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ON THE FOURIER TRANSFORM OF THE SYMMETRIC
DECREASING REARRANGEMENTS

PHILIPPE JAMING

RESUME. Inspired by work of Montgomery on Fourier series and Donoho-
Strak in signal processing, we investigate two families of rearrangement
inequalities for the Fourier transform. More precisely, we show that the
L? behavior of a Fourier transform of a function over a small set is con-
trolled by the L? behavior of the Fourier transform of its symmetric
decreasing rearrangement. In the L! case, the same is true if we further
assume that the function has a support of finite measure.

As a byproduct, we also give a simple proof and an extension of
a result of Lieb about the smoothness of a rearrangement. Finally, a
straightforward application to solutions of the free Shrodinger equation
is given.

1. INTRODUCTION

The use of rearrangement techniques is a major tool for proving func-
tional inequalities. For instance, it has been used extensively for proving the
boundedness of the Fourier transform between weighted Lebesgue spaces
(see e.g. [PS1), PS3, BH] and the references therein). Let us mention that a
weighted inequality for the Fourier transform was proved in [BH|] with the
help of a result of Jodeit-Torchinsky [JT] showing that an operator that is
of type (1,00) and of type (2,2) satisfies some rearrangement inequalities.

Results mentioned so far deal with the rearrangement of Fourier trans-
forms and not with Fourier transforms of rearrangements. As the two oper-
ations are of course far from commuting, it is thus not possible to deduce
anything from them about the behavior of the Fourier transform of the re-
arrangement of a function. In that direction, a remarkable theorem is due to
Lieb [Li, Lemma 4.1] that shows that the decreasing rearrangement preserves
smoothness :

Theorem 1.1 (Lieb for s = 1 [Li], Donoho-Stark for 0 < s < 1 [DS1]). Let
d > 1 be an integer and 0 < s < 1. Then there exists a constant Cs such
that, for every o in the Sobolev space H*(RY) i.e.

1/2
lell = [ lp@PQ+IePrac) < +oc,
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el [l zs < Csllol] -

Further results relating smoothness and rearrangements may be found e.g.
in papers by A. Burchard [Bu], B. Kawohl [Kd]. The best possible estimate
for second order derivatives was obtained by Cianchi [[Ci]. We will also show
some sort of dual version of it, namely that |||, < Csll|¢|*|s if s <O.

In this paper, we are mainly dealing with a slightly different type of esti-
mates. Namely, we will show that the frequency content of the rearrangement
of a function controls the frequency content of the function. We first show
an “L'-result” which may be stated as follows :

Theorem 1.2. Let S, > 0. Then there exists a constant C = C(S,Q)
such that, for every ¢ € LY(R?) with support of finite measure S, and for
every a,r € R?,

(1.1)

[ s@emtag<c [ e
|§—a|<Q B(0,92)

This theorem is inspired and generalizes a result of Donoho and Stark
which states that, for d = 1, C(S,92) = 1 provided QS is small enough,
a result that we will generalize to higher dimension. One does not expect
C(5,9) to be bounded when S — 400 so that the hypothesis on the sup-
port of ¢ may not be lifted. Nevertheless, we show that the result can be
somewhat improved by taking Bochner-Riesz means.

We also show that in the “L2-case” the situation is better :

Theorem 1.3. Let d be an integer. Then there exists a constant kg such
that, for every set ¥ C R of finite positive measure and every o € L*(R?),

Leora<n | [T

where T is such that |B(0,7)| = |X].

The similar estimate for Fourier series was previously obtained by Mont-
gomery [Md]. The result of Montgomery has also been generalized to Fourier
transforms in a different way in [JS1, JS9] where rearrangements of Fourier
transforms are considered rather than Fourier transforms of rearrangements
as in Theorem [[.3.

Theorem should be compared to Theorem [[.. Both theorems state
that one can control one of the Fourier transforms of ¢ or of ¢* by the other
one in a weighted L2-sense. Our results show that if the weight is “small”
(e.g. the characteristic function of a set of finite measure), then @* controls
@. In Lieb’s result, the weight is “big” and the control goes the opposite way.
We conjecture that this is also the case when the weight is the characteristic
function of the complementary of a set of finite measure, at least when ¢ has
a support of finite measure. We will show how this would imply an optimal
generalization to higher dimension of an uncertainty principle proved by F.
Nazarov in the one-dimensional case.
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Further, Theorem may be interpreted in the following way : assume
that ¢ has a big “high-frequency component”, in the sense that / 15(6)> e
by

stays large for all ¥ in a set of balls of radius 1 and centered away from 0,
then ¢* must be big near to 0. In other words, high-frequency oscillations
are “pushed” to low-frequency oscillations by symmetrization.

The paper is organized as follows. In the next section, we introduce the
necessary notation and prove a few simple preliminary lemmas. In Section
3, we prove Theorem [L.1] and its “dual” version. The following section is
devoted to the proof of Theorem [[.J. We pursue with the generalization
of Montgomery’s Theorem and present a conjecture related to Nazarov’s
Uncertainty Principle. We then give a direct illustration of the result in
terms of solutions of the free Shrodinger equation. Finally, we explain how
to extend our results to other symmetrizations.

2. PRELIMINARIES AND NOTATIONS

2.1. Generalities. Throughout this paper, d will be an integer, d > 1. On
R, we denote by (.,.) and |.| the standard scalar product and the associated
norm. For a € R and r > 0, we denote by B(a,r) the open ball centered at
a of radius r : B(a,7) ={z € R? : |z —a| <7}

The Lebesgue measure on R is denoted dz and we write |E| for the
Lebesgue measure of a Borel set E. The various meanings of |A| should be
clear from the context.

The Fourier transform of ¢ € L'(R%) is defined by

26 = [ e

This definition is extended from L'(R%) N L?(R%) to L?(RY) in the standard
way. The inverse Fourier transform is denoted .

2.2. Bessel functions and Fourier transforms. Results in this section
can be found in most books on Fourier analysis, for instance [GY, Appendix
BJ.
Let A be a real number with A > —1/2. We define the Bessel function J)
of order A on (0,+00) by its Poisson representation formula

A

x ! ds
I(x) = / 1 — s cos sg————.
@ = srornrE L) e =
Let us define J_y5(7) = cosx and for A > —1/2, J\(x) := J;—(f) Then Jy

satisfies |7x(z)| < Cy(1 + |z|)~*~1/2. 1t is also known that Jy, A > —1/2,
has only positive real simple zeroes (jx )r>1-
We will need the following well-known result :

Ja(2r¢))
€%

o —

(2.2) XB(o,l)(f) =
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from which we deduce that |xp(01)(€)] < C(1 + ]{\)_% thus Xpo1) €

LP(R?) for all p > d2—f1.

More generally, if we denote by mq(z) = (1 — |z[*)%, then

- T 1 JQ a(2ﬂ|£|) d d
me(§) = (O;Tj) QJ‘;’%HI :2§+0W§F(a+1)j%+a(2w|£|).

2.3. Rearrangements. For a Borel subset E of R? of finite measure, we
define its d-dimensional symmetric rearrangement E* to be the open ball of
R? centered at the origin whose volume is that of E. Thus

E* = B(0,r) with |[B(0,1)|r? = |E|.

Let ¢ be a measurable function on R?. We will say that ¢ vanishes at
infinity if its level sets have finite measure : i.e. the distribution function of
0, 1o(A) = |[{z € R? : |p(x)| > A}, is finite for all A > 0. This is of course
the case if ¢ € LP for some p > 1. We define the symmetric rearrangement
|p|* via the level-cake representation :

+o00
|l (z) = /0 X{yerd: |p(y)[>1} () A

which has to be compared with the level-cake representation of |p| :

+o00
(@) = /0 Neert: (oo () A

Rearrangements satisfy many useful properties :

— o] = ||l

— For a set E of finite measure and for a > 0, (aF)* = aE*. Therefore,
if we write o (2) = p(x/a), then [pal*(2) = [¢[*(z/a).

— p and |p|* are equimeasurable, that is, for all A > 0 p,(A) = g (A).
In particular, ¢ and |¢|* have same LP norm for 1 < p < oo.

— The following theorems of Hardy, Littlewood and Riesz will be usefull
(see e.g. [LI, Chapter 3] for a proof) :

Lemma 2.1 (Hardy-Littlewood). Let ¢, be non-negative functions van-
ishing at infinity, then

/ap(m)w(m)dxs/ lo|* (@) |y]* (z) dz.
R4 R4

Lemma 2.2 (Riesz). Let ¢,1,x be non-negative functions that vanish at
infinity. Then

[ eionts—odsa< [ [ 1ol @l s - dsa
Rd JRd Rd JRd
We will also need the following result which is probably well known :

el
3. P (R4 *(t) < P
Lemma 2.3. If ¢ € LP(R?), then |o|*(t) < B0, 1)[V/7|t

s for all t € RY.
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P
Proof. From Bienaymé Tchebichev we get ju,(A) < ”iﬂp for all A > 0. But
then,
d * d H<,0”£
1BO,)Ir = [{z € R« [o"(x) > A} = {y € R+ |o(y)] > A} < ==

P 1/d
Therefore, for ¢ € R? with |¢| = 1, |¢|* <<%) g) < . Inverting

this, we get |o|*(t) < ¢, as claimed. O

= (B, D[ V/rltfrr

In a similar way, one may prove that, for a function ¢ on R? that decays
like |p(x)| < C(1+ |z|)~7, then

(2.3) lel"()) <C+ ¢

3. LIEB’S THEOREM AND ITS “DUAL” VERSION
Assume that either y € L2(RY) and ¢ € L*(R?) N LY(RY) or vice versa
¢ € L*(R?) and x € L?(R%) N L' (R?). Then,

/ ROBOPAE = / ROBE)(E) de
R4 R4

= X&,0) =(X*9,0) = (x*¢,0)

with Parseval. The computation are justified by the fact that, as x € L?(R?)
and ¢ € LY(R?) (or vice versa), x * ¢ € L*(R?). As ¢ € L*(R%), we may
apply Fubini to get

[x©@p@ra = [ [ xe= el dedy
[ [ @ =l @lel ) de dy
Rd Rd

with Riesz’s Rearrangement Inequality (Lemma P.9). Unwinding the previ-
ous computations, we thus obtain

(3.4 [ x@lpera s [ FelRF©F

Remark 3.1. The hypothesis on ¢ can not be totally lifted. For instance,
one can not have the inequality with X = xs for large enough S (see [DST]).
However, Theorem [1.3 gives a good substitute in that case.

IN

As an application of (B.4), let us prove the following :
Proposition 3.2. Let s > 0, and let ¢ € L?. Then

/ (1+ 1€ 1B de < / (L+ €77l () de.
Rd R4
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Proof. Let us recall that, for each s > 0, there exists a number ¢, such that,
for every ¢ € R,

—S s—d _—m 2) 42
(1+1¢) :cs/Rd [~ de~mAFHERl® gy

Let us define yu () = c,|u*~2delul*e=l*/Iul” * A simple computation then

shows that Yu(€) = cslul*~Te mHEMM® - Applying (B4) to x = xu, we
obtain

—d —x 2Y|u|? |~ s—d —m ||
/Rd colu|s~deTAFHEDIP | 5(6) 12 ag < /Rd e mOHEP U T (62 g

Integrating over u € R? gives the result. O

As a second consequence of (B.4), we prove Lieb Theorem and Donoho-
Stark’s extension of it. The proof is directly inspired by Lieb’s proof.

Theorem 3.3. Let d > 1 be an integer and 0 < s < 1. Then there exists a
constant Cs such that For ¢ in the Sobolev space H*(R?), then ||| || zs <

Csllell gs -
Proof. The case s =0 is trivial :

(3.5) el llz = [llel*ll2 = llelly = 1]]2-

If 0 < s < 1, define g,(z) = e ™*I" for > 0. Then, g, is completely
monotonic, that is, for every integer k, (—1)*9*g,(z) > 0 for z > 0. Accord-
ing to a celebrated theorem of Bernstein (see e.g. [Fd, Chapter 18, Section
4] or [Wi, page 161]), gs is the Laplace transform of a positive measure on
(0, +00). In particular, there exists a non-negative measure ps such that

2s +oo 2
el _ / et iy (8).
0
From (B4) applied to y defined by x(t) = t~de~™#I*/t we obtain
[ e de < [ e R o) ag.
R4 R4

Integrating with respect to ps(t), we thus obtain

el 56) |2 d gl
L pofa< [ o

Rd
With (B.H), it follows that
1 — eiﬂ't‘g‘Qs — 2 1 — 677‘—2&'6'25 R 2
[ =S leF@Pas [ el
R R4

1 — e 7tlEl*
Finally, ef — 7l

" (€)|” de.

2 — 677‘—2&'6'25 2
\SastHOandf < m|€|*¥ so that

Lebesgue’s Lemma implies that

(3.6 L erlieF©ra < [l o
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A new appeal to (B.§) and to the fact that 1+ |¢]%* ~ (1 + |¢[?)* gives the
result. O

Note that for s = 1, 1+ [£]?* = (1 + |¢|?)* so that C; = 1. Note also that
the proof does not extend to s > 1 as g, is no longer completely monotonic
in that case.

4. AN EXTENSION OF A RESULT OF DONOHO AND STARK

4.1. Higher dimensional generalization of Donoho and Stark’s the-
orem. We will start this section by giving a simple generalization of Donoho
and Stark’s result. The main purpose of this is to explain the idea of the
proof of the next theorem which may appear a bit obscure and technical
otherwise.

Proposition 4.1. Let d > 1 and o > —1/2. Then there exists a constant
¥ = ¥(d, ) such that, for every Q,S > 0 with QSYd < 9 and for every
@ € LY (RY) with support of finite measure at most S, we have

/ Qdma<§/ﬂ>¢<s>ds's [ o tmate/ el € de.
R4 R4

Proof. Let R be such that the ball of radius R has measure S, |B(0, R)| = S.
Plancherel’s Formula shows that

0 / ma(€/QP(E) dE = 22242 (a4 1) / Tajosa(2nQ])pl(z) de.
Rd R4

It follows from Lemma P.1] that

[ tmatepe a <
R4
< gdlZtagdl2p(g 4 1) / Taya+a(2nQz))| ()| da
Rd
< 2o+ 1) [ (Tl (20])lpl ) da
R4

9d/ZHea d/2 (o 4 1)/ | Taj2+al*2mQz|)|pl* () dz.
B(0,R)

In order to complete the proof, it is enough to prove that J;/54, has an
“absolute” maximum at 0 :

Fact. There exists eg > 0 such that for allt € [0, 0), Jq/24a(t) > JTa/24a(c0)
and, for all t > o, |Jg/24a(t)] < Ta/2+a(€0)-

We will postpone the proof of this fact to the end of this section. An
immediate consequence of this fact is that |Jg/24al" = Jua/24a on [0,€0),
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thus, if 27Q|z| < 9 on B(0, R) i.e. QSY/? < g4|B(0,1)|*/? /27, then

[0 mate/ )36 e

(4.7) < 2t | o T2 CrOaDlol (@) da

pd/2+apd/2D g 4 1) / Tajora@rQz))|o]* (z) dz
Rd

= [ o mate/ e de
which completes the proof once we have proved the fact. O

Let us now give the proof of the fact (note that this is obvious for the
sinc function).

Proof of the fact. First, Jg/21o is the Fourier transform of a positive !
function and is therefore positive definite :

Y Juprallti = 1))&E > 0

i,j=1,...,n

for every integer n, every t1,...,t, € R? and every &;,...,§, € C. As usual,
by appropriately choosing the §;’s and the t;’s one gets that J;/2 La(t) is
maximal at t = 0. As [y/a44(t)] < C/t¥2F1/242 it is enough to show that,
for every local maximum t; > 0 of [Jy/21al, [Ta/24a(ti)l < Ti/24a(0)-

To do so, note that from the positive definiteness of Jg/214, for every
t > 0, the matrix

Jij2+a0)  Taj2ralti) Jajzialt +1i)
Jaj2+a(ti)  Tij24+a(0) Jdj24a(t)
Jajprat +ti)  Tapralt)  Jaj2ral0)
is positive definite and thus has non-negative determinant. In particular, if
jd/2+a(ti) = i~-7d/2+oz(0)7 (jd/2+a(t +ti) F jd/2+a(t))2 < 0. It follows that,
for all t > 0, Jy/24a(t +ti) = £T4/24a(t), which contradicts the estimate
‘jd/2+a(t)’ < C/td/2+1/2+a. 0

Finally, note that if, as in [DSJ] we use Riesz’s Inequality (Lemma P.9)
instead of Hardy-Littlewood’s Iniequality (Lemma P.1), we obtain the fol-
lowing :

Proposition 4.2. Let d > 1 and o > —1/2 and 9(d,«) be the constant
of Proposition [[.1. Let ¢ € L*(R?) with support of finite measure S. If
QSYe < 9(d, a)/2, then

/ Q—dma@/ﬂ)ws)?ds'g [ o tmate/ el ) de.
R4 Rd
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4.2. The main theorem. We are now in position to extend this result in
the following way :

Theorem 4.3. Let d be an integer and let § > %l —1 and o > —%. Let
S, Q2> 0. Set
(1 +S)%(d72a71) ifa < d—1
P(s) = < In(1 + s) if =

1 if a >

a
S
A

U
o]
—

Then there exists a constant C' = C(d, o, 3) such that, for every ¢ € L'(R?)
with support of finite measure S, for every x,a € R?,

a-t| [ p(e)1 - le - apjayzenetag
(4.9 < cu@'s) [ i - lgP/eniaTe ds
Remark 4.4. The condition o > % that appears here for (s) to be

constant is the same as the trivial bound for convergence of Bochner-Riesz
means. Actually both bounds only depend on bounds of appropriate Bessel
functions.

Proof. Tt is enough to prove ({.§) for a = x = 0 and then apply it to
@) (t) = @(t — x)e* @ Note that |(@®)|* = |p|* so that the right hand
side of ([L.1]) is unaffected by the change of ¢ into (@),

We may further replace ¢ by its dilate ¢(x/€2) so that, without loss of
generality, we may assume that {2 = 1. More precisely, assume we are able
to prove that

a9 [ a-lePra@ds <o) [ - iR de

for every S > 0 and every functions ¢ with support of finite measure S. We
will then apply this to q(z) = ¢(x/Q) which has support of measure Q%S.
Note that

/ (1—1EP)Ipalé)de = / Q91— [¢]*)TP(0€) d¢
Rd Rd
= /R (- leP/01)58(€) de.

On the other hand, |pqo|*(z) = |¢|*(x/Q) therefore \Zg\y*(g) = QdW(Qg)
so that

[ a-1eP2ieal ©ds = [ (- 1P/ el e
Rd R4

It is thus enough to prove ([£.9), i.e. to assume that 2 = 1 in Theorem [.J.
The beginning of the proof follows the lines of the proof of Proposition [i.1].
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Using Parseval and Hardy-Littlewood’s Symmetrization Lemma P.1, we

obtain
[La-preoa) -

< [ ol

Recall that mq(t) = Cd7a|t|_d/z_aJd/2+a(27T|t|). We will therefore write

[mal™(t) = Tj/a4a(lt])-
On the other hand

LA PR ©de = [ Casltl 22 supp pCamltDlel () de

But, as |o]* is a radial function that is “radially decreasing”, we may write
lol*(t) = [ XB(0,5)(t) du(s) where p is a non-negative measure and x g,
is the characterlstlc function of the ball of center 0 and radius s. It is thus
enough to prove that, for s < .5,

[ Tiarallthcson 0
R4

@wwm4

< (S) [ Capltl = Tupap (2l o (0.

Switching to polar coordinates, this is equivalent to proving that :

/ ‘75/24-04(7“)7"6[71 dTST,Z)(S)/ rd/zfﬁfle/QJrﬁ(Qﬂr) dt.
0

0

Now, it is well known that the graph of a Bessel function J, (v > —1)
consists of “waves” that are alternately positive and negative. Moreover, the
areas of these waves is strictly deceasing. That is, if we denote by j, 5 the
kth zero of J,, then

ju,k+1
(4.10) / |, (r)| dr
ju k

is strictly decreasing. As a consequence, we obtain that, for v > 0,

]u k+1 _ ju,k+1
[ me = [T el

Jv,k Jv,k
Ju,kt2
> [l
Jv,k+1
Ju,kt2
> / |, (r)] dr.
Jv,k+1

It follows that, for 0 <~y <v+1

/ r | J,(r)|dr > C, > 0.
0
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On the other hand, from |J, (t)| < C,,(1+t)~"/? and (B-3), we get j;/2+a(\t\) <
Caa(l + [t))~2(@H1420) {1y

s C(1+5)2(@20-D jf o < dd
/0 Tirara(r)r™tdr < ¢ Cln(1 + 5) if @ = 41
C if a > %
which completes the proof. 0

Remark 4.5. The behavior of Bessel functions used here is a classical result

was proved originally by Cooke [[Coll, [Cod] using delicate estimates involving

the Lommel functions and several properties of Bessel functions. This is

linked to the Gibbs Phenomena which is best seen for v = 1/2 (the case
int
d=1, a=0) for which Jy5(t) = % The following estimates can then be

found in many elementary courses in Fourier Analysis :

/Ssin27rt> s if0<s<1/2
o w T |2/5 ifs>1/2

/S sin 27t 1
and — — as s — +o0.

Tt 2
In f@], Makai proved ([E1Q) for v > —1 in a simpler way using a differ-

ential equation approach of Sturm-Liouville type. A particularly simple proof

of Cooke’s Theorem has been devised by Steinig in [B{].
The range of v’s can be extended to some negative values v > —~(v) where

v(v) is defined in an implicite form for —1 < v < —1/2, (Askey and Steinig

BY) and v(v) = —=1/2 for v > —1/2 (Gasper [Gd]). This allows to extend
the theorem to (3 > % Further results may be found in [MR].

The argument in the proof may be slightly modified to obtain the follow-

ing :

Corollary 4.6. Let d be an integer and let 3 >

4 and o > —1/2. Let
S,Q > 0. Then there exists a constant C = C(d, o, 3) such that p € L'(R?)
with support of finite measure S, for every a € RY,

Q- / BE)I(1 — € — al/Q2) d
]Rd
< careis)? [ ani - jgP/enek e de

More generally, if ¥ € L>(RY) N LY (RY) then, for every ¢ € L' (R?) with

support of finite measure S,

| @i/ ag

< COWIR + W)+ 1) | (1 1¢P/22) e () de.
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Sketch of proof. Let us write |¢| = @ then

[La-lepsip@lae = [ @00 jgae de
R4 Rd

/Rd [0 (1 — |- )27 (8)p(t) dt

IN

/ ol ()l (1)t
Rd

where 11, is the Fourier transform of ¢’®(€)(1 — [¢|2)%. One can not expect
any better behavior of this function then to be in L?N L thus, with Lemma
B3, |ual*(t) < C(1 + |t|)~%2. Therefore

/ " (r)r®dr < C(1 4 5)*?
0

(with the obvious abuse of notation). The remaining of the proof of the
corollary follows the line of the previous proof.

The second statement is just a refinement of the previous one. We have
to estimate [¢)|* for which we use that |[¢||2 = ||¢||5 thus, from Lemma P3,
91" (t) < Cll9llft]~*? and [[¢]|lo < (|9, thus [¢[*(t) < C||¢[l;- Combining

both estimates, we get

1B (8) < C (10l + 811572 (1 + [¢) =42,
]

Finally, assume that ¢ € L? with support of finite measure S. Then
p e L' and [p(6)] < [loll; < SV?|@ll,. Thus

[ pera < sl [ (p@lde
B(0,Q) B(0,92)
< w1+ 21888 gl [

B(0,Q
with Corollary [t.6. Using Cauchy-Schwarz, we thus get

| PRGES

a1 2 1/2
[ @R < n(1+218) "% ol ( Lo ) d§> .
B(0,) B(0,)

It turns out that this estimate may be improved. This is done in Section f
by adapting a result originally proved for Fourier series in [Md].

5. THE L2 THEOREM

Theorem 5.1. Let d > 1 be an integer. Then there exists a constant kq such
that, for every set ¥ C RY of finite positive measure and every ¢ € L*(R%),

(511) [reoras<n [ [T a
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Proof. Let 7 be defined by |B(0,7)| = ||, that is B(0,7) = X*.
It is enough to prove the theorem for ¢ € L*(R?) N L2(RY).
For A > 0, let D, () be the level set

Dy(N) = {z € R? : [p(2)] > A}.

Let us further choose A to be the smallest non-negative real number A such
that [Dy ()] < |B(0,771)|. For simplicity of notation, we will write D =
Dy,(A). Let us further write ¢ = f 4+ g where

f(g):/mgp(x)ezmx,@ dz and 9(5):/ gp(m)e*%ﬂm’@ de.

RA\D

[ir@pa < s [ rae< </D|g0(x)|dx>2|2|
B(0.7) ( [ @ dm>2.

Further, using Parseval’s Identity

/[\g )2 de < /[ lg(&)P d¢ = /[ ]2da:—-]£ﬂ2Tlhpﬁ(x)2dx.

As 2] < 2|f> + 2|g|?, we get
(5.12)

2
5(6)|? T *(z)dx *(2)? da.
[ 1pe) s < 21, 7) ( L el @ ) v2f el

On the other hand, let K = X p(0,1) * XB(0,1) and note that

IN

/2

(i) 0< K < K(0) = ca:=|B(0,1)| = rdary

(ii) K is supported in B(0,2),

1 Jg/2(2
(ili) K = k? where k(z) = Xp(o.1)(z) = M
TR

d

Further, let K, (&) = éK(Qg/T) and k. (z) = (T—>1/2 k(xT/2). A simple

Cd2d

—_

computation then shows that
2 2
e ae > [ KRl a

/B(O,T)
— / / ol @)l (v / K ()60 de da dy

(513) = [ e @il e - dady = 1
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Now, using the Poisson representation of Bessel functions,
7\ Jas2(m7|ul)
Ca2 Vealz|
N

GOT(/2) /0 (1 — t2)4712 cos(r|ulrt) dt.

It is then obvious that, for 0 < |u| < 1/7,

kr(u)

o) 1
kr(u) > kr(1/7) = %/{) (1 — t2)471/2 cos(mt) dt
(val B(0,7)])"/?

where

2

vg = (m /01(1 — 12)3=1/2 cog(mt) dt>2.

We will now write I > I + I5. For I, we restrict the integration in ()

to x,y € B(0,1/27) and for I, the integration is restricted over |z| > 1/7
and |y — x| < 1/tau.

Let us first estimate I :
w0 [[ ol (@)l () de y
z,y€B(0,1/27)

2
> 0ylB0.7) ( /., Isol*(w)dx) .

L >

— 27
From

[ terea
TIS37

lol*(x) d
;§|m|<1
we deduce that
()dx > — () dx
J @z g [ @

We thus obtain the etimate

2
Ud *
(5.14) L > ﬁ’B(O,T)’ lol*(z)dz | .
B(0,1/7)

On the other hand, if |y| < |z|, then |¢|*(y) > |¢|*(z), so that
/ ol 02 — ) dy
{yeR?:|y|<|a|,|lz—y|<L}

>

ol (= / k2(x — y) dy.
{yeR?:|y|<|z|,|z—y|<1}
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Using the properties of k; we then obtain

/ el Wk — ) dy
{yeR®:|y|<|z|,]lz—y|<7}

> (2 E2(t) dt

> ol (@) /| O

ol (@)R2(1/7)|B(0,1/7) N Bz, ]|
ol @)l BO, 7130, 1/27)]

provided |z| > 1, since then {|u| < 7'_1, |x +u| < |z|} D B(&x/|z|,1/27).
Therefore, as for Iy we have restricted the integration in (p.13) to (z,y)’s
such that |z| > 1, |y| < |z| and |z — y| < L, we obtain

vgq|B(0,1)[? .
(5.15) I > %/ el (2)* da.
o>

From (5.14) and (f.19) we get that

— vgmin(1,|B(0,1)[?)
/B(O,T) i (5)‘ e = 24+1 :

2
« | 21B(0,7) (/ |so|*<w>dx> 9 / ol (2)? da
B(0,1/7) |z|>1

vgmin(1, |B(0,1)[?) a(

in view of (5.19), as claimed. O

Corollary 5.2. Let d,> 1 be an integer and let kg be the constant given by
the previous theorem. Let 1) be a non-negative function on R?® that vanishes
at infinity. Then for every ¢ € L*(RY),

JRGEGIE T UG EREIE

Proof. For A > 0, Theorem p.1] implies that

/ X{e: pe>nB©PdE < f”vd/ X{e: p(e)>ap+| el (€)
R4 R4

Integrating this inequality over A > 0 and exchanging the order of integra-
tion gives the result. This comes from the layer-cake representation for the
left hand side and from the definition of |¢)|* for the right side. O

de.

:

It seems natural to us to conjecture that if the characteristic function x5
of ¥ is replaced by the characteristic function of its complement ysyc then

the inequality in (B.11)) is reversed :
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Conjecture 1.
Let d > 1 be an integer. Then there exists a constant kg such that, for every
set ¥ C R? of finite positive measure and every ¢ € L*(R?),

(5.16) / IPRE {%<w/ 13(6)[ ac.

Let us note that (5.16) may be rewritten

LIRF©F as - [ i@ s <na [ o@ - [ |a@ ae

As H|g0|*”2 = H@HQ, this is equivalent to

Lleoras< (1-2) [ a@Pa+ - [ |lFf

If this conjecture were true, then the following conjecture would follow :

Conjecture 2.
Let d > 1 be an integer. Then there exists a constant Cy such that, if S and
Y are two sets of finite measure then, for every ¢ € L*(R?),

/ ~
w@s%&“ww«/ ot o+ [ Mm”a'
RA\S RA\X

This conjecture has been proved in dimension d = 1 by F. Nazarov [Nd]
and for d > 2 and either S or ¥ convex by the author in [Jd]. (The result
was stated with a constant of the form Cye®d min(w(S)[ V@S where
w(S) -resp. w(X)— is the mean width of S —resp. - if this set is convex.
But, it is a well known fact that w(S) < Cy|S|/9).

Let us now show how Conjecture 1 implies Conjecture 2. First, as is well

known, it is equivalent to show that

/E|§5(£)|2d£ < CdeCd(SHE)l/d/ ‘9’5(5)‘2(15

RA\ X

for every ¢ € L? with support in S. But, from Theorem f.1],

[le©fac< [ JigF e as

Now |p|* is supported in S*, so that the particular case of Conjecture 2 that
has already been proved in [Jd] (and |S*| = |S|, |¥*| = ||) implies that
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Note that it is enough to establish Conjecture 1 for ¢ with support S of
finite measure and that one can allow for kg = Kk4(S, %) = CeCUSIEDY,

6. AN APPLICATION TO THE FREE SHRODINGER EQUATION
Let us recall that the solution of the Free Shrodinger Equation
. 1 .
i0pv + EAxU =0
v(x,0) = vo(x)

(6.17)

with initial data vy € L2(R?) has solution
o(z,t) = / efiﬂ|§|2t+2i7r<:v,£>6\0(§)d§
Rd

(6.18) = (e ™) (z)
eiw\x\Q/t

- 7/ eVt (y)e~2imw8) /1y,
R4

(it)d/Q
eiw\x\Q/t —
(619) = (Zt)d/Q elﬂ’H /t’ljo(l'/t).

We may thus apply Corollary f.§ and Theorem [.1] to obtain a control of
v(x,t) over sets of finite measure. This is stated in terms of |0g|* for small

time and of |v|* for large time. More precisely, using respectively (6.1§) and
(b19), we obtain the following :

Theorem 6.1. Let v be the solution of (p.17) and let 3 be a set of finite
measure and let T be defined by |B(0,7)| = |Z|. Let 8 > L.

(1) For everyt >0,
[oorasc [ @ e
N B(0,7)
Moreover, if 0y has support of finite measure S, then
[l < OIS YR s) [ PRR @ d.
b R
(2) For everyt >0,
[roora < et [ e
pY B(0,7)

(6.20) o R RGIRS
B(0,7/t)
Moreover, if vg has support of finite measure S, then
[ etatlde < QI B S [ (1=l ©) de
% Rd

Here C is a constant that only depends on d and on (3.
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For the second part of each statement, we have used ¢ = x5 and 2 =1
in Corollary [£.§ and a trivial change of variables.

Let us remark that, using Holder and Hausdorff-Young, we have for 1 <
1 1
q S +OO7 -+ ) =1
q 4

/B(O,T/t)Hm(é.)ng = AdXB(OvT/t)"m(f)‘2d§

< HXB(O,T/t H ‘ |;0\|*(5)|2 .
= |B(0,7/t) l/q( [uol* (€ |H2,
%]/

td/aq H|UO|*H%'

2
Setting p = % € [1,2], it follows from (6.2() that
q

/!vmt\zdm<0 u [

This estimate can also be obtained directly from the standard dispersive

estimate
" ot
</ \v(m,t)]qu> <Ct 2\ vl
Rd
1

1
(= 4+ = =1, ¢ > 2) and Hélder’s inequality. The estimate (6.20) is slightly
qa q

more precise and also shows that the case of radial initial data is somehow
the worst case.

7. CONCLUDING REMARKS

For the clarity of exposition, we have chosen to deal only with the d-
dimensional radial decreasing rearrangement of functions. An alternative
would have be to deal with the 1-dimensional (resp. k-dimensional) symmet-
ric decreasing rearrangement defined as follows : for a set E C R? of finite
measure, we define E* = [—a,a] where a = |E|/2 (resp. E* = B(0,r) C R*
with [B(0,7)|x = |F|q). One can then define the symmetric decreasing re-
arrangement of functions through the layer cake representation :

+oo
ol = [ Nigere o @ A

This rearrangement as similar properties to the one we considered so far.
One may then adapt directly the proofs of Theorems .3 and f.1] to obtain
the following results :

Theorem 7.1. Let d > 1 be an integer.
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(1) Let « > —1/2, B > 0. Let S, > 0 and let 1) be as in Theorem
/.3 Then there exists a constant C = C(d, a, 3) such that, for every
@ € LY(RY) with support of finite measure S, for every x,a € R?,

[ 00 - I - P oz erma

< op@ls) /[R (1 [€2/92)° ol (€) de.

(2) There exists a constant kq such that, for every ¥ € R? of finite
measure ad every p € L?(RY),
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