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Abstract. Low-frequency, African Easterlies Waves (AEW) axis of AEJ is around 18N and 700 hPa position (meridian
are examined as disturbances embedded in the midand vertical) of order jet.
tropospheric easterly jet of the African low troposphere. The |t js well established that the tropical atmosphere is a re-
solution to the nonlinear VortiCity equation relevant to the gion of |arge_sca|e perturbations that deve|op and propagate
description of waves is sought in the form of triplet waves. eastward. Much attention has been focused on these pertur-
The latest suggest a unified method to determine their kihations because of their role in maintaining the general cir-
netics characteristic and to explain the mechanism of energyylation of the atmosphere and in modulating precipitation.
exchange between their different modes. The period of enTheoretical and experimental evidence have established their
ergy interaction between different modes of the global wavecharacteristics and the dominant role of barotropic instabil-
is equal to 3.5 days when the wave packet is moving with &jty at their genesis. In the African low troposphere, some of
group velocity dependent on the mean basic flow. The effectghese disturbances are associated with the mid-tropospheric
of non”nearity are also |dent|f|ed, and it is noted that the hor'jet known as the easter|y wave (Burpee, 1972) The char-
izontal shears of mean flow, as well as the temporal variatiorgcteristics of easterly waves, located around 600-700 hPa in
of the amplitude wave functions, are the controlling factors. the African low troposphere, have widely been studied in the
Keywords. Meteorology and atmospheric  dynamics past (Rennick, 1976; Mass, 1979; Kwon, 1989; Thorncroft
(Synoptic-scale meteorology; Tropical meteorology; Waves®t al-, 1994a,b).
and tides) By considering a linear primitive equations (PE) model
and a quasi-geostrophic (QG) model, these authors have de-
termined their kinematic characteristics and the dominant
energy source in the region. Using a PE model, Ren-
1 Introduction nick (1976) showed that near the jet core, the wavelength
is about 3000 km, the phase velocity 16 m.sand the pe-
GATE and other field experiments have produced a wealtHiod has the value 2.2 days for a maximum zonal wind on
of results leading to a fairly clear image of the mean verti- the order of 16 m:s'. Similarly, Mass (1979) obtained val-
cal structure of the tropical atmosphere over Africa. In theues of 2500km, 7.5m.s, 3.8 days and 13T, respec-
1970’s, two jet streams were identified by Burpee (1972)tively. On the QG model side, the numerical analysis made
from the analysis of the vertical structure of the mean zonaly Kwon (1989) showed that in the barotropic instability
wind. The first one, the African Easterly Jet (AEJ), is lo- Zzone, where the zonal wind at 625hPa is of the order of
cated around 3km height (600 to 700 hPa) in the lower tro-14 m.s 1, the respective characteristics for easterly waves are
posphere. The second one, the Tropical Easterly Jet (TEJR000km, 10m.s'and 3.5 days. The linear and nonlinear in-
is found at an altitude of 18km. Kwon (1989) has pre- stability problem of the African Easterly Jet (AEJ) has been
sented the vertical profile of the zonal component of theinvestigated by Thorncroft et al. (1994, 1995), using the PE
wind, derived from a semi-empirical expression calibratedmodel on a sphere. For a basic flow with maximum wind
using West African meteorological data (Fig. 1a). Although Of about 15 m.s! at 600 hPa, they showed that for a wave-
the vertical positions of the jets are in agreement with earlylength of about 3500 km, a phase velocity of 6.8 deg/day is
analyses, their latitudinal positions are not apparent. Simi-obtained, implying a period of about 4.8 days.
lar profiles, based on experimental data, were presented by Wegiel and Herbster (2000) have proposed one possible
Burpee (1972) (Fig. 1b). This profile clearly shows that the mechanism responsible for the origin of the African Easterly
Wave (AEW). A model simulation was performed document-
Correspondence toA. Lenouo ing the orogenesis of meso-scale systems in Ethiopia. They
(lenouo@yahoo.fr) demonstrated that the dynamical structure and maintenance
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175 - — — the explanation of the energy exchange mechanism between
] e o ! waves was partial and unsatisfactory.
e - In the present study, the hypothesis of weak interaction at
325k . T resonance between the waves of the triplet is maintained. We
= [T use a method developed by Longuet-Higgins and Hill (1970),
bR Y SECETREE "_'_N- to solve analytically the solution to the nonlinear vorticity
E:" equation, subject to the conservation of the total energy of
2 I the system. We are able to show how these three waves
L 625+ ~ account, under weak interaction, for the energy transfer be-
& tween waves, leading to energy transport in the phase space
[T T R of wave numbers (Kadomtsev, 1979). We also indicate a
7757 technique to determine the characteristics of group velocity,
i.e. the velocity of energy transfer by the basic waves around
975 the jet. This work is done by considering energy transfer be-

tween waves in the horizontal plane, especially at the 700 hPa
level, where AEJ is located. The barotropic theory was also
used by Ferreira and Schubert (1997) to study the climato-
logic aspect of West Africa region through the Intertropical
Convergence Zone (ITCZ).

Section 2 is a presentation of the model used in this study.
Analytic expressions of the amplitude functions of the waves
in interaction are obtained in Sect. 3. Section 4 is devoted to
results and discussions.
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Fig. 1. Mean zonal wind profiles over West Africa during the sum- 2 The model
mer period: adapted frofa) Kwon (1989) andb) Burpee (1972).
Units are m.51. Figure 1(b) indicates that the AEJ is centred over 2.1 Model formulation
15° N at around 700 hPa.
Since the vertical extension of AEJ is not important, AEW

can be regarded, in the first approximation, as a horizontal

of these synoptic-scale easterly perturbations can be simuyqtion at jet level. To analyse the resultant perturbations, we
lated with a great deal of accuracy. They also showed thatqnsider a two-dimensional model for an incompressible and

the Ethiopian Highlands act as the source region for AEWS. jiscid fluid in the-plane; horizontal coordinates (x,y) are
However, these authors did not fully take into account chosen such that the x axis is oriented eastward and y north-

group velocity, which, in our opinion, is an essential parame-\ya,d. The model is governed by the following equations:
ter in the understanding of AEW. Group velocity can be non

zero, even when the phase velocity is zero, e.g. in the case<i ~ 4 _) u— fu= _99 (1.1)
of stationary Rossby waves (Hoskin and Ambrizzi, 1993). \dz ~ dx 9 dx
Furthermore, the study of the dynamics of perturbations as-
sociated with the easterly jet in the lower troposphere is, in ( 9 L vi v+ fu= _ 99 (1.2)
many aspects, similar to that of Rossby waves. Indeed, one\ 9¢ dx dy 9 ‘
uses the nonlinear vorticity equation in a horizontal plane.
However, most published work does not account for some ofgu dv
the fundamental properties related to the nonlinearity, and ing + @ =0, (1.3)
particular, energy transfer between waves. - .
. . . whereu andv are the zonal and meridional wind compo-
Numerous experimental observations have pointed to the . .
nents,f the Coriolis parametet; the geopotential andthe

possibility of interactions between atmospheric waves in th
tropical zone (Dobryshman, 1982), as well as in the extra
tropical regions (Mcintyre and Palmer, 1983). Theoreti-
cal treatment of this type of interacting waves was done
for small-scale waves in the equatorial zone by Dobrysh-
man (1982) and for planetary waves in the stratosphere b

. . “flow.
Mclnt}_/re and Palmer (1983). They con5|dered_a weakly_m- The following expression for the horizontal sheared zonal
teracting wave triplet at resonance. Then, using the trlan-com onent of the wind, proposed by Rennick (1976), is used
gular relation between the wave numbers of the triplet, they. P »Prop y '

suggested an analytical amplitude function appropriate for" OUr analysis:

the description of the waves under consideration. Howeverl (y)=—Up sinz(ny/Zyo),

etime. The current method of solving system (1) through the

“decomposition of the dependant variables in terms of mean
basic states and of small perturbations is employed. We
therefore write u=U(y)+u’ and v=v’, where the prime terms

refer to perturbations and the capital U refers to the basic

)
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where B=20m.s1; yg corresponds to the latitude of the with k=1, 2, 3.

jet axis, the origin of latitude (y=0) is located at the equa- By identifying terms, the following relations are derived:
tor. U(y) is symmetric about the axis of the jet (yyhav- (i) conditions for resonance,

ing a maximum on it and decreasing away from this axis, to

zero on the equator (y=0) and at a latitude of BO(y=2yo) my+mz+m3=0
(Fig. 5). ni+nz+n3=0 (6)

Since the flow is quite non divergent, we introduce a °* T2t 03 =0

stream functionyr, so that (ii) the dispersion equation,
a 0
u/:_a_w and\i:a_li' or = mplU — ﬁ_dzU mg (7)
y dy? | m? + n?

Substituting in the expression for the curl of the veloc-

ity vector, whose components (u,v) appear in Esl)(and (i) and the nonlinear equation for amplitude functign,(t),

(1.2), we obtain an equation for the vorticity related to the 9 3
perturbation, in the form (m? + n,f)a—tk = mY Z [nj(m% +n%)v;]
j=1
3 0 Y
(a U >v2w+1 (v v2) + (,3—) =0 (3 , 3
roox x — [me(mg + )yl Y _njvs; (®)
where =
d9ADB JAIB k=12, 3.
JA,B) = —— — —— Setting,

2 2., .2
_ _ ) _ Pr = my +ngandne = Mgy1ng—1 — M—1Nk4+1,
is the Jacobian operator, V the Laplacian,

(V2=32/3x2+32/3y?), and B the meridional gradient with the convention (m, p}F(m,n) and (m,n)=(m,n), and

of the Coriolis parameterg&af/ay). substituting in Eg. §), leads to the following uncoupled
system of equations (see Dobryshman, 1982; Mcintyre and
2.2 Energy conservation equation Palmer, 1983; and Pedlosky, 1998):

d

Solutions to Eq.3) must satisfy the principle of conservation pf% = ’71(P§ - 2)‘”2\”3

of total energy, which, on the horizontal plane, reduces to the 2d1//2 _ 772(01 Z)lﬁlllfs 9)
conservation of kinetic energy. Letbe the total energy per

unit mass of fluid. Multiplying Eq. %) by v, one obtains, pgdf = 7]3(,02 — pf)wzwl.

after some algebra, the following local equation for energy: On the other hand, whes given by Eq. §) is substituted

into the energy EqgA4), one obtains
8———( 1//) (4) gy Eq4)

20t
0V
£ = p? [cwk + Wkii| ,
3 Solution to the model equation . .
d which, upon using the set of EP)( becomes:
A general solution to E i ht in the form:
general solution to Eq3 is sought n the fo ¢ = pforV? + ploavd + pdos + ma(e - pvavava
+n2(p2 — p2)Y1v2vs + n3(02 — PP Y1V Y3.

3
Y (x, v, 1) =D Yr(t) eXp—i(mex + niy — oxd), (5)
k=1 It is readily verified, in view of relation Eq6j, that

wherem andn; are zonal and meridional wave numbers
respectivelygy is the growth rate and (t), the amplitude
time function of the K component of the wave. Substituting Thus,
Eq. ) into Eq. (3), leads to the following equation:

» n2—n1=0; n2—n3=0 andnz—n1=0.

ni=n2=n3=1.

2) 0 (2 4 n?
—(m + ’;k) — i(mj; + nj) (o — mU) P The expression for total energy is now reduced to

(m?2 2y
iy ng [nj(m +n5)¥ & = pZo1y? + ploavé + piosys. (10)
3 ; .
_[mk(m% + n,f)wk] Z v Furthermore, the system of E@) (can be rewritten as:
’=l i1 dwz

- dys —
—imi (B~ 4Y) v =0 D s U2 = gz and T = Yogr (1)
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« k=1, 2, 3; and pis given by

with v ()= (1) p

P203

pl = —7
ny (03— p2)(p2—p?)

p2 2 IO:LZp3 2 2
ny/ (p3—p3)(p53—p7)
0201

p3=—F——
1y (03—p?)(p3—p3)

after reordering the indices so that<pz< ps.
The first two equations of Eg. (11) are combined to give

—dy1  —dyp
s Ve =0

and

By direct integration, one obtains

¥+ 95 = N2 = constant (12)

A similar combination of the second and third equations of
Eq. (11) gives

Va+ V5= N2 = constant (13)

Using the last two relationsy; andy 5 are eliminated from
the second equation of Eq. (11), expressiof9is obtained
from the following equation:

dyr —2 —2
== \/(Nf ~3) (N2 -73).
The solution for ¥, subject to the initial condition

dt
¥ 5(to=0)=0, is an elliptic Jacobian function of the form (M.
Abromowitz and Segun, 1964)

Yo(t) = Nosn(t/a) (14.1)
with a=Arcsin(No/N1).
¥1(t) andy5(t) are obtained from Egs. (12) and (13), re-

spectively, as:
Y1) = Nadn(t/w), (14.2)

¥3(t) = Nacn(t/a). (14.3)
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Fig. 2. Dependence of energy interaction time, K, on the ratio

No/Nj.

o,

4

Fian 3 tdays)

Fig. 3. Time evolution of the amplitudeé  (t) of the K" wave for
N2/N1=0.7 for a period of 7.5 days. The amplitudg (solid line)
has the same period as the AEW, whereas the amplitiugédash)
andi3(dot) have twice this period.

4 Discussions

4.1 Interaction between waves

These amplitude functions are periodic and their period dedt is important to note that all parameters in E) @are

pends on the parameter It is calculated from the following
relation

W
L

whereK is one quarter of the period of the Jacobian elliptic
function and depends only a¥/N1. K is plotted in Fig. 2.

Its value increases slowly for values d%/N; less than 0.9
and grows rapidly tao as No/N1 goes to unity. It follows
that the interaction time between triplets is of the order of
several days.

dt

Na/Nyp)? sir? r

non zero. Otherwise, the wave triplet would be reduced to
a doublet. We would then have?=m2+n?=m3+n3 and
Y= constant for k=1, 2, and no interactions between waves,
since the interactions are controlled by the interdependence
of the amplitude function of the waves. Moreover, these
would be purely linear waves.

An additional condition for wave interaction is that no two
parametergs,(k=1, 2, 3) be equal, e.g. f1=p2, then from
Eqg. 9), ¥3 (constant) would not interact witi; or 2.

In the wave triplet case, the amplitude functign(t),
(k=1, 2, 3), is plotted in Fig. 3 for a time span of 7.5 days,
with No/N1 set at 0.7. This period should not be mistaken
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Table 1. Possible combinations of the signs of the triplet,(o2, e
o3) and their effect on energy conservation. Q5
o1 02 03 € 1.0
+ + + N
+ + — N iR
+ - + Y
+ _ _ N 0,6
— + + N
_ + _ Y 0.4 T
_ — + N
. _ . N 0.2 +
0.0 1 1 I

-ig 4 a t(days

for that of the global waveg,, which has mean values of ’ e
2 to 3.4 days, in the case of AEW. Instead, it is the period | 5 |
of the amplitude functions representing the time necessary
for complete energy exchange between waves. These results
are similar in many aspects to those obtained by Dobrysh- , , 1
man (1982), Pedlosky (1998) and Vanneste and Vial (1995)
in their studies of small-scale waves to non constant back-
ground flows. 0.8

Let us now examine more conveniently the energy interac-
tions. From Eg. 10), total energy is given by

e=¢e1t+e2t+e3z,

with e, being the K* wave energy normalised by?p?
(Kadomtsev, 1979), so that .

t days)

o= oo k=123 14D

Table 1 shows the proper choice of the sigmpfor energy Fig. 4. Energy of the waves as a function of time fay N»/N1=0.7
to be conserved. A letter Y in the last column indicates the@nd(®) N1=N2=1. &1 (in solid), ¢z (in dash).¢3 (in dot) ande (in
two acceptable combinations; andos must have the same dash dot). Total energy, is constant over the time.
sign ando» the opposite sign. The letter N indicates the case
where the energy is not conserved.

Taking into account these conditions and using By.the
total energy is rewritten as:

This energy exchange process is more interesting in the
limiting case when A=N>=1, then the amplitude functions
are
e = 01N12 + 03N22. — _ _

V1(t) = Sechit); ¥,(t) = tanh(t) andy3(t) = Sech).
We note that depends om1, 03, N1 andN» and not on time ) ) ) )
t Figure 4b represents the energyin this case, everything

The duration of the interaction between waves is given by€!S€ P€ing as in Fig. 4a. The waves with energyande3
half of the period of the elliptic function ®), sincee; is decay continuously to zero. Their energy is gained by the
. —2 third, which ends up with all the energy of the system.
proportional toyr,.

The energys; of each wave as a function of time for
N2/N1=0.7 is shown in Fig. 4a fow1=1, 02=—1.5 and
03=0.5. These functions have a period of approximatelyThe hasic wave phase velocity derived from the dispersion
2K=3.7 days. It is noted that; ande3 are in phase and Eq. (7) is expressed as:
are both out of phase witkp, £1 andesz lose energy in the
first half of the cycle, whiles; is gaining, and the reverse is B — (dZU/dyZ)
true in the second half. Thus, in a three wave process, energy =U — —————.
is constantly being exchanged between waves in such a way
that the total energy is conserved. It is important to note that The dependence of this phase velocity on the mean zonal
this period is equal to those of AEW. wind U(y) indicates that tropical waves propagate essentially

4.2 Phase velocity

(15)
0
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1o — . = 4.3 Group velocity
+,+ u ._'_,_J"'-‘.-,
e " 1 The propagation of AEWSs results from the superposition of
= ] et ol three fundamental waves whose wave numbers, growth rates
- " ,y:?’k and amplitude are tied together by Eg6), ((7) and (14).
wied £ Hence, we have a wave packet moving with a group veloc-
S Tty ity corresponding to the propagation of system energy in the
=1 "“;;—ﬂ. ; horizontal plane.
i3 o Btk 03 “__“'“——u.,__hI ] The zonal componentuand meridional component, v
- "\.‘ hl“"m. of group velocity,C,, are obtained from Eq7f through the
o : : : — 4 : : — % following expressions:
R 1% -1 -5 ]
(m/s) B — (d°U/dy?) d2U'\ m?
Ug=U - —5——+4+2|8—-—)—. (16.1)
8 02 dy2 | p*

Fig. 5. Meridional dependence of the phase velocity, C, and mean
zonal wind, U. Negative values indicate that the waves propagateand

westward. )
d“U\ m.n
v, =28—-— | — (16.2)
B R - N - Following Hoskin et al. (1993), one can define a unitary vec-
e . ol ?,.* 1‘ | tor, p, normal to the wavefront, which has a positive compo-
- ., Tk E i a, nent eastward and makes an ar@glelative to this direction
T e i ® 5 I and has zonal and meridional vectasandn. C, is then
:’ i ._.‘ Uz :.‘ vy C, h‘i. rewritten as:
[} F) ) ﬁ 7
3 i , JE Co=ug— +vg—
o 181 -,..1 ‘htl ,”l 1 m n
5 ", *-H & or
=% ‘ “ f | 42U\ cosf
& co
L T T T T T T .t I.!I T T T 6g:(C‘v 0)+2(ﬁ__2> _2?7 (17)
-z 0 1e 1z -3 4 [H] 4 a 1z 1E g ] dy p
(s

where C is the perturbation phase velocity as described by
Eq. 15).
In the case of stationary waves, we haxe0, and C=0,
since Cw=/m. Using Eq. 15), one can write:
, B —(d?U/dy?)

2
= = _—, 18
p? = p? i (18)

Thus, the group velocity vector takes the following form in
westward at this level. The latitude dependence of the velocthe case of stationary waves:
ity illustrates the nonlinear effects. Furthermore, the velocity
C is also a function of zonal and meridional wave numbers,C ¢ = C; 7
decreasing as the latter increases. This result is in agreeme\rllvtIth
with Holton (1979), who showed that the advection of plane-
tary vorticity, which tends to dampen fluctuations, dominates d2U \ cosp
the advection of relative vorticity as the wavelength of the €z = 2( ) Py 2U cosp. (19)
perturbation increases. Figure 5 illustrates the profile of C(y) *
for a tropical instability, with zonal and meridional wave- The frontal zone of stationary waves moves with a group ve-
length values of 6000 km and 3000 km, respectively, And locity equal to 2Ucog. This velocity is double the zonal
(the meridional gradient of the Coriolis parameter) taken aswind U when the perturbation is moving in the zonal direc-
2.2x10 1 m2s 1 at 1% N. The profile is symmetric with  tion, and is zero when the perturbation is moving northward.
respect to the jet axis, with the instability maximum on it.  But, as Fig. 5 clearly shows, the value of the phase velocity
Thus, Rossby waves are slower than the mean circulationaround the lower African tropospheric jet is in the interval
The meridional mean value of the phase velocity is of the—10.5 to—17.5m.s%, indicating that there are no stationary
order of—14 m.s 1and the resultant wavelength is set equal waves in this case. However, the technique presented here
to A=2Z (2700km). These results compare quite well with is applicable to the special case of westerly waves or to the
those obtained around the AEJ. attenuated easterly waves (Hoskin and Ambrizzi, 1993).

Fig. 6. Meridional dependence of the group velocityg{Gnd its
zonal (y,) and meridional (v) components in the presence of trop-
ical instability.

dy?
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