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Gluing endo-permutation modules

Serge Bouc

Abstract : In this paper, I show that if p is an odd prime, and if P is a finite p-group, then there
exists an exact sequence of abelian groups

0—T(P)— D(P)— lim D(Np(Q)/Q) — H'(As2(P),2)",
1<Q<P
where D(P) is the Dade group of P and T'(P) is the subgroup of endo-trivial modules.
Here <h_m D(Np (Q)/Q) is the group of sequences of compatible elements in the Dade groups
1<Q<P

D(Np (Q)/Q) for non trivial subgroups @ of P. The poset A>9(P) is the set of elementary abelian

(P)

subgroups of rank at least 2 of P, ordered by inclusion. The group H'! (.AZQ(P), Z) is the subgroup

of H'(A>2(P),Z) consisting of classes of P-invariant 1-cocycles.

A key result to prove that the above sequence is exact is a characterization of elements of 2D(P)
by sequences of integers, indexed by sections (T, S) of P such that T/S = (Z/pZ)?, fulfilling certain
conditions associated to subquotients of P which are either elementary abelian of rank 3, or extraspecial
of order p? and exponent p.

AMS Subject classification : 20C20
Keywords : endo-permutation module, Dade group, gluing.

1. Introduction

The classification of all endo-permutation modules for finite p-groups has been com-
pleted recently, thanks to the work of several authors (see in particular [], [T, [,
[E], [E]) This paper addresses the question of gluing arbitrary endo-permutation mod-
ules, and it is intended to be a complement to our previous joint work with Jacques
Thévenaz ([[j]), where the case of torsion endo-permutation modules was handled.

The gluing problem is the following : let p be an odd prime, let P be a finite p-
group, and let k& be a field of characteristic p. If v is an element of the Dade group
D(P) of endo-permutation kP-modules, and if @) is a non trivial subgroup of P, denote
by vg the image of v by the deflation-restriction map DefresZP(Q) /q- Then the vg’s
are subject to some obvious compatibility conditions. Conversely, if @) is a non-trivial
subgroup of P, let ug be an element of the Dade group Dy (NP(Q)/Q), and assume
that these compatibility conditions between the ug’s are fulfilled. Is there an element
u € D(P) such that for any non trivial subgroup @ of P

DefresﬁP(Q)/Q (u) =uQ ?

Such an element w is called a solution to the gluing problem for the gluing data (ug)1<q<p-
When P is abelian, the gluing problem was completely solved by Puig @] (see also
Lemma @ below), and he used the result to construct suitable stable equivalences
between blocks.
The main result of the present paper is that if p is an odd prime, and if P is a finite
p-group, then there exists an exact sequence of abelian groups

0— T(P) — D(P) — lim D(Np(Q)/Q) “2 H'(As(P),2)"",

1<Q<P



where D(P) is the Dade group of P and T'(P) is the subgroup of endo-trivial modules.

Here lim D(NP(Q)/Q) is the group of gluing data for P, i.e. the group of sequences
1<Q<P

of compatible elements in the Dade groups D(Np(Q)/Q) for non trivial subgroups

Q@ of P. The poset A>2(P) is the set of elementary abelian subgroups of rank at

least 2 of P, ordered by inclusion. The group H' (AZQ(P),Z) P) is the subgroup of
H'(A>2(P),Z) consisting of classes of P-invariant 1-cocycles.

The main consequence of this result is that if H'(A>2(P),Z) = {0}, then the
gluing problem always has a solution. Unfortunately, the map hp is not surjective in
general, so when H'(Ass( # {0}, not much can be said at the time for the
gluing problem. In Sectlon é the example of the extraspecial group of order p® and

exponent p is described in details. In this case, the group H' (.Azg( )s Z)( ) is a free
group of rank p*, and the image of hp has finite index in this group. In particular it is
non zero, and the gluing problem does not always have a solution.

It could be true in general that hp always has finite cokernel, and this would be

enough to show that if H'(A>2(P),Z) (F) # {0}, then the image of hp is non zero,
hence that the gluing problem does not always have a solution : it is known indeed that

the group H'! (Azg(P),Z) (") is a free abelian group, since the poset A>o(P) has the
homotopy type of a wedge of spheres (see [§)).

1.1. Notation. Throughout this paper, the symbol p denotes an odd prime number,
and P denotes a finite p-group. Inclusion of subgroups will be denoted by <, and strict
inclusion by <. Inclusion up to P-conjugation will be denoted by <p.

A section (T, S) of P is a pair of subgroups of P with S < T. The factor group 7'/S
is the corresponding subquotient of P. If (T, S) is a section of P, then Np(T, S) denotes
Np(T)N Np(9).

A class Y of p-groups is said to be closed under taking subquotients if for any Y € )
and any section (T, S) of Y, any group isomorphic to T'/S belongs to Y. If Y is such
a class, and P is a finite p-group, let Y(P) be the set of sections (7,.5) of P such that
T/S €.

The symbol X3 denotes an extraspecial p-group of order p? and exponent p. The
symbol X3 denotes the class of p-groups which are either elementary abelian of rank at
most 3, or isomorphic to X,s. Thus, the symbol &X3(P) denotes the set of sections (7, .5)
of P such that T'/S is elementary abelian of rank at most 3, or isomorphic to X,s. Let
moreover 55 (P) denote the set of sections (T, S) of P such that T/S = (Z/pZ)?.

If P is a finite p-group, and k is a field of characteristic p, let D(P) denote the Dade
group of endo-permutation kP-modules. The field k£ does not appear in this notation,
because it turns out that D(P) is independent of k, at least when p is odd (see [j]
Theorem 9.5 for details).

When (T,S5) is a section of P, there is a deflation-restriction map Defresi/s :
D(P) — D(T/S), which is the group homomorphism obtained by composing the re-
striction map Resh. : D(P) — D(T), followed by the deflation map Defg/s : D(T) —
D(T/S).

Recall that if X is a finite P-set, there is a corresponding element 2 x of the Dade
group of P, called the syzygy of the trivial module relative to X (or the X-relative
syzygy for short) : it is defined as the class of the kernel of the augmentation map
kX — k when this does make sense, and by 0 otherwise (see e.g. [P for details). When
X is the set P itself, on which P acts by multiplication, the corresponding element will
be denoted by Q2p/; or Qp.



1.2. Contents. This paper is organized as follows :

e In Section E, I state the main theorem (Theorem ), and this requires in par-
ticular the definition of some objects and maps between them.

e Section E recalls some notation on biset functors, forgetful functors between cat-
egories of biset functors, and corresponding adjoint functors.

e Section [] is devoted to the main tool (Theorem [.) used in the proof of Theo-
rem , namely a characterization by linear equations of the image of the group
2D(P) by the deflation-restriction maps to all subquotients 7'/.S of P which are el-
ementary abelian of rank 2. This characterization may be a result of independent
interest.

e Section [ exposes the proof of Theorem P.13.

e Finally, SectionE focuses on the example of the extraspecial p-group of order p°
and exponent p : the reason for choosing this particular group is twofold : it is
is one of the smallest p-groups P for which H'(A>2(P),Z) # {0}, and moreover
the Dade group of this p-group is rather well known, thanks to our joint work
with Nadia Mazza ([f])).

2. Statement of the main theorem

2.1. Notation. If P is a finite p-group, then A>2(P) denotes the poset of elementary
abelian subgroups of P of rank at least 2. Let A—o(P) denote the set of elementary
abelian subgroups of rank 2 of P.

Recall that if the p-rank of P is at least equal to 3, then all the elementary abelian
subgroup of P of rank at least 3 are in the same connected component of A>2(P). This
component is called the big component. It is obviously invariant under P-conjugation.
Each of the other connected components, if there are any, consists of a single maximal
elementary abelian subgroup of rank 2.

2.2. Notation.  Denote by lim D(NP(Q)/Q) the set of sequences (uQ)1<Q<p;
1<Q<P
indezed by non trivial subgroups of P, where ug € D(NP(Q)/Q), such that :

o Ifx € P, then "ug = u=q.

e IfQ <R, then Defresxigg?é?/RuQ = Resxigg?gfmu}z-

Denote by rp : D(P) —  lim D(Np(Q)/Q) the map sending v € D(P) to the
1<Q<P
sequence (DefresﬁP(Q)/Qv);KQgp.
If E is an abelian p-group, denote by op the map lim D(E/F) — D(E) defined
1<F<E
by
opw) =— S (L, F)InfE pur
1<F<E
where p is the Mobius function of the poset of subgroups of P.
It has been shown by Puig (@] 2.1.2) that the kernel of rp is equal to the group
T(P) of endo-trival modules. Moreover, when E is an abelian group, the map rg is
surjective ([E] Proposition 3.6). More precisely :



2.3. Lemma. Let E be an abelian p-group. Then og is a section of rg, i.e. Tpog is
equal to the identity map of lim D(E/F).

1<F<E
Proof. Let 1 < G < E. Then

Defg/GaE(u) = - Z ,u(l,F)Defg/GInfg/FuF

E/G E/F
= — > 1, F)Infg)GoDefy) pour

= = Y 1 Pt qur

— Z ( Z (1, ))InijRuR.

G<R<E 1<F<R

FG=R
Now if G < R
S owwF) = S 1),
1<F<R 1<F<R
FG=R FG=R
and this is equal to zero, by a classical combinatorial lemma, since G # 1. And if
G=R
> op,F)=—p1,1)+ > p(1,F)=-1.
1<F<R 1<F<R
FG=R
Thus Defg/GoE (u) = Infgfguc; = ug, as was to be shown. 0

2.4. Lemma. Let E be an elementary abelian group of rank at least 2. Then the map rg
is surjective, and its kernel is the free abelian group of rank one generated by Qg /4.

Proof. The kernel of rg is the group T'(E) of endo-trivial modules. Since E is ele-
mentary abelian, this group is free of rank one, generated by Qg /1, by Dade’s Theorem
(i3] [[4]). The surjectivity of rz follows from Lemma P.3. 0

2.5. Restriction and conjugation. The following construction has been introduced

in [ﬂ], for the torsion subgroup of the Dade group, but it works as well for the whole Dade

group : let P be a finite p-group, and H be a subgroup of P. Ifu € lim D(Np(Q)/Q),
1<Q<P

then the sequence (vg)i1<g<n defined by

. Ne(@)/Q
vQ = Resy ()yque

is an element of  lim D(Nu(Q)/Q), denoted by Reshu. The map u +— Reshu
1<Q<H
is a linear map  lim D( r(Q )/Q) to  lim D(NQ(Q)/Q) The following is the
1<Q<P 1<Q<@Q
analogue of Lemma 2.4 of [f :



2.6. Lemma. Let H be a subgroup of P. The diagram

D(P) —T—  lm D(Np(Q)/Q)
1<Q<P

18 commutative.

Proof. This is straightforward. 0
Similarly, if x € P, denote by ¢,y : D(H) — D(*H) the conjugation by =z,

sending v to “v. If w € lim D(Nu(Q)/Q), then the sequence (vg)i<pr<«m de-

1<Q<H
fined by vr = ¢y pe(ug=) is an element of  lim D(N:g(R)/R), that will be de-
1<R<*H
noted by “u. The assignment u — “u is a linear map from  lim D(NH(Q)/Q) to

1<Q<H
lim D(N-g(R)/R), also denoted by ¢, . Then :
1<R<*H

2.7. Lemma. Let H be a subgroup of P, and let E be an abelian subgroup of P. The
following diagrams are commutative :

D(H) —*— lim D(Nu(Q)/Q) D(E)<"*— lim D(E/R)
1<Q<H 1<R<E
CI,HJ ch,H Cm,E‘ lcm,E
D(*H) %l  D(N.n(R)/R)  D(*E)<™“ lm D(E/R)
1<R<*H 1<R<"E
Proof. This is also straightforward. 0

2.8. Construction of a map. Let F and F be elements of A>o(P) such that E < F.
Ifve lim D(Np(Q)/Q), consider the element
1<Q<P

dgr = RengFResgv — JEResgv
of D(E). Then by Lemma P4 and Lemma P.3

re(der) = TEResgaFResl{zv — TEO‘ERGSE’U
= ResngJFResgv — rEoEResgv
Rengesgv — Resgv =0.

By Lemma E, there exists a unique integer wg g such that

dp,r =wpr - Qg -



If x € P, then it is clear from Lemma @ that *dg r = d«g, »p, and it follows that
wepg =p = wg p. Moreover, if E,F,G € A>(P) with E < F < G, then

dg.r + Reskdrg =dpc ,

hence wg r + wrpg = wg,¢. In other words the function sending the pair (E, F') of
elements of A>o(P), with E < F, to wg, r, is a P-invariant 1-cocycle on A>o(P), with
values in 7Z :

2.9. Notation. Let P be a finite p-group. A P-invariant 1-cocycle on Aso(P), with
values in Z, is a function sending a pair (E, F) of elements of A>o(P), with E < F, to
an integer wg, r, with the following two properties :

1. Ifx € P and E < F in A>2(P), then weg «p = wg F.

2. IfE <F<Gin AEQ(P), then Wp,F + WEFG = WE,G-
P
The set (Z1 (Azg(P))) of P-invariants 1-cocycles is a group for addition of functions.

P P
Denote by (B1 (AZQ(P))) the subgroup of (Z1 (AZQ(P))) consisting of cocy-

cles w for which there exists a P-invariant function E — mpg from Aso(P) to Z such
that
VE < F € AZQ(P), WE,F =MF —ME .

1 (P) 1 P 1 P
Denote by H'(A>2(P),Z)" " the factor group (Z (Azg(P))) /(B (Azg(P)))

P
2.10. Remark: One can show that the group (B1 (AZQ(P))) is also equal to the set

P
of elements w of (Z ! (AZQ(P))) for which there exists a (not necessarily P-invariant)

function E +— mpg such that wg p = mp — mpg for any E < F in Aso(P). This
is because if E < F in Aso(P), then E and F are the “big component”, which is
P-invariant. Since w is P-invariant, it follows that the function

r€Pr— m«g —mg

does not depend on the choice of E, and that it is a group homomorphism from P to Z
(i.e. an element of H'(P,Z)). There are no non zero such homomorphisms, so m is
actually P-invariant.

2.11. Remark: On the other hand, one can consider the ordinary first cohomology
group H'(A>2(P),Z) of A>3 (P) over Z, which is defined similarly to H* (A>2(P), Z) (P),
but forgetting all conditions of P-invariance. Then the group P acts on H'(A>2(P),Z),
and it follows from Remark that H'! (Azg(P),Z) ®) s a subgroup of the group

H'(As2(P), Z)P of P-invariant elements in H' (A>2(P),Z). It might happen however
that this inclusion is proper : an argument similar to the one used in Remark
yields an element in H2(P,Z), and this group need not be zero.

2.12. Notation. Let P be a finite p-group. Denote by

hp: lim D(Np(Q)/Q) — H' (Ass(P),Z)"
1<Q<P



the map sendingv €  lim D(NP(Q)/Q) to the class of the 1-cocycle w defined by the
1<Q<P
following equality, for E < F in Aso(P) :

(2.13) we,r Qg = ReshorReshv — opReshu .

2.14. Proposition. Let P be a finite p-group. Then hp is a group homomorphism,
and the composition

D(P) %> lim  D(Np(Q)/Q) *2 H (Asz(P),z)"
1<Q<P
s equal to 0.

Proof. Clearly, the definition of hp implies that it is a group homomorphism. Observe
next that for any F € A>o(P), since rgog is the identity map, the image of the map
OETE — IdD(E) is contained in the kernel of rp. By Lemma @, it follows that there is
a unique linear form sg on D(F), with values in Z, such that

opre(u) =u+sp(u) - Qg ,
for any u € D(F). By Lemma E, this definition clearly implies that if x € P, then
sep(®u) = sp(u), for any u € D(FE).
Now if E < F in A>o(P), and if v = rp(t), for t € D(P), Equation becomes
wer-Qpn = ResgapResgrp(t) — UEResgrp(t)
= ReshoprpRespt — oprpRespt (by Lemma P.6)
= Resk (Resl{zt + sp(Resht) - Qr/1) — (Resgt + sp(Resht) - Qp1)
= (sF(Resgt) - sE(Resgt)) Qg -

Setting mp = sg(Resht), for E € Aso(P), yields

Wp,F =M —MEg ,

P
hence w € (Bl (As2(P)) : (the P-invariance of m follows easily from the above re-
)

mark, or from Remark . Thus hprp(u) =0, as was to be shown. O

The main theorem of this paper is the following :

2.15. Theorem. Let P be a finite p-group. Then the sequence of abelian groups

0 — T(P) — D(P) ™% lim D(Np(Q)/Q) ™ H'(A>2(P),Z)"
1<Q<P

15 exact.

The key point in this theorem is to show that the kernel of hp is equal to the image
of rp. This will be done in two steps : first take an element u € Ker hp, and show that
2uerp (2D(P)). This amounts to replacing D by 2D, which is easier to handle, since
it is torsion free. Next, write 2u = rp(2v), for some v € D(P). Then u — rp(v) is an
element in  lim Dy (Np(Q)/Q), and it has been shown in [l that such a sequence

1<Q<P
of compatible torsion elements can always be glued (i.e. it always lies in rp (D(P)),
though possibly not in 7p (D¢ (P))).



3. Biset functors

The main ingredient in the proof of Theorem is the formalism of biset functors.
A short exposition of the notation and main results on this subject can be found in
Section 2 of [, Section 3 of [{], or Section 3 of [{].

Recall in particular that if (T, S) is a section of the group P, and if M is a biset
functor, then the set P/S is a (P,T/S)-biset, and the corresponding induction-inflation
morphism

M(P/S): M(T/S) — M(P)
is denoted by Indinft /s- Similarly, the set S\ P is a (1'/5, P)-biset, and the correspond-
ing deflation-restriction map

M(S\P) : M(P) — M(T/S)

is denoted by Defres?, /S-

This notation was already used for the Dade group, and it is coherent : it was shown
more generally in [ﬂ] that, if P and @ are finite p-groups, and U is a finite (@, P)-bisets,
one can define a natural group homomorphism D(U) : D(P) — D(Q). For an arbitrary
prime number p, this construction does not yield a structure of biset functor for the
whole Dade group, but only on the correspondence sending a p-group P to the subgroup
D®(P) of D(P) generated by all the relative syzygies Qx obtained for various P-sets X.
However, in the case p = 2, it was shown in [E] that D = D%, so D is indeed a biset
functor in this case.

The following additional notation was introduced in [E] . a class ) of p-groups is
said to be closed under taking subquotients if for any Y € Y and any section (T, S) of Y,
the corresponding subquotient 7'/S belongs to Y. If ) is such a class, and P is a finite
p-group, denote by Y(P) the set of sections (T, S) of P such that T/S € ). One can
consider biset functors defined only on ), with values in abelian groups. Let Fy be the
category of all such functors, and let F denote the category of functors defined on all
finite p-groups. These categories are abelian categories.

The obvious forgetful functor

Oy : F—Fy
admits left and right adjoints
Ly:Fy—F and Ry:Fy—F,
whose evaluations can be computed as follows (cf. [E] Theorem 1.2 for details, in
particular on the direct and inverse limits appearing in this statement) :
3.1. Theorem. With the notation above, for any functor M € Fy, we have :

LyM(P)= lim  M(T/S) and RyM(P)= lim  M(T/S).
(T,9)eX(P) (T,5)eX(P)

Moreover ([E] Corollary 6.17), for any biset functor M and any p-group P, the unit
map
mp : M(P) — RyOy(P) = (h_m M(T/S)
(T,8)ey(P)
is given by
v, p(u)r.s = Defresg/su ,
for any u € M(P) and any (T, 5) € Y(P).



4. Image in subquotients of rank two

4.1. Lemma. Let X be a non-empty class of finite p-groups, closed under taking
subquotients. Let A be any abelian group, and denote by B the functor Homy, (B(—), A),
where B is the Burnside functor. Then the unit map

0 B HRXOXB

s an tsomorphism.
Proof. Indeed if P is a p-group, if ¢ € Homg, (B(P), A), if (T, S) is a section of P and
X is a subgroup such that S < X < T then

(Defresy ) ((T/9)/(X/8)) = ¢ (Indinty 5(T/5)/(X/S)) = @(P/X) .

Suppose that ¢ € Ker 5. Since the class X is non empty and closed under taking
subquotients, then it contains the trivial group, and for any subgroup X of P, the
section (X, X) is in X'(P). It follows in particular that

0 = (Defres, x ) ((X/X)/(X/X)) = o(P/X) .

Thus ¢ = 0, and [ is injective.
Conversely, let ¢ = (¢Y1,5)(r,s)ex(p) be an element of lim Homy (B(T/S), A).
X(P)
Equivalently, for each section (7T',.S) € X(P) and each subgroup X with S < X < T,
we have an element ¢7,5((7/S)/(X/S)) of A, fulfilling the following two conditions :

i) Tt € P, then $or -5 ((°T/ *8)/(*X/5)) = ¥z, (T/S)/(X/5)).
i) If (T,S) € X(P) and (T7,5’) € X(P), and if X is a subgroup of P such that
S <8 <X <T'<T, then ¥r,s((T/5)/(X/S)) = ¥r,s: ((T/5")/(X/S")).

Condition ) implies in particular that the element ¢ x x ((X/X)/(X/X)) is constant
on the conjugacy class of X in P. Hence we can define an element ¢ € Homy, (B(P), A)
by setting

p(P/X) = vx.x ((X/X)/(X/ X)),

for any subgroup X of P. Now if (7,5) € X(P) andif S< X <T

(Defresy s) ((T/5)/(X/5)) p(P/X) = dx,x ((X/X)/(X/X))
(Defres?(//in,S) ((X/X)/(X/X))

_ . T/
= 1/1T15(Indlnf(T/S)/(X/X)(X/X)/(X/X))
= Yrs((T/8)/(X/9)).
Thus Defresg/sgo = g for any (T,5) € X(P). Equivalently 8(¢) = 1, so ( is
surjective, hence it is an isomorphism. 0
4.2. Lemma. When p s odd, the map
P .
e= J]  Defresy)s: 2D(P) —  lim  2D(T/S)
(T,S)eX3(P) (T,5)eX3(P)

is an isomorphism.



Proof. Consider the short exact sequence of p-biset functors
0—-2D—D —FyD—0.
Applying the functor lim yields the bottom line of the following commutative diagram

X3(P)
with exact lines

(4.3) 0 —= 2D(P) D(P) FyD(P) —= 0
€ 5 Y

— — —
X3(P) X5(P) X3(P)

where the map ¢ is an isomorphism, by Theorem 1.1 of [E] Moreover, by Corollary 1.5
of , there is an exact sequence of p-biset functors

0 — BX — FyB* — F,D% — 0,

where B> is the functor of units of the Burnside ring, which is isomorphic to the
constant functor I'p, for p odd. Moreover D = D in this case. Applying the functor
lim to this sequence yields the bottom line of the following commutative diagram
X3(P)

with exact lines

(4.4) 0 Fs FyB*(P) —=F2D(P) ——0

00— lim F]F2—> lim FQB*—> lim FQD
— — —
X3 (P) X3 (P) X5(P)

Since Fo B* is naturally isomorphic to Homg (B (=), ]FQ), the map [ is an isomorphism,
by Lemma EI Now the group (hﬂ I'r, is the set of sequences (urs)r,s)exs(P)
X3(P)

fulfilling the two following conditions :

i) If (T,S) € X3(P) and x € P, then u=p =5 = ur,g.

it) If (T,S) € X3(P) and (T7,5’) € AX3(P) are such that S < S’ < T’ < T, then

ur,s = UT’,S".

Applying this for the case T = S’ = S, and next for the case T =T’ = 5, it follows
that ur s = us,s = upy for any (T,5) € X3(P). Thus urr = ugs if T/S € Xs.
Since X3 contains the cyclic group of order p, and since P is a p-group, it follows that
ur,r = u1,1 for any subgroup T' of P. Hence ur,g is constant, and the map « is an
isomorphism.

Now the Snake’s Lemma, applied to Diagram Q, shows that the map + is injective.
And another application of this Lemma to Diagram @ shows that the map € is an
isomorphism. 0

Recall that if E is an elementary abelian group of rank 2, then 2D(E)) is free of rank
one, generated by 2Qpg /. Thus if u € 2D(P), and if (T, 5) € EX(P), then Defresi/su
is a multiple of 2Q7,5. The following theorem characterizes the sequences of integers
(UT7S)(T75)GS§(P) which can be obtained that way from an element of 2D(P) :
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4.5. Theorem. Let P be a p-group (with p > 2). The map

Dp:2D(P)— || Z
(T,9)eEL(P)

sending an element u € 2D(P) to the sequence Dp(u)T,s of integers defined by
Defresg/s(u) =Dp(u)r,s - 207/s ,

is injective, and its image is equal to the set of sequences (UT,S)(T S)eel(P) fulfilling the
following conditions :

1. If (T,9) € 6§(P) and x € P, then vr,g = Ver =g.

2. If (T,S) and (T",S) are in Eg(P), if T' < Np(T), and TT')S = (Z/pZ)3, then

vr,s + E vrr,x = V17,8 + g VTT X -
S<X<T S<X<T’

3. If (T, S) and (T",S) are in EX(P), if T' < Np(T), and TT'/S = X3, then

vrs =vrrs (mod. p) .

Proof. Let u € Ker Dp. Then Defresg/su = 0 for any (7,95) € Eg(P). Moreover
Defresg/su € 2D(Z/pZ) = {0} when (T, S) is a section of P with T/S = Z/pZ. The
detection theorem of Carlson and Thévenaz ([[LI] Theorem 13.1) shows that u = 0.
Hence Dp is injective.

Now Condition 1 of Theorem @ holds obviously for the elements of the image of Dp.
To check that Conditions 2 and 3 also hold, suppose that (T, S), (T7,S) € Sg(P), with
T' < Np(T) and |TT’ : P| = p3, and observe that setting R = T'T", the diagram

Dp

D(P) —— Z
(T7,87)e€L(P)
Defres;, s s
D(R/S) 22~ 11 Z

(T7/8,57/S)eEL(R/S)

is commutative, where mg g is the projection map obtained by identifying sections
(17,5”) of P such that S < S” < T” < R with sections (77/5,S5”/S) of R/S. This
shows that it is enough to suppose that the group P is either elementary abelian of
rank 3, or isomorphic to X,s. These special cases are detailed below.

To prove that conversely, Conditions 1, 2, and 3 characterize the image of Dp,
observe first that by Theorem 1.1 of [E], the map

[ Defres)s : D(P) — lim D(T/S)
(T,S) (T,S)

is an isomorphism, where T'/S runs through all sections of P which are either elementary
abelian p-groups of rank < 3 or extraspecial groups of order p? and exponent p.
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Suppose that Theorem @ is true when P is elementary abelian of rank at most 3,
or extraspecial of exponent p. Let P be an arbitrary p-group, and consider a sequence
v= (UTvs)(T,S)esg(P) fulfilling the conditions of Theorem [L..

If (V,U) € X3(P), then the correspondence (T,S5) — (T/U,S/U) is a one to one
correspondence between the set of elements (T, S) of Eg(P) such that U < S <T <V,
and 53 (V/U). Through this bijection, the sequence of integers vy g, for U < S <T <V,
yields a sequence of integers fulfilling the conditions of Theorem @ for the group V/U,
hence an element in the image of the map Dy,y. In other words, there is a unique
element wy,y € 2D(V/U) such that

Defresgngﬂ =TS QQT/S s

for all (T,5) € EX(P) withU < S<T <V.
Now the uniqueness of wy iy shows that w=y «y = "wy,y for any z € P, and that

Defres“;{%ﬂwvy = wy y» whenever (V,U) and (V',U’) are in X3(P) and U < U’ <
V' < V. In other words, the sequence (wv,u)(v,u)ex,(p) is an element of lim 2D. By

X3(P)
Lemma [£.9, there exists an element ¢ € 2D(P) such that

wyy = Defres{j/Ut ,

for any (V,U) € X5(P). Then obviously Dp(t) = v, and v lies in the image of Dp, as
was to be shown.

So the only thing left to check is that Theorem @ holds when P is elementary
abelian of rank at most 3, or isomorphic to X,s. This is a case by case verification,
using the following lemma :

4.6. Lemma. Let P be a finite p-group, and X be a finite P-set.
1. If T/S is a section of P, then

Defresg/SQX =Qxs,

where X° denotes the set of fized points of S on X, viewed as a T/S-set.
2. If moreover (T, S) € EX(P), then

Defresg/S(QQX) = ( Z 1(S,V))2Q7/s -
S<V<T
XV 0

In other words Dp(2Qx)r,5 = Z w(S, V).
S<V<T
XV#£0
Proof. Assertion 1 follows from Section 4 of [fJ. For Assertion 2, note that by Asser-
tion 1 and Lemma 5.2.3 of [J], since T'/S is abelian,

Defresg/SZQX = Z w(U, V) -2Q7u
S<USVLT
XV 0
and that 2Qp,y = 0in D(T'/S) unless U = S. 0
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Now there are four cases :
o If |P| < p, there is nothing to do, since the map Dp is an isomorphism {0} — {0}.

o If P = (Z/pZ)?, then 2D(P) = Z, and E(P) = {(P,1)}. In this case, there is
no condition on the image of Dp, and Dp is an isomorphism Z — Z. So Theorem @
holds in this case.

o If P = (Z/pZ)?, then EX(P) consists of p? 4+ p+ 1 sections (P, R), for |R| = p, and
p? +p + 1 sections (Q, 1), for |Q| = p%. The group 2D(P) is a free abelian group, with
basis
{2Qp/1} U{2Qp/r | |R| = p} .

The following arrays gives the values of the sequence v = Dp(u) for the element u in
its first column on the left :

I VPR | vQ.1
2Q0p /1 0 1
920 0 ifRFR#R 0 fR<Q
P/R 1 ifRR=R 1 ifR £Q
The image of the element u = my -2Qp/3 + >, mp -2Qp/p by the map Dp is equal
|R'|=p
to the sequence v = (vr,g), where
(47) Up,R = MR vQ,1 =m1 + Z mpg
RLQ

If Q # Q' are subgroups of order p? of P, then QQ’ = P, and

vQ1 + Z vpx = my + ZmX:’Ulel—"— Z vpX ,

1<X<Q |X|=p 1<X<Q’

so Condition 2 of . holds for the sections (Q, 1) and (Q’,1) of P. Since P is abelian,
Conditions 1 and 3 of [.j are obviously satisfied.

Conversely, suppose that Condition 2 hold for a sequence v = (UT7S)(T,5)egg(p)-
This sequence is in the image of Dp if and only if there exist integers mi, mp/, for
|R'| = p, such that [£] hold.

The first equation gives mr = vp r, and then the second one gives

mi =991 — Z UPR -
RLQ

This is consistent if the right hand side does not depend on @, i.e. if for any subgroups
Q # Q' of order p? of P

vQ1 — E VPR = VQ'1 — E UPR

RZ£Q RLQ’
or equivalently
vQ,1 + Z UpR =VQ' 1+ Z UP,R -
R<Q R<Q’

This is precisely Condition 2 of @ for the section (@, 1) and (@', 1), since QQ’ = P in
this case. Thus Theorem [I. holds for P = (Z/pZ)>.
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o If P = X3, then Eg(P) consists of the section (P, Z), where Z is the centre of P,
and of p+ 1 sections (@, 1), where @ is a subgroup of index p in P. The group D(P) is
equal to D}(P), since p # 2, so it is generated by the elements Qp/1, Qp)x, for | X| = p,
and Qp/q, for Q] = p?, which have order 2 in D(P). Thus 2D(P) is generated by the
elements 2Qp/; and 2Qp,x, for [X| = p. The following array gives the values of the
sequence v = Dp(u) for the element u in its first column on the left, where R denotes
a non central subgroup of order p of P :

| vrz | Vg1
2051 || 0 1
2Qp,7 || 1 0
1 ifRLZQ
2p/r || 0 {1—p ifR<Q

The values in this table can be computed using Lemma @ : for example

Res(2Qp/r = ( Z 1(1,V))290/1 -
1<V<Q

V<pR
If R £ @, then there is only one term in the summation, for V=1, and p(1,V) =1 in
this case. And if R < @, then there are p additional terms, obtained for the p distinct
conjugates V of R in P, and u(1,V) = —1 for each of them. This gives the value 1 —p
in this case.
Now if u = my -2Qp/1 +mz-2Qp/z + > mpr-2Qp/ g (where the brackets around R
(7]

mean that R runs through a set of representatives of conjugacy classes of non central
subgroups of order p of P), then the sequence v = Dp(u) is given by :

(4.8) vpz =Mz vgi=mi+ Y mp+(1-p) Y mg,
(RI7Q (R1<Q

The second equation is equivalent to

(4.9) UQ,1=m1+ZmR—p Z mg .
[R] [R]<Q

It follows that vg,1 = vor,1 (mod. p), for any subgroups @ and @’ of order p? in P. This
shows that Condition 3 of [.§ holds for the sections (Q, 1) and (@', 1) of P. Condition 2
is obviously satisfied in this case, since P has no subquotient isomorphic to (Z/pZ)3.
Suppose now conversely that a sequence v = (U’ns)(T, Syeet(p) is given, and that
Conditions 1 and 3 of @ hold. Then v lies in the image of Dp if and only if there exist
integers m1, mz, mp (invariant by P-conjugation), such that Equations @ hold.
The first equation in gives myz = vp,z, and the second one gives

ml—UQJ—i-ZmR:p Z mg .
[R] [R]<Q

All subgroups of order p of ) different from Z are conjugate in P. Denoting by R¢g one
of them, this equation becomes

(4.10) m1 —vg1 + ZmR = pmpg, -
[R]
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Summing this relation over ) yields
(p+Dmi =Y vo1+(@+1)D> mr=p)Y mn,
Q [R] (R]

thus

ZmR = Z’UQJ —(p+1)mq .
(R]

Q

Now yields

Pmprgy = Z vQr,1 —pma .

Q'#Q
By Condition 3, the sum > wgs 1 is congruent to pvg 1 modulo p, i.e. to 0. Since
Q'#Q
Q = RgZ, this gives finally
1
mg = 1—)( Z vQr1) — M .

Q'#RZ

Conversely, if this holds for any R, then equation @ holds : indeed, in this case

ZmR = ng,l —(p+1)my,
(R] Q

thus
m1+ZmR—p Z mpr = m1+ZvQ,1—(p+1)m1—meQ
[R] [R]<Q Q
= Y vga—pmi— () vga)+pm
Q Q'#Q
= Q1 -
Thus @ holds, and Theorem @ also, when P = X . 0

5. Proof of Theorem .15

Let P be a finite p-group. Clearly T'(P) is the kernel of rp, and Im rp < Ker hp,
by Proposition . So the only thing to show is that this inclusion is an equality.

Let u € Ker hp. It means that there exists a P-invariant function E +— mpg from
Aso(P) to Z such that for any E < F in A>o(P)

Wg,F = Mg — MF ,
where the integer wg, r is defined by the equality
WE,F - QE/l = ResgoFResgu — UEResgu .
In other words

Resg(mp Qp+ UFResl{zu) =mp- Qg+ UEResgu .
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Set wg = mg-Qg/; +0ERes§u, for E € A>3(P). Then Resgwp =wg, forany £ < F
in A>2(P), and *(wg) = w=g for any z € P and E € A>2(P). Moreover , for any
Ee AZQ(P)

rg(wg) = TEUEResgu = Resgu ,

since rg(g/1) = 0, and since op is a section of rg. It means that for any subgroup

Y#1of £

Defg/wa = ResgiffY)/y

If (T, S) € EX(P), define an integer vr,s by

(5.1) Resy 125 (2us) = vrs - 205 if S#1
2wT = Ur1- QQT/l if S=1

This sequence of integers (vr,s)
rem @ Indeed :

elf z € Pand (T,S) € EX(P), then vep +5 = vpg : this is because *(wp) = wep
for any E € A>o(P), and because *(ug) = u=g for any subgroup @ # 1 of P. Thus
Condition 1 of Theorem [£. holds.

e Suppose that (T,S) and (I”,5) are clements of X(P) such that T < Np(T").
There are two cases to consider :

(a) If S # 1, then for any section (V,U) € &} (Np(S)/S)

(T.5)eel(P) satisfies some of the conditions of Theo-
) 2

vv,U - QV/U = ResgféU)/U(QuU)

Np(S,U)/Upy  Np(U)/U
Resva ReSNi(S,U)/U(QuU)
Np(S,U)/U

VU Defresh” (9)/9 (2ug)

Np(S,U)/U

Defresgfés)/s@us) .

= Res

It follows that the sequence (UV,U)(V vyeet (Mo (5)/5) is equal to Dy,.(s)/s(2us),
) 2 P

hence it is in the image of the map Dy, (g),s. Thus if T7"/S = (Z/pZ)3, then
Condition 2 of Theorem [.§ holds for the sections (T, S) and (1", S) of Np(S)/S.
And if TT'/S 2 X3, then Condition 3 of Theorem [L.5 holds, for a similar reason.

(b) If S = 1, then set F = TT'. If F = (Z/pZ)3, then consider a section (V,U) €
EXF). If U = 1, then

Defresy/;2wp = Resy2wp = 2wy = vy,1 - 201 .

And if U # 1, then

/U
JU
F/U
V/U

Defresg/U2wF = Res€ Defg/UQwF

Np(U)/U

= Res ResF/U 2uy

= ResgféU)/UQUU
= 'UV,U . QQV/U .

It follows that the sequence (UV»U)(VU)egg(F) is equal to Dp(2wr). In particular,
Condition 2 of Theorem [L.§ is fulfilled for the sections (T, 1) and (1”,1) of F.
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Hence the sequence (vr, 5)(T S)eei(P) fulfills all the conditions of Theorem @, except

possibly Condition 3 for sections (7',1) and (7”,1) such that T' < Np(T”) and TT’ =
Xps. This situation is handled by the following lemma :

5.2. Lemma. Let P be a finite p-group, and (vas)(T S)eed(p) be a sequence of integers
’ 2
such that :

1. Ifz € P and (T, S) € EX(P), then ver 5 = vr.g.
2. If (T, S) and (T",S) are in EX(P), if T < Np(T") and if TT'/S = (Z/pZ)3, then

vr,s + E vrr, X = V17,8 + g VTT X -
S<X<T S<X<T'

3. If S #1, if (T,S) and (T",S) are in EX(P), if T < Np(T') and if TT'/S = X0,
then
vr.s = vrr,g (mod. p) .

Then :

(1) If T,T" € A—a(P), if T and T’ are in the same connected component of A>o(P),
if T < Np(T') and TT' = X3, then vry = vrr1 (mod. p).

(i) There exists a sequence of integers (yr)rea_,(p) such that

(a) If x € P and T € A—3(P), then y=r = yr.
(b) If T, T' € A—o(P), if T < Np(T') and TT' = (Z/pZ)?, then yr = yr.
(c) fT,T" € Az(P), if T < Np(T') and TT' = X3, then

yr +vr1 =y + v 1 (mod. p)

Proof. The proof of Assertion (i) goes by induction on |P|, starting with the case
where P is cyclic, where there is nothing to prove. Assume then that Hypotheses 1),
2), and 3) imply Assertion 1, for any p-group of order strictly smaller than |P|. Let
T and T’ be elementary abelian subgroups of rank 2 of P, such that T'< Np(T") and
TT' = Xps. Set X = TT’, and denote by Z the centre of X.

If there is a proper subgroup @ of P containing X, and such that T and T’ are in
the same connected component of A>3(Q), then vr1 = vy 1 (mod. p), by induction,
since Hypotheses 1), 2), and 3) obviously hold for @ is they hold for P. It is the case
in particular if A>2(Q) is connected.

Suppose that there exists a subgroup C' of order p in Cp(X), not contained in X
(i.e. different from Z). Then the center 77 = C x Z of the subgroup Q = C x X
of P is not cyclic. Hence A>2(Q) is connected, and @ contains T" and 7”. Thus I can
suppose that Q = P, and then T” is equal to the centre of P. It is elementary abelian
of rank 2. Moreover TT” = (Z/pZ)3, since T and T” are elementary abelian of rank 2
and centralize each other, and since TNT” =T NX NT” = Z. Hypothesis 2, applied
to the sections (T,1) and (7”,1) of P yields

(5.3) vr1 — U1 = E vTTY R — g UTT F -

1<F<T” 1<F<T
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Now TT” < P since |[P: TT?| =p, and T < P, since T < X and C < Cp(X). Hence
P acts by conjugation on the set of subgroups F such that 1 < F' < T, and F = Z is
the unique fixed point under this action. Now Hypothesis 1 implies that

E vprr . p = v,z (mod. p) ,
1<F<T

and Equation yields

(5.4) vr1 — U1 = Z vprr . p (mod. p) .
1<F<T”
F4Z

The same argument applies with 7" instead of T, so

(5.5) Vi1 — U = Z v g (mod. p) .
1<F<T”
F#Z

Now if 1 < F < T” and F # Z, the group P/F has order p* and exponent p
(since P has exponent p), and it is non abelian (since F' € [P, P] = Z). Hence P/F =
Xps. Since P = (TT”)(T"T”), Hypothesis 3, applied to the sections (777, F) and
(T'T”, F) yields vrr» p = vprpr p (mod. p). This shows that the right hand sides
of @ and @ are congruent modulo p. So are the left hand sides, thus vy 1 — v 1 =
vpr1 — vrr 1 (mod. p), and vp 1 = vrr 1 (mod. p).

Hence I can suppose that Z is the only subgroup of order p of Cp(X). In particular,
the centre of P is cyclic, and Z is the only subgroup of order p in this centre. Moreover,
since T' # T" and T,T" are in the same connected component of As2(P), the groups
T and T" are not maximal elementary abelian subgroups, thus P has p-rank at least
equal to 3, and T and T are in the big component C of Ao (P).

In this case, there is a normal subgroup Ty of P which is elementary abelian of
rank 2, and Ty € C. Moreover Ty > Z.

If Tp £ X, then TN X = Z. Then [TxX| = p*, and |ToX : X| = p. Thus
Ty normalizes X. Moreover, if Y is a subgroup of index p of X, then Y > Z, and
|ToY| = p3, thus |ToY : Y] = p, and Ty normalizes Y. It follows that the image of Tj
in the group Out(X) of outer automorphisms of X, which is isomorphic to GLs(F,), is
a p-subgroup stabilizing every line. So this image is trivial, and Tj acts on X by inner
automorphisms. Let ¢t € Ty — X. Then there exists y € X such that y~'t € Cp(X).
In particular y~!t centralizes y, so t centralizes y, and then (y=1t)P = (y~H)Pt? = 1.
Moreover y # t, since t ¢ X. Hence y~'t has order p. Since Z is the only subgroup of
order p of Cp(X), it follows that y~!t € Z, so t € X. This contradiction shows that
Ty < X.

Since the congruences vy 1 = vpy 1 (mod. p) and vy 1 = vy, 1 (mod. p) imply the
congruence vr,1 = U7/,1 (mod. p), it is enough to suppose that Ty = T, thus T < P.
Let F be an elementary abelian subgroup of rank 3 of P containing 7" : such a subgroup
exists, since T” is not a maximal element of A>o(P). Set T” = Cp(T). Then |F : T”|
divide p, since F//T” is a p-subgroup of Aut(T") = GL2(F,). Moreover F' £ Cp(T'), since
F >T'. Thus |F:T”| =p, and T” = (Z/pZ)?. Moreover T' # T”, since T’ £ Cp(T),
thus FF =T'T".

Now F centralizes T, and normalizes T. Thus F normalizes TT' = X. Moreover
FNX =T since T < FN X, and since F and X are distinct subgroups of order p3
of P, for F is abelian and X is not. Hence |FX : F| = p, so FX normalizes F. Thus X
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normalizes F', and X also normalizes Cp(T) since T' < P. It follows that X normalizes
FNCp(T)=Cp(T)=T". Obviously X also normalizes its subgroup 7".
Hypothesis 2, applied to the sections (77,1) and (77,1) of P, yields

(56) UT/,l — 'UT”,l = E UT’T”,Y — E UT’T”,Y .

1<y <T” 1<Y<T”

Since X normalizes T’ and T”, and since any subgroup of order p normalized by X is
centralized by X, Hypothesis 1 yields

Z vy = Z vy (mod. p) .

1<Y <T” 1<Y <T”
Y<Cp(X)
But 7" NCp(X) = Z, since Z < T” N Cp(X), and since Z is the only subgroup of
order p of Cp(X). Thus

(57) Z UT’T”,Y = UT’T”,Z (mod p) .

1<Y <T”

The same argument, applied with 7" instead of 77, since T N Cp(X) = Z, yields

(58) Z UT’T”,Y = UT’T”,Z (mod p) .
1<y <T’

Now it follows from @, @ and @ that v 1 — vr» 1 =0 (mod. p), i.e.
(5.9) v 1 = v 1 (mod. p) .

Now the group TT” is also elementary abelian of rank 3 : indeed, the group 77
centralizes T, and 7" NT = Z since T"NT > Z and T7 # T for T £ F < Cp(T").
Then Hypothesis 2, for the sections (T',1) and (77, 1), yields

(5.10) vr1 — U1 = Z vTT Y — Z vrT Y -

1<y <T” 1<Y<T
The group X normalizes T and 77, and TN Cp(X) = Z = T” N Cp(X). The same
argument as above yields

(5.11) vr1 = vpr 1 (mod. p) .

Thus vr1 = v/ 1 (mod. p), by @ and , and this completes the proof of Asser-
tion ().

For Assertion 2, there is nothing to do if P has no normal subgroup Ty = (Z/pZ)?,
since then P is cyclic, and A>2(P) = 0. If P is not cyclic, fix such a normal subgroup
Ty of P, and denote by C the connected component of Ty in Aso(P). Thus C is the
big component if P has p-rank at least 3, and C = {Tp} otherwise. Define the sequence
(yr)reas(p) by

_ { 0 ifTecC
Yyr =

vT,,1 — UT,1 otherwise

This sequence obviously fulfills Condition (a) of Lemma @, by Hypothesis 1, and
since C is invariant by P-conjugation. Now it 7,7’ € A—y(P), if T < Np(T") and
TT' = (Z/pZ)3, it follows that P has p-rank at least 3, that C is the big component,
and that T, T’ € C. Thus yr = yr» = 0, so Condition (b) of Lemma @ holds. Finally,
if T,7" € A_3(P), if T < Np(T') and TT" = X5, then there are three cases :
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e if T and T” are in C, then yr = yp = 0, thus yr + vp1 = vr1, and yp +vp 1 =
vrr1. But vp 1 = v 1 (mod. p) in this case, by Assertion 1. Thus Condition (c)
holds in this case.

o if T €Cand T’ ¢ C, then yr + vr1 = vr1, and yp» + v 1 = vr,,1. But now T
and Tp are both in C, so vr1 = vp, 1 (mod. p) in this case, by Assertion 1. Thus
Condition (c¢) holds in this case also. The case T ¢ C and T" € C is similar.

o if "¢ Cand T ¢ C, then yr + vr1 = vry,,1 = Y1 + vr7.1, so Condition (c¢) holds
in this case also.

This completes the proof of Lemma @ 0

End of the proof of Theorem : In the beginning of the proof of Theorem ,
I started with an element uw €  lim D(Np(Q)/Q) such that hp(u) = 0. From this
data, in @, I built a SequencelngiSnItDegers (”T-,S)(T,S)egg(P) fulfilling Hypothesis 1, 2
and 3 of Lemma @ Let (yr)rea_,(p) denote the sequence of integers provided by this

lemma, and define a new sequence of integers (v/. S)(T syeei(py Y
,S)(T,S) €k

Ur.s =

r vT,S if S#1
yr+ours it S=1

Then this sequence fulfills Conditions 1, 2, and 3 of Theorem @ : indeed, the new
sequence is clearly invariant by conjugation, so Condition 1 is fulfilled. Conditions 2
and 3 for sections (7, S) and (T7,S5) with S # 1 are obviously fulfilled, since they are
for the sequence (vr,s), and since vr,s = v g when S # 1.

Now if T,T" € A—o(P), if T < Np(T') and TT' = (Z/pZ)3, then T and T’ are in
the same connected component of A>o(P), and yr = y7. Thus

/ /
vpy t+ Z Vrpry = Y1 tUr1+ Z vrT Y

1<Y<T 1<Y<T
=y +vrra+ Z VTT! Y
1<Y <T’
= 'U/T/.,l + Z UITT',Y ;
1<Y <T"

so Condition 2 is fulfilled.
Finally if T, 7" € A_3(P), if T < Np(T') and TT" = X3, then

vy =Yyr +vra =y + o1 (mod. p)

hence Condition 3 is fulfilled, since yr/ + vr/ 1 = vy 5.
By Theorem [£.5, there exists n € D(P) such that Dp(2n) = (v 5)- In other words,
for any (T, S) € EX(P)
Defresg/s@n) =vpg - 2075 .
Thus if S # 1

Defresg/s@n) =wvr,5-207/9 = Resgfs(s)/s(Qus) .
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Set tg = Defresﬁp(s)/s@n) —2ug. Now for any (V,U) € 5§ (Np(9)/S)

Defresgﬁg )/S(ts) = DefresV/U(Qn) Defresgﬁg )/S(Qu )
= DefresV/U(Qn) Resgf’és DV Defr eszg)[/Jf/U@uS)
Np(S,U)/Ug.  Np(U)/U
= Defresv/U(Qn) Res Vfé VUR, SNiES,)é)/U(QUU)
= DefresV/U(Qn) ResgféU)/U(QuU) =0

It follows that ¢g is a torsion element of D(Np(S)/S), which is also in 2D (Np(S5)/S).
Since the latter is torsion free, it follows that tg = 0, i.e. that 2ug = Defreszp(s)/S(Qn),
for any S # 1. Equivalently 2u = rp(2n), or 2(u — rp(n)) = 0.

Now u—rp(n) is an element of lim  Dyops (Np(Q)/Q). By Proposition 5.5 of [f],

1<Q<P
there exists an element m € D(P) such that rp(m) = u — rp(n). It follows that
u=rp(m+n), as was to be shown. This completes the proof of Theorem . 0

6. Example : the group X,s

Let P be an extraspecial group of order p° and exponent p. The centre Z of P
is cyclic of order p, and it is equal to the Frattini subgroup of P. The commutator
P x P — Z induces a non degenerate symplectic IF,-valued scalar product on the factor
group E = P/Z = (F,)*, and the map Q — @/Z is a poset isomorphism from the poset

of elementary abelian subgroups of P strictly containing Z to the poset £ of non zero
4

totally isotropic subspaces of E. There are e = p :11 isotropic lines in F, and the

same number of totally isotropic 2-dimensional subspaces. It follows that |£] is equal
to 2e.
There is a commutative diagram

Defp/z] B ™
0—=T1(P) D(P)—“~ lim D(Np(Q)/Q)2> g (As2(P),z)"
1<Q<P

In this diagram, the group lim D(P/Q) is the group of sequences (ug)z<g<p, where
Q>Z
ug € D(P/Q) (note that Q < P if Q > Z), such that

VR>Q > Z, Defpjg =up,

and the map 7 is the projection map on the components ) > Z. The map d is the
product of the deflation maps Defp/ Q) for @ > Z. It is an isomorphism, since the

sequence (ug)q>z, where ug € D(P/Q), is in the group lim D(P/Q) if and only if
Q=27

uQ = Defgjguz for any Q > Z.
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The kernel of the map Defh /7 18 the set of faithful elements of D(P), and it was
denoted by dD(P) in [[J]. It was shown in this paper (Theorem 9.1) that

OD(P) = 7** © )27 .

The kernel of 7 consists of the sequences (ug)1<g<p in lim D(Np(Q)/Q) for which
1<Q<P
ug = 0if Q > Z. Tt was shown in [5] that this is also the group lim 0D (Np(Q)/Q).

1<Q<P
Qnz=1
All these facts show that there is an exact sequence

(6.1) 0— T(P) — dD(P) "% lim 0D(Np(Q)/Q) % H' (As(P),Z)"
1<Q<P
Qnz=1
where rp and hp are the restrictions of the previously defined maps with the same
names to the corresponding subgroups.

If @ is a subgroup of P such that @ N Z = 1, then @ is elementary abelian of
rank at most 2 (see [[] for details). If Q has order p, then Np(Q)/Q = X5, thus
aD(Np(Q)/Q) >~ 7P 9 7/27 ([E] Theorem 9.1 or Section 11). If @ has order p?, then
Np(Q)/Q = Z/pZ, thus dD(Np(Q)/Q) = Z,/27.

It follows easily that the group  lim oD (N p(Q)/ Q) has free rank at least equal

1<Q<P
QNZ=1

to e(p + 1), since it contains the group @ 20D (Np(Q)/Q).
|Q|=p
Q#Z
Now the group T'(P) is free of rank one, generated by Qp/;, by Corollary 1.3 of [EI],
and the group H'! (AZQ(P),Z)(P) is isomorphic to H*(€,7Z). An easy computation,
using e.g. Section 6 of [[], shows that this group is free of rank p*.
Now the free rank of the image of hp in the exact sequence @ is at least equal to

1—2e+e(pt+l)=1+e(p—1)=p*,

and since this is equal to the free rank of H'! (AZQ(P), Z) (P), it follows that the free rank

of the image of hp is actually equal to p*, and that the free rank of lim oD (Np (Q)/Q)
1<Q<P
QnZ=1
is equal to e(p + 1).
Moreover the map hp has finite cokernel, and this shows that in this case, the gluing
problem does not always have a solution.

6.2. Remark: In this case, a precise description of the map hp shows that its cokernel
is a non trivial finite p-group.

6.3. Aknowledgements: I wish to thank Nadia Mazza and Jacques Thévenaz for
careful reading of an early version of this paper, and for many suggestions, comments,
and stimulating discussions about it.
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