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Abstract. Solutions for ultra-low frequency (ULF) wave tially reflected and may be detected using ground-based mag-
fields in the frequency range 1-100 mHz that interact withnetometers. The cold magnetospheric plasma supports the
the Earth’s ionosphere in the presence of oblique backgrounéast and shear Alfén magnetohydrodynamic (MHD) wave
magnetic fields are described. Analytic expressions for themodes (e.g. Stix, 1962; Alen and Falthammar, 1963). The
electric and magnetic wave fields in the magnetosphereinteraction of ULF waves with the ionosphere creates cur-
ionosphere and atmosphere are derived within the contextent systems that modify the amplitude and spatial scale size
of an inductive ionosphere. The inductive shielding effect of the waves as deduced from ground-based magnetometer
(ISE) arises from the generation of an “inductive” rotational arrays (Nishida, 1964; Hughes and Southwood, 1976). In or-
current by the induced part of the divergent electric field in der to construct a coherent view of ULF signals measured by
the ionosphere which reduces the wave amplitude detectedround-based magnetometers, radars and satellites, the effect
on the ground. The inductive response of the ionospher®f the ionosphere and associated current systems needs to be
is described by Faraday’s law and the ISE depends on thenderstood.

horizontal scale size of the ULF disturbance, its frequency The ionosphere presents a conducting interface between
and the ionosphere conductivities. The ISE for ULF wavesthe magnetosphere and atmosphere. While the altitude of
in a vertical background magnetic field is limited in appli- the ionosphere is much smaller than typical ULF wave-
cation to high latitudes. In this paper we examine the ISElengths, the anisotropic conductivity of the ionosphere and
within the context of oblique background magnetic fields, currents generated by the waves give complicated ground
extending studies of an inductive ionosphere and the assdevel wave field solutions (Hughes, 1974; Hughes and South-
ciated shielding of ULF waves to lower latitudes. It is found wood, 1976: Ellis and Southwood, 1983; Yoshikawa and
that the dip angle of the background magnetic field has a sigttonaga, 1996; 2000). One well-known effect of the iono-
nificant effect on signals detected at the ground. For incidensphere on ULF wave properties is a90tation of the wave
shear Alfien mode waves and oblique background magnetiomagnetic field,b, when comparing the signal in the mag-
fields, the horizontal component of the field-aligned currentnetosphere with the signal at the ground. For a horizon-
contributes to the signal detected at the ground. At low lat-tally uniform ionosphere, the 9Qotation is a direct result
itudes, the ISE is larger at smaller conductivity values com-of the field-aligned current associated with a shear @ifv

pared with high latitudes. mode wave meeting the neutral atmosphere, wRexd=0

Key words. lonosphere (ionosphere-magnetosphere inter{Hughes, 1983). This was described as a “shielding” of the

actions; electric fields and currents; wave propagation) magnetospheric wave field component from the ground that
may be seen as a rotation of the wave polarisation azimuth
with altitude.

An inductive shielding effect (ISE) was discussed by
Yoshikawa and Itonaga (1996) for the case where the Earth’s

Ultra-low frequency (ULF) waves in the 1-100 mHz band are backg(rjountd r’r;agn:aﬂc fle“:lgﬁ% IS vertltgal. ?:ﬁ ISE mayl
generated by processes involving the interaction of the solapfa understood in terms ol the properties o ,e wave elec-
wind with the Earth’s magnetosphere. These ULF perturba-mc field, e. If Vxe is significant, then Faraday’s inductive

tions propagate towards the ionosphere where they are pal;?rm may cause a reduction in thg amplltL_Jde of the wave
seen on the ground, compared with that in the magneto-

Correspondence tcC. L. Waters sphere (Yoshikawa and Itonaga, 1996; 2000). Early studies
(colin.waters@newcastle.edu.au) of the interaction of ULF waves with the ionosphere were

1 Introduction
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formulated for low frequency (1-5mHz) ULF waves and (i) the atmospheric shielding effect (ASE) (Hughes, 1974;
for spatial scale sizes that resulted in a negligible ISE (e.gNishida, 1964, 1978), (ii) the inductive shielding effect (ISE)
Nishida, 1964). At middle to low latitudes, the shear &lifv  (Yoshikawa and Itonaga, 1996), and (iii) a®30tation of the
wave mode can form field line resonances (e.g. Miletits etwave fields (NDR) (Hughes, 1974, 1983; Hughes and South-
al., 1990; Waters et al., 1991; Ziesolleck et al., 1993), so thatvood, 1976). Hughes (1974) and Nishida (1978) showed
the resonant frequency increases into the Pc3 (20-100 mHzat for high latitudes (verticaBgp), a horizontally uniform
range with decreasing latitude. A formulation which includes anisotropic ionosphere alters the amplitude of ULF waves at
inductive effects and allows for obliquBy is necessary for the ground compared to the incident field from the magneto-
describing the interaction of ULF waves with the ionsopheresphere according to
at these latitudes.

The interaction of ULF waves with the ionosphere in the > i
presence of an obliquBy was discussed by Tamao (1986), by = ZZ_PeXp(_ML'd)‘SbA’ @)
who pointed out two approaches to the problem. In the high

latitude ionosphere, particularly around the auroral ZoneSWhere(SbiA is the incident magnetic field of the shear Alfv

field-aligned currents (FACs) may be associated with éifv -wave which is associated with a FACZ|s the height between

waves and particle precipitation. For reglons where the O.Ior.n"the ground and the ionospheric current sheetis the hor-
nant energy mechanism is via the particles, a FAC description

. . : : : izontal wave number, andly is the height integrated Hall
is appropriate. For mid to low latitudes a formulation based - . L

. . . . . conductivity. The analytic formulation in Eq. (2) was devel-
on the wave fields is more suitable. For verti&land uni-

form ionosphere, Tamao (1964) showed that the ground mag(_)ped assuming small frequenmes. gnd horizontal scalg sizes
, o . : (large |k, |) and small Hall conductivity. These assumptions
netic variations were only due to induced ionosphere Hall: . .
. imply Xp>%g, which reduces the effect of the rotational
currents. For obliqudBg, Tamao (1986) showed the ground . . .
o current system in the ionosphere (Yoshikawa and Itonaga,
magnetic signal depends on both the Pedersen and Hall cory, . : e
I ! o . 996). This essentially assumes an electrostatic ionosphere
ductivities plus a direct contribution from FACs, depending iura et al., 1982)
on the spatial scale size of the disturbance. However, the ISIQVI " ' ) )
was not discussed and the model did not include a boundary BOth the ASE and NDR effects are evident in Eq. (2). For
at the ground. evanescent wave solutions in the vertical direction in the at-

The majority of published analytic solutions that describe MOSPhere, (i.elk L [>|Z1), the exg—|k, |d) term in Eq. (2)
the interaction of ULF waves with the ionosphere have aS_descrlbes how localised wave fields decrease in amplitude

sumed thaB is either horizontal (Zhang and Cole, 1995) or with altitude in the neutral atmosphere to the ground. The
vertical (Nishida, 1964: Hughes, 1974; Hughes and southNDR effect for an incident shear Alén wave was discussed

and illustrated by Hughes (1974, 1983). For completeness
and for further reference, a brief description is repeated here.
Assume a verticalBg and an incident shear Alén mode
which has the wave magnetic fieldl, in the y direction.
This places botlt; and the incident wave electric field,
pstatic _ Y, —Xp l—ap 1 in thex direction (see Fig. 1 for the coordinate system used).
7y, +%r l1+ap’ 1) In the magnetosphergyV xb) =0, while for the atmo-
sphere,Vxb=0. Thereforep is either zero or in the direc-
whereEazlea is the Alfven wave conductanc&p is the tion of k; inthe atmosphere. Even if the fast mode is evanes-

height integrated Pedersen conductivity and=32. While ~ Centin the magnetosphere, some fast mode signal can appear
Tamao (1986) and Allan and Poulter (1992) discussed thdn the topside ionosphere due to finite Hall conductivity and
passage of a fast mode wave through the ionosphere, modhe resulting wave mode conversion. The @tation in the
studies have focused on the shear Atimode, since typical Wave polarisation azimuth may require tens or more kilo-
model parameters for high latitudes give rise to an evanescerteters, depending on the evanescent properties of the fast
fast mode. At lower latitudes, the fast mode may no IongermOde wave. This feature is discussed further in Sect. 4. For
be evanescent (e.g. Waters et al., 2001) and the full reflectioft thin sheet ionosphere, the change in wave polarisation az-
coefficient and mode conversion matrix, including an obliqueimuth from just above the ionosphere to the atmosphere is
Bo, needs to be considered (Sciffer and Waters, 2002). coptrolled by the ratio of pplmdal_ (divergent) to torc_ndal (ro-
The ionosphere/atmosphere system influences ULF waveltional) current systems in the ionosphere (Yoshikawa and
so that wave amplitudes in the magnetosphere are not nedtonaga, 1996). Itis this term which governs the proportion

essarily equal to the amplitudes measured at the ground?f toroidal current generated from the time varying poloidal
“Shielding of the wave” is a common expression that current system. These Hall currents are the source of the

(static
1

wood, 1976). The problem may be further simplified by as-
sumingV xe—0, where Scholer (1970) showed that the re-
flection coefficient for a shear Alan mode wave incident on
the ionosphere is given by

describes the reduction of the ULF wave amplitude. magnetic field§b ), measured at the ground. They gen-
However, there are a number of mechanisms that carerate perturbation magnetic fields in a direction perpendicu-
“shield” ULF waves within the context of the magneto- lar to the incident Alfien wave magnetic field. 1Ey5—0,

sphere/ionosphere/atmosphere/ground system. These atteen there will be no perturbation at the ground, since there
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is no conversion of toroidal to poloidal magnetic field in the h‘Iagnctosphcrc

ionosphere.
The ISE for a verticaBo was discussed by Yoshikawaand Ideal MHD Region
Itonaga (1996, 2000) and Yoshikawa et al. (2002). These au- Bo
thors developed an expression for the ground magnetic field
as .
Thin sheet "

H N I S S S . . - — =

8b1 = Zza NS exp—lkLld)x Tonosphere
. 0 P
b (1) — / exp(—yr)g—b'A (t —7)dt ). (3) Z- Upward
t T

For ap=%>>1, the first term on the right-hand side of Neutral
Eqg. (3) is equivalent to Eq. (2). The second term of Eq. (3) Atmosphere

represents the inductive response in the ionosphere, where X-North
represents the damping of the inductive response of the rota: B

tional current system. The time scaje; !, becomes an indi-

cator of the inductive effect, which is large for small, large 7=-d

ap=%E and largavy =3, Yoshikawa et al. (2002) showed Erannd

that for a verticalBg, the inductive response of the iono-

sphere shielded the ground magnetic wave fields for frequen-

cies~ 20-100 mHz and a highly conducting ionosphere. Fig. 1. Geometry of the magnetosphere, ionosphere and atmosphere
In this paper we develop analytic solutions for the interac-used for the ULF wave propagation model.

tion of ULF waves with an inductive ionosphere suitable for

mid to low latitudes, wherdBg is oblique and the frequen-

cies may reach 100 mHz. For these conditions, the full waveground is located at=—a and mode_led_ as a perfect con-
ductor. Two MHD wave modes exist in the cold plasma

reflection and mode conversion matrix, developed in Sciffer £ th t0sph The fast ional de i
and Waters (2002), is included. The restriction that the waved! \N€ magnetosphere. 1he 1as (or compres_smna) mode 1S
sotropic in nature and the shear Adfiv (or torsional) mode

in the atmosphere is evanescent in the vertical direction i that ¢ | the back q i

retained. These general solutions for ULF wave interactionf.""lsd eggrg); 138§r%paga el‘;g;n_?_h € bac .grtcr)1un mtaglnet Ic

with the ionosphere show that the magnetic field dip angle ield ( rest, , ~T0SS, )- e wave In the neutral at-
mosphere is described by the solution to the linearized Fara-

has a significant effect on the inductive shielding effect for a . . ; .
day and Ampere laws and is evanescent in the vertical direc-

highly conducting ionosphere. The consequences for the am- . . .
ghly 9 P g ion. Given that analytic solutions are known for the wave

litude of ULF # :
En:t(;ﬁz gn(LjJ IowV\II:;teuS dce)l;saerre\/zfsgydgsr;lj:sderanagnetometers a ields in both the magnetosphere and atmosphere, the prob-

lem is to match these solutions across the ionospheric current
sheet using appropriate boundary conditions.
2 ULF wave model The formulation is based on the boundary condition for
the wave magnetic field, The discontinuity in the magnetic
Analytic solutions for the reflection and wave mode conver-field across the ionospheric current sheet is described by
sion coefficients for ULF waves interacting with the iono-
sphere/atmosphere/ground system for obligigare de-  (0,0,1) x (Aby, Aby, 0) = 1o (jxs Jy, 0) , (4)
scribed in Sciffer and Waters (2002). For continuity, the where (jx. j,. 0) is the current density in the sheet iono-

main equations from that paper are summgrlsed and we theQphere and\b, and Ab, represent the discontinuity in the
show how the wave electric and magnetic fields can be calcu- X
wave magnetic fields.

lated, given details of the incident wave, such as amplitude, The background magnetic fiel@o, is confined to the XZ

spatial structure, wave mode mix and polarisation properties, lane so that
These expressions will be used to investigate the ISE for midP
dle to low latitudes, where the ionosphere is immersed in anB0 — Bo[cos]), 0, sin(D)] . )

oblique Bo.

The ionosphere is approximated as a thin, anisotrqpic CONThe range and orientation of the dip angle,are choosen
ducting sheet in the XY plane at=0, as shown in Fig. 1. g5 that @ < 7 < 90° for the Southern Hemisphere and
The electrical properties of the ionosphere are described by goe <7 —o° for the Northern Hemisphere. The current den-
height integrated PederseR £), Hall (£4) and parallel or ity and electric fields in the ionosphere are related to the

direct (X4) conductivities. The magnetosphere is describedheight integrated conductivity tensdt, in the usual way as
by ideal MHD, where the field-aligned electric field is zero.

In the atmosphere the current densif™=0, while the j/ = Ze’. (6)
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The first order perturbation electric fields arising from
ULF wave energy in the ionosphere afg ¢/ ande!. As-

m
. Fot , . ey (0) A A A A
suming a temporal dependenceeof®!, Faraday’s law is &) | =a" Pl 4ol Pl g P} 1+ P, (15)
job =V xe. (7) 7' (0)

The contribution fromjwb to the solution depends on the wherea denotes the shear AlBn mode f identifies the fast
frequency of the waves. For Pc5 (1-5 mHz) waves the effectnode, and andr represent incident and reflected waves,
is quite small and can be neglected. However, for higher

A
. d — —
frequencies (20—100 mHz) often observed at middle and Iov\lrespectl\{ely. The.reforel m (fqr d=i orr andn_1—q or f)
latitudes;jwb can be significant. Is the unit vector in the direction of the electric field of the

For ideal MHD conditions, electric fields are perpendic- appropriate MHD wave mode. Theand are amplitude

ular to By (i.e. ¢;=0). Assuming are/ %+ horizontal factors from Egs. (11) and (14). This superposition of the

wave structure, the two cold plasma ideal MHD wave modesmagnetosphenc electric field allows for the wave fields and

may be identified by the relationship between their electrictr}el\;:g'vat'ves tc(; be exprests_edtr:n terms Otf thehcomgrohsmon
fields and wave numbers. The fast (or compressional) mod€& wave modes presentin the magne OSE ere. The po-

has larization of each wave mode is contained in .
In the atmosphere, the vertical wave number is

2
From the fast mode dispersion relation, the vertical wavegatm _ [ ©~ _ k2 — k2. (16)
number is ‘ V 2 Y
> A boundary condition at the ionosphere/atmosphere in-
ki f==% /w_z —k%—k%, 9) terface, { = 0), specifies continuity of the horizon-
Vi tal electric fields. If the ground is a perfect conductor,

thene,(—d)=e,(—d)=0. The solution in the atmosphere,
(—d=<z<0), is given by

sinr‘[jk?tm(z +d)] o) kexkyy)

whereV, is the Alfvén speed. From Eqgs. (8) and (9), the
electric field for the fast mode is proportional to a vector

P,=[P. ¢ P, s P, (], 10 am _ ,mQ 17

f [ x.fs Oy f Z’f] (10) €y e, (0) Sinﬂjkzatm(d)] (17)
where Py r=—k, Sin(I), Py r=kySin(I)—k; rcoI) and _ .
P p=ky 0_05([)- o _ AtM — () SinNjkEM(z + d)] JUexx4kyy) (18)

In particular, the electric field for the fast mode is ex- Y sinh jk2™(d)]

A
pressed in terms of thB ; unit vector,P s as . —kye(0) — kye (0)
A €& = xatm
er = B[Pus. Pys, Pos]/IPsl = B Py, (11) :
- 7.atm

whereg is a complex constant to be determined later. cos-k[] k§ t(z td)] of hrxtkyy) (19)

For the shear Alfén mode, sinh jk2™(d)]
V-e#0 (Vxe)=0. (12) assuming thak§+k§>%2. Substituting Eq. (17) to Eq. (19)

) ) ) o ) and Eq. (15) into Eq. (4) using Eq. (7) gives

From the dispersion relation, considering an oblidig ‘

the vertical wave number is o [Z;} — o [;z] ’ (20)
iv% — k, cosI)

kea = sin() : 13)  \Where®i ande" are 2 by 2 matrices of the form

From Egs. (12) and (13) the electric field associated withg, _ [a b} (21)
the shear Alfén mode is cd

A for

& =a[Pca, Pya, Pea]/IPfl=a P, (14)
where o is a complex constant, N N 13 k 13 k
Py a=lk, Sin(I)—k, , cosI)]sin(I), Pyo=ky and a =511 Pyg+S12 Pyg ——— + —04
P, o=—[k, sin(I)—k, ,cogI)]cogI). The total elec- @ @
tric field in the magnetosphere is a superposition of the
incident and reflected waves. From Egs. (11) and (14) the kek, a atm 7,

kX Py
total electric field components are coth(—[k2™|d) — ZTxaCOth(—katmld) (22)

(O]
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A A Pefke Prshey of the RCM are defined by Egs. (22)—(25) and Eq. (26). The
b= 811 Px.y +512 Py.f — + + contribution of the incident shear Aln mode in the re-
flected shear Alfén mode is determined Hy;1, the contri-
bution of the incident fast mode in the reflected shear &ifv
mode is determined b¥12, and so on. They all depend on
dip angle, the three ionospheric conductivities, ULF distur-
A A bance wave numbers, wave frequency and the height of the
A A Praky Pyakya ionospheric current sheet above the ground. Experimental
¢ =982 Pra+52 Pya —— — +— —+ quantities are the electric and/or magnetic field perturbations
which must be constructed using both Eq. (15) and Eq. (26).
The explicit expressions are developed below. Note that the
coth(—|kftm|d) (24) elementsI';; are complex and contain phasing information
for the incident and reflected waves.

w

atm

k
xng =221 coth(— k2™ d) — L ot ot —amay  (23)
- :

atm »
P

ky&, k ,
kydea coth(— k2™ d) — =—>
w w

AN A
Py ky n Py.r kzvf_’_
) ) 3 Electric and magnetic fields in the magnetosphere and
atmosphere

A N
d =821 Px,f +822 Py, 5 —

A

»é,-:z f K™ Py g coth—[K2™Md),  (25) For a giveny’ andp’, «” andg’ may be calculated for a spe-
: ’ cific set of wave parameters and ionosphere conditions from
Eq. (26). For sinusoidal temporal dependence, the electric

N AN
where & ;=—(ky Px.a +ky Pya)/k&™ and  fields as a function of altitude in the magnetosphere are

£ p=—(ky Py.s +ky Py.p)/k2™ The © and © ma-

trices depend on Whether the wave is incident or reflected i ,

from the ionosphere. Vertical wave numbers for the fast ande” (z) = " P eIk pgf P, e Kea)?

shear Alf\en modes and the vertical wave number in the , Sz v

atmosphere arg, s, k;, and k3™, respectively. Thes; ; + B Px, S g P g el (28)
represent terms involving the height integrated conductivities

of the ionosphere that are required for the wave magnetic N .

field boundary condition at the ionosphere for an obllqueeT @) =ao p e/ Koz | g Pya el k2a)z

By. Further details are given in the context of Egs. (12) and

(13) of Sciffer and Waters (2002). Note that the expressions + 8" P f e/ k)t 4 gi P ge K )2 (29)
for the §; ; in Sciffer and Waters (2002, their Egs. 41-44)

contain some typographic errors. All the plus signs should

be minus signs and the appropriate sign correction applie@” (z) = o” PZ el ket 4 o P i k)

to their Egs. (12) and (13). Furthermore, the expressions o o

for a, b, ¢ andd should contain the hyperbolic cotangent + 8 Pz,f ekt 4 gl Pz,f ol Kep)z (30)
function, as given above, while the equivalent expressions in ) ) -~ ]

Waters and Sciffer (2002) incorrectly contain the hyperbolic  The k. now havei andr identifiers which relate to the
tangent function. These corrections do not affect the resultsE Sign choice in Eq. (9) and Eq. (13). For the fast mode,

251 coth(— (k2™ d) —

presented in the figures of Sciffer and Waters (2002). take the plus sign in Eq. (9) fdr,  and the minus sign for
From Eq. (20), the amplitudes of the reflected MHD ! ;. ¢~ Thek; for the shear Alfén mode also depends on the
modes are direction ofBo For the Northern Hemisphere, take the plus
- o ; sign in Eq. (13) fork! , and the minus sign fat” .. These
« ] = (") loi [ } = [Fll Flz} [a} (26)  are reversed for theZ’Suouthern Hemisphere o
| B B Fo1To2 || B ] '

The electric fields in the atmosphere, as a function of
In terms of Egs. (22)—(25), height, are

[T11T12] 1 ald” —c'b" bd"—d'b . SinhjKAM(z 4 d)]

| 21 F22] Card —bcr [—aicr +cla” —b'c —I—d’d"] @7) M) = () Sinf‘[jz'k?tm(d)] (31)

where the subscripts and: identify the reflected and inci- _

dent forms ofz, b, c andd. M2y = 1(0) sinh jk2™(z + d)] (32)
The 2 by 2, reflection and mode conversion coeffi- ' Sink jk3'™(d)]

cient matrix (RCM), defined by Eq. (27), contains the ele-

mentsTI';;, which describe the reflection and mode conver-

sion properties of ULF waves for the combined magneto- ., —kxe' (0) — kyel! (0) cosh jk2M(z + d)]

sphere/ionosphere/atmosphere/ground system. The elemerfts (@) = ( atm ) sinhjk2t™(d)] (33)
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Fig. 2. ULF wave fields for verticaBy, k=0, k,=1/d, d=100 kmyV,= =1x10°ms~1, =20 mHz ,ap=10 andu y=20. The wave fields are X
(solid), Y (dotted) and Z (dashed). The azimuth panel shows the NDR.

The magnetic field components in each region may be cal- ké,a e (z) — k7, £ m. r( ) — 2 L - l( ) (34)
culated using Egs. (28) to (33) in Eq. (7). For the magneto- w et w ) ¢
sphere £>0)

s K
b) (z) = ——W@+z ey (2)+

r

k’ k a kla kr r kl ml
B) = el @) = = (o) @) + ”‘ @) + =L () (35)
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b (z) = +ﬁe;’(z) _ @ef(z). (36) the shear 2Ah‘\éen and fast mode wave conductances, and
@ w Tam=(/ % —k?)/1ow is the wave conductance in the atmo-
1 1 c . .
In the atmopshere{d =< z < 0), the magnetic fields are sphere. The expression involving our wave mode conversion
. 1 . matrix in Egs. (26) and (27) can be shown to be equivalent to
b2M(z) = ;[kyei1 ™(0)— Eq. (9) in Yoshikawa and Itonaga (1996). Rewriting Eq. (26)

in a form that combines our formulation with Yoshikawa and

Itonaga (1996) gives
cosh jk3™(z + d)] ga (1996) g

atm_atm ‘
kz €y (O)] Sinr.[jkzatm(d)] (37) o B Iy (14 o) ra Oél' (44)
B | | (A+T1)Tar 22 gl
1
ba™M(z) = 5[—kxe§“m<0>+ where
E(l _ zeff
. Fll - % "a (45)
K2meatm gy COS-f‘[]kZatm(Z +d)] (38) Y.+ ngf
@ N sintjEm )] .
oo = it i (46)
. Y — Eeﬂ
by = pr o) SUA e )] (39) Y
; &) =0, sini‘[jk?tm(d)] o
2= xp (1—E—PFAF) (47)

4 Vertical background magnetic field

by
. . - E?ﬁ:EP[l——HFFA+
In order to introduce the expressions for the electric and mag- Xp

netic wave fields, we begin with a verticBy and illustrate

the NDR effect described by Hughes (1974). Given an inci-r., — <i> (49)
dent shear Alfva wave withk, =0 andk,=1/d, the solutions Xp+2a

for the electric and magnetic wave fields are shown in Fig. 2. 5

The incident wave consists ef andb, . Interaction withthe T'yp = [ " o } ) (50)
ionosphere/atmosphere results in wave reflection and the re- (Zf = Zp + Zamcoth(—[k2Md)

sulting ionosphere current system gives risg toa fa_st mOd%’his is for the case where the fast mode is evanescent in the
wave. The evanescent reflected fast mode is seen ia.the vertical direction. The reflection and mode conversion coef-

by andb; compon_ents. Therefore, singé=0 for this case, ficients for a propagating fast mode were discussed by Sciffer
only I'1; andT'2;1 in the RCM are relevant and as we shall and Waters (2002)
see,I'21 influences the amplitude of the signal seen at the Yoshikawa and Itonaga (1996, 2000) formulated the prob-

ground. At?o"e 5:30 km, the magn?tic signal is H}ecom—h lem of the interaction of ULF waves with the ionosphere in
ponent, while at the ground, is the larger component. The terms of the rotation (or curl) and divergence of the ULF

9 rotation in wave polarisation azimuth develops over aave electric fields. They use x e); to represent the fast

range of altitudes. This altitude range depends on the very 4. o040, to represent the shear ABim mode in the

tical wave ngmber of the fast mode.. All these features aremagnetosphere. One useful property of the electric fields of
consistent with the NDR effect described by Hughes (1974). hese two ideal MHD wave modes, for a vertia, is their

We now consider the ISE as described by Yoshikawa an R
) rthogonality, i.e.eapen-efas=0 (Cross, 1988). Therefore,
ltonaga (1996’ 200.0) and Yoshlka}wa et al.h(2002), who for'once the horizontal wave structurk, (andk,) is specified
mulated their solutions for a verticdlo. When/=£90°, ;4 sinceey=e,=0 in the ideal MHD medium, the electric

Egs. (22)+(25) simplify to field vectors for the two wave modes are immediately known.
a=Yp+3, (40)  These are the?, and P in our formulation introduced in _
Egs. (11) and (14). These vectors are the fundamental link

>
atmcoth(—|k§‘tm|d)} (48)
EP |

b=Fxu (41) between our model and that of Yoshikawa and Itonaga (1996,
¢c=+Xpy (42) 2000) for a verticalBy. A formulation based on the diver-
d=Xp+ Xy — Eatmcoth(—|k§“m|d). (43) gence and curl of the electric fields is useful in describing

i ) high latitude regions, wherBg is near vertical and the for-
For a vertical Bo the I';; are constant for a hglven mulation emphasises field-aligned currents. For obliByge
ki. We have choserk,=0 and setk,=1/d, where the expressions for the elements of the RCM are more com-

d_:1_00 km, the ionosph_ere height. These parameters arﬁlicated,andthe divergence and curl terms are interlinked for
similar to those found in Yoshikawa et al. (2002), where a given wave mode.

Zp and Xy are the height integratedzPedersen and Hall" e |SE for various ULF wave frequencies was illustrated
conductivities, B,=- and £;=(,/;—k%)/pow are  in Fig. 1 of Yoshikawa et al. (2002). Their particular interest
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ISE [Yoshikawa et al., 2002]

87 T T ]
[ 1 mHz ]
67 —]
4L -
o 2 mHz i
2? 20 mHz 1&2mHz 77777777777777777777777 i
i e EEEEEEIIIIIIEIIIIII N i iy 4
L 20 40" mHz Tl ]
O L I T
0 10 20 30 40
ap, OH
O(H=2
‘].5 777777 I T T T T T I S . S I T T T I T
i 1 & 2 mHz i
: 20 mHz :
1.0~ —
Q + 40 mHz E
3 L J
0’5, 80 mHz ]
0.0 ‘ ‘ ‘ 1
0 10 20 30 40
ap
Yp=10
3.07 ‘ -
25K s -
200; ///ZmHz E
3 15% = 20 mHz —;
L = 40 mHz ]
1.0 = -
. = 80 mHz 3
O.Sj // —
0.0t ‘ ‘ ‘ ]
0 1 2 3 4
H

Fig. 3. The normalised, horizontal ULF magnetic field at the ground for veriigalV,=1x10° ms™2, k=0, k,=1/d and d=100 km(a)
variation witha p (dotted) andr g (solid) for the parameters in Yoshikawa et al. (20QB). Variation witha p for oy =2. (c) Variation with
ay for Xp=10S.

was to show the variation of the reduction in ULF wave am- are the only nonzero terms from Eqgs. (11) and (14). From
plitude at the ground as a function of the Pedersen and HalEgs. (37) to (39) we obtaiby;=—4)=b;(;=—4)=0 and
conductivities. From the parameters given in Yoshikawa et " 5

al. (2002), the ground level magnetic field magnitude as &, __ , = % [(1+T11) Tar] HoVa , (51)
function ofap anday for our model can be found from the w el —

equations in Sects. 2 and 3. For an incident shearéhlfv \yhich shows the dependence of the ground magnetic field on
mode wave we sef'=0. With /=90°, k,=0, k,=1/d and 1, andI's . Figure 3a shows how Eg. (51) varies with both
wi=1, we find thatPif,- _ Piff 1 andPAyl,a _ Ayra _1 op anday for wave frequencies of 1, 2, 20 and 40 mHz.

‘ The amplitude has been normalised by the incident wave
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Fig. 4. The normalised, horizontal ULF magnetic field at the ground fdgadip angle of 60, V,=1x 108 ms1, k=0, ky=1/d and
d=100 km.(a) Variation witha p for « y=2. (b) Variation witha gy for X p=10S. The * symbols show thﬁl,sza curve.

magnetic field magnitude just above the ionospheric currentlashed lines show the values for the electrostatic approxi-

sheet. Following Yoshikawa et al. (2002}, |d=1, ay=2
for variations witha p (dotted curves) and p=20 for varia-
tions witha g (solid curves). The ISE is small for small ¢
which makes Eq. (45) equal to Eq. (1) H%“%Ep. There-
fore, the electrostatic limit may be achieved by reducihg,
increasingk | and/or reducing» which increases botkx ¢
andXam. For a verticalBg, ourI"4 ¢ is related to the induc-
tive process of Yoshikawa and Itonaga (2000) by

(52)

that the ISE is more pronounced for variations witf.
However, sincexp=20 for this case and&,~0.8, even at

mation in Eq. (2). For example, for Fig. 3B,/ p=2 so

2ay e~1=1.47 and the low frequencies approach the electro-

static limit for increasingrp. In Figs. 3b and 3c, th%

term in Eqg. (3) follows close to the 1 and 2 mHz curves. The
decrease in amplitude for the higher frequencies is due to the
ISE. All features of Fig. 3 are consistent with Yoshikawa et
al. (2002).

5 Oblique background magnetic field

The formulation in Yoshikawa and Itonaga (1996, 2000) is

which is small in the electrostatic limit. Figure 3a shows based on the divergence and curl of the electric fields in the
ionosphere which are matched to the divergent and rotational
terms in the magnetosphere through the continuity of hori-

ayg=10 the values forzy are much larger than would be zontal electric fields. The two ULF wave modes in the mag-
typically observed. A comparison that is more representativenetosphere have orthogonal electric fields and can, therefore,
of middle to low latitudes is shown in Figs. 3b and 3c. The be viewed as an orthogonal basis. For example, computing
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Fig. 5. The normalised, orizontal ULF magnetic field at the ground as a function of dip angle for f=20upH2 x 108 ms1, k,=0, ky=1/d
and d=100 km(a) Variation witha p for a=2. (b) Variation withay for X p=10S.

V-.e anywhere in the model magnetosphere, ionosphere oship betweerk ande is contained in the expressions By,
atmosphere gives the complex wave amplitude of the sheaandP ; which describe the direction of the wave electric field
Alfv én mode part of the solution arff xe) gives the am-  vectors for each wave mode, given the horizontal wave struc-
plitude of the fast mode part of the solution. These are theture,k, andk,. In general P e P r#0 for I #+90° as thex-
two parts of the solution used by Hughes (1974). andz-components of the shear Afm wave electric field and
For obliqueBy, the vertical component of the wave elec- the y component of the fast mode electric field depend on the
tric field is no longer zero. In the magnetosphere, the wavevertical wave numbers;; , andk; ;. In general, the angle
electric field lies in a plane perpendicular By and is no  between the projections of the fast and shear &ifimode

longer parallel to the ionospheric current sheet. The relation€lectric fields onto the ionospheric current sheet (XY plane)
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is not 90. It is the projection ofP, and Py onto the XY 6 Discussion
plane which is used in our electric field continuity boundary

conditon rather than the rotation (or curl) and divergence ofThe ionosphere represents an inner boundary for ULF waves
the electric fields. in the Earth’s magnetosphere. A first approximation for treat-

ing ULF wave interactions with the ionosphere is to set the
wave electric fields to zero and ignore wave mode conver-
sion. Effects of the ionosphere-ground system on ULF wave
o ) e . properties might be considered negligible, considering the
sphere current sheet. This is contained in fheterms in wavelengths of typical ULF disturbances compared with the

Eqs. (22) to (25)' . For Fhe thin cur_rent sheet approx'ma_ionosphere’s thickness and height. However, previous stud-
tion, the constraint in the ionosphere is on the current density

wherebyJ/=0. The formulation in Yoshikawa and Itonaga <> show that ULF wave properties deduced from ground-
1996 2060 d i dt idb£0. Th i based measurements must allow for modifications introduced
( ' ) does hotneed to consi # - | hese diter- y the ionosphere, even for the simpler case wBgis ver-
ences add complexitites from cross-coupled and addition

terms in the equations, as can be appreciated by comparinécal and the ionosphere is horizontally uniform. The expres-
o . developed in Sects. 2 and 3 show that the int ti
Eqgs. (41)-(43) for a verticaBy compared with Egs. (22)— ons developed In Sects. < and s show that fhe Inieraction

(25) for the obliqueBy case of ULF waves with the iqnosphere is nontrivial and depgnds
' on the By dip angle. While there are a number of modifica-

The mathematical developmentin Sects. 2 and 3 allows fotjons to ULF wave properties introduced by the ionosphere,
the investigation of the interaction of ULF waves with an ide- the effects due to the inductive response to time varying cur-
alised magnetosphere/ionosphere/ground system for obliqugents have recently been explored by Yoshikawa and ltonaga
Bpina 1-D geometry. There are many parameters that can bg1996, 2000). In the following discussion, we focus on this
varied, and their interdependence was discussed to some ejfiductive aspect of the system in the context of oblidae
tent in Sciffer and Waters (2002). In this paper, we focus on  The variation in the magnitude of ULF magnetic pertur-
the ISE, extending the work of Yoshikawa and Itonaga (1996 bations at ground level as a function of conductivity and
2000) for middle to low latitudes. Keeping the parameters indip angle are evident in Figs. 4 and 5. An appreciation of
Fig. 3 (+=0, ky=1/d, d=1x10°m andV,=1x10°ms1),  the physical processes causing these effects may be gained
the ground level, normalised horizontal magnetic wave fie|dby examining the ionospheric current density, the source of
magnitude %, ¢) as a function of conductivity is shown in these magnetic fields. The essential difference between an
Fig. 4 for a dip angle of 60 The values fob ¢ are com-  electrostatic compared with an inductive ionosphere is seen
puted as the magnitude of the horizontal wave magnetic fieldhy comparing the divergence and curl of the ionospheric cur-
at the ground divided by the magnitude of the incident waverent density,J/, for the two cases (Yoshikawa and Itonaga,
magnetic field just above the ionospheric current sheet. Com2000). For a horizontally uniform electrostatic ionosphere
paring Fig. 4 with Fig. 3 shows that the variationxaf; with with vertical By
ap for a dip angle of 6@is similar to the verticalBg case.
The maximum inb, ;, seen for 20, 40 and 80 mHz, moves V- J' =ZpV e’ (533)
to smaller values ofp and becomes more pronounced as
the dip angle decreases (lower latitudes). The variation o
b1 ¢ with ey shows more dramatic differences when com-
pared with the verticaBgy case. An obliqueBg introduces a
nonzerob ¢ for zero Hall conductivity. This effect shows
that an oblique FAC can be detected at the ground due to th
horizontal FAC component, even in the electrostatic limit as

The discontinuity ine, across the ionospheric current
sheet is related to a net charge density. An obliBygives a
nonzero, vertical component of the electric field in the iono-

(VxJhHy=3pv-e. (54)

In this electrostatic approximation, Eq. (54) is the source

of the magnetic field perturbation detected on the ground.

For the inductive ionosphere, Yoshikawa and Itonaga (2000)
dded the inductive terms to give

discussed by Tamao (1986). For the higher frequencies 20v . J! = £,V - e/ — T (V x el)” (55)
40 and 80 mHz), an obliquBg reduces the maximum o&f,
and shifts the maximum to smaller valuesxgf. (VxJH =2V e +Zp(Vxel). (56)

The effects of théBg dip angle on the normalised magni-
tude ofb, s at 20 mHz are shown in Fig. 5. Vertical slices
at 90 and 60 correspond with Figs. 3 and 4 for 20 mHz.
Figure 5a shows the variation éf ¢ with ap, where the
maximum inb; ¢ moves to smaller values ofp as the dip
angle decreases. As the frequency incredsgs,decreases
and the higher latitude peak in ¢ is pushed to smaller val-
ues ofap. For example, for 40 mHz, the peakén g at 70
is forap ~ 7. The variation ofb | ¢ with ayy is shown in
Fig. 5b. As the dip angle decreasés,; depends less on
ay until at some latitude (which depends on the parameters

dey
I I I y
chosen)p | ¢ becomes independent ef; . V-J' =8V e —5(Vxe), + 5357 (57)

The divergence of the current density involves both a di-
vergence and curl of the electric field, as does the curl of
the current density. The two additional “inductive” currents,
Tu(Vxel) andZp(Vxe!), were identified as the diver-
gent Hall current and the rotational Pedersen current, respec-
tively.

For obliqueByg, the divergence and curl of the current den-
sity in the ionosphereJ{=0) can be found from Eq. (6) and
the electric field boundary conditions and are given by
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Fig. 6. The magnitude of the ionospheric current densities for the electrostatic approximation¥ykete 10° ms=1, k,=0, ky=1/d and
d=100 km and f=2 mHz. The variation withp hasa =2 and the variation witee; has¥ p=10S. The dip angle aBg is 9¢° (solid), 60°

(dotted) and 30 (dashed) lines.

which is equivalent to

d
Vgl = 8V-el — 5V xel), - 33%
X

and the curl equations for obliqu#, are
I I I dey
(VxJ), =8V e + 51(Vxe )z—S3¥,

which is equivalent to

I I I dex
(VxJ"), =585V e +854(Vxe )Z_S3¥1
where the various coefficients are

YpXy

S1 =

! Sasin?l + X pcos?l

Yy Xgsinl
S2 = — 5
Yasincl + Xpcos<l
_ cos’I(Zp? 4+ Tp? — TpXq)

3= Sgsin?l + T pcos?l
Sq4 = 83+ S1.

(58)

(59)

(60)

(61)

(62)

(63)

(64)

divergence in Egs. (57) and (58) and the curl in Egs. (59) and
(60). ThesSs multiplier goes to zero for verticaBg, indi-
cating that the extra terms in Eqgs. (57)—(60) arise from the
conductivity given byx, in the XZ plane. If eithek, or k,

is zero, then the divergence and curl of J can be expressed
so that this extra term is zero. The contribution of the in-
ductive terms in the ionosphere can now be compared with
the electrostatic approximation for obliqugy. Following
Yoshikawa and Itonaga (2000), fér=0 we define the fol-
lowing parts of the current density,

JE, = SaVee! (65)
JH . =5V (66)
JH =5V x el), (67)
JE =51V x e, (68)

where Eqs. (67) and (68) are small in the electrostatic ap-
proximation.

The variations ofJ!, and J# , with ap and oy are
shown in Fig. 6 for dip angles of 3060° and 90 (verti-

cal). The electrostatic limit has been approximated by using

These equations are similar to Egs. (55) and (56), excepa low frequency of 2mHz. The SGurves forJ .., have
for one extra term in each of Egs. (57)—(60) that involves thea similar shape to the low frequenay ¢ variations witha p



C. L. Waters et al.: ULF wave propagation through the ionosphere with obligue magnetic fields 1167

25T ] 2571 ]
20F B 20F E
o r o r 1
o F o 150 ]
? E * r ]
.3 L 23 10oF ]
= r - [ p
r 0.50~ 7
r / ~ _ ]
L 0.0 T
0 1 2 3 4 0 10 20 30 40

OH op
25[ ] 257 ]
2.0F ] 2.0+ ]
r ) 1
n L n L i
(ID 1'57— ] tI:) 1~5,4 \ ]
o L x \ ]
s T / 3 1
2 1.0 / - 22 1.0 \ b
= [ /,/ _ B = N ]
r » =~ 1 ~ _ 1
0.5 /4 T - _ 7 0.5 - - - - = = = — 7
0.0 ‘ ‘ ‘ 1 0.0k ‘ ‘ ‘ ]
0 1 2 3 4 0 10 20 30 40

OH op
25T ] 2571 ]
20F B 20F E
o r o r 1
o 1.5 b o 151 b
* r * r 1
S 100 Sk 1
= r - [ p
o5k o5l - T ]
r P ’ 1
r L, 1
0.0L 0.0Leess ‘ ‘ ‘ ]
0 0 10 20 30 40

ap
25[ ] 25¢] ]
2.0F B 20 E
o r ® r 1
o 151 b o 1.5¢ b
o S 1
% 101 ] G0k 1
) r ) r ]
055 o5 - T e ]
r ro 1
L Lt/ 1
0.0L 0.0k ‘ ‘ ‘ ]
0 1 2 3 4 0 10 20 30 40

OH op

Fig. 7. The magnitude of the ionospheric current densities for the inductive effect wherex10° ms~1, k=0, ky=1/d for d=100 km and
f=40 mHz. The variation withx p hase ;=2 and the variation withk; hasX p=10S. The dip angle aBg is 9¢° (solid), 60" (dotted) and
30° (dashed) lines.



1168 C. L. Waters et al.: ULF wave propagation through the ionosphere with oblique magnetic fields

anday shown in Figs. 3b and 3c. This is to be expected as7 Conclusion

the ionosphere Hall current is the sourcéofg in this case.

As By goes oblique, part of 5, contributes to the ground  Analytic expressions for ULF wave fields through the iono-
field. This is the reason for the nonzeboc whenay is  sphere/atmosphere within the context of obligBg have

zero in Fig. 4b. been developed. There are many parameters that contribute
The magnitude of the inductive terms becomes larger ag0 the complex interaction of ULF waves with the iono-
the frequency is increased. The magnitudes/ §f, JZ ., sphere/atmosphere/ground system. In this paper, we have fo-

JH and JE, with ap anday are shown in Fig. 7 for dip  cussed on the ISE as a function of thgdip angle and iono-
angles of 30, 60° and 90 (vertical) and for 40 mHz. The sphere cc_)nductlwty. In ggnergl, as the dip angle decreases
solid curves (for 99) are the same as the ionospheric cur- (lower latitudes), the maxima ih g moves to smaller val-
rents shown in Figs. 11 and 12 of Yoshikawa and Itonagau€s of the ionosphere conductivity. This arises from the com-
(2000) but we can now see the effects of obligge The bined effects of the ISE and the direct contribution, shown in
top four panels of Fig. 7 show the magnitude of the iono- Fig. 4, where the horizontal component of the FAC associ-

spheric currents described by the first terms of Egs. (58) an@t€d with an incident shear An wave directly contributes
(59), while the bottom four panels show the magnitudes ofto the ground fields. The physical processes that determine
the inductive terms. the magnetic ground signal may be understood from the be-

. . : : havior of the ionospheric currents. Taking the divergence and
Consider the top four panels of Fig. 7. The inductive eﬁectcurl of J! shows the relative contribution to the ground sig-

feeds back to provide a decrease in magnitude with INCT€AS3 a1 from the conductivity tensor and the ionospheric electric

ing conductivity, as seen in Yoshikawa and Itonaga (2000)'fields

This tends to increase at lower latitudes, where Baedip Th iati f the heiaht int ted ductivity t
angle is smaller. Three of the 4 top panels that exhibit max- € variation ot the height integrated conduclivity tensor

ima all show a shift of the maximum in the divergence andWit_h Bois WE_’" kn_owq forahorizontally_uniform ionosp_here.
curl of the current to smaller values @p andey for lower This approximation is adequate for middle to low latitudes.
latitudes. This effect contributes to the increase in the UI_FAt auroral latitudes, horizontal gradients in the conductivity

magnetic field detected on the ground for smaller values ofiNOUId nieg tlo tt_)e 'n;:lu?ﬁdJ:_FEq' ), ? reﬁgerlner:t_ for fu-
ap and at lower latitudes, as shown in Fig. 5a. ure work. solutions for the magnetic and electric wave

) _ fields for an obliqueBo have been described and involve
The lower four panels of Fig. 7 show the magnitude of the fyj| reflection and conversion coefficient matrix devel-
the inductive terms of Egs. (58) and (59) with conductivity. gpeq in Sciffer and Waters (2002). The model accomodates

The inductive effect for verticaBo is smaller compared with - 4y polarisation and mix of the shear Aéfiv and fast mode

the 60 dip angle curves. The importance of the ISE at low \jHp waves. While wave mode conversion occurs due to
latitudes is also seen where the inductive terms for thfe 30nqyced currents in the ionosphere, the model assumes that
dip angle are larger foy ,,, and dominate for the smaller  ihe incident wave structure of coupled modes in the mag-
values ofap anday. The lower latitudes (at 30 show  petgsphere is known. The equations developed in this pa-
a “saturation” as the inductive terms remain constant W|thper should be useful for coupled magnetosphere/ionosphere
ap for ap=10. From the International Reference lonospherey| F ave modeling codes that require realistic ionosphere

model (IRI-95), an estimate of the maximum conductivities boundary conditions, including the effects of an oblidiie
expected for mid and low latitudes was obtained. For mid-

summer at 50geomagnetic latitude at local noon, the height
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