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TOPOLOGICAL DERIVATIVES IN PIEZOELECTRICITY

G.CARDONE, S.A. NAZAROV, AND J. SOKOLOWSKI

A. Asymptotic formulae for the mechanical and electric fieldsin a piezo-
electric body with a small void are derived and justified. Such results are new
and useful for applications in the field of design of smart materials. In this way
the topological derivatives of shape functionals are obtained for piezoelectric-
ity. The asymptotic formulae are given in terms of the so-called polarization
tensors (matrices) which are determined by the integral characteristics of voids.
The distinguished feature of the piezoelectricity boundary value problems under
considerations is the absence of positive definiteness of andifferential operator
which is non self-adjoint. Two specific Gibbs’ functionals of the problem are
defined by the energy and the electric enthalpy. The topological derivatives are
defined in different manners for each of the governing functionals. Actually, the
topological derivative of the enthalpy functional is locali.e., defined by the point-
wise values of the governing fields, in contrary to the energyfunctional and some
other suitable shape functionals which admit non-local topological derivatives,
i.e., depending on the whole problem data. An example with the weak inter-
action between mechanical and electric fields provides the explicit asymptotic
expansions and can be directly used in numerical proceduresof optimal design
for smart materials.

Keywords: Shape optimization, asymptotic analysis, piezoelectricity, electric enthalpy,
topological derivative
MSC:Primary 35Q30, 49J20, 76N10; Secondary 49Q10, 74P15

1. I

The paper is devoted to the asymptotic analysis of boundary value problems for
coupled models. The coupling occurs between the mechanicalpart which takes the
form of the linearized elasticity and governs the stress-strain state of the body, and
the electrical part which describes the electromagnetic field in the body.

From the view point of applications, piezoelectric materials are of common use
in electromechanical sensors and actuators, e.g., ultrasound transducers in medical
imaging and therapy, force and acceleration sensors, positioning sensors, surface
acoustic wave filters, still with the growing range of applications in modern tech-
nology. Their mode of action is based on the piezoelectric effect, that couples the
electrical and mechanical behavior of such materials. For the optimal design of
piezoelectric devices, efficient numerical procedures for shape and topology opti-
mization should be still developed. In the modern theory of shape optimization it is
required that the derivation of shape and topological derivatives of shape function-
als to be optimized is performed beforehand. From one side, the derivation of shape
gradients of integral functionals in smooth domains [45] and non-smooth domains
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[25] (cf. [36, 37]) has become a standard procedure. There isno major difficulty to
perform such a shape sensitivity analysis for the elliptic boundary value problem
under considerations. However, the boundary value problemin piezoelectricity
cannot be posed in such a way that it simultaneously is formally self-adjoint and
possesses a semi-bounded quadratic form. This specific feature makes the problem
more involved from the asymptotic analysis point of view compared to the pure
elasticity or pure electricity boundary value problems. Inaddition, the general case
of inhomogeneous and anisotropic body is considered, whichalso requires for ad-
ditional and new technicalities in asymptotic procedures which is the main subject
of the paper. In particular, different formulations of the piezoelectricity problem
(cf. Sections 2.2, 2.3, 3.3) lead to two definitions of the polarization matrices
which differ one from another by its properties. Moreover, only the electrical en-
thalpy, which is but the governing functional for the piezoelectric media (see, e.g.,
[11, 14, 42]) admits the topological derivative dependent on local characteristics
of mechanical and electrical fields. Other shape functionals, especially the energy
functional, get the topological derivatives dependent on the global characteristics
of mechanical and electrical fields. This acquired trait raises the natural question
on the properties of material derivatives for piezoelectricity in the framework of
the shape sensitivity analysis with smooth or non-smooth boundary variations, it is
clear that the result could be of the same nature, since the topological derivatives
can be identified from the first order shape gradients by a limit passage e.g. in
elasticity, [47] (cf. also [13]).

In the paper, we restrict ourselves to the asymptotic procedures of singular do-
main perturbations which allow us to obtain, in a natural way, the topological
derivatives of shape functionals. In principle, the methoddeveloped here can be
generalized to characterize the influence on solutions of the non-smooth boundary
variations, therefore, we can derive the shape gradients even in such a case, e.g.,
for small defects located close-by the boundary, includingmicro-cracks (see [38]).

Without entering into details, but with the strong practical implications in mind,
we can claim that some possible applications of shape optimization in the field con-
cern the design of electro-acoustic transducers which are constructed with piezo-
electric actuator-patches and capacitative micro-machined ultrasound transducers.
The task for optimal design for a class of electrostatic-mechanical-acoustic trans-
ducers can be e.g., the topology of electro-acoustic material and the topology of
the electrode-layers, in order to achieve a maximal acoustic pressure, or a max-
imal acoustic energy in a specific sub-domains of the hold-all-domain. We refer
the reader e.g. to [42, 11, 14] for modeling of piezoelectricmaterials, to [16] for
material tensor identification for such materials, and to [17] for control issues.

Our aim is a possible application in shape optimization, thus we introduce the
so-called topological derivatives of shape functionals for piezoelectric materials. It
seems that the models are not up to now used in applied mathematics for the pur-
poses of shape optimization, although the smart materials are of common use in
the engineering practice. In shape optimization, the modern approach to numerical
solution, requires the preliminary knowledge of explicit formulae for shape gradi-
ents [45] as well as of the topological derivatives [46, 36, 9]. These formulae are
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used in thelevel-set-type methods which model the geometrical domain evolution
by a zero-level set of solutions to non-linear hyperbolic equations of the Hamilton-
Jacoby type. The shape gradient are present as the coefficients of the equations, and
the topological derivatives are used to improve the values of the shape functional
under consideration by the appropriate topology changes, e.g., for the minimization
of the shape functional, the minima of the topological derivative of the functional
indicate the location of a new hole in the geometrical domain[2, 7, 8].

2. F         

2.1. Shape optimization in piezoelectricity. This paper is motivated by the fact
that, among numerous publications on shape optimization, shape sensitivity anal-
ysis for piezoelectric bodies does not exist, although piezoelectric materials are
of extremely wide usage in the modern technologies, one can think of a simple
lighter, available in any supermarket, or an elaborated computer work-station in
a university. One, and definitely not the only one, distinguishing feature of such
smart materials implies an easy energy transfer in both directions from mechanical
fields to electric fields. The mathematical modeling of such aphenomenon leads
to serious complications of analysis for governing PDE’s because the correspond-
ing boundary value problem is not formally self-adjoint in contrast to the boundary
value problems for purely elastic bodies or purely electromagnetic media. This fact
requires for the development of new mathematical tools and acareful choice of the
cardinal shape functional while neglecting of non-self-adjointness provokes mis-
takes in both, mathematical formulae and physical interpretation of the obtained
results (see Remark 4.4 below).

Introduced in [46]1, the topological derivativeT(u0;ω1) of a shape functionalJ
is intended to describe the change of the functionalJ due to nucleation of holes
or voids and allows to extend possible variations of the shape in an optimization
process [2, 7, 8] in comparison with classical tools (cf. [45, 4, 5]),

(1) J(uh;Ω(h)) = J(u;Ω) + hκT (u;ω1) + o(hκ), h→ +0,

In (1), h > 0 is a small parameter, i.e., the diameter of the openingωh in the
entire bodyΩ ⊂ Rn, uh and u are solutions of the boundary value problem in
Ω(h) = Ω \ ωh andΩ, respectively, and the exponentκ > 0 depends on the space
dimensionn and boundary conditions imposed on the interior (n− 1)-dimensional
surface∂ωh.

Asymptotic analysis of elliptic problems in singularly perturbed domains, e.g.,
methods of matched and compound asymptotic expansions (cf.[15] and [25], re-
spectively), has become the most appropriate and relevant to obtainalmost explicit
formulae for the topological derivatives as it has been demonstrated in [36, 37] and
others. We also mention books [28, 3] where the subject is studied, to some extend,
from physical and numerical point of view.

1Actually, asymptotic formulae of type (1) together with thewhole asymptotic series for energy
functionals under various singular boundary perturbations had been derived much earlier in [24],
although the notion of the topological derivative is due to [46].
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Strangely enough, only self-adjoint problems were heretofore examined care-
fully, although the full-blown approach in [25] can work forgeneral boundary
value problems for elliptic systems. In this paper we partlyfill this gap by adapting
formula (1) to certain shape functionals for a piezoelectric body.

The piezoelectricity problems admits two different formulations with non-symmetric
and symmetric but non-semibounded quadratic forms, the energy and electric en-
thalpy functionals, respectively. By means of the Lax-Milgram lemma, the first
formulation furnishes the existence and uniqueness result. At the same time, the
topological derivative of the energy functional is a non-local characteristics of the
piezoelectricity solutions in contrast to the pure elasticity problem (see Remark
4.3 below), while the absence of this intrinsic property is not caused by anincor-
rect definition (1) but occurs as well for the energy release rate in mechanics of
cracks for piezoelectric media (see Remark 4.3 again). The fair explanation, we
refer the reader to [48] for the modeling issues, of the latter refers to the electric
enthalpy as one of Gibbs’ functional obtained from the energy functional by the
partial Lagrange transform on the electric components. This is the electric enthalpy
E(uh;Ω(h)) (see the definition in (20)), that governs the mechanical electric state of
the piezoelectric bodyΩ(h) and, therefore, the second formulation becomes varia-
tional and provides the clear interpretation of the topological derivativeTE(u;ω1)
in

(2) E(uh;Ω(h)) = E(u;Ω) + h3TE(u;ω1) +O(h4), h→ +0.

The indicated peculiarity of the piezoelectricity problemcrucially influences
topological derivatives of other shape functionals, too. For example, the traditional
adjoint state (cf. [4, 45, 46]) has to be found out in the formally adjoint boundary
value problem that occasionally underlines its name.

All the above observations lifts the piezoelectricity problem on the top of the
list of unsolved problems in shape optimization, it seems that even the classical
formulae for material derivatives, which are not under consideration in the paper,
ought to be revisited.

2.2. Constitutive relations in piezoelectricity. Let Ω ⊂ R3 be a piezoelectric
body with the Lipschitz boundary∂Ω and the compact closureΩ = Ω∪ ∂Ω. Using
the matrix/column notation (cf. [22, 29]), we regard the displacement vectoruM as
the columnuM = (uM

1 , u
M
2 , u

M
3 )⊤ whereuM

j is the projection ofu on thex j-axis of the
fixed Cartesian coordinates systemx = (x1, x2, x3)⊤ and⊤ stands for transposition.
Together with the electric potentialuM, the displacements compose the column
u = (uM

1 , u
M
2 , u

M
3 , u

E)⊤ of height 4. The strain column

(3) εM(uM) = (εM
11, ε

M
22, ε

M
33,
√

2εM
23,
√

2εM
31,
√

2εM
12)
⊤
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consists of the Cartesian componentsεM
jk =

1
2(∂ juM

k + ∂kuM
j ) of the strain tensor and

takes the formεM(uM) = DM(∇x)uM where
(4)

DM(∇x)
⊤ =


∂1 0 0 0 2−1/2∂3 2−1/2∂2

0 ∂2 0 2−1/2∂3 0 2−1/2∂1

0 0 ∂3 2−1/2∂2 2−1/2∂1 0

 ,∇x =


∂1

∂2

∂3

 , ∂ j =
∂

∂x j
.

We introduce the columnε(u) = (εM(uM)⊤, εE(uE)⊤)⊤ whereεE(uE) = ∇xuE is the
electric strain column, taken with the sign minus, andD(∇x) implies a (9×4)-matrix
of the first-order differential operators,

(5) ε(u) = D(∇x)u, D(∇x)
⊤ =

(
DM(∇x)⊤ 0

0 0 ∇⊤x

)
, 0 = (0, 0, 0).

We also assemble the columnσ(u) of height 9 from the stress columnσE(uM)
of structure (3) and the electric induction columnσE(uE) = (σE

1 , σ
E
2 , σ

E
3)⊤. In this

manner, the constitutive relations of piezoelectricity (see [11, 14, 42])

(6) σM = AMMεM − AMEεE, σE = AEMεM + AEEεE

can be rewritten as follows:

(7) σ(u) = Aε(u),

where the matrixA of size 9× 9,

(8) A =

(
AMM −AME

AEM AEE

)

is formed by the symmetric and positive definite (6× 6)- and (3× 3)-matricesAMM

and AEE, respectively the elastic stiffness matrix and the dielectric permeability
matrix, and the blocksAME = (AEM)⊤ of piezoelectric moduli. We emphasize that,
by its physical nature, the matrix (8) is not symmetric provided the (6× 3)-block
AME is not null, i.e., the mechanical and electric fields interact.

The state of the piezoelectric bodyΩ is described by the mixed boundary value
problem

D(−∇x)
⊤A(x)D(∇x)u(x) = f (x), x ∈ Ω,(9)

D(n(x))⊤A(x)D(∇x)u(x) = g(x), x ∈ Γσ,(10)

u(x) = 0, x ∈ Γu = ∂Ω \ Γσ,(11)

wheren = (n1, n2, n3)⊤ is the unit vector (column) of the outward normal. On the
right hand-side of the equations (9) and (10), we have the volume forcesf M =

( f M
1 , f M

2 , f M
3 )⊤ and the surface mechanical loadinggM = (gM

1 , g
M
2 , g

M
3 )⊤ together

with the volumef E and surfacegE electric charges. The Dirichlet conditions (11)
mean that the body is mechanically clamped over the surfaceΓu and in contact with
an electric conductor. As usually,f E = 0 and, if the surfaceΓσ is in contact with a
dielectric medium, i.e., vacuum, we are to putgE

4 = 0.
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2.3. Solvability of the problem. Let us assume thatmes2Γu > 0 and f ∈ L2(Ω)4,
g ∈ L2(Γσ)4 whereL2(Ξ) denote the Lebesque space with the intrinsic inner prod-
uct ( , )Ξ and the superscript 4 indicates the number of components in the vector
functions f andg. Notice that the subscript is always omitted in our notationfor
inner products and norms.

The integral identity (cf. [21]) serving for problem (9)-(11), reads as follows:

(12) Q(u, v;Ω) := (AD(∇x)u,D(∇x)v)Ω = ( f , v)Ω + (g, v)Γu , v ∈ H̊1(Ω;Γu)4,

where H̊1(Ω;Γu) denotes the Sobolev space of functions vanishing atΓu. The
left-hand side of (12) is understood properly provided entries of the matrixA are
measurable and uniformly bounded functions inΩ. In addition, for almost all
x ∈ Ω, we assume the symmetry and positivity properties

(13)
AMM(x) = AMM(x)⊤, AME(x) = AME(x)⊤, AEE(x) = AEE(x)⊤,
cM|aM|2AMM(x)aM ≤ CM|aM|2, aM ∈ R6,

cE|aE|2AEE(x)aE ≤ CE|aE|2, aE ∈ R6,

wherecM, CM andcE, CE are positive constants. We emphasize that no positivity
restriction is imposed on the piezoelectric moduli inAME.

Although in the caseAME
, 0 the sesquilinear formQ(·, ·;Ω) cannot be an inner

product on the Hilbert space̊H1(Ω;Γu)4 due to thewrongsign onAME in (8), the
Lax-Milgram lemma ensures the following assertion becauseof the formula
(14)
Q(u, u;Ω) = (AMMDM(∇x)u

M,DM(∇x)u
M)Ω + (AEE∇xu

E,∇xu
E)Ω ≥ c‖u; H1(Ω)‖2

caused by the Poincaré inequality foruE and the Korn inequality foruM (see [6, 19]
and others).

Proposition 2.1. Under the conditions(13), (14), the problem(12)admits a unique
solution u∈ H̊1(Ω;Γu)4, and the following estimate is valid:

(15) ‖u; H1(Ω)‖ ≤ cΩ(‖ f ; L2(Ω)‖ + ‖g; L2(Γσ)‖).

Unfortunately, the problem (12) is non variational. Indeed, the energy functional
U,

U(u;Ω) =
1
2

(AD(∇x)u,D(∇x)u)Ω −A(u;Ω),(16)

A(u;Ω) := ( f , u)Ω + (g, u)Γσ ,(17)

is but the sum of the mechanical and electric energy functionals

UM(uM;Ω) =
1
2

(AMMDM(∇x)u
M,DM(∇x)u

M)Ω − ( f M, uM)Ω − (gM, uM)Γσ ,(18)

UE(uE;Ω) =
1
2

(AEE∇xu
E,∇xu

E)Ω − ( f E, uE)Ω − (gE, uE)Γσ ,(19)

while a stationary point of (16) becomes a solution of the problem (12) with the
block-diagonal (9× 9)-matrix diag{AMM,AEE}, i.e., the variational problem does
not accept an interaction of the mechanical and electric fields (cf. an example in
Section 4.4).
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It is known (see, e.g., [48]) that the electric enthalpyE,

E(u;Ω) =
1
2

(A(−)D(∇x)u,D(∇x)u)Ω − R(u;Ω),(20)

R(u;Ω) = ( f M, uM)Ω + (gM, uM)Γσ − ( f E
4 , u

E
4)Ω − (gE

4 , u
E
4 )Γσ ,(21)

gives rise to the variational formulation of the piezoelectricity problem

(22) Q(−)(u, v;Ω) := (A(−)D(∇x)u,D(∇x)v)Ω = R(v;Ω), v ∈ H̊1(Ω;Γσ)4,

where the matrixA(−) is composed from blocks in (8) as follows

(23) A(−) =

(
AMM AME

AEM −AEE

)

The matrix (23), in contrast to the matrixA, is symmetric, however, neither matrix
(23), nor the quadratic form on the left-hand side of (22) is positive definite. Thus,
a solutionu ∈ H̊1(Ω;Γσ)4 is a stationary point of the functional (20) butu cannot
be any minimizer of the electric enthalpyE(u;Ω).

The integral identity (22) with the test functionv(−) = (vM
1 , v

M
2 , v

M
3 ,−vE) trans-

forms into the problem (12). The inverse transformation is also available. These
facts prove that the problem (22) inherits the unique solvability from (12) in Propo-
sition 2.1.

Remark 2.1. The integral identity is formally obtained by the multiplying system
(9) with v scalarly and integrating by parts. Using v(−) as the multiplier, one arrives
at (22). This explains the equivalency of the problems. In Section 3.3 we shall
outline a different way to modify the piezoelectricity problem in order tostudy
properties of the mechanical and electric fields on the base of known results.

The electric enthalpy is but the difference of elastic energy (18) and electric
energy (19). Expression (17) implies the external work. Being the difference of
the mechanical and electric external works, the componentR(u;Ω) of the electric
enthalpy has no physical meaning as a whole. Nevertheless, in Section 4.2 we
shall observe that asymptotic formulae forE(u;Ω) become meaningful while the
analogous formulae forU(u;Ω) look rather queer.

2.4. Structure of the paper. In Section 3 the asymptotic analysis of the piezoelec-
tricity problem for the bodyΩ(h) with a small voidωh is performed (see (24)). The
applied here asymptotic procedure [25, Ch.4] requires for introduction of an intrin-
sic integral characteristics of the voidω1 in the homogeneous piezoelectric space
R

3, the polarization matrixM(A0, ω) of size 9× 9 (see formulae (61)-(63)). The-
orem 3.4 establishes general properties of the polarization matrix, see also (172)
for the case of weak interaction between mechanical and electric fields. The po-
larization matrix appears in the asymptotic expansion of the boundary layer term
at infinity that also permits in Section 3.5 to complete the asymptotic ansatz of the
solution to the piezoelectricity problem inΩ(h). The asymptotics constructed in
Section 3 is justified in section 4.1. In Section 4.2 the asymptotics of the energy
and electric enthalpy functionals are analysed, while in Section 4.3 rather arbitrary
shape functional is considered and the corresponding adjoint state is detected. The
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paper is completed by inquiring into a piezoelectric body with a weak interaction
of the mechanical and electric fields. All asymptotic formulae derived in the paper
are made more explicit in such a case due to the fact that for pure electricity and
pure elasticity the polarization matrices are known explicitly for many canonical
shapes (see, respectively, [44], [49, 23, 3] and others).

3. A 

3.1. The problem with an interior singular perturbation in the do main. Letω
be an open set inR3 with a Lipschitz boundary and a compact closure. We assume
that bothΩ andω contain the coordinate originO. Given a small dimensionless
parameterh ∈ (0, h0], we introduce the sets

(24) ωh = {x : ξ := h−1x ∈ ω}, Ω(h) = Ω \ ωh.

The boundh0 > 0 is chosen such thatωh ⊂ Ω for h ∈ (0, h0]. By rescaling, we
reduce a characteristic size ofΩ andω to the unit and make the coordinatesx and
ξ dimensionless.

SupposingΩ(h) to be a connected set, we consider the piezoelectricity problem
in the domainΩ(h), namely,

D(−∇x)
⊤A(x)D(∇x)u

h(x) = f (x), x ∈ Ω(h),(25)

D(n(x))⊤A(x)D(∇x)u
h(x) = g(x), x ∈ Γσ,(26)

D(nh(x))⊤A(x)D(∇x)u
h(x) = 0, x ∈ ∂ωh,(27)

uh(x) = 0, x ∈ Γu.(28)

In (27), nh stands for the outward normal on∂ωh. Since the Neumann conditions
are imposed on the boundary ofωh, there is no traction on∂ωh and the openingωh

is filled with a dielectric medium. This problem, of course, ought to be reformu-
lated as either integral identity (12), or (22) in the function spaceH̊1(Ω(h);Γu)4,
hence

(29) Q(uh, vh;Ω(h)) = ( f , vh)Ω(h) + (g, vh)Γσ , vh ∈ H̊1(Ω(h);Γu)4.

Proposition 2.1 remains valid for the problem (29) in the domainΩ(h).
For h = 0, the openingωh disappears and the singularly perturbed problem

(25)-(28) becomes the original problem (9)-(11). In order to describe the behavior
of the solutionuh ∈ H̊1(Ω(h);Γu)4 ash → +0, we have to assume an additional
smoothness of the matrixA, for exemple, in the ballBR = {x : |x| < R} the inclusion

(30) A ∈ C2,α(BR)9×9

is valid, whereCk,α(Ξ) is the Hölder space with the standard norm

‖v; Ck,α(Ξ)‖ =
k∑

j=1

sup
x∈Ξ
|∇ j

xv(x)| + sup
x,y∈Ξ
|x− y|−α |∇k

xv(x) − ∇k
yv(y)|
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and∇k
xv denotes the family of all derivatives ofv of order k. Since the matrix

differential operator

(31) L(x,∇x) = D(−∇x)
⊤A(x)D(∇x)

is elliptic (see Section 3.3 below), a solutionu ∈ H1(BR)4 of the system (9) inBR

with the right-hand side

(32) f ∈ C0,α(BR)4, α ∈ (1/2, 1),

falls into the spaceC2,α(BR′)4 for anyR′ ∈ (0,R). This fact is due to local estimates
of solutions to elliptic systems [1]. Note that (32) provides the estimate

(33) | f (x) − f (0)| ≤ c|x|α, x ∈ BR.

We also need the Taylor formula

(34) |u(x) − d(x)a− D(x)⊤ε0 − U(x)| ≤ c|x|2+α, x ∈ BR′ ,

whereD(x)⊤ is the matrix in (5) under the substitution∇x 7→ x,

(35) ε0 = D(∇x)u(0) ∈ R9,

d(x)a with a ∈ R7 implies a rigid motion in the mechanical component and a
constant potential in the electric one,
(36)

d(x) =

(
dM(x) 0
0 0 1

)
, dM(x) =


1 0 0 0 −2−1/2x3 2−1/2x2

0 1 0 2−1/2x3 0 −2−1/2x1

0 0 1 −2−1/2x2 2−1/2x1 0

 .

We emphasize a similarity of the matricesDM(x)⊤ anddM(x). Finally, U in (34) is
a quadratic term, i.e.,

(37) U(tx) = t2U(x), t > 0, x ∈ R3.

Remark 3.1. The factor
√

2 is present in the strain column(3) in order to equalize
the natural norms for tensors of rank2 with the norms of corresponding columns
of height6. As a result, an orthogonal transformation of the Cartesiancoordinate
system x implies the orthogonal transformations for all columns introduced to re-
place tensors (see, e.g.,[29, Ch.2]). By the factor2−1/2 in (36), we also achieve the
relations

(38)
D(∇x)D(x)⊤ = I9×9, D(∇x)d(x) = O9×7,

d(∇x)⊤d(x)|x=0 = I7×7, d(∇x)⊤D(x)⊤|d=0 = O7×9,

whereIn×n andOm×n stand for the unit and null matrices of size n× n and m× n,
respectively. Notice that(35) follows from the first couple of the relations(38) and
our way to write the Taylor formula.

By (30), we particularly obtain

(39) A(x) = A0 +

3∑

j=1

x jA
j + Ã(x), |Ãpq(x)| ≤ c|x|2, x ∈ BR,
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with the constant (9× 9)-matricesA j so that matrix (31) of differential operator
gets the decomposition

(40) L(x,∇x) = L0(∇x) + L′(x,∇x) + L̃(x,∇x).

Inserting the Taylor formula foru into the equation (9) and using (39) yield

(41) L0(∇x)U(x) −
3∑

j=1

D(ej)
⊤A jε0 = f (0).

Hereej = (δ j,1, δ j,2, δ j,3)⊤. SinceU is quadratic inx (see (37)), the first term on the
left hand-side is independent ofx.

Remark 3.2. To guarantee formulae(33) and (34) with α ∈ (0, 1/2), we could
assume f∈ H2(BR)4 while deriving u∈ H4(BR′)4 from local estimates for solutions
of elliptic systems (see[1]). This is due to the Sobolev embedding theorem Hl+2 ⊂
Cl,α in R3 for anyα ∈ (0, 1/2). However, in Theorem 4.1 and Remark 4.2 we shall
see that we really needα > 1/2. The latter requires, for example, f∈ H3(BR)4,
and, therefore, we prefer here to use the Hölder scale.

3.2. The asymptotic ansatz.Based on general results in [25], we accept the fol-
lowing asymptotic ansatz for the solutionuh of the singularly perturbed problem
(25)-(28) :

(42) uh(x) = u(x) + χ(x)(hw1(ξ) + h2w2(ξ)) + h3u(x) + . . .

Here u is a solution of the limit problem (9)-(11),w1 and w2 are terms of the
boundary layer type, andu is the main regular corrector. The cut-off function
χ ∈ C∞c (Ω) is equal to one in the ballBR/3 and null outsideB2R/3 so that, now, we
fix h0 > 0 such thatωh ⊂ BR/3 for h ∈ (0, h0].

In view of (24), the coordinate dilationx 7→ ξ = h−1x removes the boundary∂Ω
close to infinity and the formal limit passageh → +0 makes the exterior domain
Ξ = R3 \ ω from the nucleated domainΩ(h). Moreover, the decomposition (40)
yields

(43) L(x,∇x) = L(hξ, h−1∇ξ) = h−2L0(∇ξ) + h−1L′(ξ,∇ξ) + . . .
Similarly, for the Neumann boundary operatorNh(x,∇x) on the left hand-side of
(27), we have

(44) Nh(x,∇x) = h−1N0(ξ,∇ξ) + h0N′(ξ,∇ξ) + . . .
where

(45) N0(ξ,∇ξ) = D(nω(ξ))⊤A0D(∇x), N′(ξ,∇ξ) = D(nω(ξ))⊤
3∑

j=1

ξ jA
jD(∇ξ),

andnω is the unit vector of the outward normal on∂ω.
Let us derive the exterior boundary value problems forw1 and w2. First, we

insert the ansatz (42) into (25), make use of the expansion (44), and collect coef-
ficients written in the fast variablesξ for similar powers of the small parameterh.
As a result, we obtain systems of differential equations inΞ for w1 andw2 (see (46)
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and (47) below). Second, we calculate the discrepancy left by the leading asymp-
totic termu(x) in the boundary conditions (27). Namely, by means of (34), (44),
we derive that

Nh(x,∇x)u(x) = D(nω(ξ))⊤
A

0 + h
3∑

j=1

ξ jA
j

 ε
0 + hN0(ξ,∇ξ)U(ξ) + . . .

Finally, we write the problems

(46)
L0(∇ξ)w1(ξ) = 0, ξ ∈ Ξ,
N0(ξ,∇ξ)w1(ξ) = −D(nω(ξ))⊤A0ε0, ξ ∈ ∂ω,

and
(47)
L0(∇ξ)w2(ξ) = −L′(ξ,∇ξ)w1(ξ), ξ ∈ Ξ,
N0(ξ,∇ξ)w2(ξ) = −N′(ξ,∇ξ)w1(ξ) − N′(ξ,∇ξ)D(ξ)⊤ε0 − N0(ξ,∇ξ)U(ξ), ξ ∈ ∂ω.

3.3. The exterior problem in piezoelectricity. The polynomial property [30, 31]
of a formally self-adjoint system of differential equations delivers plenty of results
for the exterior boundary value problem inΞ such as the ellipticity, the solvability,
asymptotic expansions of solutions, and intrinsic integral characteristics, i.e. the
polarization matrices (see [35, Ch.6], [31, 33] and [36] in shape optimization). As
it has been mentioned, the piezoelectricity system (9) is not formally self-adjoint,
however, introducing the imaginary potentialiuE

4 (see [31, Example 1.13]) and the
columnu(i) = (uM

1 , u
M
2 , u

M
3 , iu

E
4 )⊤ brings the sesquilinear form

(48) q(i)(u(i), v(i);Ξ) = (A0
(i)D(∇ξ)u(i),D(∇ξ)v(i))Ξ

wherei is the imaginary unit andA0
(i) stands for modified matrix (23),

(49) A0
(i) =

(
A0MM, iA0ME

iA0EM, A0EE

)
= A0

(Re) + iA0
(Im),

while both A0
(Re) andA0

(Im) are real symmetric andA0
(Re) is positive definite. The

sesquilinear form (48) is not Hermitian in the caseA0ME
, O6×3, but it enjoys the

polynomial property [30, 32, 31]:

(50) q(i)(u(i), u(i);Υ) = 0 ⇐⇒ u(i) ∈ P|Υ,
whereΥ is any domain inR3 andP = {p : p(x) = d(x)a, a ∈ C7} is a polynomial
subspace of dimension 7 generated by the matrix in (36).

The above observations made in [32, 31] and the investigation scheme [35, Ch.6]
provide all results we formulate below with exception for the polarization matrix
and here the most attention is paid to this integral characteristics of the openingω
in the homogeneous piezoelectric space.

Let V1
0(Ξ) be the Kondratiev space [18] obtained by the completion of the lin-

ear spaceC∞c (Ξ) (infinitely differentiable functions with compact supports) with
respect to the Dirichlet integral norm‖∇ξw; L2(Ξ)‖. Applying the one-dimensional
Hardy inequality in the radial variableρ = |ξ|, we use the equivalent norm

(51) ‖w; V1
0(Ξ)‖ = (‖∇ξw; L2(Ξ)‖2 + ‖ρ−1w; L2(Ξ)‖2)1/2.
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The problem (46) with the right-hand sideg ∈ L2(∂ω)4 in the Neumann bound-
ary conditions can be reformulated as the integral identity, similarly to (12)

(52) (A0D(∇ξ)w,D(∇ξ)v)Ξ = (g, v)∂ω, v ∈ V1
0(Ξ)4.

Proposition 3.1. For any g ∈ L2(∂ω)4, the problem(52) has a unique solution
w ∈ V1

0(Ξ)4 and the estimate‖w; V1
0(Ξ)‖ ≤ c‖g; L2(∂ω)‖ is valid.

Although∂ω andg are not smooth, the solutionw in Proposition 3.1 is infinitely
differentiable outside of any neighborhoodV of the setω (recall the local estimates
in [1] mentioned above). To describe the behavior ofw(ξ) asρ→ ∞, we introduce
the fundamental matrixΦ(x) of size 4× 4 for the operatorL0(∇ξ) in R3 (see [10,
12]). This matrix is positive homogeneous of degree−1, namely,

(53) Φ(tξ) = t−1Φ(ξ), t > 0, ξ ∈ R3 \ {0}.

The next assertion is due to [18], [27] (see also [43] and, e.g., [35, Ch.6]).

Proposition 3.2. The solution w∈ V1
0(Ξ)4 of the problem(52) admits the asymp-

totic form

w(ξ) = (d(−∇ξ)⊤Φ(ξ)⊤)⊤a+ (D(−∇ξ)Φ(ξ)⊤)⊤b+ w̃(ξ),(54)

|∇k
ξw̃(ξ)| ≤ ckρ

−3−k, k ∈ N0 = {0, 1, 2, . . . }, ξ ∈ R3 \ V,(55)

where a∈ R7 and b∈ R9 while |a| + |b| ≤ c‖g; L2(∂ω)‖.

Remark 3.3. Formula (54) contains the matrices d and D in(36) and (5). Let
d1(ξ), . . . , d7(ξ) be columns of d(ξ) and let D1(ξ), . . . ,D9(ξ) be strings of D(ξ).
Then we rewrite(54) in the form of strings

w(ξ)⊤ =
7∑

j=1

a jd
j (−∇ξ)⊤Φ(ξ)⊤ +

9∑

k=1

BkDk(−∇ξ)Φ(ξ)⊤ + w̃(ξ)⊤.

Therefore, the asymptotic terms detached in(54) are but a linear combination of
columns of the fundamental matrixΦ(ξ) (with the coefficients a1, a2, a3 and a7;
cf.(36)) and of the first-order derivatives of the columns (with the coefficients a4,
a5, a6 and b1, . . . , b9).

The columnsd1, . . . , d7 satisfy the homogeneous problem (46). However, the
columns are not in the weighted spaceV1

0(Ξ)4 by the lack of their decay rate and,
hence,d j (ξ) are not solutions of the homogeneous (g = 0) problem (52) in Proposi-
tion 3.2. According to the general method [26] such solutions are used to compute
the coefficients in the asymptotic expansion (54). We are going to use this method
twice. First, we observe that the right-hand sideg in (46) verifies the orthogonality
conditions

(56)
∫

∂ω

d(ξ)⊤g(ξ)dsξ = 0 ∈ R7.
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Indeed, by (38), we get
(57)

∫

∂ω

d(ξ)⊤g(ξ)dsξ



⊤

= −(A0ε0)⊤
∫

∂ω

D(nω(ξ))d(ξ)dsξ = −(A0ε0)⊤
∫

ω

D(∇ξ)d(ξ)dξ = 0.

Proposition 3.3. Under orthogonality condition(56), the column a∈ R7 in (54)
vanishes.

The proof is commented in Remark 3.6.
Let W j ∈ V1

0(ξ)4 be a solution to the problem (52) with the specific right-hand
side

(58) g j(ξ) = −D(nω(ξ))⊤A0ej ;

here j = 1, . . . , 9, ej = (δ j,1, . . . , δ j,9)⊤ is the unit column inR9, andδ j,k stands for
the Kronecker symbol. Recalling the problem (46) for the boundary layer termw1,
we see that

(59) w1(ξ) =W(ξ)ε0

with the (4× 9)-matrix functionW composed from the columnsW1, . . . ,W9 of
height 4,

(60) W = (W1, . . . ,W9).

By Proposition 3.3 and the relation (57), we conclude the expansions

(61) W j(ξ)⊤ =
9∑

p=1

M jpDp(∇ξ)Φ(ξ)⊤ + W̃ j(ξ)⊤

where the remainders̃W j(ξ) obey the estimates (55). The coefficientsM jp in (61)
form the matrix of size 9× 9

(62) M = M(A0, ω)

which, in the analogy with [49, 34, 40] and others, is calledthe polarization matrix
of the openingω in the homogeneous piezoelectric space.

As in Section 2.3, our study of general properties of (62) relies on both formu-
lations (12) and (22) of the piezoelectricity problem. Hence, we have to perform
the same sign changes as in (23),

(63) M =

(
MMM MME

MEM MEE

)
7→ M(=) =

(
MMM −MME

MEM −MEE

)
.

Theorem 3.4. Entries of the modified polarization matrix M(=) satisfy the relation

(64) (M(=)) jp = −Q0
(−)(W

j ,Wp;Ξ) − (A0
(−)) jpmes3ω, j, p = 1, . . . , 9,

where Q0
(−) is the quadratic form in(22) with the matrix A0(−) = A(−)(0) (see(23)

and (39)).
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Proof. By (58) and (38), the sumW j(ξ) = D j(ξ)⊤ +W j(ξ) verifies the homo-
geneous problem (46). In the method [26] these solutions play the same role as it
was registered for the columnsd1, . . . , d7 above Proposition 3.3. We underline that
the vector function

(65) W j
(−) = (W jM

1 ,W jM
2 ,W jM

3 ,−W jE)⊤

verifies a homogeneous boundary value problem which is formally adjoint for (46)
and involves the differential operatorsL0

(⊤) andN0
(⊤) constructed fromL0 andN0

in (40) and (45), respectively, by replacingA0 with the transposed matrix (A0)⊤.
Clearly, L0

(⊤)(∇ξ) = L0(∇ξ)∗ is the formally adjoint for the differential operator

L0(∇ξ).
We insertW j andWp

(−) into the Green formula written for the truncated domain
ΞR = Ξ ∩ BR and choose the radius of the ballBR = {ξ : |ξ| < R} such that the
sphereSR = ∂BR envelopes the setω. We have
(66)
(L0W j ,Wp

(−))ΞR+(N0W j ,Wp
(−))∂ω∪SR = (W j , L0

(⊤)W
p
(−))ΞR+(W j ,N0

(⊤)W
p
(−))∂ω∪SR.

SinceL0W j = 0 providesL0
(⊤)W

j
(−) = 0, the integrals overΞR in (66) vanish.

Furthermore,N0
(⊤)(ξ,∇ξ)W

p
(−)(ξ) = 0, ξ ∈ ∂ω. Thus, (66) converts into

(67) (N0W j ,Wp
(−))∂ω = (W j ,N0

(⊤)W
p
(−))SR − (N0W j ,Wp

(−))SR

whereN0(ξ,∇ξ) = D(|ξ|−1ξ)⊤A0D(ξ) on the sphereSR.
Taking into account the estimates (55) forW̃ j and the concomitant estimates

|∇k
ξ
Wp(ξ)| ≤ cpρ

−1−k, we obtain that the right-hand sideI jp
right of (66) satisfies

I jp
right = (Σ j ,N0

(⊤)D
⊤
p(−))SR +O(R−1)

whereΣ j means the asymptotic term detached in (61) andDp(−)(ξ)⊤ is a column of
the matrixD(ξ)⊤ transformed according to (58). Understanding integrals over the
ball BR in the framework of the theory of distributions, we obtain

I jp
right = (L0Σ j ,D⊤p(−))BR − (Σ j , L0

(⊤)D
⊤
p(−))BR +O(R−1)

=

9∑

q=1

M jq

∫

BR

Dp(−)(ξ)Dq(∇ξ)⊤δ(ξ)dξ +O(R−1)(68)

=

9∑

q=1

M jqDq(−∇ξ)Dp(−)(ξ)
⊤|ξ=0 +O(R−1)

=

{
−M jp for p = 1, . . . , 6,
M jp for p = 7, 8, 9

}
+O(R−1) = −(M(=)) jp +O(R−1).
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Here we have used that, first,Dp(−)(ξ) is linear inξ and, therefore,L0
(⊤)D

⊤
p(−) = 0

and, second,

L0(∇ξ)Σ j(ξ) :=
9∑

q=1

M jqL0(∇ξ)(Dq(−∇ξ)Φ(ξ)⊤)⊤ =
9∑

q=1

M jqDq(−∇ξ)⊤δ(ξ)

caused by the formulaL0(∇ξ)Φ(ξ) = δ(ξ)I4×4, i.e., by the definition of the funda-
mental matrixΦ.

Let us process the left-hand sideI jp
right of (66). Again integrating by parts, this

time in the domainsΞ andω, it follows that

I jp
le f t = (N0W j,Wp

(−))∂Ξ − (N0D⊤j ,D
⊤
p(−))∂ω

= Q0(W j ,Wp
(−);Ξ) + Q0(D⊤j ,D

⊤
p(−);ω)(69)

= Q0
(−)(W

j ,Wp;Ξ) + (A0
(−)) jpmes3ω,

wheremes3ω is the volume ofω. Note that, first, the equalityN0W j = −N0D⊤j on
∂ω is inherited from (58) and (38), second,nω and−nω imply the outward normals
with respect to the setsΞ andω, respectively, and, third,

Q0(u, v(−);Ξ) = (A0D(∇ξ)u,D(∇ξ)v(−))Ξ

= (A0
(−)D(∇ξ)u,D(∇ξ)v)Ξ = Q0

(−)(u, v;Ξ),(70)

Q0
(−)(D

⊤
j ,D

⊤
p ;ω) = (A0

(−)ej , ep)ω = (A0
(−)) jpmes3ω.

Comparing (68) and (69), we sendRto+∞ and obtain the desired relation (64).�
Theorem 3.4 ensures the matrixM(=) in (63) to be symmetric, in particular,

MME = −(MEM)⊤. However, in contrast to the polarization matrix in elasticity
(cf. [49, 34, 40]) neitherM(=), nor M enjoy the positivity/negativity property. In
the caseAME = O6×3 the piezoelectricity problem decouples into the elasticity and
electricity problems so that,

(71) MMM < 0, MEE > 0, MME = −(MEM)⊤ = O6×3,

provided, e.g.,mes3ω > 0. We emphasize that in (71)MEE is but the virtual mass
tensor (see [44]). By the perturbation argument, the matrixM has six negative and
three positive eigenvalues, if the matrixAME is sufficiently small (cf. Section 4.4).
However, for arbitraryAME, this property is still an open question.

We have examined the first asymptotic term (59) of the boundary layer type in
the asymptotic ansatz (42). By the representation (61) (seeRemark 3.3), we write
the expansion ofw1(ξ) for ξ → +∞ in the matrix form as follows

(72) w1(ξ) = (D(∇x)Φ(ξ)⊤)⊤M⊤ε0 + w̃1(ξ).

The remainder̃w1 obeys the estimates (55).
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Remark 3.5. Formula (72) can be derived in the following way:

W j(ξ) =
9∑

p=1

M jp

3∑

q=1

∂Φ

∂ξq
(ξ)Dp(eq)⊤ + W̃ j(ξ)

=

9∑

p=1

M jp


3∑

q=1

Dp(eq)
∂Φ

∂ξq
(ξ)⊤



⊤

+ W̃ j(ξ)

=


9∑

p=1

M jpDp(∇ξ)Φ(ξ)⊤



⊤

+ W̃ j(ξ)

where M1, . . . ,M9 are strings of the matrix M.

3.4. The second term in the boundary layer. By virtue of (39) and (40), the
operator

(73) L′(ξ,∇ξ) = D(−∇ξ)⊤


3∑

j=1

ξ jA
jD(∇ξ)



gets the following homogeneity property:

(74) L′(ξ,∇ξ)ρλϕ(θ) = ρλ−1ψ(θ), ξ ∈ R3 \ {0}.

Hereλ ∈ R, (ρ, θ) are the spherical coordinates inR3, ρ = |ξ| andθ = ρ−1ξ ∈ S1,
andϕ, ψ ∈ C∞(S1)4. Thus, by means of (59) and (61), (55), (53), we obtain that

(75) F′(ξ) = −L′(ξ,∇ξ)w1(ξ) = D(∇ξ)⊤(ρ−2Ψ(ξ)) +O(ρ−2), ρ→ +∞,

while the formula can be differentiated under the standard convention∇xO(ρ−λ) =
O(ρ−λ−1). Due to the definition (51) of the Kondratiev norm the right-hand side of
(75) gives rise to the continuous functional

V1
0(Ξ)4 ∋ v 7→ (F′, v)Ξ,

|(F′, v)Ξ| ≤ c
∫

Ξ

ρ−3|v(ξ)|dξ ≤ c



∫

Ξ

ρ−4dξ



1/2

‖ρ−1v; L2(Ξ)‖ ≤ C‖v; V1
0(Ξ)‖.

Thus, similarly to Proposition 3.1, we obtain the existenceof a unique solution
w2 ∈ V1

0(Ξ)4 to the problem (47). Now, we need to examine the behavior ofw2(ξ)
asρ → +∞. According to [18] (see also [35, §3.5]), first of all, we haveto deter-
mine the power-law solution

(76) Z(ξ) = ρ−1Z(θ)

to the system of differential equations

(77) L0(∇ξ)Z(ξ) = ρ−3F (θ) := D(∇x)
⊤(ρ−2Ψ(θ)), ξ ∈ R3 \ {0},

with the right-hand side taken from (75). Note that, in general, the multiplierW in
(76) may be linear in lnρ but, owing to a special form ofT , the next lemma proves
the absence of the logarithm.
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Lemma 3.1. The system(77) admits the power-law solution of form(76), whose
angular partW(θ) is defined up to the linear combination c1Φ

1(θ)+ · · ·+ c4Φ
4(θ),

where cj ∈ R andΦ j(θ) is the trace on the unit sphereS1 of the columnΦ j(ξ) in
the fundamental matrixΦ.

Proof. After separation of variables and rewriting the operatorL0(∇ξ) = ρ−2L(θ,∇θ, ρ∂ρ)
in the spherical coordinates (ρ, θ), the system (77) takes the form

(78) L(θ,∇θ,−1)Z(θ) = F (θ), θ ∈ S1.

By the Fredholm alternative, this system on the unit sphere has a solution if and
only if the right-hand sideF is orthogonal to all solutions of the formally adjoint
homogeneous system. Owing to [26] (see also [35, Lemma 3.5.9]), the formally
adjoint operator forL(θ,∇θ,−1) is nothing butL(⊤)(θ,∇θ, 0), where

(79) ρ−2L(⊤)(θ,∇θ, ρ∂ρ) = L0
(⊤)(∇ξ) = L0(∇ξ)∗.

By virtue of the polynomial property (50), any power-law solution X(ξ) = ρ0X(ξ)
of L0

(⊤)(∇ξ)X = 0 in R3 \ {0} is a constant column inR4. Thus, it suffices to verify
the orthogonality condition

(80)
∫

S1

F (θ)dsθ = 0 ∈ R4.

Let R> r > 0 and letΘ be the annulus{ξ : r < ρ < R}. We have

ln
(R

r

) ∫

S1

F (θ)dsθ =

R∫

r

ρ−1dρ
∫

S1

F (θ)dsθ =
∫

Θ

ρ−3F (θ)dξ

=
∫

Θ

D(∇ξ)⊤(ρ−2ψ(θ))dξ =
∫

SR

D(ρ−1ξ)⊤(ρ−2Ψ(θ))dsξ −
∫

Sr

D(ρ−1ξ)⊤(ρ−2Ψ(θ))dsξ = 0.

We have used here the Gauss formula and the fact that the integrands atρ = R
andρ = r are equal toR−2D(θ)⊤Ψ(θ) andr−2D(θ)⊤Ψ(θ), respectively, so that the
integrals cancel each other.

Thus, the compatibility condition (80) holds true and the system (78) admits a
solution. It remains to recall that any power-law solution (76) of the homogeneous
system (77) becomes a linear combination of the fundamentalmatrix columns.�

To assure the uniqueness of the solution (76), we impose the condition

(81)
∫

S1

D(θ)⊤A0D(θ,∇θ,−1)Z(θ)dsθ = 0 ∈ R4,

whereρ−1D(θ,∇θ, ρ∂ρ) is the matrix operatorD(∇x) written, similarly to (79), in
the spherical coordinates (ρ, θ).

Now, we are in position to write an expansion at infinity for the second boundary
layer term in (42).
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Proposition 3.4. The solution w2 ∈ V1
0(Ξ)4 of the problem(47) admits the asymp-

totic form

w2(ξ) = Z(ξ) + Φ(ξ)C + w̃2(ξ),(82)

|∇k
ξw̃

2(ξ)| ≤ ck,βρ
−2−k+β, k ∈ N0, ξ ∈ R3 \ V,(83)

whereβ > 0 is arbitrary, Z is a power-law solution of form(76) and C ∈ R4 is
determined as follows:

C = − f (0)mes3ω + J ∈ R4,(84)

J =
∫

S1

D(θ)⊤
3∑

j=1

ξ jA
jD(∇ξ)(D(∇ξ)Φ(ξ)⊤)⊤dsξM

⊤ε0.(85)

Proof. The asymptotic expansion (82) with a certain columnC and the estimates
(83) result from [18] and [27], respectively (see also [35, Ch.3]). We again employ
the method proposed in [26] to evaluate the constant columnC. Now, we use the
Green formula inΞR for w2 andep = (δp,1, . . . , δp,4)⊤. Recalling (47), we have
(86)

I le f t := −
∫

ΞR

e⊤p L′w1dξ −
∫

∂ω

e⊤p N′w1dsξ −
∫

∂ω

e⊤p N′D(ξ)ε0dsξ −
∫

∂ω

e⊤p N′Udsξ

=

∫

ΞR

e⊤p L0w2dξ +
∫

∂ω

e⊤p N0w2dsξ =
∫

SR

e⊤p N0w2dsξ =: Iright.

Here N0(ξ,∇ξ) = D(θ)⊤A0D(∇ξ) on the sphereSR with the unit normal vector
θ = ρ−1ξ (cf. (45) and (81)). Similarly to the calculation (68), using (82) and (81),
we get

(87)

Iright = −
∫

SR

e⊤p N0Zdsξ −
∫

SR

e⊤p N0ΦdsξC +O(R−1) =

=

∫

BR

e⊤p L0ΦdξC +O(R−1) = Cp +O(R−1).

By integrating by parts, the last couple of integrals inI le f t turns into
(88)

−
∫

ΞR

e⊤p L′w1dξ−
∫

∂ω

e⊤p N′w1dsξ =
∫

SR

e⊤p D(θ)⊤
3∑

j=1

ξ jA
jD(∇ξ)(D(∇ξ)Φ(ξ)⊤)⊤dsξMε0+O(R−1).

Here we have applied the decomposition (72) ofw1 together with the estimate (55)
for the remainder. Since its integrand is a positive homogeneous function inξ of
degree−2 (cf. (53)) the integralJp overSR in (88) is independent of the radiusR
and becomes an entry of column (85).
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The first couple of integrals in (86) is equal to
∫

∂ω

e⊤p N′D(ξ)ε0dsξ −
∫

∂ω

e⊤p N0Udsξ = −
∫

ω

e⊤p (L′D(ξ)ε0 + L0U)dξ

= −mes3ωe⊤p(−∑3
j=1 D(ej)⊤A jε0 + L0(∇ξ)U(ξ)) = − fp(0)mes3ω.

Here, the elementary formula (41) has been taken into account.
Now the limit passageR→ +∞ in (86)-(88) furnishes (84) and (85).�

Remark 3.6. Proposition 3.3 can be proved by an application of the method[26] in
the same way as it is made in Proposition 3.4 and Theorem 3.4. We only mention
that the columns d1, . . . , d7 of the matrix d(ξ) in (36) satisfy sumultaneously the
homogeneous problem(46) and the formally adjoint boundary value problem inΞ
with the operators L0(⊤)(∇ξ) and N0

(⊤)(ξ,∇ξ), respectively.

3.5. The regular correction term. Let us consider now the subsequent term in
the asymptotic ansatz (42), namely the regular correction termu(x).

By means of (72) and (82), we have

(89)
hw1(h−1x) + h2w2(h−1x) = h(S2(h−1x) + w̃1(h−1x))+
+h2(S1(h−1x) + w̃2(h−1x)) = h3(S2(x) + S1(x)) +O(h4(|x|−3 + |x|−2))

where, according to (53) and (76), we have set

S2(ξ) = (D(−∇ξ)Φ(ξ)⊤)⊤M⊤ε0, S1(ξ) = Z(ξ) + Φ(ξ)C,(90)

Sp(tξ) = t−pSp(ξ).

Therefore, this ish3u(x) in the asymptotic ansatz (42) that compensates the main
part of a discrepancy produced by the boundary layer termsw1 andw2.

Taking into account the equalitiesL0S2 = 0 andL0S1 = −L′S2 designated in
two last sections, we arrive at the following representation of the discrepancy in
the system (25) :

(91)
f (x) = −L(x,∇x)(χ(x)(S2(x) + S1(x))) =
= −[L, χ](S2(x) + S1(x)) − χ(x)(L(x,∇x) − L0(∇x) − L′(x,∇x))S2(x)−
−χ(x)(L(x,∇x) − L0(∇x))S1(x).

Here [L, χ] stands for the commutator of the differential operatorL and the cut-of
functionχ, i.e.,

(92) [L, χ] = D(−∇x)
⊤A(x)D(∇xχ(x)) − D(∇xχ(x))⊤A(x)D(∇x).

Recalling (39) and (40), in view of (90), we obtain that

(93) |f (x)| ≤ c|x|−2.

We see that the regular correction termu must satisfy the piezoelectricity prob-
lem

D(−∇x)
⊤A(x)D(∇x)u(x) = f (x), x ∈ Ω,(94)

D(n(x))⊤A(x)D(∇x)u(x) = 0, x ∈ Γσ, u(x) = 0, x ∈ Γu.(95)
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We emphasize that the sumhw̃1(h−1x) + h2w̃2(h−1x) in (89) becomes of orderh4

only at a distance from the coordinate originx = 0. However, we have extended
equations (94) over the whole domainΩ because the singularityO(|x|−2) of the
right-hand sidef (x) is not too strong. In particular, by (93), the functional onthe
right-hand side in the integral identity

(96) Q(u, v;Ω) = (f , v)Ω, v ∈ H̊1(Ω;Γu)4,

serving for the problem (94), (95) (cf. (12)), is continuousdue to the estimate

|(f , v)Ω | ≤ c



∫

Ω

|x|2|f (x)|2dx



1/2 

∫

Ω

|x|−2|v(x)|2dx



1/2

≤

≤ c



diamΩ∫

0

r2r−4r2dr



1/2

‖∇xv; L2(Ω)‖ ≤ C‖v; H1(Ω)‖

and the one-dimensional Hardy inequality mentioned above (51). Hence, in the
analogy with Proposition 2.1, the Lax-Milgram lemma ensures the existence and
uniqueness of the solutionu ∈ H̊1(Ω;Γu)4. These observations complete the eval-
uation of all asymptotic terms detached in (42).

Remark 3.7. The singularity off can lead to a logarithmical singularity of the
solutionu. However, we shall need only the following inequalities with arbitrary
β > 0 :

(97) |u(x)| ≤ cβ|x|−β, |∇xu(x)| ≤ cβ|x|−1−β

delivered by a result in[27] (see also[35, §3.6]).

For the further usage, it is convenient to rewrite the ansatz(42) in a different
form, namely

(98) uh(x) = u(x) + h3U(x) + χ(x)(hw̃1(h−1x) + h2w̃2(h−1x)) + ũh(x),

where, in accordance with (89) and (90),

(99) U(x) = u(x) + χ(x)(S2(x) + S1(x)).

In other words, we detachhS2(h−1x) andh2S1(h−1x) from the boundary layer terms
and attach them to the regular termu. Therefore, the remainder̃uh in (98) stays the
same as in the original ansatz (42).

Let us derive analmost explicitformula for (99). To this end, letG(x, y) be the
Green matrix for the piezoelectricity problem (9)-(11), i.e.,

(100)
D(−∇x)⊤A(x)D(∇x)G(x, y) = δ(x− y)I4×4, x ∈ Ω,
D(n(x))⊤A(x)D(∇x)G(x, y) = 0, x ∈ Γσ, u(x) = 0, x ∈ Γu

Of course, the relations (100) are understood in the sense ofdistributions, so that,
G ∈ L2(Ω)4×4, G ∈ L2(∂Ω)4×4 and

(G, Lv)Ω + (G,Nv)Γσ = v(y), v ∈ C∞c (Ω;Γu)4,
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where the linear spaceC∞0 (Ω;Γu) consists of infinitely differentiable functions in

Ω which vanish onΓu. SinceA is a smooth matrix function inside of the ballBR

(see (30)), the Green matrix is properly defined fory ∈ BR (see [10, 12]) and

(x 7→ G(x, y) − Φ(x, y)) ∈ H1(Ω)4×4.

Moreover,G can be differentiated in the second argument and we set

(101) G0(x) = G(x, 0), G0(x) = D(−∇y)G(x, y)|y=0.

By repeating the considerations in and around of Lemma 3.1, we can detect that

(102) G0 − Φ ∈ H1(Ω)4×4, G0 − D(∇x)Φ − Z − KΦ ∈ H1(Ω)9×4,

whereK is a certain matrix of the size 9× 4 with real entries andZ is such that
Z(x) = Z(x)M⊤ε0 (cf. (73) and (75)-(77)). Since, by definition ofu andSq, the
vector functionU verifies the boundary conditions (95) and the homogeneous sys-
tem (94) everywhere inΩ, except at the pointO. Let us now compare singularities
in (102) and (99) to conclude that

(103) U(x) = G0(x)M⊤ε0 −G0(x) f (0)mes3ω.

Remark 3.8. 1. We emphasize that the differential operator D(−∇y) in (101) is re-
placed by D(∇x) in (102). This is due to the evident relationship D(−∇y)Φ(x−y) =
D(∇x)Φ(x− y).

2. If A is a constant matrix, then the termsZ and KΦ are absent in(102),
in other words, their presence results from the variable coefficients of differential
operator(40). Therefore, the column− f (0)mes3ω occurs on the right-hand side of
(103) instead of the column(84). To ensure that the additional column(85) does
not effect the form of the last term in(103), one may putε0 = 0 to see that then
J = 0. A direct calculation leading to formula(103) can be found in[39] for the
three-dimensional elasticity problem.

Since the coordinate originO is situated insideωh, i.e., outsideΩh (cf. Section
3.1), the second term (103) in the new ansatz (98) is smooth inthe domainΩ(h),
although the Green matrices (101) have singularities atO.

4. J       

4.1. The justification of asymptotics. The difference

(104) ũh = uh − u− χ(hw1 + h2w2) − h3u

(see (42) and (98)) satisfies the integral identity

(105) Q(̃uh, v;Ω(h)) = F̃ h(v), v ∈ H̊1(Ω(h);Γu)4,

whereF̃ h is a certain functional. If the estimate

(106) |F̃ h| ≤ chα+5/2‖v; H1(Ω(h))‖
is proved, we could takev = ũh in order to conclude by using (14) that

(107) ‖̃uh; H1(Ω(h))‖ ≤ chα+5/2.
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To verify (106), first, we assume thatv vanishes in the ballB2R/3 while χv = 0.
Then, we have

(108) F̃ h(v) = Q(uh−u−h3u, v;Ω(h)) = Q(uh, v;Ω(h))−Q(u, v;Ω)−h3Q(u, v;Ω).

Recalling (29), (12) and (96), we observe that the support ofthe vector function
(91) satisfiessuppf ⊂ B2R/3 and, hence, (108) is null.

Second, letsupp v⊂ BR \ ωh. We write

(109)
F̃h(v) = ( f , v)Ω(h) − (AD(∇x)u,D(∇x)v)Ω(h) − h3(AD(∇x)u,D(∇x)v)Ω(h)

−h(AD(∇x)(χw1),D(∇x)v)Ω(h) − h2(AD(∇x)(χw2),D(∇x)v)Ω(h)

=: ( f , v)Ω(h) − Iu − h3Iu − hIw
1 − h2Iw

2 .

Since the vector functionsu andu are smooth inBR \ ωh, we integrate by parts
and obtain

Iu = ( f , v)Ω(h) + (D(nh)⊤A0ε0, v)∂ωh + (D(nh)⊤A0D(∇x)U, v)∂ωh

+

3∑

j=1

(D(nh)⊤x jA
jε0, v)∂ωh + Ĩu,(110)

Ĩu = (D(nh)⊤AD(∇x)(u− D(x)⊤ε0 − U), v)∂ωh+

(D(nh)⊤(A− A0 −
3∑

j=1

x jA
j)ε0, v)∂ωh + (D(nh)⊤(A− A0)D(∇x)U, v)∂ωh,

Iu = (f , v)Ω(h) + Ĩu, Ĩu = (D(nh)⊤AD(∇x)u, v)∂ωh.(111)

To process the terms̃Iu and Ĩu, we recall the inequality

(112)
∫

Ω(h)

|x|−2|v(x)|2dx≤ c‖v; H1(Ω(h))‖2 ,

which is a consequence of the one-dimensional Hardy inequality (cf. [35, §4.5])
and the trace inequality (see [21])

(113)
∫

∂ωh

|v(x)|2dsx ≤ ch‖v; H1(Ω(h))‖2 ,

where the constantsc are independent ofh ∈ (0, h0] andv.
Now by (113) and (97), we readily derive that

(114)
h3|̃Iu| ≤ ch3h−1−α

∫

∂ωh

|v(x)|dsx ≤ ch2−β(mes2∂ωh)1/2h1/2‖v; H1(Ω(h))‖

= Ch−β+7/2‖v; H1(Ω(h))‖.
Analogously, by means of (39), (34) and (113), we have

(115) |̃Iu| ≤ c(h1+α + h2 + h2)
∫

∂ωh

|v(x)|dsx ≤ chα+5/2‖v; H1(Ω(h))‖.
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We may chooseβ = 1−α > 0 in order to equalize the final exponents ofh in (114)
and (115).

Dealing withIw
2 , we write

(116)
Iw
2 = (AD(∇xχ)S1,D(∇x)v)Ω(h) − (AD(∇x)S1,D(∇xχ)v)Ω(h)

+ (A0D(∇x)w2,D(∇x)(χv))Ω(h) + Ĩw
2 ,

(117)
Ĩw
2 = (AD(∇xχ)(w2 − S1),D(∇x)v)Ω(h) − (AD(∇xχ)(w2 − S1),D(∇xχ)v)Ω(h)

+ ((A− A0)D(∇x)w2,D(∇x)(χv))Ω(h) .

Here, we detachS1(h−1x) from w2(h−1x) (cf. (89)) and commute twice the differ-
ential operatorD(∇x) with the cut-off functionχ (see (92)).

In view of (39) and (82), the absolute value of the last expression in (117),
multiplied byh2 according to the definition ofIw

2 in (109), does not exceed the sum
of the following two expressions:

(118)

ch2
∫

Ω\BRh

|x|h−1
(
|x|
h

)−3+β

|D(∇x)(χ(x)v(x))|dx ≤

≤ ch4−β



diamΩ∫

Rh

r2r−6+2βr2dr



1/2

‖v; H1(Ω(h))‖ ≤ ch7/2‖v; H1(Ω(h))‖

and

(119)

ch2
∫

BRh\ωh

|x||D(∇x)w̃
2(h−1x)||D(∇x)(χv)|dx

≤ ch2Rh



∫

BR\ω

h−2|D(∇ξ)w̃2(ξ)|2dξh3



1/2

‖v; H1(Ω(h))‖

≤ ch7/2‖v; H1(Ω(h))‖.

The radiusR is chosen such thatBR ⊃ ω. Since the support of|D(∇xχ)| belongs to
the annulusB2R/3 \ BR/3 where, according to (82),

|w2(h−1x) − S1(h−1x)| + |∇x(w
2(h−1x) − S1(h−1x))| ≤ ch2−β,

the remaining terms in (117), again after multiplication byh2, are bounded by
ch4−β‖v; H1(Ω)‖ while we may setβ = 1/2 to achieve the same exponent as in
(118). In other words, forp = 2, we now have

(120) hp|̃Iw
p | ≤ ch7/2‖v; H1(Ω(h))‖.

By formulae (72), (55) and (89), the similar argument leads to the estimate (120)
for the remainder in the representation

(121)
Iw
1 = (AD(∇xχ)S2,D(∇x)v)Ω(h) − (AD(∇x)S2,D(∇xχ)v)Ω(h)+

(A0D(∇x)w1,D(∇x)(χv))Ω(h) +
∑3

j=1(x jA jD(∇x)w1,D(∇x)(χv))Ω(h) + Ĩw
1 .
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Now, we are in position to conclude the estimate (106) for thefunctional F̃h in
(105), (108) and (109). To this end, we list several facts. First, the inner product
( f , v)Ω(h) on the right hand-side of (109) cancels the same product in (110). Second,
the equality

(f , v)Ω(h) = −(AD(∇xχ)(S2 − S1),D(∇x)v)Ω(h) + (AD(∇x)(S
2 − S1),D(∇xχ)v)Ω(h)

is inherited from the definitions (91) and (92). Third, we make the coordinate
dilation x 7→ ξ = h−1x in the first couples of terms on the right hand-side of (116)
and (121), simultaneously multiplying the terms byh2 andh, respectively. Noting
that Sp(h−1x) = hpSp(x), p = 1, 2, we see that these couples andh3(f , v)Ω(h)

annihilate. Finally, we recall the integral identities (52), serving for the problems
(46) and (47), and after the substitutionsx 7→ ξ andv(ξ) 7→ χ(hξ)v(hξ), we detect
all terms in the identities on the right hand-sides of (110),(116) and (121). Thus,

F̃h(v) = Ĩu + h3Ĩu + h̃Iw
1 + h2Ĩw

2

and the inequality (106) holds true by virtue of (115), (114)and (120) withp = 1, 2.
We notice that the lowest exponentα+5/2 of h occurs in (115) becauseα ∈ (1/2, 1)
andα + 5/2 ∈ (3, 7/2).

We now formulate the result.

Theorem 4.1. Let all assumptions in Section 3.1 be valid, in particular, the inclu-
sion (32) with α ∈ (1/2, 1). Then the solution uh of the piezoelectricity problem
(25)-(28) and its approximation constructed in Section 3 are in the relationship

(122) ‖uh − u− h3u − χ(hw1 + h2w2); H1(Ω(h))‖ ≤ chα+5/2N,

where the constant c is independent of the parameter h∈ (0, h0] and the right-hand
sides f , g while

(123) N = ‖ f ; L2(Ω)‖ + ‖g; L2(∂Ω)‖ + ‖ f ; C2,α(BR)‖.

Remark 4.2. The obtained estimate(122) is asymptotically sharp, in particular, it
satisfies the ”first omitted term” rule. Indeed, for the smooth data A and f , the sub-
sequent asymptotic term in the ansatz(42) is h3χ(x)w3(h−1x), the H1(Ω(h))-norm
of the latter term is just O(h7/2). This bound appears in(123) if α→ 1− 0. More-
over, the estimate(122)holds true when the last addendum in(123) is changed for
‖ f ; C3,α1(BR)‖ with anyα1 ∈ (0, 1). If the right-hand side f∈ C2,α(BR)4 in the
equations(25) is not sufficiently smooth, e.g.,

f (x) = f 0(x) + |x|2+α f 1(θ), f 0 ∈ C∞(BR)4, f 1 ∈ C∞(S1)4,

then the asymptotic ansatz(42)gains the boundary layer term h2+αχ(x)w2+α(h−1x)
with the Sobolev norm inΩ(h) of the some order hα+5/2 as on the right hand-side
of (122).

A direct calculation show that

(124) h j‖χw j ; H1(Ω(h))‖ = O(h j+1/2), j = 1, 2,

and, therefore, in view of the relationα + 5/2 > 3 (see (32)), theH1(Ω(h))-norm
of each of the detached asymptotic terms in (122) (cf. (42) and (98)) is of orderhs
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with s ≤ 3. In other words, Theorem 4.1 justifies the constructed asymptotics of
solutionuh, indeed.

4.2. The energy and the electric enthalpy.We proceed with energy functional
(17), assuming for simplicity that the volume forces and thevolume charges are
absent, i.e.,f = 0 on the right hand-sides of (9) and (25). Then, integrating by
parts and taking into account formulae (98) and (107), we have

(125)
U(uh;Ω(h)) = 1

2(D(n)⊤AD(∇x)uh, uh)Γσ − (g, uh)Γσ = −1
2(g, uh)Γσ

= −1
2(g, u)Γσ − 1

2h3(g, u)Γσ +O(hα+5/2) .

Let vM ∈ H̊1(Ω;Γu)4 and vE ∈ H̊1(Ω;Γu)4 imply the solutions of the problem
(9)-(11) with the right-hand sides

(126) gM = (gM
1 , g

M
2 , g

M
2 , 0)⊤, gE = (0, 0, 0, gE

4 )⊤.

Using the representation (103) withf (0) = 0 and the modified columnU(−) (see
(65)), we obtain

(127)

(gM,U)Γσ = (gM,U(−))Γσ = (D(n)⊤AD(∇x)vM,U(−))Γσ
= (vM,D(−∇x)⊤A⊤D(∇x)U(−))Γσ
= (ε0)⊤M(vM,D(−∇x)⊤A⊤D(∇x)G0

(−))Ω
= (ε0)⊤M(vM, (D(∇x)⊤δ(x))(−))Ω = −(ε0)⊤MeM(−),

(gE,U)Γσ = (gE,U(−))Γσ = −(vE,D(−∇x)⊤A⊤D(∇x)U(−))Γσ
= (ε0)⊤MeE(−).

Here, we apply formula (100) for the derivativesG0 of the Green matrixG in (100).
We emphasize that

(128) (f ,G0
(−))Ω + (g,G0

(−))Γσ = −(D(∇x)u)(−)(0) = −ε0
(−)

because entries ofG0 are given by the derivatives of columns of the fundamental
matrixG(x, y) with respect to the second argument, andG(−) satisfies the problem

D(−∇x)⊤A(x)⊤D(∇x)G(−)(x, y) = δ(x− y)I(−), x ∈ Ω,
D(n(x))⊤A(x)⊤D(∇x)G(−)(x, y) = 0, x ∈ Γσ, G(−)(x, y) = 0, x ∈ Γu,

whereI(−) = diag{1, 1, 1,−1} (cf. the problem (100)).
By (125) and (127), the following representation is valid:

(129) U(uh;Ω(h)) −U(u;Ω) =
h3

2
(ε0)⊤M(GM

(−) −GE
(−)) +O(hα+5/2).

At the first sight, (129) looks like (1), however this impression is wrong.

Remark 4.3. The decomposition u= vM + vE is only a mathematical device in
our analysis, since in a smart material it is impossible to distinguish between the
strain columnseM = D(∇x)vM(0) andeE = D(∇x)vE(0) generated at the pointO by
the external mechanical loadinggM and the electrical surface chargegE in (126).
Surely, one can measure only the sumε0 = D(∇x)u(0) resulting from complete
external action and standing as the first term on the right hand-side of(129).
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The difference

eM − eE = (gE,G0)Γσ − (gM,G0)Γσ

ought to be regarded as a global characteristics of the mechanical electric state of
the bodyΩ and, therefore, formula (129) has a different physical meaning com-
pared to (1) and (136) below.

Remark 4.4. A similar situation with the energy functional occurs for a crack in
a piezoelectric medium. Applying the Griffith energy fracture criterion, in[42] the
energy release rate at the crack tip is expressed in terms of stress intensity factors,
i.e., local characteristics of the elastic/electric state at the tip. In[20] a mistake in a
calculation (formulas (33.23) and (34.48) in[42, pages 296 and 312]; cf. comments
in [20]) was discovered and a non-local formula for the energy release rate of type
(129)was derived rigourously and justified. The non-local character of the energy
release rate means that the energy functionalU(u;Ω) cannot be employed for a
fracture criterion and in the Griffith criterion must involve the electric enthalpy (cf.
[14, 42] for an interpretation from the view point of solid mechanics).

Let us now compute the incrementE(uh;Ω(h)) − E(u;Ω) of the mechanical en-
thalpy determined in (20) and (21). Returning back to the general casef , 0, we
obtain

(130)

E(uh;Ω(h)) = 1
2(AD(∇x)uh,D(∇x)uh

(−))Ω(h) − ( f , uh
(−))Ω − (g, uh

(−))Ω
= 1

2(D(−∇x)⊤AD(∇x)uh, uh
(−))Ω(h) +

1
2(D(n)⊤AD(∇x)uh, uh

(−))Γσ
−( f , uh

(−))Ω − (g, uh
(−))Ω = −

1
2( f , uh

(−))Ω −
1
2(g, uh

(−))Γσ .

As above, we have

(131) (g, uh
(−))Γσ = (g, u(−))Γσ + h3(g,U(−))Γσ +O(hα+5/2).

Furthermore, in view of representation (98) we derive

(132) (f , uh
(−))Γσ = ( f , u(−))Γσ + h3( f ,U(−))Γσ +O(hα+5/2).

according to inequality (107) and the following relations

h3|( f ,U−)ωh| ≤ ch3
∫

ωh

|x|−2dx≤ ch4 ≤ chα+5/2,

h|( f , χw̃1)Ω(h)| ≤ ch

diamΩ∫

0

(1+
r
h

)−3r2dr ≤ ch4| ln h| ≤ chα+5/2,(133)

h2|( f , χw̃2)Ω(h)| ≤ ch2

diamΩ∫

0

(1+
r
h

)−2+δr2dr ≤ ch4−δ ≤ chα+5/2.(134)

In the estimation (133) we have used the formulae (55) and (82) for w̃1 and w̃2

together with the demanded inclusionsα ∈ (1/2, 1) andδ ∈ (0, 1/2).
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Now formulae (131), (132) and (103), (128) convert (130) into the form

(135)

E(uh;Ω(h)) − E(u;Ω) = −1
2( f , u(−))ωh+

+1
2h3 f (0)⊤mes3ω(( f ,G0

(−))Ω + (g,G0
(−))Γσ)−

−1
2h3(ε0)⊤M(( f ,G0

(−))Ω + (g,G0
(−))Γσ) +O(hα+5/2) =

−1
2(( f , u(−))ωh − u−(0)⊤ f (0)mes3ωh) + 1

2h3(ε0)⊤Mε0
(−) +O(hα+5/2)

= 1
2h3(ε0)⊤M(=)ε

0 +O(hα+5/2).

Here, we have taken into account that, first,Mε0
(−) = M(=)ε

0 according to the

definition of M(=) in (63) and, second,u−(0)⊤ f (0)mes3ωh = ( f , u(−))ωh + O(h3+α)
due to the smoothness properties (33) and (34) off andu.

Let us formulate the result obtained in (135).

Theorem 4.5. The electrical enthalpy(20) admits the asymptotic expansion

(136) E(uh;Ω(h)) = E(u;Ω) +
1
2

h3(ε0)⊤M(=)ε
0 +O(hα+5/2),

where uh and u imply solutions of the piezoelectricity problems(25)-(28) and (9)-
(11), respectively,ε0 = D(∇x)u(0) is the strain column(35)and M(=) = M(=)(A0, ω)
is the modified polarization matrix which is a symmetric matrix of size9 × 9 (see
formulae(62), (63) and Theorem 3.4).

Note that in contrast to the energy functional (16) the electrical enthalpy has the
topological derivative

(137)
1
2

(D(∇x)u(0))⊤M(=)(A
0, ωh)D(∇x)u(0)

expressed in terms of local characteristics of the elastic/electric state in the entire
body Ω and of the shape of the small voidωh. Owing to representation (64),
we emphasize that the polarization matrix (62) enjoys the homogeneity property
M(A0;ωh) = h3M(A0;ωh) which has been used in the passage from (136) to (137).

4.3. Shape functionals and the adjoint state.Recalling the Sobolev embedding
theoremH1(Ω) ⊂ L6(Ω) in R3, we assume that the densityJ in the shape functional

(138) J(u;Ω) =
∫

Ω

J(u(x); x)dx

satisfies the following restrictions:

(139) |J(a; x)| ≤ c(1+ |a|t),

(140) |J(b; x) − J(a; x) − J′(a; x)⊤(b− a)| ≤ c|a− b|2(1+ |a|t−1 + |b|t−1),

(141) |J(b; x) − J(b; 0)| ≤ c|x|γ(1+ |b|t)
wherex ∈ Ω, a andb are arbitrary columns inR4, and the vector functionJ′ is
subject to the conditions

(142) |J′(a; x)| ≤ c(1+ |a|t−1),

(143) |J′(a; x) − J′(b; y)| ≤ c(|a− b|γ(|a|t−γ + |b|t−γ) + |x− y|γ(|a|t + |b|t)),
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while

(144) t ∈ [2, 6), γ ∈ (0, 1).

In other words, along with the restrictions on the growth ofJ andJ′, the integrand
J is differentiable with respect to the first variable and Hölder continuous with re-
spect to the second variable. Moreover,J′ is Hölder continuous in both arguments.
Inequality (139) ensure that functional (138) is defined foru ∈ H1(Ω)4 ⊂ L6(Ω)4 ⊂
Lt(Ω)4.

We consider the difference

(145) J(uh;Ω(h)) −J(u;Ω) =
∫

Ω(h)

(J(uh(x); x) − J(u(x); x))dx+
∫

ωh

J(u(x); x)dx.

and, owing to (140) and (98), obtain the formula
(146)
|J(uh(x); x) − J(u(x); x) − J′(u(x); x)⊤(h3U(x) + χ(x)

∑2
j=1 h jw̃ j( x

h) + ũh(x))| ≤
≤ c(h2|U(x)|2 + χ(x)2 ∑2

j=1 h2 j |w̃ j( x
h)|2 + |̃uh(x)|2)(1+ |uh(x)|t−2 + |u(x)|t−2).

Recalling the estimates (107), (142) and applying the Hölder inequality with the
index couples (p, q) = (5/6, 6) and (p, q) = (3, 2/3), we obtain

∫

Ω(h)

J′(u(x); x)⊤ũh(x)dx≤ c
∫

Ω(h)

(1+ |u(x)|5)|̃uh(x)|dx≤

≤ c(1+ ‖u; L6(Ω)‖5)‖̃uh; L6(Ω(h))‖ ≤ c‖̃uh; H1(Ω)‖ ≤ chα+5/2,∫

Ω(h)

|̃uh|2(1+ |uh|t−2 + |u|t−2)dx≤ c
∫

Ω(h)

|̃uh|2(1+ |uh|4 + |u|4)dx≤

≤ c‖̃uh; L6(Ω(h))‖2(1+ ‖uh; L6(Ω(h))‖4 + ‖u; L6(Ω)‖4) ≤ ch2α+5.

Similarly,

h6
∫

Ω\B′R

|U(x)|2(1+ |uh(x)|t−2 + |u(x)|t−2)dx≤ ch6.

However, because of the singularity|U(x)| = O(|x|−2), we use in the ballBR′ the
Hölder inequality with the couple

(147) (p, q) =

(
6

8− t
,

6
t − 2

)

to derive that

h6
∫

BR′ \ωh

|U|2(1+ |uh|t−2 + |u|t−2)dx≤ ch6



R′∫

ch

r−
24
8−t r2dr



8−t
6

×

×(1+ ‖uh; H1(Ω(h))‖t−2 + ‖u; H1(Ω)‖t−2) ≤ ch6−t/2.

We deal with the boundary layers in the same way as in (118) and(119). Outside
the ballBRh we apply the inequalities (55) and (82) even much rougher ones, to
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conclude by the Hölder inequality with the index couple (147) that

(148)

h2 j
∫

Ω\BRh

∣∣∣∣∣χ(x)w̃ j
( x
h

)∣∣∣∣∣
2

(1+ |̃uh(x)|2 + |u(x)|2)dx≤

≤ ch6



R′∫

ch

r−
12(3− j)

8−t r2dr



8−t
6

≤ ch6−t/2, j = 1, 2.

Inside the ballBRh the Hölder inequality gives

h2 j
∫

BRh\ωh

∣∣∣∣∣w̃
j
( x
h

)∣∣∣∣∣
2

(1+ |̃uh(x)|2 + |u(x)|2)dx

≤ ch2 j



∫

BRh\ωh

|w̃ j
( x
h

)
| 12

8−t dx



8−t
6

= ch2 j+38−t
6



∫

BRh\ω

w̃ j
( x
h

)
| 12

8−t dξ



8−t
6

≤ ch2 j+4−t/2 ≤ ch6−t/2, j = 1, 2.

Note that 12
8−t < 6 due to (144) and, therefore,

‖w̃ j; L
12
8−t (BR \ ω)‖ ≤ c‖w̃ j ; H1(BR \ ω)‖ ≤ c‖w̃ j ; V1

0(Ξ)‖.

Although, the faster rates of decay of the remaindersw̃1 andw̃2 (cf. (89)) are
not used in the estimation (148), the rate of decay becomes animportant ingredient
of the inequalities

h j |
∫

Ω(h)

J′(u(x); x)⊤χ(x)w̃ j (
x
h

)dx| ≤ ch7/2, j = 1, 2,

its derivation is much simpler, though. A simplification originates from the relation
|J′(u(x); x)| ≤ constfor x ∈ suppχ ⊂ BR′ so that one may repeat the calculation
(133).

Finally, we write

h3|
∫

ωh

J′(u(x); x)⊤U(x)dx| ≤ ch3

Rh∫

0

r−2r2dr ≤ ch4

and, in view of (34) and (143),
∣∣∣∣∣∣∣∣∣

∫

ωh

J(u(x); x)dx− h3J(u(0); 0)mes3ω

∣∣∣∣∣∣∣∣∣
≤ ch3+min{α,γ}

Everything is prepared to derive a formula of type (1) for theshape functional
(138).
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Theorem 4.6.Let the assumption formulated above hold true. Then the asymptotic
formula

(149)
J(uh;Ω(h)) = J(u;Ω) + h3((J(u(0); 0)− P(0)⊤ f (0))mes3ω

− (D(∇x)P(0))⊤Mε0) +O(h3+min{γ,α−1/2,3−t/2})

is valid where P∈ H̊1(Ω;Γu)4∩C2,min{α,γ}(BR′)4 is a solution of the formally adjoint
piezoelectricity problem

(150)
D(−∇x)⊤A(x)⊤D(∇x)P(x) = J′(u(x); x), x ∈ Ω,
D(n(x))⊤A(x)⊤D(∇x)P(x) = 0, x ∈ Γσ,P(x) = 0, x ∈ Γσ.

Proof. The calculations performed above provide the relation

h−3(J(uh;Ω(h))−J(u;Ω)) = J(u(0); 0)mes3ω+ (J′(u),U)Ω+O(hmin{γ,α−1/2,3−t/2}).

We recall the representation (103) whereG0 is the Green matrix, i.e., a solution to
the problem (100). The Green matrix and derivatives help to calculate the solution
P of the formally adjoint problem (150) and the derivativesG0 (see (101)) deliver
the columnD(∇x)P(x) at the pointx = 0. In other words, we write

(151)
(J′(u),U)Ω = (D(−∇x)⊤A(x)⊤D(∇x)P,G0)ΩMε0 −mes3(ωG0 f (0))Ω

= (P,D(∇x)⊤δMε0)Ω −mes3ω(P, δ f (0))Ω
= −(D(∇x)P(0))⊤Mε0 − P(0)⊤ f (0)mes3ω.

We again used the Dirac measureδ in the framework of the theory of distributions
to compute the expression (151).

Finally, in order to justify our calculations we make the following comments.
By assumptions (139), (144) and (143), (32), the functional

H̊1(Ω;Γu)4 ∋ v→ (J′(u), v)Ω

is continuous andJ′(u) ∈ C0,min{α,γ}(BR′) with any R′ < R. Thus, the same ar-
guments as in Sections 2.3 and 3.1 guarantee the existence ofa solutionP to the
problem (150) which is twice differentiable in the vicinity of the pointx = 0. These
observations make all calculations justified.�

The topological derivative of the functionalJ, i.e.,

T (u, ω) = (J(u(0); 0)− P(0)⊤ f (0))mes3ω − (D(∇x)P(0))⊤Mε0,

is non-local since it involves the adjoint stateP in (150) which depends on the
solutionu of the piezoelectricity problem in the entire domainΩ.

4.4. Example. Assume that there is a weak interaction between the mechanical
and electric fields. This means that in the decomposition

A = A(0) + A(1) ,(152)

A(0) =

(
AMM

O6×3

O3×6 AEE

)
, A(1) =

(
O6×6 −AME

AEM
O3×3

)

the entries of matrixA(1) are much smaller compared to non trivial entries of the
matrix A(0). It implies that in the first order approximation the piezoelectricity
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problem is decoupled into two problems, the pure elasticityproblem with the stiff-
ness matrixAMM, and the pure electricity problem with the permeability matrix
AEE.

We are going to evaluate the main correction terms in the asymptotic expansions
of characteristics for the piezoelectric bodiesΩ, Ξ andΩ(h) (see Sections 2.2, 3.3
and 3.1). We proceed with the solution

u(x) = u(0) + u(1)(x) + . . .(153)

of the problem (9)-(11). In (153) and further, the dots standfor the second order
terms. In view of (152), the displacement vectoruM

(0) and the electric vectoruE
(0)

verify the problems

DM(−∇x)
⊤AMM(x)DM(∇x)u

M
(0)(x) = f M(x), x ∈ Ω,(154)

DM(n(x))⊤AMM(x)DM(∇x)u
M
(0)(x) = gM(x), x ∈ Γσ, uM

(0)(x) = 0, x ∈ Γu,

−∇⊤x AEE∇xu
E
(0)(x) = f E(x), x ∈ Ω,(155)

n⊤AEEuE
(0)(x) = gE(x), x ∈ Γσ, uE

(0)(x) = 0, x ∈ Γu ,

and can be determined separately. Inserting (153) and (152)into (9)- (11), we
arrive at the problem

D(−∇x)
⊤A(0)(x)D(∇x)u(1)(x) = D(−∇x)

⊤A(1)(x)D(∇x)u(0)(x), x ∈ Ω,
D(n(x))⊤A(0)(x)D(∇x)u(1)(x) = D(n(x))⊤A(1)(x)D(∇x)u(0)(x), x ∈ Γσ,(156)

u(1)(x) = 0, x ∈ Γu .

This problem is decoupled as well, however, its solution manifests the interaction
between electric and mechanical fields, since the displacement vectoruM

(1) depends

only on the main partuE
(0) of the electric potential and, in the same manner,uE

(1)

depends onuM
(0).

In order to complete the asymptotic formulae, in the same wayas in the previous
sections, we also need the expansion for the polarization matrix

M = M(0) + M(1) + . . . ,(157)

M(0) =

(
MM

O6×3

O3×6 ME

)
, M(1) =

(
O6×6 MME

MEM
O3×3

)
.

We emphasize that the matricesM(0) andM(1) inherit the block diagonal struc-
ture of A(0) and the block-anti-diagonal ofA(1), respectively. The same structures
are kept by all matrix objects, in particular, the fundamental matrix takes the form

Φ = Φ(0) + Φ(1) + . . . ,(158)

Φ(0) =

(
ΦM

O3×1

O1×3 ΦE

)
, Φ(1) =

(
O3×3 ΦME

ΦEM 0

)
.
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Here,ΦM is the fundamental matrix for the elasticity matrix operator DM(−∇ξ)⊤A0MDM(∇ξ)
andΦE is the fundamental matrix for the scalar operator−∇⊤

ξ
A0E∇ξ. Furthermore,

ME and MM are the virtual mass matrix and the elasticity polarizationmatrix for
the cavityω ⊂ R3, which are negative definite (see [44] and [34, 40]).

It is convenient to proceed with the matrix solution (60) which, according to
(152) and (61), enjoys the expansion

W =W(0) +W(1) + . . . ,(159)

W(0) =

(
WM

O3×3

O1×6 WE

)
, W(1) =

(
O3×6 WME

WEM
O1×3

)

with

W(ξ) = (MD(∇ξ)Φ(ξ)⊤)⊤ +O(|ξ|−2) =(160)

(M(0)D(∇ξ)Φ(0)(ξ)
⊤)⊤ + (M(0)D(∇ξ)Φ(1)(ξ)

⊤ + M(1)D(∇ξΦ(0)(ξ)
⊤)⊤ + · · · +O(|ξ|−2) .

The correction termΦ(1) in (158) is a power-law solution of form (76) for the
system of differential equations

D(−∇ξ)⊤A0
(0)D(∇ξ)Φ(1)(ξ) = D(∇ξ)⊤A0

(1)D(∇ξ)Φ(0)(ξ) , ξ ∈ R3 \ {0} ,(161)

(cf. (77)). By a general result in [18] (see also [35, Lemmas 3.3.1 and 3.5.11]),
the solutionΦ(1) can depend linearly on ln|ξ|, however, the same argument as in
the proof of Lemma 3.1 ensures thatΦ(1) is positive homogeneous of degree -1
according to (53). The solutionΦ(1), which is defined up to the linear combination
Φ(0)C of the fundamental matrix columns with the constant columnC ∈ R4, can be
fixed such that

∫

S1

D(∇ξ)⊤A0D(∇ξ)Φ(1)(ξ)dsξ = 0 ∈ R4 .(162)

The exterior problem for the correction term in (159) takes the form

D(−∇ξ)⊤A0
(0)D(∇ξ)W(1)(ξ) = D(∇ξ)⊤A0

(1)D(∇ξ)W(0)(ξ) , ξ ∈ Ξ ,(163)

D(nω(ξ))⊤A0
(0)D(∇ξ)W(1)(ξ) = −D(nω(ξ))⊤A0

(1)D(∇ξ)W(0)(ξ) , ξ ∈ ∂ω .(164)

Since, owing to (160), we have

W(0)(ξ) = (M(0)D(∇ξ)Φ(0)(ξ)
⊤)⊤ +O(|ξ|−3) ,

the right-hand sideF(1)(ξ) in (163) admits the decomposition
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F(1)(ξ) = D(∇ξ)⊤A0
(1)D(∇ξ)(D(∇ξ)Φ(0)(ξ)

⊤)⊤M⊤(0) + F̃(1)(ξ) =

=

3∑

q=1

∂

∂ξq
D(∇ξ)⊤A0

(1)D(∇ξ)Φ(0)(ξ)
⊤D(eq)⊤M⊤(0) + F̃(1)(ξ) =(165)

=

3∑

q=1

D(−∇ξ)⊤A0
(0)D(∇ξ)

∂Φ(1)

∂ξq
D(eq)⊤M⊤(0) + F̃(1)(ξ)

with the remainder̃F(1)(ξ) = O(|ξ|−5). In (165), the equation (161) has been ap-
plied. Comparing (165) with (160), we set

W(1)(ξ) = W̃(1)(ξ) + (M(0)D(∇ξ)Φ(0)(ξ)
⊤)⊤ .(166)

Recall thatω contains the originξ = 0, therefore, the last term in (166) is smooth
in Ξ. As a result, a new exterior problem is obtained, with the right-hand sidẽF(1)

which decays sufficiently fast at infinity,

D(−∇ξ)⊤A0
(0)D(∇ξ)Ŵ(1)(ξ) = F̃(1)(ξ) , ξ ∈ Ξ ,(167)

D(nω(ξ))⊤A0
(0)D(∇ξ)Ŵ(1)(ξ) = G̃(1)(ξ) , ξ ∈ ∂ω ,

where

G̃(1)(ξ) = D(nω(ξ))⊤A0
(1)D(∇ξ)Ŵ(0)(ξ)−(168)

−D(nω(ξ))⊤A0
(0)D(∇ξ)(M(0)D(∇ξ)Φ(1)(ξ)

⊤)⊤ .

Now, the decay of̃G(1)(ξ) can be used, indeed, by Proposition 3.2 (see [18] and
[35, Theorem 3.5.6]) and the calculations (57), (56), the solution Ŵ(1) ∈ V1

0(Ξ)4

admits the asymptotic form

Ŵ(1)(ξ) = (M(1)D(∇ξ)Φ(0)(ξ)
⊤)⊤ + W̃(1)(ξ) ,(169)

where the remainder̃W(1) is subject to the estimates (55) with the majorantsckρ
−3−k+δ

(δ > 0 is arbitrary) and the notation used for the derivatives of the fundamental ma-
trix Φ(0) is matched with formulae (160) and (166).

In order to evaluate the correction termM(1) in the expansion of the polarization
matrix the method [26] is employed, here we recall that the columns of the matrix

W(0)(−)(ξ) = D(−)(ξ)
⊤ +W(0)(−)(ξ)(170)

(cf. (64)) are formal solutions to the homogeneous problem (168). By the Green
formula inΞ ∩ BR, we obtain
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∫

Ξ∩BR

W(0)(−)(ξ)
⊤F̃(1)(ξ)dξ +

∫

∂ω

W(0)(−)(ξ)
⊤G̃(1)(ξ)dsξ =(171)

∫

∂BR

(Ŵ(1)(ξ)
⊤D(|ξ|−1ξ)⊤A0

(0)(−)D(ξ)W(0)(−) −W⊤
(0)(−)D(|ξ|−1ξ)⊤A0

(0)(−)D(ξ)Ŵ(1)(ξ))dsξ

+O(R−1) = −M(1)(=) +O(R−1) .

We have here repeated the computation (68) based on the representations (169)
and (170). The integrand on the left-hand side of (171) is of order |ξ|−4 and, hence,
the integral overΞ converges and the formula

M(1)(=) = −
∫

Ξ

W(0)(−)(ξ)
⊤F̃(1)(ξ)dξ +

∫

∂ω

W(0)(−)(ξ)
⊤G̃(1)(ξ)dsξ(172)

together with (165)- (168) expresses the matrixM(1) (cf. the definition (63)) in
terms of the matrixAME = (AEM)−1 and the special solutionsW1, . . . ,W6 and
W7,W8,W9 of the pure elasticity and the pure electricity exterior problems inΞ.
Theorem 3.4 shows that (MME

(1) )⊤ = −MEM
(1) .

The formulae derived above can be used, e.g., to obtain the topological deriva-
tive of the electric enthalpy (136):

TE(u;ω) =(173)

=
1
2

h3((DM(∇x)u
M
(0)(0))⊤MMDM(∇x)u

M
(0)(0)− ∇xu

E
(0)(0))⊤ME∇xu

E
(0)(0)))+

+h3((DM(∇x)u
M
(0)(0))⊤MMDM(∇x)u

M
(1)(0)− ∇xu

E
(0)(0))⊤ME∇xu

E
(1)(0)))+

+h3∇xu
E
(0)(0))⊤MEMDM(∇x)u

M
(1)(0)+ . . .

Even the main term (with the factor12h3) of the topological derivative (173) has
no sign, that is, in contrast to the forms of topological derivatives of the energy
functionals for the pure elasticity and the pure electricity problems. The correction
term (with factorh3) in (173) depends on two specific ingredients, namely, the cor-
rection termMEM in polarization matrix (see (157) and (172)), and the correction
termsuM

(1), u
E
(1) for the combined mechanical and electric fields.

Remark 4.7. All the attributes in the above formulae can be given explicitly for
some canonical shapes, including balls, ellipsoids and elliptic cracks in three spa-
tial dimensions, and some other shapes in two spatial dimensions (see[44] and
[49, 28, 23, 3]and others).

Remark 4.8. The case of gE = 0, f E = 0 has a very clear physical meaning (i.e.
one gets an electric sparkle when pressing the lighter button). Then, in notation of
Section 4.2,

uM = u, uE = 0, eM = ε0, eE = 0,
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thus, by relation(63), we can conclude that the topological derivatives in(63)
and (69) of the energy and electric enthalpy functionals coincides one with an-
other. In general, this identity is false, and can be misleading for the choice of
governing Gibbs’ functional for piezoelectric body (cf. Remark 4.4). The relations
between the topological derivatives for elasticity and piezoelectricity are easy to
established, since the topological derivative for piezoelectricity can be viewed as
the difference of that for elasticity and of the other for electricity.
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