is pro-
available every year. Error bars are also shown, and are typposed that if, as gravity waves propagate upwards, the ver-
ically £3m?s~2 at 88 and 91 km. The data at 82 and 85 km tical flux of horizontal zonal momentum diminishes, then
had slightly larger errors, in part because of slightly lower this lost momentum flux must be transferred to the mean
meteor count rates, but more importantly because the moflow. Thus a decreasing vertical flux of zonal momentum
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should cause an acceleration of the mean flow, according tthe scattering volume of the radar covers a width of typically
(%)ww/ - dlgzw where the subscript w’ on the left hand 180 km. Thus gravity waves with horizontal wavelengths of
side indicates that this refers only to the component of the actypically 180km can contribute to the variance. If such a
celeration specifically due to momentum flux deposition. Be-Wave has a vertical wavelength of typically 5km, then the
cause of filtering by the mean flow at lower heights, an asym-Period of such a wave is approximately 3 h. Hence it does not
metry in gravity wave propagation directions ensues, with thel'nake sense to calculate the variance over time scales of less
consequence that during summer the vertical flux of zonathan 3 h, since even if the averaging was restricted to periods
momentum should decrease with increasing height, causingf say 90 min, the spatial variability would mean that waves
a mean flow reversal above 80 km altitude. As a result thewith periods of 3h would still contribute. Thus our choice
expected radiatively balanced westward flow becomes a dyof a 3h averaging period and a limit of 43enith angle are
namically/thermally balanced eastward flow. In winter the @ relatively good combination. If averaging intervals of say
reverse should occur. Both Figs. 3 and 4 are consistent witfp0 min are needed, then zenith angles should be restricted to
these scenarios, with increasing momentum fluxes as a funcz@lues less than 27so that the horizontal wavelengths and
tion of height in winter (December to February), and de- averaging times are commensurate.

creasing momentum fluxes as a function of height in sum- It can be argued that traditional momentum flux determi-
mer. At Socorro the momentum fluxes show a tendency tohations might be superior in this regard, in that the scatter-
decrease as a function of height as early as April (Fig. 3),ing volumes are separated by only a few tens of kilometers.
and this continues into September. In October the fluxes arélowever, it needs to be also noted that the atmosphere will
constant on average with increasing height, and the slop&ove during an averaging interval, so that if an integrating
reversal begins in late November and early December. Aperiod of 3h is used, and the mean wind is 20Th shen
Resolute Bay the momentum fluxes do not appear to shovan atmospheric volume of width 216 km will drift through

a decrease with increasing height until well into May, but the beams in that time. Hence the traditional methods are not
by July/August the rate of decrease with increasing height igmmune to the effects of interplay between temporal and spa-
very strong indeed. September and October are variable, aridgl resolution either, and for integrating periods greater than
in late November and December the momentum fluxeg 3 h, the effects are in fact similar for both meteor and tradi-
increase again with increasing height. Typical magnitudes otional methods. In cases where averaging times as highas 8 h
the monthly mean values of the mean flow acceleration arere used (e.g. Fritts and Vincent, 1987; Murphy and Vincent,
of the order of 1 As—2km1, with values at Resolute Bay in 1998) the spatial variations can be the main contributor to
July and August reaching as high as23s—2km~1. These  variability. We would argue that meteor-derived momentum
may be converted to accelerationszins~1day=1 by mul- fluxes offer a great deal in the area of momentum flux stud-
tiplying by 86.4 (number of seconds in one day divided by ies, and the relative large numbers, broad geographic spread,
1000). Hence typical accelerations are of the ordet&® to and ease of construction of SKiYMET radars make them ex-
100m st day !, and the acceleration over Resolute Bay in cellent candidates for determinations of momentum fluxes.
July and August can reach monthly average values of almost

200ms 1 day 1. These values are not inconsistent with val-

ues summarized by Fritts and Alexander (2003), Sect. 8.1.25 Conclusions

where values of 10 to 70 n$ day ! are proposed for mid-

latitude sites. Measurements have not yet been made at poldihe theory for determination of gravity wave momentum

sites, so the results discussed here for Resolute Bay are espé!xes in the middle atmosphere using meteor techniques has
cially timely and important. been outlined. While meteor radars cannot actually image

. the gravity waves, they can easily measure the radial veloc-
The above results are therefore indicative that meteorit 9 y y y

q indeed mak ful contributions t E% variances associated with them, and as long as it is ac-
ragars can indeed make usetul contributions to measuremen pted that gravity waves are the main cause of this variance,
of momentum fluxes. The fact that a world-wide network

f SKIYMET rad read . kes this abili then meteor radars may be used to determine fluxes. Val-
0 : radars already exists makes this ability €spe- oo measyred are consistent with earlier measurements by

cially appegling. However, we also recogni.z.e. that this is 4gual-beam methods, although on occasion can be somewhat
very preliminary study, and no doubt the abilities of meteorhigher. We believe that these larger values are physically

radars in this regard can be refined significantly. We have al-

. . o . - “real. Monthly mean forcings measured at Socorro (NM) and
ready discussed the idea of designing a special radar which 18 asolute Bay (Canada) show values consistent in form with
more sensitive to meteors from overhead. However, we still

) .current theories of gravity wave forcing of the mean circula-
advocate that all meteor radars should have mterferometmfion and typical mean flow accelerations are of the order of

capability, because the huge dynamic range of meteor echg0 to 100m s day~ during summer and winter (although

cross-sections means that they can easily be detected in ﬂb%posite in sign). Mean summertime forcings at polar sites
sidelobes of monostatic and non-interferometric radars. can be even stronger, reaching as high as 200iay -2

One further issue that needs to be considered is the relativBlans for a new class of SKiYMET meteor radar are under-
contributions of spatial and temporal variability. If a meteor way which will optimize the capability of these radars for
radar detects meteors out to°4om zenith, this means that momentum flux measurements.
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Appendix A 1.

3 sintf Y sinfbeos®p Y sinfcos’ Y 2sintBcos®d Y. 2sin’foosf Y 2sin’fcosh u'? 3 ’L'imf sinf
costp sin’e cos’¢ st7uh cos ¢ cos’sing cos’

3 sintfcos?p 3D sin'f o sin®fcos?d . 2sintdsin’g Y 2sin’fcosf 3D 2sin’fcosd 172 Sl sind
sin’eg sinteg sin¢ cosg singeosep sine sin’g

¥ sintfcos®l ¥ sintfcosf 3 cos*d 3. 25n%0c0s%0 3. 2cos O0sind ¥ 2co5°8sind w'? > 'L',’mdgcoszﬁ'
cos’p sing cospsing cosg sing

31 2sin*feosd 3D 2sintfsin®g 3D 2sinfcos? Y 4sintfeosid Y 4sinlfeosd Y 4sindBeosh do' | T |2, sin?
sing cos¢ cos¢sing sin’e cospsing sinleosd cospsing

3 2sin’fcosf Y 2sinfcosf 3 2cosi@sind 3 4sintfcosf ¥ 4sin®fcos?@ 3 dsinfcos w'w’ ¥ 2, 2sinfcosd
cos’p singcosp cosg cos?psing cos’p cos¢sing cosd

3 2sin’fcosf ¥ 2sin’fcosd Y 2cosfsind 3. 4sin’fcosf Y 4sin®fcos?@ ¥ 4sin’fcos?d v/ ¥ 2!, sinficosd
cos?psing sin’e sing SIR2Pcosd cospsing 51l sing
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