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Abstract. Whistler-mode wave propagation in magneto- ters, and the density enhancement changes from fractions
spheric ducts of enhanced cold plasma density is studiedof ambient plasma density up to multiple increases in the
The case of the arbitrary ratio of the duct radius to thecase of a duct located outside the plasmasphere. It is clear
whistler wavelength is considered, where the ray-tracingthat in the case when the duct radius is much greater than
method is not applicable. The set of duct eigenmodeshe characteristic wavelength the ray-tracing method is ap-
and their spatial structure are analysed and dependencies pficable Strangewaysl1991, 1999. But if the duct radius is
eigenmode propagation properties on the duct characterissomparable with the wavelength it is necessary to perform a
tics are studied. Special attention is paid to the analysis ofmore strict analysis and to study the actual spatial structure
the group delay time of one-hop propagation of the whistlerand dispersion properties of waves propagating in a duct.

wave packet along the duct. We found that, in contrast to the The possibility of whistler mode wave trapping in the den-
case of a wide duct, the group delay time in a rather narrovsity duct was studied in many papers, see, for exantsé,
duct decreases as the eigenmode number increases. The [gyel| (1969; Karpman and Kaufmafil982; Strangeways
sults obtained are suggested for an explanation of some typg3991). It is well known that whistler-wave trapping is pos-
of multi-component whistler signals. sible in the ducts of enhanced plasma density in the fre-

Keywords. Electromagnetics (guided waves) — Magneto- QUENCY rangen<wp/2, wherewp is the electron gyrofre-
spheric physics (plasma waves and instabilities) — Radio scidu€ncy. Butin this frequency range two dispersion branches
ence (waves in plasma) exist: whistler and electrostatic mode, and the latter cannot

be trapped by the duct. In the homogeneous plasma these
waves are independent, but the inhomogeneity of the medium
leads to a linear transformation between whistler and elec-
1 Introduction trostatic modes. It results in the leakage of the whistler wave
power from the duct. The efficiency of such a transformation
Problem of whistler mode wave propagation in magneto-js determined by the ratio of the inhomogeneity scale to the

spheric ducts is very interesting in relation to many differ- wave length Karpman and Kaufmar.982 Bell and Ngo
ent problems of physics of the inner magnetosphere, for €x1990).

ample, cyclotron wave particle interaction, interpretation of
observations of whistler signals on satellites and ground S@tion for the wave spatial structure in the duct with cylindri-

tions, and others. cal geometry, therefore, numerical methods should be used

Magnetospheric ducts are the enhancements of the colg| 514 and Nunp1979 for full-wave analysis. An analytical
plasma density aligned with the geomagnetic field, which areg tion may be found only for a piecewise-constant distribu-
extended between the Northern and Southern Hemisphereg,, of plasma across the duct and a detailed analysis of this
Although the existence of such structures is known for Acase was done bigondratyev et al(1996 1999. However,
long time Helliwell, 1969, very few direct S.atelllte ME23- in this case effective transformation between whistler and
surements of duct structures are matiederamj 1970 Son- oo cyrostatic waves is possible due to the sharp duct bound-

walkar et al, 1994, yet there are many evidences for the 5. hence, this model is not applicable to the magnetosphere
existence of ducts (seBingh et al.(1999 and references .,hitions, where the density distribution is rather smooth.
therein). These measurements demonstrate that parameters - .

Another possibility for developing the mode theory of a

of magnetospheric ducts change over a very wide range: the . i . . )
radius of a duct can be from tens to hundreds of kilome_whlstler duct is to use the ray-tracing technique with the
quasi-classical eigenmode condition, asLiaird (1992,

Correspondence tdD. L. Pasmanik for the plane-stratified duct model. In the frame of this
(pdl@aurora.appl.sci-nnov.ru) model it is possible to study the propagation properties of

In a general case it is not possible to find an analytical so-
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N these equations may be found only for homogeneous plasma
distribution or for a duct with a piecewise-constant radial
density distribution. The results of rigorous analysis of this
duct model are summarised in the bookKndratyev et al.
(1999. As it was mentioned in the Introduction, in this case
an efficient transformation between whistler and electrostatic
modes occurs, resulting in the leakage of wave power from
the duct. Results from analyticaKérpman and Kaufman
1982 and numericall(aird and Nunn1975 Bell and Ngg
1990 studies show that for a duct with a rather smooth
boundary the efficiency of this transformation is small.

We shall consider the case of a rather smooth plasma dis-

r tribution (i.e. ‘N{ldd’\r"' <koq.r, WwhereN,(r) is the plasma
a et density, kogei=ke| 1 is the characteristic value of the trans-
. S verse wavevector of a quasi-electrostatic mode) and restrict
Fig. 1. Model plasma density distribution across the duct. our analysis to the low frequency waves€wp <w,, where

w, is electron plasma frequency), whose propagation angle
: . .. with respect to the magnetic field is not too large ¢&p).
eigenmodes for a duct with smooth plasma distribution inraying into account these simplifications we obtain the fol-

the case where the duct radius is much greater than the Chairc')wing equations for the wave field components (Ses-

acteristic whistler wavelength. _ manik and Trakhtenger{2001) for details):
In this paper we consider a model of magnetospheric duct
with smooth plasma density distribution. We present the pro- g 1 d
file of the plasma density distribution across the duct, for ¥r = ip®@y, , ¥y = ;q’w s W = mzr‘pw ;
which an analytical solution for cylindrical duct eigenmodes g 1 1d
exists. In contrast to the numerical consideratiobaifd and =iy, & =————1gdy, 2
p2 Y kopnrdr ° "¢

Nunn (1979, where the duct is homogeneous along its axis, 2
we consider the case of the duct whose parameters vary alon& 2(,2 % 287 2 =0
. . . . r (I)(p 2+k0( 2 p)CD‘p ’

its length. The peculiarities of whistler eigenmode propaga-7 97 \ 97 r 4

tion in the frame of this model are studied. The group delay 5 5 5 b

time for eigenmode propagation along the duct is calculatedWhereg=—w;,wp /(@ — wp) andn=1-w; /" are com-

It is found that different eigenmodes have different propa-Ponents of plasma dielectric permittivity tensiorcf. Stix
gation times and on the basis of this result an explanation 0of1992. The solution of these equations corresponds to a

some types of multi-component whistler signals is suggestedWhistler mode wave and the electrostatic mode is neglected.
The analytical solution of Eq2] for the eigenmode trans-

verse structure can be found for the following plasma density
2 Magnetospheric duct eigenmodes distribution (Fig. 1):

As a model of magnetospheric duct we consider a cylindri-

cally symmetric plasma column filled with an inhomoge- »,2,.\ _
AL ; \ . c(r)=

neous density distribution across its axis and located in an

external magnetic fiel@q parallel to the axis.

At first, let us consider the homogeneous duct along itSyhereN,; andN., are plasma densities inside and outside of
axis. We shall seek for the eigenmodes in the form of waveshe duct, and is the radius of the duct core.

propagating along the duct and having some transverse struc- | ot 5 note that under real conditions ducts are likely to
ture: have a bell-shaped (a Gaussian-like) profile. However, re-
E = ®(r)e!—ikorz I — j\y(r) el —ikorz (1 sults obtained_ sho_uld_ not change much if we consider_such
types of density distribution across the duct. Use of differ-
wherekop=k| is the wave vector component along the duct ent density profiles would result only in some quantitative
axis z, r—coordinate across the duégy=w/c, andc is the  changes in eigenmode properties. Concerning a discontinu-
speed of the light. Note that only axially symmetric modes ity in the gradient, it does not play a sufficient role. Numeri-
are considered here. cal analysis of a full set of Maxwell's equations using meth-
Substituting these expressions into Maxwell’s equations,ods similar to that by Laird and Nunn (1975) and for density
we obtain two second-order ordinary differential equationsdistribution @) revealed that our simplified approach gives
for the electric-field components;, and &,, and expres- correct results. In particular, we have found that the trans-
sions for other components of wave field, cRPasmanik  formation between the whistler and the electrostatic mode is
and Trakhtengert®001). An explicit analytical solution for  negligible.

2
N7, r<a

®)

2
a
(Nj—Ngo)r—2+N§o,r>a,
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The solution ford, is represented in terms of the eigen-
mode series, and for distributior8)(it has the following
form:

BiJi(kogir) r <a
Ci K, (koskr) r > a,

m¢m={ @

where J and K are Bessel and Macdonald func-
tions, respectively, ¢?=g3/p?—p?, st=pZ—g/pZ,
v,f:l—k(z)az(gg—ggo)/pf, g0=g(Ny), and k is the mode
index. Valueskogr and kos; represent the transverse
component of the wave vector. The eigenvalpgsand the
corresponding values afy, s¢, vk, and Cy/By are found

from the boundary condition of the continuity of the wave
field components:,, H,, H, atr=a:

J1(kogir) K, (kosgr)

(rakogir)) (Ko (koskr)) |,
Cr /B = Jilkogra)/K,, (koska) ,

(5)

where(...)’ denotes the derivativé-.
Eigenmodes satisfy the following orthogonality condi-
tions:

o0
¢ * *
/rdr o ([<I>k, Vol + [Pr, ‘I’k]z) = Sk - Sk i
oo (6)
we

dr — | — &, ®F, + W, ¥ | = Wi - S v/,
/Vr8n<8wkk+kk> k * Ok k
0

whered; - is the Kronecker's symbol, and the asterisk de-

notes the complex conjugation. Hefg and W) have the

meaning of the energy flux and energy density in the eigen-

mode, respectively.

To generalize these results to the case of duct whose p

rameters (magnetic fielBo, radiusa, plasma density,) are

changing slowly along the axis we use the method of slowly

varying amplitudes, which gives us:

E, = &,(r, Z)eiwt—ikofpkdz
()

Hi = iV(r, Z)eia)tfikofpkdz

where®, (r, z), ¥ (r, z) andpy(z) are the solutions from the
case of a homogeneous duct (see E}).\fith parameters of
the duct at given cross sectignVariation of the normalizing
constantB; along thez axis is determined from the energy
flux conservation laws; (z)=const.

3 Eigenmodes propagation properties

1435

(relative to the coordinate along the duct axis) properties of
the eigenmode propagation in the duct.

Another important parameter is the group delay time for
the eigenmode propagation, which characterizes the propa-
gation of a wave along the whole duct and is defined as

i
o, =2
0

wherel is the half-length of the magnetic field line.

The dependence of these values on the duct parameters,
such as its radiug, the cold plasma density,; and the den-
sity enhancememi=N, /N, is discussed below. It should
be mentioned that for the chosen distribution of the cold
plasma density across du@)( more correct definitions for
the duct width is needed. Let us define the characteristic ra-
dius (half-width) of a duct, s as the distance from the cen-
ter to the point where the density enhancenidit —N.(r))
decreases by a facter(Fig. 1). This impliesa,rs~2a for
parameter values used below.

To characterize the width of the duct in comparison with
the characteristic whistler wavelength we introduce the di-
mensionless parametef,a, wherek,~ko.,/g is the value
of the wave vector of a whistler propagating along the mag-
netic field in the uniform medium with parameters of the duct
core. Our analysis showed that valugsz>>10 correspond
to the case of a wide duct, when the properties of eigen-
modes are similar to the properties of waves propagating in
a very smooth density distribution (i.e. to the case when a
ray-tracing method is applicable), and valvgsa <10 cor-
respond to the case of a narrow duct, when the properties of
the eigenmode propagation are sufficiently different from the

dz
Vo,

®)

previous case. Since the valueiqf depends on frequency

Jet us also introduce parameterw), /(2c) which is approx-

imately equal to the value dij, for v=wpg/4, i.e. the value
of k|, at a characteristic whistler frequency.

The dependencies of eigenmode parameters on the fre-
guency in the cases of wide and narrow ducts are presented in
Fig. 2 and examples of the transverse structure of the eigen-
modes are shown in Fig. 3. It should be noted that in our
model the properties of eigenmodes depend on relative duct
parameters, but not on their absolute values. The follow-
ing set of dimensionless duct parameters was chasgnj,

Wp, /@B, AN=Ng/Noo, ka.

In the case of a wide duct eigenmodes propagate with a
small angle to the duct axis (Fig. 2a) and the wave field ex-
ponentially decreases outside of the duct core (Fig. 3a). The
properties of eigenmodes in this case are mostly determined
by the plasma parameters in the inner part of the duct. With
a decrease in the duct radius, the propagation angle increases

In this section the results of numerical analysis of the prop-and the eigenmode wave field sufficiently extends outside the
erties of duct eigenmodes are presented. The following mairduct core (Figs. 2b and 3b). Parametgja and thus, the
characteristics of the eigenmode were considered: the parakffective width of the duct, increase with frequency. Conse-
lel component of the wave vectgr,, the effective angle of quently, the angle of eigenmode propagation and separation
wave propagation in the core of the dugt= arctangx/ pr), between eigenmodes (value @f— py+1) decrease.

and the component of the group velocity parallel to the mag- An interesting feature of the eigenmode propagation in
netic fieldVg ), =Sk / Wi. These values characterize the local a narrow duct is the growth of the parallel component of
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Fig. 2. Dependencies of eigenmode parameters on the frequency ifig. 3. Examples of the eigenmode transverse structure in the cases
the cases of widéa) and narrow(b) ducts: a«a=35, b—«xa=10; of wide (a) and narrow(b) ducts for the same parameter values as
eigenmode indexes are shown on the legend, index 0 corresponds Fig. 2 andw/wpg; =0.14. Eigenmode indexes are shown on the
to the whistler, propagating along the magnetic field in the plasmalegend; the boundary of the duct core is marked by a dotted line.
with parameters of the duct core; other parametets;/wp=15,

A=1.25.

a wide frequency band whistler-wave source, which excites
several eigenmodes simultaneously in the duct. As an exam-

the group velocityVg, with an increase in a mode index o of 5ch source the lightning discharge can be assumed.
and hence, a propagation angle. This occurs because in ”ﬁ% this case a receiver, located in the conjugate footpoint

outer part of the duct, where the plasma density is lower, the‘of the duct, will register a set of discrete signals, each of

group velocity of a whistler wave is greater than in the inner o m corresponding to one duct eigenmode. This feature

part. With an increase in the eigenmode index, the Wansqs \\ pistier propagation in a duct can be used to explain the

verse structure qf the wave field expands further from themulti-component whistler signals (see examples in the next
duct core, so the influence of the outer part of the duct on thesection)

wave propagation increases. . .
P g g . ‘i q h di Examples of the group delay time for eigenmode prop-
Dependencies of eigenmode parameters on the coor Ir""‘té?gation from the equatorial plane to the ionosphere at the

along the duct are shown in Fig. 4. To qgantify the diStancemagnetic shell.=4 are shown in Fig. 5. Three cases with
from the equatorial plane along thecoordinate we use the igerent values of the duct radius are presented. As it was
dimensionless paramet@(z)/ B, whereB(z) is the local  iscissed above, with decrease in the duct radius the separa-
geomagnetic field value anfl, =B(z=0) is the magnetic o, petyeen eigenmodes increases. Thus, each component
gf the signal, corresponding to one of the duct eigenmodes,
, e L will be more pronounced in the case of a narrow duct (com-
following _d|str|but|on of the plasma density along the duct pare Figs. 5b and c). According to the dependence of the
was consideredc(z)=Nc B(2)/BL. group velocity on the mode index discussed above, a sig-
As we move away from the equatorial plane the duct be-na| corresponding to the highest mode arrives first and a sig-
comes narrower (parametef,a decreases), thus the angle na| corresponding to the first mode arrives last (see Fig. 5c).
of eigenmode propagation increases and the spatial structusgjith an increase in duct radius the difference between the
of the eigenmode expands more outside of the inner part opropagation time of the different eigenmodes decreases (see
the duct. Fig. 5b). Finally, in the case of a rather wide duct, eigen-
Let us now discuss the peculiarities of eigenmode prop-modes arrive in a sequence of increasing mode index, as it
agation along the duct. We shall assume the existence ofccurs in the case of a homogeneous medium (a decrease in

the magnetic field is defined a%$z)=a; /B /B(z) and the
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Fig. 4. Dependencies of eigenmode parameters on the coordinate 3]
along the duct (parameterized by magnetic field value) for differ- 5
ent frequencies:-aw/wpy =0.14, b-w/wp; =0.35; the same leg- T sec
. . . . . -1 I
end as in Fig. 2 is used,_ other parameteis=5, w1 /wp; =15, _ 1 —
wp, /®ps,=1.25; subscriptL refers to the values at the equatorial 14 16 18 2 22
region. IS

the group velocity with an increase in the propagation angleFig. 5. The group delay time for eigenmode propagation
see Fig. 5a). from the equator to the ionosphere at magnetic slig#4
Another possibility to explain multi-component signal is (Fp1=13.5kHz) for different values of the duct radius in the equa-
to assume an existence of several ducts located nearby, whidfifial plane: a “L“903km' b-a~30 km3, c-ap~20km plasma
are fed by one source (a lightning discharge) simultaneously2enSity: Na£~510 T, Nog ~:330 e (Ax1.55) Bigenmode

. . indexes are shown on the legend. Narrow duct case, pan&ep-
The dlfference in pa_rameters of th_ese ducts ca_n lead to th rate components, corresponding to the particular eigenmode, are
formation of a multi-component signal, even in the case

. . X ! more pronounced in a signal; propagation time decreases with in-
when only one eigenmode is excited in each duct. BeloWgrease in the mode index. Wide duct case, pkae Components

we consider such a case and assume that the first eigefre less pronounced; propagation time increases with an increase in
mode (i.e.n=1) is excited. It should be noted that we use a mode index.

such an assumption to demonstrate this mechanism for multi-

component whistler signal formation. In real conditions sev-

eral eigenmodes can be excited in each duct, as in the caswhell, is shown in Fig. 6a. Two cases of ducts located at dif-

discussed above. Thus, both mechanisms can jointly acierentL-shells {=4, 4.05, 4.1), with the same values d,

in the formation of a multi-component signal resulting in a andN, are shown in Figs. 6b and c. The last cases differ

a more complex structure of the signal. However, accuratddy the dependence of the background plasma density on the

consideration of this case requires separate analysis includiistance from the Earth, i.e. the dependence of the equatorial

ing the solution of the eigenmode excitation problem by aplasma density on the-shell: in Fig. 6b the plasma density

source. This is out of scope of this paper. is constant oveL (N, =const), and in Fig. 6¢ the plasma
The group delay time of the first eigenmode propagationdensity decreases with distanceMas, oL 5.

in the ducts with different parameters is shown in Fig. 6. An increase in the propagation time with an increasa in

The case of the ducts with different density enhancement (Fig. 6a) is explained by the fact that whistler group veloc-

(A=1.3, 1.4, 1.5), with the same values of the backgroundity decreases with an increase in the plasma density in the

plasma densityV,,, radiusa, and located at the sanfe- duct. In the case of ducts at differehtshells the follow-
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the path of wave propagation, increases, wWithesulting in
an increase in the propagation time. Only these two param-
A=1.4 eters are changing in the case presented in Fig. 6¢, where
A=1.5 the corresponding shift of eigenmode traces to the bottom-
1 right direction occurs aé increases. In the case presented in
34 Fig. 6b the value ofv,; /oy, increases with.. This can be

] interpreted as an effective increase in the plasma density and
2 it results in an additional increase in propagation time (see
T, sec discussions above).
' As one can see from Figs. 5 and 6 the cases of signals
from one and several ducts have a significant difference: the
a distance between signals increases at lower frequencies in the

first case, and decreases in the second case. This fact may be

L=4 important for an interpretation of experimental data.

6  f, kHz A=1.3

14 1.6 18 2 2.2

6 7 f, kHz

47 4 Conclusions

1 We have presented in this paper the model of a magneto-
5 spheric duct with a smooth plasma distribution across its
1 T sec axis. The great advantage of this model is that an analytical
1 — T T T 1 solution for the duct eigenmodes can be found. In contrast
4 16 18 2 22 to the previous full-wave consideration hgaird and Nunn
b (1979, we studied the case of a duct whose parameters (the
magnetic field, the radius, the cold plasma density) are vary-
L=4 ing along its axis. It allowed us to analyze the group delay
time of the propagation of the different eigenmodes from a
] source (as, for example, lightning discharge) to the receiver
4 L=4.1 (a satellite or a ground-based station in the geomagnetically
1 conjugate point). We demonstrate that in the case of the
3 7 source simultaneously exciting several duct eigenmodes, the
receiver should register the set of discrete signals, each cor-
1 responding to one of the excited eigenmodes. The interval
4 TG ,Sec . . .
1 ———— between the arrival of the different eigenmodes depends on
14 16 18 2 22 the duct parameters, especially on its width; this interval is
longer in the case of a narrow duct and smaller in the case
of a wide duct. According to the results obtained this inter-
val can vary from several up to hundreds of milliseconds. An

Fig. 6. The group delay time of the first eigenmode propagating interesting peculiarity of the decrease in the eigenmode prop-

6 q f, kHz

from the eautor to the ionosphere in the different ducts: agation time with an increase in a mode index is found. This
a— ducts with differenct density enhancements peculiarity is more pronounced at lower frequencies.
A=Ng1/Noo, (L=4, Nog 450 cnt 3) In the paper byLaird (1992 another method for whistler

b — ducts at different magnetic shells plasma density is the same, quct mode theory is used — a ray-tracing technique with
(A=13, NooL~450 cnt ) a quasi-classical eigenmode condition in a plane-stratified

¢ — ducts at different magnetic shells plasma density
Noor L3, (A=1.3, Noo, ~450 cnT3 at L=4).
Duct radius at the equatay, ~50 km.

duct model. This simplified consideration is very effective
to study the propagation properties of whistlers in a rather
wide duct, when its radius is much greater than characteristic
whistler wavelength. This method demonstrates the same pe-
culiarities of ducted whistler propagation as discussed above,
ing parameters determine the differences in the propagatioin particular the decrease in propagation time with an in-
time: the equatorial cyclotron frequeney; ., the magnetic  crease in the mode index.

field line length, and the relation between plasma- and cy- Unfortunately, it is not possible to perform the direct com-
clotron frequenciesv,; /wy . With an increase i the parison of results obtained from our model with the results
equatorial cyclotron frequency decreases, thus in going oveobtained by aird (1992. The main difference between these
from dimentionless parameter/wy; to a real frequency two models is in a duct geometry and thus, in a different
value, we see that traces on the spectrogram move to loweguantization condition for the eigenmodes. In the case of a
frequencies. The length of the magnetic line, determiningplane geometry the eigenvalues are found from the condition
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wherek | andx are the wave vector component and the coor-ating this paper.

dinate across the duct, respectively, arid the mode index.
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