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ENTROPY OF SEMICLASSICAL MEASURES IN DIMENSION 2

GABRIEL RIVIERE

ABSTRACT. We study the asymptotic properties of eigenfunctions of the Laplacian in the case
of a compact Riemannian surface of Anosov type or of nonpositive sectional curvature. In both
cases, we show that the Kolmogorov-Sinai entropy of a semiclassical measure p for the geodesic
flow g? is bounded from below by half of the Ruelle upper bound, i.e.

his(p, g) > %/S*M xT (p)du(p).

1. INTRODUCTION

In quantum mechanics, the semiclassical principle asserts that in the high energy limit, one
should observe classical phenomena. Our main concern will be the study of this property when
the classical system is said to be chaotic.

Let M be a compact C*° Riemannian surface. For all z € M, TM is endowed with a norm |||,
given by the metric over M. The geodesic flow g over T*M is defined as the Hamiltonian flow
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corresponding to the Hamiltonian H(z,§) := % This last quantity corresponds to the classical
kinetic energy in the case of the absence of potential. As any observable, this quantity can be
R2A

quantized via pseudodifferential calculus and the quantum operator corresponding to H is —=5=
where 7 is proportional to the Planck constant and A is the Laplace Beltrami operator acting on
L?(M).

Our main result concerns the influence of the classical Hamiltonian behavior on the spectral as-
ymptotic properties of A. More precisely, our main interest is the study of the measure |y (7)|?dz

where 1y, is an eigenfunction o —EZTA associated to the eigenvalue 1:
A
— =t = Un.

This is equivalent to the study of large eigenvalues of A. As M is a compact Riemannian manifold,
the family —hA~2 forms a discrete subsequence that tends to infinity. One natural question is to
study the (weak) limits of the probability measure |1y, (x)|?dz as A tends to 0. This means studying
the asymptotic behavior of the probability to find a particle in  when the system is in the state .
In order to study the influence of the Hamiltonian flow, we first need to lift this measure to the
cotangent bundle. This can be achieved thanks to pseudodifferential calculus. In fact there exists
a procedure of quantization that gives us an operator Opy,(a) on the phase space L?(M) for any
observable a(x, &) in a certain class of symbols. Then a natural way to lift the previous measure
is to define the following quantity:

prla) = /*M a(x, §)dpn(z, &) = (Yn, Opy(a)n) L2 (-

This formula gives a distribution pp on the space T*M and describes now the distribution in
position and velocity.

Let (¢r,) be a sequence of orthonormal eigenfunctions of the Laplacian corresponding to the
eigenvalues fh,;Q such that the corresponding sequence of distributions p; on 7% M converges as
k tends to infinity to a limit p. Such a limit is called a semiclassical measure. Using standard
facts of pseudodifferential calculus, it can be shown that u is a probability measure that does not
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2 G. RIVIERE

depend on the choice of the quantization Op;, and that is carried on the unit energy layer

S*M = {(:c,g) D H(z,€) = %}

Moreover, another result from semiclassical analysis, known as the Egorov property, states that
for any fixed ¢:
1) Va € CX(T*M), U~'0p,(a)U* = Opy(ao g') + Oy(h),

athA

where U? denotes the quantum propagator e 2z . Precisely, it says that for fixed times, the
quantum evolution is related to the classical evolution under the geodesic flow. From this, it
can be deduced that p is invariant under the geodesic flow. One natural question to ask is what
measures supported on S*M are in fact semiclassical measures. The corresponding question in
quantum chaos is: when the classical behavior is said to be chaotic, what is the set of semiclassical
measures? A first result in this direction has been found by Shnirelman [B(], Zelditch [B3, Colin
de Verdiere :

Theorem 1.1. Let (1;) be an orthonormal basis of L?>(M) composed of eigenfunctions of the
Laplacian. Moreover, suppose the geodesic flow on S*M is ergodic with respect to Liouville mea-
sure. Then, there exists a subsequence (jix, ), of density one that converges to the Liouville measure
on S*M as p tends to infinity.

By ’density one’, we mean that %ﬁ{p :1 <k, < n} tends to one as n tends to infinity. This

theorem states that, in the case of an ergodic geodesic flow, almost all eigenfunctions concentrate
on the Liouville measure in the high energy limit. This phenomenon is called quantum ergodicity
and has many extensions. The Quantum Unique Ergodicity Conjecture states that the set of
semiclassical measures should be reduced to the Liouville measure in the case of Anosov geodesic
flow [@] This question still remains widely open. In fact, in the case of negative curvature, there
are many measures invariant under the geodesic flow: for example, there exists an infinity of closed
geodesics (each of them carrying naturally an invariant measure). In recent papers, Lindenstrauss
proved a particular form of the conjecture, the Arithmetic Quantum Unique Ergodicity [E]
Precisely, he proved that for a sequence of Hecke eigenfunctions of the Laplacian on an arithmetic
surface, [1|?dz converges to the Lebesgue measure on the surface. This result is actually the
best-known positive result towards the conjecture.
In order to understand the phenomenon of quantum chaos, many people started to study toy
models as the cat map (a typical hyperbolic automorphism of T?). These dynamical systems
provide systems with similar dynamical properties to the geodesic flow on a manifold of negative
curvature. Moreover, they can be quantized using Weyl formalism and the question of Quantum
Ergodicity naturally arises. For example, Bouzouina and de Bievre proved the Quantum Ergodicity
property for the quantized cat map [E} However, de Bievre, Faure and Nonnenmacher proved
that in this case, the Quantum Unique Ergodicity is too optimistic [@] In fact, they constructed
a sequence of eigenfunctions that converges to %(60 + Leb), where §p is the Dirac measure on
0 and Leb is the Lebesgue measure on T?. Faure and Nonnenmacher also proved that if we
split the semiclassical measure into its pure point, Lebesgue and singular continuous components,
1= fipp + HLeb + fise, then ppp(T?) < pren(T?) and in particular pyp(T?) < 1/2 [IF). As in
the case of geodesic flow, there is an arithmetic point of view on this problem. Recently, Kelmer
proved that in the case of T?? (d > 2, for a generic family of symplectic matrices), either there
exists isotropic submanifold invariant under the 2d cat map or one has Arithmetic Quantum
Unique Ergodicity [@] Moreover, in the first case, he showed that we can construct semiclassical
measure equal to Lebesgue on the isotropic submanifold.

1.1. Statement of the main result. In recent papers [J], [f], Anantharaman and Nonnenmacher
got concerned with the study of the localization of eigenfunctions on M as in the case of the toy
models. They tried to understand it via the Kolmogorov-Sinai entropy. This paper is in the same
spirit and our main result gives an information on the set of semiclassical measures in the case
of a surface M of nonpositive sectional curvature. More precisely, we give an information on the
localization (or complexity) of a semiclassical measure:
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Theorem 1.2. Let M be a C*° Riemannian surface of nonpositive sectional curvature and p a
semiclassical measure. Then,

(2) his(p, g) > %/SW U“(p)du(p),

where hig is the Kolmogorv-Sinai entropy and U*(p) is the unstable Riccati solution at p.

We recall that the lower bound can be expressed in term of the Lyapunov exponent [@] as

(3) his(us9) 2 5 [ X (0)dulo)
S*M

where x ¥ (p) is the upper Lyapunov exponent at the point p M] In order to comment this result, let
us recall a few facts about the Kolmogorov-Sinai (also called metric) entropy. It is a nonnegative
number associated to a flow g and a g-invariant measure pu, that estimates the complexity of
with respect to this flow. For example, a measure carried by a closed geodesic will have entropy
zero. In particular, this theorem shows that the support of a semiclassical measure cannot be
reduced to a closed unstable geodesic. Moreover, this lower bound seems to be the optimal result
we can prove using this method and only the dynamical properties of M. In fact, in the case
of the toy models some of the counterexamples that have been constructed (see [B]7 [@]) have

1
entropy equal to 3 / X" (p)du(p). We underline that our inequality is also coherent with the
S*M

‘scars’ constructed by Donnelly [@] In fact, his ’scars’ are supported on closed stable geodesics
(included in flat parts of a surface of nonpositive curvature) and have zero entropy. Recall also
that a standard theorem of dynamical systems due to Ruelle @] asserts that, for any invariant
measure p under the geodesic flow:

(4) hics (i, g) < / X" (p)dp(p)

S*M
with equality if and only if p is the Liouville measure in the case of an Anosov flow [@] We can
make a last observation on the assumptions of the theorem: it is not known whether the geodesic
flow is ergodic or not for the Liouville measure on a surface of nonpositive curvature. The best
result in this direction is that there exists an open invariant subset U of positive Liouville measure
such that the restriction gy is ergodic with respect to Liouville [ﬂ]
The lower bound of theorem was conjectured to hold for any semiclassical measure for an
Anosov manifold in any dimension by Anantharaman [E} In fact, Anantharaman proved that
in any dimension, the entropy of a semiclassical measure should be bounded from below by a
(not really explicit) positive constant [f]. Then, Anantharaman and Nonnenmacher showed that
inequality (E) holds in the case of the Walsh Baker’s map [@] and in the case of constant negative
curvature in all dimension [ﬂ] In the general case of an Anosov flow on a manifold of dimension
d, Anantharaman, Koch and Nonnenmacher [E] proved a lower bound using the same method:

d—1
his(p,g) > /S*M Zx}(p)du(p) - %,

where A\pax = limy 4o %1og SUD pe 5+ M |dpgt| is the maximal expansion rate of the geodesic flow
and the x;”s are the positive Lyapunov exponents [ﬁ] In particular if Ayax is very large, the
previous inequality can be trivial. However, they conjectured inequality (E) should hold in the
general case of manifolds without conjugate points by replacing x™ by the sum of nonnegative
Lyapunov exponents [{], [f]. Our main result answers this conjecture in the particular case of
surfaces of nonpositive curvature (which are particular surfaces without conjugate points) and
our proof is really specific to this case. In fact, we use the continuity of U%(p) (which is false
in the general case of surfaces without conjugate points ) and a strong result by Green [1]
and Eberlein [E] about uniform divergence of Jacobi fields which only holds in dimension 2. We
note that it could also be an interesting question to look for an extension of this result to ergodic
billiards for instance.
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In this paper, we also show that the main inequality holds for Anosov surfaces as conjectured by
Anantharaman [J:

Theorem 1.3. Let M be a C*° Riemannian surface and u a semiclassical measure. Suppose the
geodesic flow (g%)y has the Anosov property. Then,

/ log J*“(p)dp(p)
S*M

where J%(p) is the unstable Jacobian at the point p.

)

) hics(,) 2 5

The lower bound can also be written in terms of the upper Lyapunov exponent [E] In this
theorem, the hypothesis are slightly different. However the procedure of the proof is the same as
for theorem @ but simpler in a way. So we will first prove theorem and the modifications
that need to be made to prove theorem @ will be given in appendix | of the paper. Now let us
discuss briefly the main ideas of our proof of theorem .

1.2. Heuristic of the proof. The procedure developed in [E] uses a result known as the entropic
uncertainty principle [@] To use this principle in the semiclassical limit, we need to understand
the precise link between the classical evolution and the quantum one for large times. Typically,
we have to understand Egorov theorem ([[) for large range of times of order ¢ ~ |loghl| (i.e.
have a uniform remainder term of (m) for a large range of times). For a general symbol a in
C(T* M), we can only expect to have a uniform Egorov property for times ¢ in the range of times
[—1[1og 1|/ Amax. 5| 10g Rl /Amax] M. However, if we only consider this range of times, we do not
take into account that the unstable jacobian can be very different between two points of S*M.
In this paper, we would like to say that the range of times for which the Egorov property holds
depends also on the support of the symbol a(z,£) we consider. For particular families of symbol
of small support (that depends on h), we show that we have a ’local’ Egorov theorem with an
allowed range of times that depends on our symbol (see (fd) for example). To make this heuristic
idea work, we first try to reparametrize the flow in order to have a uniform expansion rate on
the manifold. We define " (p) := g*(p) where

(6) T = 7/0 log J“(g°p)ds.

This new flow g has the same trajectories as g. However, the ’velocity of motion’ along the
trajectory at p is | log J¥(p)|-greater for g than for g. We underline here that the unstable direction
is of dimension 1 (as M is a surface) and it is crucial because it implies that log J* exactly measures
the expansion rate in the unstable direction at each point!. As a consequence, this new flow § has
a uniform expansion rate. Once this reparametrization is done, we use the following formula to
recover ¢ knowing 7:

(7) t-(p) = inf {s >0:— /O log J“(g* p)ds’ > T} .

The number t.(p) can be thought of as a stopping time corresponding to p. We consider now
7 = 1|loghl. For a given symbol a(z, ) localized near a point p, t1|10g | (p) is exactly the range of
times for which we can expect Egorov to hold. This new flow seems in a way more adapted to our
problem. Moreover, we can define a g-invariant measure i corresponding to p [@] The measure

7 is absolutely continuous with respect to p and verifies j—ﬁ(p) =log J“(p)/ [g- s log J*(p)du(p).
We can apply the classical result of Abramov:

his(p, g9) =

[ tor (o)t s 7.9)

I fact, for the Anosov case, the crucial point is that at each point p of S*M, the expansion rate is the same
1
in any direction, i.e. dg‘_Elu(glp) is of the form J%(p)4-Tv, where d is the dimension of the manifold M and v,

is an isometry. The proof of theorem @ can be immediately adapted to Anosov manifolds of higher dimensions
satisfying this isotropic expansion property (for example manifolds of constant negative curvature).
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To prove theorem [L.3, we would have to show that hxs(f,g) > 1/2. However, the flow g has no
reason to be a Hamiltonian flow to which corresponds a quantum propagator U. As a consequence,
there is no particular reason that this inequality should be a consequence of [E] In the quantum
case, there is also no obvious reparametrization we can make as in the classical case. However,
we will reparametrize the quantum propagator starting from a discrete reparametrization of the
geodesic flow and by introducing a small parameter of time 7. To have an artificial discrete
reparametrization of the geodesic flow, we will introduce a suspension set [@] Then, in this
setting, we will define discrete analogues of the previous quantities (E) and (ﬂ) that will be precised
in the paper. It will allow us to prove a lower bound on the entropy of a certain reparametrized
flow and then using Abramov theorem ] deduce the expected lower bound on the entropy of a
semiclassical measure.

Finally, we would like to underline that in a recent paper @], Gutkin also used a version of the
Abramov theorem to prove an analogue of theorem E in the case of toy models with an unstable
direction of dimension 1.

1.3. Organization of the paper. In section E, we briefly recall properties we will need about
entropy in the classical and quantum settings. In particular, we recall the version of Abramov
theorem we will need. In section E, we describe the assumptions we make on the manifold M
and introduce some notations. In section E, we draw a precise outline of the proof of theorem E
and state some results that we will prove in the following sections. Sectionsg and E are devoted
to the detailed proofs of the results we admitted in section . In appendix |A|, we explain which
points of the proof need to be modified in the case of nonpositive curvature (theorem E) Finally,
sections ﬂ and appendix Bf are devoted to results of semiclassical analysis that are quite technical
and that we will use at different points of the paper (in particular in section E)

Acknowledgments. First of all, I am very grateful to my advisor Nalini Anantharaman for her
time and her patience spent to teach me so many things about the subject. I also thank her
for having read carefully preliminary versions of this work and for her support. I would also
like to thank warmly Stéphane Nonnenmacher for enlightening explanations about semiclassical
analysis and more generally for his encouragement. I am grateful to Herbert Koch for helpful and
stimulating suggestions about the application of the entropic uncertainty principle.

2. CLASSICAL AND QUANTUM ENTROPY

2.1. Kolmogorov-Sinai entropy. Let us recall a few facts about Kolmogorov-Sinai (or metric)
entropy that can be found for example in [@] Let (X, B, 1) be a measurable probability space
and P := (P,)qcrs a finite measurable partition of X, i.e. a finite collection of measurable subsets
that forms a partition. Each P, is called an atom of the partition. Assuming 0log0 = 0, one
defines the entropy of the partition as:

(5) H(p, P)i= = 3 p(Pa) log (Pa) 2 0.
acl

Given two measurable partitions P := (Py)acr and Q := (Qg)gek, one says that P is a refinement
of ) if every element of ) can be written as the union of elements of P and it can be shown that
H(p, Q) < H(p, P). Otherwise, one denotes PV Q := (P, N Qg)acr pex their join (which is still
a partition) and one has H(u, PV Q) < H(u, P) + H(u, Q) (subadditivity property). Let T be a
measure preserving transformation of X. The n-refined partition v?;olT_iP of P with respect to
T is then the partition made of the atoms (P, N---N T7-(=Vp, ae{1,. ,kn- We define the
entropy with respect to this refined partition:

(9)  Hu(w,T,P)=— > p(PayN---NT~ " VP, )logu(Pa, N---NT~ P, ).

|a|=n

n—1

Using the subadditivity property of entropy, we have for any integers n and m:

(10) Hypomn (1, Ty P) < Hy (11, T, P) + Hypo (T84, T, P) = Hp (11, T, P) + Hp (11, T, P).
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For the last equality, it is important to underline that we really use the T-invariance of the measure
. A classical argument for subadditive sequences allows us to define the following quantity:

H T,P
(11) hics(u T, P) = lim 2T P)

n— o0 n

It is called the Kolmogorov Sinai entropy of (T, ) with respect to the partition P. The Kol-
mogorov Sinai entropy hxs(u, T') of (u,T) is then defined as the supremum of hxg(u, T, P) over
all partitions P of X. Finally, it can be denoted that this quantity can be infinite (not in our
case thanks to Ruelle inequality () for instance). Note also that if, for all index (g, - ,an—1),
p(Poy N---NT~=DP, ) < Ce P with C positive constant, then hxs(u, T) > 3: the metric
entropy measures the exponential decrease of the atoms of the refined partition.

2.2. Quantum entropy. One can defined a quantum counterpart to the metric entropy. Let H
be an Hilbert space. We call a partition of identity (7, )acr @ family of operators that satisfies the
following relation:

(12) ZT;TQ = Idy.

acl

Then, one defines the quantum entropy of a normalized vector v as:

(13) he () 1= =Y Imattl| log a1

acl

Finally, one has the following generalization of a theorem from [f]] (the proof immediately gener-
alizes to this case), known as the entropic uncertainty principle [R6]:

Theorem 2.1. Let Og be a family of bounded operators and U a unitary operator of an Hilbert
space (H,|.||). Let &' be a positive number. Given 1 and g two partitions of identity and ¢ a
normalized vector in ‘H such that

I(Zd — Og)mpt|| < 6"
Suppose both partitions are of cardinal less than N, then:
he(U) + hr () > —2log (co(U) + Nd'),

where co(U) = max (lmaUn50gll), with |7aUns0g| the operator norm in H.
«,

2.3. Entropy of a special flow. In the previous papers of Anantharaman, Koch and Nonnen-
macher (see [ for example), the main difficulty that was faced to prove main inequality (§) was
that the value of log J%(p) could change a lot depending on the point of the energy layer they
looked at. As was mentioned (see section @), we will try to adapt their proof and take into
account the changes of the value of log J“(p). To do this, we will, in a certain way, reparametrize
the geodesic flow. Before explaining precisely this strategy, let us recall a classical fact of dynam-
ical system for reparametrization of measure preserving transformations known as the Abramov
theorem.

First, let us define a special flow (see [[lf], [@]) Let (X, B, 1) be a probability space, T' an auto-

morphism of X and f a measurable function such that f(z) > a > 0 for all z in X. The function
f is called a roof function. We are interested in the set:

(14) X :={(z,5):2€X,0<s< f(2)}.

X is equipped with the o-algebra by restriction of the o-algebra on the cartesian product X x R.
For A measurable, one defines 7i(A) := f—lfdu J [, dp(x)ds and i(X) = 1.
X

Definition 2.2. The special flow under the automorphism 7', constructed by the function f is
the flow (Tt) that acts on X in the following way, for t > 0:

(15) T (x,8) = (T”z,sthan (T’%)) ,
k=0
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n—1 n
where n is the only integer such that Z f (Tkx) <s+t< Z f (Tkx)
k=0 k=0

For ¢t < 0, one puts, if s+t > O:
T' (2,5) = (2,5 +1),

and otherwise,

T (z,5) == <T"m,s—|—t—|— i f(T’“:c)> ,

k=—n

-1 —1
where n is the only integer such that — Z f (Tkac) <s+t<— Z f (Tkx).
k=—n k=—n-+1

Remark. A suspension semi-flow can also be defined from an endomorphism.

It can be shown that this special flow preserves the measure f if T' preserves pu [@] Finally,
we can state Abramov theorem for special flows [f]

Theorem 2.3. With the previous notations, one has, for all t € R:

(16) hies (T'7) = %M(s (T, 1)
X

3. CLASSICAL SETTING OF THE PAPER

Before starting the main lines of the proof, we want to describe the classical setting for our
surface M and introduce notations that will be useful in the paper. We suppose the geodesic flow
over T* M to have the Anosov property for the first part of the paper (we will treat the adaptation
to the nonpositive curvature case in appendix B) This means that for any A > 0, the geodesic
flow g’ is Anosov on the energy layer £(\) := H~1(\) C T*M and in particular, the following
decomposition holds for all p € E(A):

T,E(N) = E*(p) ® E*(p) ®RXp (p),

where X is the Hamiltonian vector field associated to H, E“ the unstable space and E* the
stable space [E] It can be denoted that in the setting of this article, they are all one dimensional
spaces. The unstable Jacobian J“(p) at the point p is defined as the Jacobian of the restriction
of g7! to the unstable subspace E*(g'p):

J(p) = det (dgﬁ;lu(glp)) '

For @ small positive number (6 will be fixed all along the paper), one defines £% := H~1(]1/2 —
0,1/2 + 0[). As the geodesic flow is Anosov, we can suppose there exist 0 < ag < by such that for
all p € €9, ag < —log J*(p) < bo.

Remark. In fact, in the general setting of an Anosov flow, we can only suppose that there exists
ko € N such that det (dglekf(gkop)) < 1forall p € &Y. So, to be in the correct setting, we should
take g*o instead of g in the paper. In fact, as hxs(u, %) = kohxs(u, g) and

—k _ 1
_ /S*M log det (dg‘Eu"(gkop)) du(p) = —ko /S*Mlogdet (dglEu(glp)) du(p),

theorem B follows for ky = 1 from the case kg large. However, in order to avoid too many
notations, we will suppose kg = 1.

Let € and 7 be small positive constants lower than the injectivity radius of the manifold. We
choose 7 small enough to have (2 + Z—‘;)bon < § (this property will only be used in the proof of
proposition @) We denote f the function —log J* and remark that there exists € > 0 such that
if d(p, p') < e with p, p’ € £, then |f(p) — f(p')| < ape.
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Consider a partition M = Ufil O; of diameter smaller than §. Let (£2;)X, be a finite open cover
of M such that for all 1 <i < K, O; € Q,. For v € {1,---, K}?2, define an open subset of T*M:

Uy = (T*Q Ng "T*Q,, ) N EL.

We choose the partition (O;); and the open cover (), of M such that (U,),eq1,... k)2 18 a
finite open cover of diameter smaller than e of £%. Then, we define the following quantity, called
the discrete Jacobian in time #:

(17) Iy (v) :==sup{J“(p) : p € Uy},

if the previous set is non empty, e otherwise (where A is a very large constant). Outline that
Jy () depends on 1 as Uy depends on 7. The definition can seem quite asymmetric as we consider
the supremum of J*“(p) and not of J;(p). However, this choice makes things easier for our analysis.
For simplicity of notations, we also define:

w €
(18) f(v) = =nlog Jy (v) < mbo < 3

where the upper bound follows from the previous hypothesis. Moreover, we have for all p € U,,
(19) |f () +nlog J*(p)| < aone.

Remark. This last inequality shows that even if our choice for Jy () seems quite asymmetric, it
allows to have an explicit bound in 5 for quantity (E) and it will be quite useful. With a more
symmetric choice, we would not have been able to get an explicit bound in 7 for (E)

4. OUTLINE OF THE PROOF

Let (vr,) be a sequence of orthonormal eigenfunctions of the Laplacian corresponding to the
eigenvalues —5;2 such that the corresponding sequence of distributions px on T*M converges as k
tends to infinity to the semiclassical measure p. For simplicity of notations and to fit semiclassical
analysis notations, we will denote & tends to 0 the fact that k tends to infinity and ¢, and A2
the corresponding eigenvector and eigenvalue. As was already mentioned, we will for simplicity
concentrate first on the proof of the main inequality (E) in the case of an Anosov flow and we will
give in appendix @ the adaptations that need to be made in the case of nonpositive curvature. To
prove this inequality, we will in particular give a symbolic interpretation of a semiclassical measure
and apply the previous results on special flows to this measure.

Let €’ > 4¢e be a positive number, where € was defined in E The link between the two quantities e
and € will only be used in section ﬂ to define v. In the following of the paper, the Ehrenfest time
ng(h) will be the quantity:

(20) ne(h) = [(1 — €)|log Al].
We also consider a smaller non integer time:

(21) Te(h) == (1 - )ng(h).

4.1. Quantum partitions of identity. In order to find a lower bound on the metric entropy of
the semiclassical measure p, we would like to apply the entropic uncertainty principle (theorem @)
and see what informations it will give (when % tends to 0) on the metric entropy of the semiclassical
measure u. To do this, we define quantum partitions of identity corresponding to a given partition
of the manifold.

4.1.1. Partitions of identity. In section ], we considered a partition of small diameter (O;); of M.
We also defined (£2;); a corresponding finite open cover of small diameter of M. By convolution
of the characteristic functions 1p,, we obtain P = (P;),_; , a smooth partition of unity on M

i.e. for all x € M:
K
> Plz)=1.
i=1
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We assume that for all 1 < ¢ < K, P; is an element of C°(€;). To this classical partition
corresponds a quantum partition of identity of L?(M). In fact, if P; denotes the multiplication
operator by P;(x) on L?(M), then one has:

K
(22) > PP =Tdgaa).
=1

4.1.2. Refinement of the quantum partition under the Schrodinger flow. Like in the classical setting
of entropy (E), we would like to make a refinement of the quantum partition. To do this refinement,
we use the Schrédinger propagation operator Ut = ™5~ . We define A(t) := U~'AU", where A is
an operator on L?é]M ). To fit as much as possible with the metric entropy (see definition (ff) and

Egorov property (|l))), we define the following operators:

(23) Ta = Pak (k’l]) o POtl (n)POéo

and

(24) 73 = Pﬁ—k(_kn)' "P572(_277)P50P571(_77)5

where o = (v, - -+ , o) and 8 = (B_g, - - - , Bo) are finite sequences of symbols such that a; € [1, K]

and B_; € [1,K]. We can remark that the definition of w3 is the analogue for negative times of
the definition of 7,. The only difference is that we switch the two first terms By and 3_1. The
reason of this choice will appear later in the application of the quantum uncertainty principle (see
equality (@) in section ) One can see that for fixed k, using the Egorov property (EI)

(25) ([ Pa (k) -+ Py () Pagnl|* — u(PZ, 0 g™ x -+ P, 0. g" x P3,) as h tends to 0.

This last quantity is the one used to compute hxs(u,¢") (with the notable difference that the P;
are here smooth functions instead of characteristic functions: see (E)) As was discussed in the
heuristic of the proof , we will have to understand for which range of times kn, the Egorov
property can be be applied. In particular, we will study for which range of times, the operator 7,
is a pseudodifferential operator of symbol P,, 0 g¥ x --- P, 0 g" x Py, (see (29)). In [{] and ],
they only considered kn < |log |/ Amax where Apax := lim;— 1o % log sup e g+ s |d,g"|. This choice
was not optimal and in the following, we try to define sequences « for which we can say that 7,
is a pseudodifferential operator.

4.1.3. Index family adapted to the variation of the unstable Jacobian. Let a = (ap, a1, -+ ) be a
sequence (finite or infinite) of elements of {1,--- , K'} whose length is larger than 1. We define the
following quantity (see ([Lg)):

f(a) == flao, a1).
We also define a natural shift on these sequences (again finite or infinite and larger than 1 in
length):
o((ag,1,+)) = (a1, ).
In the paper, we will try to use the symbol z for infinite sequences and « for finite ones. For
negative times, we define the analogous functions, for 8 := (---,8-1,80):

F(B) = f(B-1,50)
and the backward shift
T(B):=(--,B-1)
Let o and (3 be as previously (finite or infinite). We define:
B.O[ = ( o 56*1760505070417 o )

The same obviously works for any sequences of the form (- -, Bp—1, 5p) and (g, ®g+1,- - - ). Then,
as described in section E, index families depending on the value of the unstable Jacobian can be
defined as follows:

k—2 k-1
(26) (R == I"(Tp(h)) = {(Oéo, o) k> 3,Zf (0'a) < Tg(h) < Zf (oia)} :

=1 =1
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k— —

(27)  K"h):= K"(Tp(h)) = {(5k, -, Bo) : Z F(T°8) < Tw(h Z F(1'8) }
These sets define the maximal sequences for which we can expect to have Egorov property for
the corresponding 7,. The sums used to define these sets are in a way a discrete analogue of
the integral in the inversion formula (f]) defined in the introduction®. The sums used to define
the allowed sequences are in fact Riemann sums (with small parameter 1) corresponding to the
integral (). We can think of the time |a|n as a stopping time for which property (R5) will hold
(for a symbol a corresponding to «).

A good way of thinking of these families of words is by keeping in mind picture m On this figure,
we draw the case K = 4. The biggest square has sides of length 1. Each square represents an
element of I"(h) and each square with sides of length 1/2* represents a sequence of length k + 1
(for k > 0). If we denote C(«) the square that represents «, then we can represent the sequences
a.ry for each v in {1,--- ,4} by subdividing the square C'(«/) in 4 squares of same size. Finally, by
definition of I (h), we can remark that if .y is represented in the subdivision (for vin {1,--- ,4}),
then «.y’ is represented in the subdivision for each 4’ in {1,---,4}. Families of operators can

c(11) |c@2) _|_

_|_

C(31) C(4pD)

_|_

FIGURE 1. Refinement of variable size

be associated to these families of index: (7a)aern(n) and (73)gexn(n)- One can show that these
partitions form quantum partitions of identity (see section E?

Proposition 4.1.
Z T;Ta = IdLZ(]\/j) and Z 7T2;7Tﬁ = IdLZ(]\/j).
aeln(h) BeKM(h)

4.2. Symbolic interpretation of semiclassical measures. Now that we have defined these
partitions of variable size, we want to show that they are adapted to compute the entropy of a
certain measure with respect to some reparametrized flow associated to the geodesic flow. To
do this, we start by giving a symbolic interpretation of the quantum partitions. Denote ¥ :=
{1,---, K}V and C; the subset of sequences (x,,)nen such that zo = i. Define also:

[ag, -+, ak] :=Caq ﬂ---ﬂa‘kcak,

where o is the shift o((zn)nen) = (Tn41)nen (it fits the notations of the previous section). The
set ¥ is then endowed with the probability measure (not necessarily o-invariant):

ﬂ% ([a07 T 7ak]) = ﬂ% (Cao ARRRR O—ikcak) = ”P(llc (1“7) o 'Paowh”Q'
Using the property (@), it is clear that this definition assures the compatibility conditions to
define a probability measure:

Z M% ([a0,~~~ 7ak+1]) = ﬂ% ([a()v"' aak])'

2In the higher dimension case mentioned in the footnote of section @, we should take (d — 1)Tg (k) (where d is
the dimension of M) instead of T (%) in the definition of I (k) and K" (h).
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Then, we can define the special flow, in the sense of Abramov (section ), associated to this
probability measure. To do this, the suspension set (@) is defined as:

(28) Yi={(z,5):a€X,0<s< f(n)}
Recall that the roof function f is defined as f(z) := f(zo,21). We define a probability measure
— 3.
[ on X
dt dt
(29)

¥ b)) b))
iy = pp % = Hn X '
" " Zae{L... K )2 )| Patonll? " Zae{17...7}(}2 fla)u ([a])

The semi-flow ([LF) associated to ¢ is for time s:

n—2
(30) 7 (x,t) = [ 0" M2),s+t— > f(o'2) |,
n—2
where n is the only integer such that Z f (03 ) <s+t< Z f 03 . In the following, we will
j=0 §=0

only consider time 1 of the flow and its iterates and we will denote & := ".

Remark. It can be underlined that the same procedure holds for the partition (mg). The only
differences are that we have to consider £_ := {1, , K}™N T((xn)n<0) = (n—_1)n<o and that
the corresponding measure is, for k£ > 1:

_ S e
([Brs -+ Bol) = iy~ (T7*Ca_, N+~ Cp,) = | Pp_ (~kn) -~ Ps, Po_, (—=m)vn|*.
For k = 0, one should take the only possibility to assure the compatibility condition:

D=2 (B-rs Bol)

The definition is quite different from the positive case but in the semiclassical limit, it will not
change anything as Pg, and Pz _1(—n) commute.

Now let a be an element of I"(#). Define:
(31) C, = Cap ﬁ~-'ﬂ07kCak.

This new family of subsets forms a partition of ¥. Then, a partition Cp of ¥ can be defined
starting from the partition C and [0, f(a)[. An atom of this suspension partition is an element
of the form C,, = C, x [0, f(a)[. For ¥ (the suspension set corresponding to ¥_), we define an

analogous partition C, . Finally, with this interpretation, equality (@) from section @ (which is
just a careful adaptation of the uncertainty principle) can be read as follows:

(32) H (7%.Cr) + H (.8 ) = (1= €)(1— o) logh| + C,

where H is defined by (E) To fit as much as possible with the setting of the classical metric
entropy, we expect Cp to be a refined partition under the special flow. It is not exactly the case
but we can prove the following lemma (see proposition @)

Lemma 4.2. There exists an explicit partition C of %, independent of h such that vnE(h) '5-ic
is a refinement of the partmolz Cp. Moreover, let n be a fized positive integer. Then, an atom of
the refined partition V=G~ 'C is of the form C x B(a), where a = (g, -+ , 1) is a k + 1-uple

such that (ag,-- - ,ax) verifies n(l — €) Zf (07a) < n(l +¢€) and B(a) is a subinterval of

[0, f(a)l.
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Then applying basic properties of H (see section ﬂ), one finds that:
(33) H (77.Cr) < H (7, ViE" ™5 C) = Hopn (77.7.C).
To conclude this symbolic interpretation of quantum entropy, with natural notations, inequal-
ity (BJ) together with (BJ) give the following proposition:

Proposition 4.3. With the previous notations, one has the following inequality:

1 s _ = T o= C
7’LE(FL) (HnE(h) (ﬁ%vaa C) + HnE(h) (ﬁ§7 ) T,C,)) > (1 - 6) + HE(FL)

The quantum entropic uncertainty principle gives an information on the entropy of a special
flow. Now, we would like to let & tends to 0 to find a lower on the metric entropy of a limit measure
(that we will precise in section @) with respect to . However, both ng(h) and uy depend on h
and we have to be careful before passing to the semiclassical limit.

(34)

4.3. Subadditivity of the entropy. The Egorov property () implies that u% tends to a measure
p* on X (as h tends to 0) defined as follows:

(35) 1 (a0, yan]) = (P2, 0 g™ x -+ x P2,).

Using the property of partition, this defines a . probability measure on . To this probability
measure corresponds a probability measure 1> on the suspension set 3. It is an immediate
corollary that @™ is the limit of the probablhty measure Ji>. Moreover, using Egorov one more

time, one can check that the measure p* is o-invariant and using results about special flows [@,

- _ _3_
= is o-invariant. The same works for ,uh and 11,

Remark. In the following, we will often prove properties in the case of 3. The proofs are the same
in the case of ¥_.

As ng(h) and pp depend both on 7, we cannot let £ tend to 0 if we want to keep an information
about the metric entropy. In fact, the left quantity in (@) does not tend a priori to the Kolmogorov-
Sinai entropy. We want to proceed as in the classical case (see ([(J)) and prove a subadditivity
property. This will allow to replace ng (k) by a fixed ng (see below) in the left hand side of @)
This is done with the following theorem that will be proved in section ﬁ:

Theorem 4.4. Let C be the partition of lemma ([.4). There exists a function R(ng, k) on Nx (0,1]
such that
Vno € N, 1im |R(ng, k)| = 0.

Moreover, for any h € (0,1] and any ng, m € N such that ng + m < ng(h), one has:

Hpogim ( _) < H,, (Mh,a C) + Hy, (uh,a C) + R(ng, h).
The same holds for % _.

This theorem says that the entropy satisfies almost the subadditivity property (see ()) for
time lower than the Ehrenfest time. It is an analogue of a theorem from [E] (proposition 2.8)
except that we have taken into account the fact that the unstable jacobian varies on the surface
and that we can make our semiclassical analysis for larger time than in [H] The proof of this
theorem is the object of section E and ﬁ (where semiclassical analysis for "local Ehrenfest time’ is
performed). Then, one can apply the standard argument for subadditive sequences. Let ng be a
fixed integer in N and write the euclidian division ng(h) = qng + r with r < ng. The previous
theorem then implies:

Hypn) (ﬁga o, 5) - Hp, (ﬂg, a, 5) H, (ﬂg, a, 5) N R(ng, i)

nE(FL) - no + ng (FL) no
As r stays uniformly bounded in ng, the inequality (@) becomes:
(36) = (H,, (57.5.C) + Hyy (5702 )) 2 (1) + Clno) _ Rl ),
ng ng(h) N
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4.4. Application of the Abramov theorem. Using inequality (Bf), we can conclude using
Abramov theorem ([L§). Making & tend to 0, one finds that (as was mentioned at the beginning
of f.3):

1 = e =

— (Hno (,u ,U,C) + H,, (,u *,T,C_)) > (1—ce).

ng
The Abramov theorem holds for automorphisms so one can look at the natural extension X/ =
{1,---,K}? of ¥ and the same inequality holds:

(37) ni (Hn0 (ﬁz’,?, @) + Hp, (ﬁz’,?_l,@,)) >(1—e),
0

where ¢’ is the two-sided shift on ¥/ and C’ is the lift of the partition C to the natural extension.
In view of section ﬂ, we have an exact expression for C in terms of the functions (P;); (see propo-
sition E) The measure > is o’-invariant as ,uz/ is o’-invariant [@] In the previous inequality,
there is still one notable difference with the metric entropy: we consider smooth partitions of iden-
tity (P;); (as it was necessary to make the semiclassical analysis). To return to the classical case,
the procedure of [ﬂ] can be adapted using the exact form of the partition C (see proposition E)
Recall that each P; is an element of C2°(€2;) and that we considered a partition M = | |, O; of
small diameter d§, where each O; C €; (see section E) We suppose it is small enough so that
1 does not charge the boundary of the O;. By convolution of the 1p,, we obtained the smooth
partition (P;); of identity of diameter smaller than 2. The previous inequality does not depend
on the derivatives of the P;. Regarding also the form of the partition C (see lemma [.9), we can
replace the smooth functions P; by the characteristic functions 1o, in inequality (B7). One can
let ng tend to infinity and find:

2hks (ﬁzl,?) > his (ﬁzl,F, E) + hks (ﬁzl,yil,a) > (1—e).
We used the fact that hrs(u, T7') = hxs(u, T) for the metric entropy of a dynamical system
(X, 1, T). Then, using Abramov theorem ), the previous inequality implies:

’ 1 ’
nhics(p, 9) = hp, g") = his (uz ,0') >—5(=¢ > nlog'(Mu¥ ().
ye{l, ,K}?

After division by 7 and letting the diameter of the partition and € tend to 0, one gets:

/S*M log J“(p)du(p)‘ 0

1
his(p,g) > 3

5. PARTITIONS OF VARIABLE SIZE

In this section, we define precisely the index families I7 and K" depending on the unstable
jacobian used in section . These families are used to construct quantum partitions of identity
and partitions adapted to the special flow (see section @) In the last section, we apply the
uncertainty principle to eigenfunctions of the Laplacian for these quantum partitions of variable
size.

5.1. Stopping time. Let ¢ be a real positive number that will be greater than 2bon. Define index
families as follows (see section for definitions of f, o, f and T):

k-2 k—1
I"(t) == {a(ao,u. ,ak):kzii,Zf(oia) §t<Zf(oia)},

k—2 k—1
K'(t) := {6 = (Boks--,P0) 1 k> 3,27(%) <t< ZT(T%)} :

Let = be an element of {1,---, K}N. We denote k;(z) the unique integer k such that

k—2 _ k—1 _
Zf(ozz) §t<Zf(Jzz).
i=1 i=1
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In the probability language, k: is a stopping time in the sense that the property {k:(x) < k}
depends only on the k + 1 first letters of . For a finite word o = (ag, - ,ax), we say that
k = k(o) if o satisfies the previous inequality. With these notations, I7(¢) := {a : |a] = ke(o)+1}.
The same holds for K" (t).

Remark. This stopping time k;(«) for ¢ ~ nEQ(h) will be the time for which we will later try to

make the Egorov property work. Precisely, we will prove an Egorov property for some symbols
corresponding to the sequence « (see (@) for example).

5.2. Partitions associated.

5.2.1. Partitions of identity. Let o = (ap,- -, ) be a finite sequence. Recall that we denoted
Ta i= Pa, (k) -+ Ps,, where A(s) := U=5AU*. In [f] and [], they used quantum partitions of
identity by conmdermg (Ta)jaj=k- In our paper, we consider a slightly different partition that is
more adapted to the variations of the unstable jacobian:

Lemma 5.1. Let t be in [2bon, +0o[. The family (To)acin(t) 95 a partition of identity:
Z TaTa = Idp2(ar)-
acln(t)
Proof. We define for each 1 <[ < N (where N + 1 is the size of the longest word of I"(t)):
I't) :=={a=(ao, - ) : Iy = (Yig1, ), N>k>1lst ayel’(t)}.
For [ = N, this set is empty. We want to to show that for each 2 <[ < N, we have:

(38) Z TaTa + Z ToaTa = Z TaTa-

acln(t),|al=1+1 a€l](t) a€l]l | (t)

To prove this equality we use the fact that fo:l Py (1)*Py(I) = Idz2(ar) to write:

> rm=Y Z

ael] | (t) y=lael” ((

We split then this sum in two parts to find equality ) To conclude the proof, we write:

N
E TaTo = E g TATa

a€eln(t) k=2 acln(t),|a|=k+1

As t > 2byn > max, f(7), the set I](t) is equal to {1,---, K}?. By induction from N to 1 using
equality () at each step, we find then:

Z T;Z’Ta = IdLQ(IM)-
acln(t)

O

Remark. A step of the induction can be easily understood by looking at figure E where each square
represents an index over which the sum is made (as it was explained for figure [l]).

Following the same procedure, we denote ng = Pg_, (—kn)--- Pg,Ps_,(—n) for § in K"(1).

These operators follow the relation: Z msms = Idp2(ar). As was mentioned in section , be-
BEK

cause of a technical reason that will appear in the application of the entropic uncertainty principle

(see ([E0)), the two definitions are slightly different.
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_I_

(a) (b)

FIGURE 2. A step of the induction

5.2.2. Partitions of {1,--- , K}N associated. In this section, we would like to consider some parti-
tions of ¥ := {1,--- , K}V and of & (see (§)) associated to the family I7(1). Recall that:

k—2 k—1
I"(1) := {a: (g, - ,ap) : k> S,Zf(aia) <1< Zf(aia)}.

i=1 i=1
k—1
For « € I"(1), it can be easily remarked that Z f (03 a) > 1. It means that there exists a unique
j=0
integer k&’ < k such that:
k-2 k-1

Zfa] <1<Zfaj

In the following, & and k' will be often denoted k(a ) = k1(a) and k'(«) to remember the depen-
dence in . The following lemma can be easily shown:

Lemma 5.2. Let o € I"(1). One has |k(a) — K' ()] < Z—(g +1.

Proof. Suppose k' + 1 < k (otherwise it is trivial). Write:

k—2 K —1 k—2
Zf(aj Zf (07a) < 1—1 implies Zf (c7a) < f(a).
Jj=1 J=kK
And finally, one finds (k — 2 — k’ + Dagn < bon. O

Let « be an element of I"(1). We make a partition of the interval [0, f(«)[ under a form that
will be useful (as it is adapted to the dynamics of the special flow). Motivated by the definition
of a special flow, let us divide it as follows for k = k(«) and k' = k'(«):

k-1

p—2
I o Zf 03 --Ip_g(a):[Zf(aj —1 Zf da —1
=

T—o( Zf ola) =1, f(a)],

where k(o) < p < k(a). If k(a) = k'(@), one puts Iy —2(a) = Ix—o(a) = [0, f(a)].
A partition C of X can be defined. It is composed of the following atoms:
é’Y = C’Yo n---N U_kcvka

where v be an element of I"(1). A partition C of ¥ can be constructed starting from the partition
C and the partition of [0, f(v)[. In fact, let v be in I"(1) and k¥'(y) < p < k(v). An atom of the
partition C is defined as C- , = C, x I,_a(7). The choice of these specific intervals allows to know
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the exact action of & on each atom of the partition: for (z,t) € C,p, 7(z,t) = (6P~} (2),1 +t —

Sy folw)).

5.2.3. Partitions adapted to the special flow. In this section, lemma @ is shown and proves in
particular that the previous partitions are well adapted to the special flow on ¥.. Lemma @ can
be written precisely:

Proposition 5.3. Let n be a positive integer. Let (7, pi)o<i<n—1 be a family of couples such that
vi € I"(1) and K'(v;) < pi < k(7i). There exists o in I"(n(1 — €)) such that:

6%7;00 n---n Ei(nil)?vnfl,pnf1 - éo/ X [Oa f(’YO)[

Moreover, an atom of the refined partition V;_; 157IC can be written as follows:

(39) 57011’0 n- __(77’ 1)C'Yn 1,Pn—1 _C X B( )

where a = (g, - ,ag) is a k+ 1-uple and B(v) a subinterval of [0, f(v0)[ (possibly empty).
k—1

Finally, (ag, -+ ,ax) satisfies Z f( da ) <n(l+e).
7=0

Before entering the proof, a simple reformulation of the first part of the proposition is that
VI 7C is a refinement of the partition (C’a/ x [0, f(o/)[) .
a’eln(n(l—e))

Proof. We begin by proving the second part of the proposition. First suppose the considered atom
is a non empty atom of \/?:_016*1'5 (otherwise the result is trivial by taking B(y) empty).

Let (z,t) be an element of Cy o N--- N "~YC, . We denote k; = k(7;). The sequence
x is of the form (73, -+, 74, 2') and ¢ belongs to I, _2(70). We recall that for (x,t) € Cry py:

po—2

F(x,t) = [oP (2), 14+t — Z f(o72)

Necessarily, one has v = (74°~ Lo ,750, 7f“7p0+2, e ,Wfl). Proceeding by induction, one finds
ko—po+2 En—1 _» ko—po+2 Ko
that 2 = (78, -+, 76, 9° "%, -+, 9,73t 2"). Define thena = (48, ,96°, 77 ™2+ 777"

and:
B(’Y) = {t € [O’ f('YO)[: Jdx st (‘r’ t) € 57011)0 n--- ma_(n_l)a’ynfl,pnf1} .

The first inclusion Cyy o N---NT~ ""VC, | CCq x B(v) is clear.

Now we will prove the converse inclusion. Consider (z, t) an element of C, oM - - E—<"—1>€%71,pn71 .
The only thing to prove is that (X,t) = ((7J,- - ,70 ,vf" pot2 . ,75[’11,30'),1?) is still an ele-
ment of Cqy po N---7~ "VC, |, ., for every 2’ in {1,---, K}N. We proceed by induction and
suppose (X,t) belongs to 5V0,p0 n-- -E_(j_l)éwfhpjfl for some j < n. We have to verify that

57 (X, t) belongs to C.y, p,. As (X,t) belongs to Cyq,po N - .E*H*UE%IWH, we have:

pot-+pj—1—j—1

o (X, t) = [orot (X)) jt— Y f(0'X)
=0
It has already been mentioned that for all 4, (70,---,y¥ ) = (4P' 71 ... 4K ) (as the

considered atom is not empty). It follows that oo+ +Pi-1=J(X) belongs to C,,. We know that
o/ (z,t) is an element of C,, ,, and as a consequence:

pot-+pj—1—j—1 pot+-+pj—1—j—1

jtt= X f@X)=jrt— Y f(0') € Iy aly).

1=0 =0
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By induction, equality @) is true. For each 0 < j <n — 1, ¢ belongs to B(y) implies that:

pot-tpi—1—j—1

telp,—a(v) —Jj+ > f(o'a).

=0

The set B(y) is then defined as the intersection of n subintervals of [0, f(y0)[ and is in fact a
subinterval of [0, f (o)l

k-1
It remains now to prove upper and lower bounds on Z f (O’j a). Recall that:
§=0
ko . ko—po+2 k En—
04:(’787"'/700/710 bo 7"'77117"'5771711)'

As 0 < f(y) < § for all v (finite or infinite subsequence: see inequality ([9)), we have then:

k—1 n—2 k172 kn,171
Do F(Pa) <D F @)+ D] F (M) <n(lte).
§=0 1=0 j=0 j=0
For the lower bound, the same kind of procedure works with a little more care. For 7q:
ko—1 ko—1
Z flola) = Z fl@?y)>1>1—¢.
j=1 j=1
and for 1 <[ < n —1, one has using lemma :
ki—1 b
Z F7) > 1= (ke — pro1 4+ Dbon > 1 — (24 —)bon > 1 —¢,
4 ag
j=ki—1—pi—1+1
k—1
where the relations between ¢, 7, ag and by are defined in section f|. A lower bound on Z f(o?a)is
j=1
n(1—e¢). Considering a word o' starting like « but of smaller size, the first part of the proposition
is proved as:

k—2 k=1
INn(1—¢€) =X (ag, - ,ap) : k> Q,Zf (c7a) <n(l—¢) < Zf (o7a)

O

Remark. As a final comment on this section, we underline again that all the proofs have been
written in the case of {1,---, K}\.

5.3. Uncertainty principle for eigenfunctions of the Laplacian. In the previous section E,
we have seen that the partitions of variable size are well adapted to the reparametrized flow (used
in the Abramov theorem). In section E, we used also the fact that we have a lower bound (é) on
the entropy of iy with respect to the suspension application @. The goal of this last section is
to prove this lower bound (precisely proposition @) To do this, we use the entropic uncertainty
principle (theorem P.1)).

5.3.1. Energy cutoff. Before applying the uncertainty principle, we proceed to sharp energy cutoffs
s0 as to get precise lower bounds on the quantum entropy (as it was done in [f, [ and [§]). These
cutoffs are made in our microlocal analysis in order to get as good exponential decrease as possible
of the norm of the refined quantum partition. This cutoff in energy is possible because even if the
distributions uy are defined on T*M, they concentrate on the energy layer S*M. The following
energy localization is made in a way to compactify the phase space and in order to preserve the
semiclassical measure.

Let 0 be a positive number less than 1 and xs(t) in C*°(R, [0, 1]). Moreover, xs(t) = 1 for |t| < e~9/2
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and x5(t) = 0 for |t| > 1. As in [{], the sharp i-dependent cutoffs are then defined in the following
way:
Vie (0,1), VneN, Vpe T*M, x"™(p,h) := xs(e ™A= (H(p) — 1/2)).

For n fixed, the cutoff x(™ is localized in an energy interval of length 2e™%!=9 centered around
the energy layer £. In this paper, indices n will satisfy 2e™ i~ << 1. It implies that the widest
cutoff is supported in an energy interval of microscopic length and that n < Ks|logh|, where
Ks < 61, Using then a non standard pseudodifferential calculus (see [ﬂ] for a brief reminder of
the procedure from [@]), one can quantize these cutoffs into pseudodifferential operators. We will
denote Op(x(™) the quantization of x(™). The main properties of this quantization are recalled
in section @ In particular, the quantization of these cutoffs preserves the eigenfunctions of the
Laplacian:

[4on — Op(x ™ bn|| = O(F)|[ ¥ |-

5.3.2. Applying the entropic uncertainty principle. To get bound on the entropy of the suspen-
sion measure, the entropic uncertainty principle should not be applied to the family of operators
(Ta)acr () directly but it will be applied several times to get terms of the form ¢, ||7a1s[|* (see B2)
instead of one of the form ||7,%5||? in the formula of the quantum entropy (). We remind that

the ¢, correspond to the Lebesgues part of the suspension measure ﬁ%. They are defined by

() |
Poernxy Ty ()

The previous goal can be achieved after defining new families of quantum partitions.
Let v = (70,71) be an element of {1,--- , K}2. Denote then:

In(y) == {(a) : v.a/ € I"(h)},

Kp(v) ={(8): 8"y € K"(R)}.
The following partitions of identity can be associated to them, for o € I(y) and 3’ € Kx(%):

7~—a/ = Pa’n (7”7) te Paé (277)7

Cq —

T = Py (—nn)--- Py _(—2n).
For analogous reasons as the case of I"(h), the families (7ar)arer,(y) and (7pr)grer, () form quan-
tum partitions of identity for every v = (y0,71) € {1,---, K}%
Given these new quantum partitions of identity, the entropic principle should be applied for given
initial conditions in times 0 and 1. Let [|15]| = 1 be a fixed element of the sequence of eigenfunc-
tions of the Laplacian defined earlier, associated to the eigenvalue %
Let v = (70,71) be an element of {1,--- , K}2. Define:

Py i= Py Py (=)
We underline that for o € I (y) and 8’ € Kp(y):
(40) FUTPy =Ty o U™ and 75 Py = 7,

where .o/ € I"(h) and §'.y € K"(h) by definition. In equality (f(]) appears the fact that the
definitions of 7 and 7 are slightly different (see (RJ) and (P4)). Tt is due to the fact that we want
to compose 7 and 7 with the same operator P,. Suppose that || Py is not equal to 0 (otherwise
the obtained result is trivial). We apply the quantum uncertainty principle (@) to the partitions
of identity: (7ar)arern(y) and (Tp/)grer,(y)- These two partitions are of cardinality N ~ h~*o
where K is some fixed positive number (depending on the cardinality of the partition K, on ag,
on by and 7). We choose Op(x(¥?) for the family of bounded bounded operators Op: (where k’
is the length of #') and &' = || Pytn|| " 'A% (see corollary B.2) such that AL~Ko << p1/20-<)(1=€),
The isometry chosen is U~" and the normalized vector is 1/;5 = %. Applying the entropic
uncertainty principle (B.1)), one gets:
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Corollary 5.4.
he(U™"n) + i (dn) 2 —2log (3 (U™") + hE K| Pyu]| 1)

ax (U35 00 -

where ¢ (U™") = m
o/ €In(v),8 €Kn(v)

First, remark that the quantity c;(U_”) can be easily replaced by

(41) ey (UM := ma

X max U750 (k) ,
vE{l, , K}? a€ln(v).B€Kn(v) (H h p(X )H)

which is independent of 4. Then, it can be noted that the quantity hz(U _771/;5) can be written:

he(U™Mn) == > FarU 5l log | 7o U Pybsl + > 7 U~"ps]|* log || Pyon .

a’elx(y) a’€ln(y)

Using the fact that 5 is an eigenvector of U" and that (7a/)aser,(v) is @ partition of identity, one

has:
1

he(U™"p) = — XNE

D vl 10g |7 .a0tfnl|* + log || Pyul|®.
a’€ln ()

The same holds for hz () (using here equality ())):

~ 1
hz(1n) = NN > lma Anl* log [[mar Anll® + log | Pyt .
TR B'€Kn(7)
Then, the quantity
(42) = Y lmatnlPloglm.adnll® = D Imprvnll log I mponl?
a’ €T (y) B'€Kn ()

is bounded from below by:
(43) 2P og (ex (U [Pyl + AE50) > ][ Py log (ex (U) + AE50)

as || Py¥s| < 1. As was already mentioned, this lower bound is trivial in the case where ||Pyt3]|
is equal to 0. Using the fact that:

f()
Zv’e{l,m JK )2 SO Pyl

one easily checks that Z ey | Pybnl|? = 1. If we multiply () and (@) by ¢y and make
'76{17‘“ ,K}Q
the sum over all v in {1,---, K}2, we find:

= Y callratulPloglimatnl® = Y calmpvnl®logllmsvnll* > —2log (ex (U™") + hF~K0).
ael(h) BeKM(h)

(44) Cy =

Finally, we have the following property:

Corollary 5.5. Define:
(45)

hi(n) == Y callmatnll*log (callratnl®) , h5(n) =~ > csllmatnll*log (csllmavnl?)

acln(h) BeK (k)

where co = Cagy,a, 0nd cg = cg_, 3,- One has:

(46) RS (Wr) + he(¥r) > —2log (e (U™") + AE50) —log (mjtx c,y> :
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To prove this corollary, it has been used that Z CollTa®n||* = 1 and Z callman)|® = 1.
acln(h) BeK(h)

Precisely it was used to take into account the introduction of the weight c, in the expression (i)

of h¢. This new quantity is slightly different from the one used in the definition of the quantum

entropy (see (E)) In fact, we have introduced some weights ¢, in each term of the sum. However,

if we think of the definition of 7z} (which is of the form Cyj x Leb: see (B)), this quantity is

more adapted to compute the classical entropy of E% than the usual quantum entropy.

5.3.3. Exponential decrease of the atoms of the quantum partition. Now that we have lower bound (@),
we give an estimate on the exponential decrease of the atoms of the quantum partition. As

in [E], [E], [ﬂ], one has?:

Theorem 5.6. [f [l [ For every K > 0 (K < Cs), there ewists hxc and Cxc such that uniformly
for all b < A, for all k+ k' < K|log A,

| Pa,U" Py, +- U PogU Py U -+ Poy Op(x'*)) | 2(ar)

k—1 K —1
1 1 . .
(47) < Cxh™*exp | — Zof(aﬂaw ZO f(o’a)
Jj= J=

Outline that the crucial role of the sharp energy cutoff appears in particular to prove this
theorem. In fact, without the cutoff, the previous norm operator could have only be bounded by
1 and the entropic uncertainty principle would have been empty. The previous inequality (@)
allows to give an estimate on the quantity (@) (as it allows us to bound ¢, (U~")). In fact, one
has, for each v € {1,--- , K}%

7ol "7 50p ()| = | Pa U Py, - U Pay U™ P ,U" - Py, Op(x*))
where (ag, - ,a;) € In(y) and (B_p,---,0B-2) € Kp(y). Using the definition of the sets
I"(h) ) and K"(h) (R1), one has k + k' < %nﬂogm. Using theorem (f.q) with £ = %ﬂ,
one has:

k—1 E'—1
/ 1 1 B —
= =17 Op(y () e (-1 (T T
[TaU " 1750p(x"" /)|l < Cxch™ 2 exp 5 | - Qf(aﬂa)—i— 2 f(T73) ,
j= j=

where Ci does not depend on £. Using again the definition of the sets I (k) (26) and K"(h) (£7),
one has:

(U™ = (17U 750p () < Creht =209,

max max
ve{l,,K}? a€ln(v),BEKn(Y)

where Cx does not depend on A. The main inequality @) for the quantum entropy can be
rewritten and the discussion of this section can be summarized finally by the following proposition:

Proposition 5.7. Define:
he(n) == Y callmatnl®log (callTatinll®) , BG(Wn) == Y csllmpvnl|*log (csllmpvnll®)

aeIn(h) BeKn(h)

where co = Cagy,a15 C8 = CA_1,8, aNd Cy = Zwe{l,..,,K]}CYJZ('Y)HPWHIIQ' One has:
(48) he(¥n) + he(¥n) = (1= €)(1 - €)|logh| + C,

where C € R does not depend on h.

1
3In the higher dimension case mentioned in the footnote of section @, we should replace h™ 2 (where d is the
d—1
dimension of M) by A~ 2 in inequality @)
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This lower bound is the one we used in section @ to get lower bound on the classical entropy. In
fact, this last inequality gives a lower bound on h¢ and h¢ and we already explained in section @

that these quantities are in fact the classical entropy of the measure 7z; for a specific partition

(see (BI) and (B2)).

6. SUBADDITIVITY OF THE QUANTUM ENTROPY

As was mentioned in section @ and proved in section E, the uncertainty principle gives (if we
forget the backward side ¥_):

L

To prove our main theorem [L.3, we need to show that this lower bound holds for a fixed ng on

(1—ce).

1 =
the quantity — H,,, (ﬁ%,?, C) (as we need to let & tend to 0 independently of n to recover the
no

semiclassical measure 77> see section @) To do this we want to reproduce the classical argument
for the existence of the metric entropy (see ([L(])), i.e. we need to prove a subadditivity property
for logarithmic time:

Theorem 6.1. Let C be the partition of proposition @ There exists a function R(ng,h) on
N x (0,1] such that

Vng € N, %in%) |R(no, B)| = 0.
Moreover, for any h € (0,1], any ng,m € N such that ng + m < Tr(h), one has:
Hn0+m (ﬁga o, 6) < Hno (ﬁgv o, E) + Hm (ﬁga [ z) + R(”Ovh)

A key point to prove the subadditivity property in the case of the metric entropy is that the
measure is invariant under the dynamics (see ([L(])). In our case, invariance of the semiclassical
measure under the geodesic flow is a consequence of the Egorov property (El) to prove that
subadditivity almost holds (in the sense of the previous theorem), we will have to prove an Egorov
property for logarithmic times. We will see that with our choice of "local’ Ehrenfest time, this will
be possible and the previous theorem will then hold. The proof of this theorem is the subject of
this section (and it also uses results from section ﬂ)

Let ng and m be two positive integers such that que m + ng < Tg(h). One has:
H (vHO"O—la—iE, ﬁ%) =H (v?;ola‘iﬁ v Vel ﬁ%) .

=
Using classical properties of the metric entropy, one has (see section @)

Hin, (7.75,C) < Hy (7.7.C) + Ha, (7.57477.C)
Using proposition @ and the continuity of the function xlogxz on [0, 1], there exists a function

R(no,h) with the properties of theorem @ such that H,, (E, E”jjﬁg, E) = Hp, (E, ﬁg, 5) +
R(ng, i) and thus:

(49) Hpng (E, T, 5) <H, (E, T, 5) + Hy, (5, T, E) + R(no, h).0

So the crucial point to prove this theorem is to show that the measure of the atoms of the refined
partition is almost invariant under @ (proposition @) In the following of this section, A is defined
as:

A=Cyyp,N---Na (oC

Tng—1-Png—1°

Remark. In this section, only the case of {1,---, K} is treated. The proof of the backward case
{1,---, K}~ works in the same way.
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6.1. Pseudo-invariance of the measure of the atoms of the partitions. From this point,
our main goal is to show the pseudo invariance of the atoms of the refined partition. More precisely:

Proposition 6.2. Let m,ng be two posztwe integers such that m+ng < Tg(h). Consider an atom
of the refined partition A =Cy py N ---NT (0=1C One has:

Yng—1:Png—1"

i (@A) =Ty (A) + ORI 2/%),

with a uniform constant in ng and m in the allowed interval. The constant v < 1/2 is the one
defined by theorem .

This result says that the measure @E is almost @ invariant for logarithmic times. As a conse-
)

quence, the classical argument (see ( for subadditivity of the entropy can be applied as long
as we consider times where the pseudo invariance holds (see ([td)).

Let A be as in the proposition. From proposition @, there exists (ag,- -, ) and B(y) such
that:

A= (CoyN---07"Ca,) x B(7).
Still from proposition f.3, one knows that B(v) is a subinterval of [0, f(yo)[. Moreover, the
following property on « holds:

(50) no(l —e) < flo7a) < no(1 +e).

The plan of the proof of proposition @ is the following. First, we will give an exact expression in
terms of o and B(v) of iy, ( mA) Then, we will see how to prove the proposition making the
simplifying assumption that all operators (P;(kn)); r commute. Finally, we will estimate the error
term due to the fact that operators do not exactly commute.

6.1.1. Computation of ﬁg(ﬁ_mA). We choose a positive integer m. As a first step of the proof,
we want to give a precise formula for the measure of ™ A. To do this, we have to determine the
shape of the set 7™ A. Let us then define:

p—2 p—1
i;n =< (z,t)eX Zf(ajac) <m+t< Zf(a]ac)
j=0 7=0

We underline that because m > 1, we have that EZI is empty for p < 3. One has then ¥ = |_| EZI
p=>3
and as a consequence:

7 mA = || (E;"m—*mA)

p=>3

p—2
L @t e S imst =S f(072) € BO), (@prs s pinot) =
p=>3 j=

Note that ¢ € B(y) — m + Z Of(03$ together with (zp_1, - ,%p+k—1) = « imply that
Zf;g (0lz) <m+t< ijo (o7z). Tt allows to rewrite:

g A= |_| (x,t) e xRy :0<t< fx),t € By erZfJJ (Tp—1, " s Tph1) =

p>3

Finally, one can write the measure of this suspension set:

iy (77mA) =Y > ¢g,a (M) Ppyy s (k+p—=1)0)Ps, ,, o (k-+p=2)n) - Payton?,

p=1 Bl=p+k
(Bp—1>-"+ s Bpyk—1) = &
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where
p—2 p—2
cg.a(m) = ALeb | BO)Nlm=3_ f(o'B),m =3 [(o'B)|
=0 j=1
with A\™! = Z F(Y) i ([v']) the normalization constant of the measure. Outline that

v efL, - K}?
the previous sum is finite with at most 2bp/ap non zeros terms in each string 3 (as ce o(m) is
zero except a finite number of times). For simplicity of the following of the proof, we reindex the
previous expressions:

(51>
FmA) =" > cg,a(m)|| Pa, (k+p = 1)n)Ps,_, (k+p—2)n) - Ps_, . ¥nll*,
p=>3 Bl=p+k
(Bo, -+, Bk) =

where cg o(m) = A Leb (B(W) N[m— Z?;g (078),m — Z?;f f(ojﬁ)[) with \ defined as previ-
ously. Then, to prove proposition @, we have to show that the previous quantity (@) is equal

to:
A Leb (B(Y)) | Pay, (k1) - - - Pagtbn||22 + Op2 (R1~21)/6),

6.1.2. If everything commutes... We will now use our explicit expression for 73 ( ’"A) (see (@))
and verify it is equal to ﬂ% (A) under the simplifying assumption that all the involved pseudo-
differential operators commute. In the next section, we will then give an estimate of the error
term due to the fact that the operators do not exactly commute. In order to prove the pseudo
invariance, denote:

Km(a) :=={8= (B-pt+1,---,0) : (Bo,- -, BK) = @, ¢p,a(m) # 0}
and
G (@) o= {(Begrrs B) 1 37 = (oprass 5 7-a) st g <p, 7.8 € Kn(a)}
With these notations, we can write (51) as follows:

(52) T (E"A) = D csalm)llnsenl’ Z > cg.o(m)l|Tavnl|*.

BEK m () p=3 BEKm (a):|Bl=k+p

Recall that by definition (see (RJ)) 75 := Ps,((k +p — 1)n)Ps,_,((k +p —2)n)---Ps_,,,. For
simplicity of notations, let us denote B(y) = [a, b] (where a and b obviously depend on 7). A last
notation we define is for 3 such that |3| = k + ¢ and 07718 = a:

-2

(53) Cs.a(m) := X Leb | [a,b[N][a,m — Y f(o?B)]],

1

Q

J
where A is the normalization constant of the measure previously defined. Suppose now that all
the operators (P;(kn)); r commute. We have the following lemma:

Lemma 6.3. If all the operators (P;(kn))ix commute, then one has, for 2<gq < N:

> cga(mlirstnll® + Y Tpam)lsval® = Y0 Caalm)levnl®.

BEKm(a):|Bl=k+q BeRD () BeKI™ (a)

Proof. Let 2 < g < N. Consider 8 an element of K,(T'ffl)(a). Using the property of partition of
identity, we have:

Yo Camlmvnl® =) Y Ealm)lIPy(—n)rsvnl®.

BeKI™ (a) =1 ge k{7 (@)

For each 1 <y < K, we have the following property for ¢, 3,.(m) (as f > 0):
€8,a(m) =Cy.5.a(m) + ¢y.5,a(m).
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We can write then:

Y. Talm)lmsynl® = Z Y (@rpalm) ey palm)| Py(=m)mstn|*.

BeKI™ (a) 7=1gek Y (a)

Notice that we have assumed the operators commute, we have:

(54)  Py(=m)Ps ((k+q—2)n) - Ps_,,n = P, (k+q—1)n) - Ps_ .o Py (=) tn.

As a consequence, we have:

Y Ealm)lmsynl® = Z Y (@palm)+ ey palm)|ms Py (—0)tn|*.

BeKI™ (a) 7=1lgek{ (a)

By definition of the different sets K,, and as 1 is an eigenfunction of the Laplacian, this last
equality allows to conclude the proof of the lemma. (I

Proceeding then by induction from N to 1 (see equality (5J)) and using the previous lemma at
each step, we can conclude that if all the operators commute:

7Y (77" A) = i (A).

6.1.3. Estimates of the error terms. Regarding to the previous section, we have to see what is
exactly the error term we forgot at each step of the recurrence and we have to verify that it is
bounded by some positive power of fi. Precisely, we have to understand what is the error term in
equation (@) if we do not suppose anymore that all the operators commute. Precisely, the error
term we have to take into account in (f4) is:

k
Rﬁﬂﬁ = Z Pﬁk((k +q- 2)77) o 'Pﬁj+1 ((.7 +q- 1)77)Rj(ﬁa'7)Pﬁjf1 ((] +q- 3)77) o 'P57q+21/]h;

J=—q+2

where R7(3,7) = [Py(—n), Ps,((j +q—2)n)] is the bracket of the two operators. We denote Ré o
each term of the previous sum. The error term we forgot at each step ¢ of the induction in the
previous section is then:

K
(55) E(h,q) = Z Z ((Rg,y.ns Py (=m)730n) + (18P (=0)¥n, Rp5.n)) -

=1 pen @)

So for each step ¢ of the induction to prove the pseudo invariance of the measure, a first error
term we have to estimate is of the form:

k K
(56) XY Gam) (R P-mmetn).
=042 perly @)

Using Cauchy Schwarz inequality twice and the fact that 0 < €g(m) < Leb(B(y)) < bgn, this
last quantity is bounded by

=
)

k K K K
57 Abon | > > D IR Yo > In el

I=mat 2=l pe ki (@) i==a+27=1 ge k(1Y (@)

The last term of the product is bounded as:

k K
Yo Y IRl < k+K Y Imstnl® = (k+ @)K = O(|log hl).

J==a+27=1 ge g (0D (a) |Bl=k+q—1
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As a consequence, the error term ([57) is bounded by:

2

k K
Cllognl | > > > AR, .7

Jj=—gq+2~vy=1 ﬁeKs;Ilfl) ()

where C is some positive uniform constant (depending only on the partition and on n). We extend
now the definition of R’(3,v) (previously defined as [Py (—n), Pg, ((j+q—2)n)] for § in Ky ()
to any word [ of length k + ¢ — 1. If 7 + g — 1 letters of § are also the j + g — 1 first letters
of a word ' in Kﬁgfl)(a), we take RY(83,v) := [Py(—n), Ps,((j + ¢ — 2)n)]. Otherwise, we take
RI(B,7):=h Idpz2(ar). We define then for any sequence of length k + g — 1:

R-é,’y,h = Pﬁk ((k +q- 2)77) T Pﬁj+1 ((j +q— 1)77)RJ (ﬁa V)Pﬁj—l ((.7 +q- 3)77) T Pﬁ—q+2wh-
In theorem @ from the section @, we will prove in particular that for every § of size ¢ + k — 1
and for each —¢+2 < j < k:
(58_)
1R7(8,7) Pa; -, (G +a=3)) - Pa_o¥nll2any < CR | Po, (G4 =3)n) -+ Pa_ya¥nll z2an),
where C'is a uniform constant for ng and m positive integers such that no+m < Tg(h) and v < 1/2

(defined in section ff). The theorem .4 can be applied as 2?2372 f(aiB) < (ng+m)(1+e€) < ng(h)

(see (p0) and (53)). Using bound (F§) and the property of partition of identity, we have:
ST IRY P = 002,
|8l=k+q—1

The error term (p7) (and as a consequence (f6)) is then bounded by:

2

k K
Clioghl | = 3 3 IR, L7 =00n=).

J==q+27=1|B|=k+q-1

Looking at equation @), we see that the other error term for the step ¢ of the induction can
1—2v

be estimated with the same method and is also a O(h™ 7 ). As the number N of steps in the
induction is a O(|log A|), the error term we forgot in the previous section (due to the fact that the

1—2v

operators do not commute) is a O(h s ). This concludes the proof of proposition @.D

6.2. Commutation of pseudodifferential operators. In order to complete the proof of the
pseudo invariance of the measure (proposition @), we need to prove inequality (@) It will be a
consequence of (@) below. Once we have proved this inequality, the subadditivity property will
be completely proved. The exact property we need is stated by the following theorem:

Theorem 6.4. Let (vg, - ,7yk) be such that

k

J

(59) f(o?7) < np(h).

0

<

One has:
(60)

H[P'Yk (k?]), P’YO] P’Yk—l((k - 1)77) o 'P’Yl (n)whHLz < Ch'=* HP’Yk—l((k - 1)77) T P% (n)whHLz )
where v < 1/2 is defined in section ﬂ, C is a constant depending on the partition and uniform in
all v satisfying @)

k(v)-1
Let v be a finite sequence as in the previous theorem. Denote t(y) = Z f(a?~). This
7=0

quantity is less than ng(h) in the setting of theorem [f.4. There exists a unique integer 1(v) < k(7)
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such that:
('Y) 2 ( l('Y

> s < 42 < ZW
7=0

In the following, the dependence of [ and k in ~ will be often omitted for simplicity of notations
and will be recalled only when it is necessary. This definition allows to write the quantity we want
to bound

||[P’Yk (k77>a P’Yo] P’kal ((k - 1)77) e P’Yl (77)1/}71||L2
in the following way:
(61)
H[Pﬁk((k -1+ 1)77)’ P’YO((_Z + 1)77)] P’Yk—l((k - 1)77) o 'PVl (n)P'Yl—l e P’Yl((_l + 2)77)1/]EHL2 :

The reason why we choose to write the quantity we want to bound in (@) in the previous form
instead of its original form is to have a more symmetric situation for our semiclassical analysis.
To prove the bound in theorem f.4, a class of symbols taken from [IJ] will be used (see () for
a definition) and results about them are recalled in appendix . Before starting the proof, using
proposition @, we can restrict ourselves to observables carried on a thin energy strip around the
energy layer £%. It means that the quantity we want to bound is the following norm:

(62)

| [P (= 1 1y, P (=4 )] P (G = D) Py )Py - Py (1 + 2)m)iin|

2’

where P, is now equal to Oph(Pif ), where Pif is compactly supported in 7*Q; N &Y (see proposi-
tion E)
6.2.1. Defining cutoffs. If we consider quantity (@), we can see that because we consider large
times k7, we can not estimate directly the norm of the bracket [Pw (k= 1+ 1)), Py ((—1 + 1)77)} .
However, the quant1ty we are really interested in is the norm of this bracket on the image of
Py, ((k=0)n)--- Py ()Py,_, -~ Py, ((=1+2)n). So we will introduce some cutoff operators to lo-
calize the bracket we want to estimate on the image of Py, _, (k—1)n)--- Py, () Py,_, - - Py, (14
2)n). Then, as was discussed in section , we will have to verify that it defines a particular family
of operators for which the Egorov theorem can be applied for large times.
First, we introduce a new family of functions (Q;)X ; such that such that for each 1 < i < K,
Q; belongs to C®(T*Q2;NEY), 0<Q; <1and Q; =1 on suppPif. We then define two cutoffs
associated to the strings (y1,---,vi—1) and (1, ,Yk—1):

(63) Qusemy = Q@ og BT Q  ogm
and
(64) Q’Yl—ly"',’yl =@y 09" Q0 gt=m,

The first point of our discussion will be to prove that Egorov theorem can be applied for large
times to the pseudodifferential operators corresponding to these two symbols.

We prove the Egorov property for @, ,.... », for example (the proof works in the same way for
the other one). Recall that one has the exact equality, for a symbol a:

(65) U~'Opp(a)U" — Opy(a(t)) :/0 U~*(Diffa'~*)U*ds,

where a(t) := a o g' and Diffa’ := #[-h*A, Opp(a(t))] — Op,({H, a(t)}). Here, we will consider
a:=Q~, 4, Onehas, for 0 <t < (k—I1+4+1)n:

R t __ —(k—1 t - t
Q'kah“w’n(t) o Q’kah“w’n °g = Q’Yz °g ( Yot .'.Q'Yk—l °g aas

There exists a unique integer 1 < j < (k — ) such that ¢t — jn is negative and ¢t — (j — 1) is
nonnegative. This allows us to rewrite:

Qi) = (Q’” °9 St Qe J) o (Q’Yk o1 @y © j 2)77) 7(j71)n+t.
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Using the last part of theorem @ and its subsequent remark, we know that @), og~(k=l=d)n ... Q~,
and Q~,_, - Q,_, © gU=2" are symbols of the class S0 (see the appendix for a definition
of this class of symbols), where v := l=c4dc  Moreover the constants in the bounds of the
derivatives are uniform for the words + in the allowed set (see theorem @ and proposition E)
As —np <t—jn<0<t—(j—1)np <nand as the class S, > is stable by product, we have
then that Qs .. ~, ,(t) is in the class S, %0, for 0 < ¢ < (k — [ + 1)n, with uniform bounds in

t and v in the allowed set. As, in [E], we can verify that Difotkal,m 4y 1sin S°v=1 and then

apply the Calderon-Vaillancourt theorem for ¥ ;=1 As a consequence, there exists a constant
C depending only on the family @; and on the derivatives of g° (for —n < s < n) such that:

1—v

(66)  WO<t< (kL4 1)m  [ODu(Qy ) (1) = ODR(Quy s (D) 22 < CR'

As we mentioned it in the heuristic of the proof (section D), taking into account the support
of the symbol, we have proved a ’local’ Egorov property for a range of time that depends on the
support of our symbol. Precisely, we have shown that the Egorov property holds until the stopping
time defined in section .

6.2.2. Proof of theorem [.4. Before proving theorem [.4, we define (in order to have simpler
expressions):

Ui = Poyy (k= Dm) - Poy (<14 2)0)¢n.
To prove theorem @, we need to bound quantity ) and precisely to estimate (@), we have to
estimate:

(67 B = ||[ 2o (1 + D). P (= 14+ 1) ]

Now we want to introduce our cutoff operators Opy,(Q.) in the previous expression:

oy (<L D) Py, (k= 1+ 1)n) = Poy (=14 1)) (Td = (P, Op1(Qne o)) (6 =1+ 1))

Lz’

+ (P OPn( @y o)) (k= L+ 1))

We will first estimate the norm
| P (=14 00 (10 = (P 0P (@ 2)) (o = L 1)) 47

To do this, we first outline that P, is in W~=°°%(M) and Op,(Q,_, ... ,) is in ¥ °0(M). Using
the standard rules for a product, we know that the previous expression can be transformed as

follows:
| Bra(=1+ 100) (18 = OBy (P, Qs ) (= 1+ 1)) 07|, + RE (),

where ||R}(R)||z2 < Ch*=2|[¢)}| 12 (where C is independent of k — I as the bounds implied in
the derivatives in theorem are uniform for words 7 in the allowed set: see proposition E)
We can apply the strategy of the previous section to prove an Egorov property for the operator

Oph(PvkaW—l,‘“,w)' So, up to a Oz (FL%)’ Oph(PvkaW—h“‘,w)((k — 1+ 1)n) is equal to the
pseudodifferential operator in W, °:0:

Oph ((P’Yfk Q’Yk,h».. 1'Yl) o g(k—l+1)n)
supported in g="T* ), N--- ﬁg*(kferl)nT*QW N &Y. Using then theorem EI, the following holds:

(1= Opy ((PLQuu o) o 9707 ) Py (= D)+ By, (-1 + 2m)ion = O (1)

Even if the proof of this fact is rather technical, it is intuitively quite clear. In fact, if we suppose
that the standard pseudodifferential rules (Egorov, composition) apply, P, ,((k—0)n)--- Py, (=4
2)n) is a pseudodifferential operator compactly supported in g(l’z)”T*Q,y1 n-- 'ﬁg(l*k)”T*Q%f1 N
&9, On this set, by definition of the cutoff operators (Q; = 1 on supp(P;)), (1 — (P,{k Qo yyem) ©

g(k_l“)”) is equal to 0. As a consequence, we consider the product of two pseudodifferential

Lz’
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operators of disjoint supports: it is Op2(h°°). The statement of theorem E makes this argument
work. To conclude the previous lines of the proof, we have:

)P vm) (1= (PrOP(@Quy o)) (k= 1)) | < CH=2 1o

Performing this procedure for the other operators, we finally obtain that the only quantity we
need to bound to prove theorem @ is the following quantity:

©9) [P OPA(@rs v sk~ 1 1), (B Ops( @ s DT+ D) |-

Using the property of the product on ¥, °*% we know that, up to a Op2(h'=2"), the previous
quantity is equal to

| [OPH(PS, Qo ) (U = U 1)), 0D (P, Qe ) (=L + )] ||

Using the same method that in the previous section (which uses theorem @), we can prove an
Egorov property for the two pseudodifferential operators that are in the previous bracket and show
that, up to a Or2(h'~2"), the quantity (F9) is equal to:

| [OPa((PS, Quisv ) 0 g5, 0D (P, Quy s ) 0 9] |

Using the pseudodifferential rules in W, >%(M) (proceeding as in the previous section, the two
symbols stay in the good class of symbol using theorem ), we know that the previous bracket is in
U o:2v=1 Using the Calderon-Vaillancourt theorem, we know that quantity (@) isa Op2 (A=),
where the constant depends only on the partition. This concludes the proof of theorem @.D

Lz’

7. PRODUCTS OF MANY EVOLVED PSEUDODIFFERENTIAL OPERATORS

The goal of this section is to prove a property used in the proof of theorem @ Precisely,
the following theorem states that the product of a large number of evolved pseudodifferential
operators remains in a good class of pseudodifferential operators provided the range of times is
smaller than the ’local’ Ehrenfest time. First, recall that using proposition @, we can restrict
ourselves to observables carried on a thin energy strip around the energy layer £9. We underline
that we do not suppose anymore that this thin energy strip is of size A'~°: we only need to have a
small macroscopic neighborhood of the unit energy layer. Moreover, the class of symbols we will
consider will be the class S, (see ([g) for a precise definition) with v := % (< 1/2, see
section [).

Theorem 7.1. Let (Q;)X| be a family of smooth functions on T*M such that for each 1 <i < K,
Q; belongs to C=(T*Q;NE?) and 0 < Q; < 1. Consider a family of indices (y1,--- ,v1) such that:

-1
D fen) < nEQ(h)_

j=1

Then, for any 1 < j <1, one has:

Op(Q~,) Opp(Qr2) (=) -+ - Opp(Q, ) (— (3 — 1)n) = Opy (A7) (—jn) + Or2(R*),
where AV s in the class S;°°°. Precisely, one has the following asymptotic expansion:
VLY Z HP AL
p=>0

where Ap""7 s in the class S °%P¢ (with the symbols semi norm uniform for ~ in the allowed
set of sequences and 1 < j < l: see proposition ) and compactly supported in g~"T*Q, N
< gTINT*Q,, N EY. Finally the principal symbol A}V is given by the following formula:

Agl’”""” =Q, 0 g7 Q. 0 g(jfl)nQ’Y1 o gin
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Remark. We underline that the asymptotic expansion (except for the order 0 term) is not in-
trinsically defined as it depends on the choice of coordinates on M. We also remark that this
theorem holds in particular for the smooth partition of identity we considered previously on the
paper. Note also that the the result can be rephrased by saying that Op;(Q-~,)(j7)Ops(Q+,)((7 —
1)n) - -+ Opu(Q~,)(n) is, up to a Or2(h>), a pseudodifferential operator of the class ¥, °>? and of

well determined support. Under the assumption 22;11 F(visvi+1) < "E2(h), we would have proved

that Opp,(Q~,)(=J1)Opp(Q~,) (= (G —1)n) - - Opx(Q,)(—n) is, up to a Or2(h*), a pseudodifferen-
tial operator of the class ¥ %% and of well determined support. These are exactly the properties
we used in section @

The plan of the proof is the following. First, we will construct formally A7"»% and its
asymptotic expansion in powers of A. Then, we will check that these different symbols are in a
good class. Finally, we will check that these operators approximate the product we considered.
For simplicity of notations, we will forget (for a time) the dependence on -y and denote the previous
symbol A7 for [ > j > 1.

7.1. Definition of A, ... .,. In this section, we construct formally the symbol A7. The way to
do it is by induction on j. First, we will see how to define formally A7 from A7~!. Then, using the
formulas of the previous section, we will construct the formal order IV expansion associated to this
AJ. We only construct what the order N expansion should be regarding to the formal formulas.

7.1.1. Definition at each step. To construct A7, we proceed by induction and at the first step, we
consider Opy,(Q-,) and we write it into the form Opp(A')(—n). This means that we have defined
formally for 0 <t <m:
Opy(A'(t)) = U~ Opn(Q4,)U".

Using Egorov theorem for fixed time 7 and the corresponding asymptotic expansion (see sec-
tion for explicit formulas of the asymptotic expansion), we prove that, up to a Op2(h*),
Op;(Q-~,) is equal to Opp(A'(n))(—n), where A'(n) is in 70, given by the asymptotic expan-
sion of the Egorov theorem and supported in g="7*Q,, N E?. We can continue this procedure
formally. At the second step, we have

OP4(Q+,)OPA(Qns ) (1) = U"Op,(A' (1)) Ops(Q4,)U .

We want this quantity to be of the form Opj(A4%(n))(—27n). This means that we have defined
formally for 0 <t <m:

Opy(A2(t)) := U~ Opy (A" (1)) Opy(Q~,)U".

Using rules of pseudodifferential operators (see section and ), we can obtain a formal
asymptotic expansion for A%(n) (see next section) starting from the expansion of A'(n). One can
easily check that this formal expansion is supported in g~ "7T*Q., N g=2"T*Q,, N £?. Following
the previous method, we will construct a formal expansion of A7(¢) (for 0 < t < ) starting from
the expansion of A771(n) (see next section). To do this, we will write at each step 1 < j <1,

(70) Opy (A7 (t)) := U™ Opy (A7~ (1)) Oy (@4, )U".
With this definition, we will have:

Opy (A7 (1)) (=) = (Opa (A" (1)OP4(Q,)) (—(F — 1))

Using again rules of pseudodifferential calculus (see section and ), we can obtain a formal
asymptotic expansion for A7(t) (see next section) starting from the expansion of A7~1(n). One
can easily check that this formal expansion is supported in g~ (T*Q,Y]. N---N g*j"T*Q.Yl) né’.
In the next section, we will use the induction formula () to deduce the h-expansion of A7(t)
from the expansion for the composition of Op;(A47~*(n)) and Op;(Q,) and from the expansion
for the Egorov theorem for times 0 < t < 7. At each step 1 < j <[ of the induction, we will have
to prove that A7 stays in a good class of symbols to be able to continue the induction.
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7.1.2. Definition of the order N expansion. We fix a large integer N (to be determined). We study
the previous construction by induction up to O(A"). From this point, we truncate A7(t) at the
order N of its expansion. First, we see how we construct the symbols A7(¢) by induction. To do
this, we use the formulas for the asymptotic expansions for the composition of pseudodifferential

operators and for the Egorov theorem (see section and ) Suppose that

A ) = WA ()

p=0

is well defined, we have to define the expansion of A7 (¢) from the asymptotic expansion of 47=1(n),
for 0 <t < 7. First, we define:

) N ) ) P )
(71) A Z hpzz), where Z; = Z (A;:}Z(U)HMQW)(] .

p=0 q=0

The symbol f5s represents an analogue on a manifold of the Moyal product (see appendix ):
(afarb)p is the order p term in the expansion of the symbol of Opy(a)Opy(b). Recall from the

appendix that (AgJ }Iﬂ MQ~;)q is a linear combination (that depends on the local coordinates and

on the (Q;);) of the derivatives of order less than ¢ of Aéié(n). Then, we define A’(t) using the
exact asymptotic expansion given by proposition @ in appendix . To do this, we define:

Al() == Ag(g")

and for 1 <p < N,
i —J = i (p;q)
A0 =)+ 3 [ {4509} (') s
q=0

where H(p) = % is the Hamiltonian. This expression for the order p term comes from propo-
sition [B.4 from the appendix where an exact expression for Opj,(a)(t) is given. Recall also from
proposition @ that for each 0 < ¢ < p—1, {H, Ag(t —s) 5@"1) is a linear combination of the
derivatives of order less than p+ 1 — g of Ag (t — s) that depends on the choice of the coordinates
on the manifold. This construction is the precise way we want to define the asymptotic expansion
of the symbol A7(t) in theorem .1 If we want the theorem to be valid, we have to check now
that the remainders we forget at each step are negligible (with an arbitrary high order in ). To
do this, we will first have to control at each step j the derivatives of A;(t) (see next section).

Remark. The support of Ag(t) is included in g~* (T*Q,Y]. n--- ﬂg_(j_l)"T*Q,n) N &Y regarding
the previous construction.

7.2. Estimates of the derivatives. The goal of the first part of this section is to prove the
following lemma.

Lemma 7.2. Let N be a fized integer. Fiz also two integers 0 < p < N and m < 2(N —
p+ 1). Then, there exists a constant C(m,p) such that for all j > 1 and for all p in the set
gt (T*Qw N---N g_(j_l)"T*Q%) nee:

m Aj m—+p? j—1 m
VO <t <n, |[d"A)(t, p)| < C(m,p)j™ P |dg =1 (p)™.

If p is not in this set, the bound is trivially O by construction. Here the constant C(m,p) depends
only on m, p, the atlas we chose for the manifold and the size of the ().

Once this lemma will be proved, we will check that it also tells us that the Ag,’s are in a nice
class of symbols.
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7.2.1. Proof of lemma . To make all the previous pseudodifferential arguments work, we will
have to obtain estimates on the m-differential forms d" A7, for each m < 2(N +1 —p). If we have
estimates on these derivatives, we will then check that all the asymptotic expansions given by the
pseudodifferential theory are valid. To do these estimates, we will have to understand the number
of derivatives that appear when we repeat the induction formula (E) The spirit of this proof is
the same as in [{] 9section 3.4) when they iterate the WKB expansion K|log A| times. We define a
vector A7 with entries A/ | :=d™AJ (where 0 < p < N and 0 < m < 2(N —p+ 1)). Precisely,

(p,m)

we order it by the following way, for 0 < ¢t <nand p € T*M:
(A}, dAL, - PN+DAD
] ] Al dAj--- dQNAj
AT = Ai(t,p) = { 0O

Al dA%, d2A%).
Using induction formulas of the previous section, we will rewrite the link between A7 and AJ~!
in the following form: _ _ _

(T—My)A7 = (Mg + Mg, + M)A,

where the operators M are defined in the following of the section. We will then inverse this formula
to get A9 = f(A7~1). Before giving the precise definition of each matrix, we define the operator,

for each integer [:
G'(d'a)(p) := d'a(g"p).
It defines a [-form defined on (7} T*M)l. We write then:
d"(G'a)(p) = Y G"(d'a)(p).Om.u(t, p),
I<m

where the linear form 6,, (¢, p) sends (T,T*M)™ on (Ty:,T*M)'. We can write the explicit form

of Oy m:
Xm

Om.m(t, p) == (dpg")
Using these notations, we can rewrite the formulas for the Agp m) (0<p<Nandm<2(N+1-—

p)):
Mpmten) = (@ (B) ) + 3 [0 (@ a9} )
q=0

where Zi depends on A7~1(n,.). Using this, we can define Mj:

(MiAY) () = Ig /O Cgm (GS {H Aot — s)}(;’q) (p)) ds.

Using our previous decomposition of d™(T"a) and the fact that {H, AJ(t — s) g&q) is a linear
combination of the derivatives of order less than p +1 — ¢ of Ag (t —s), we find:

p—1

(MA) =D > /O G (A;l(tfs)) (0) O qu(t, 5, p)ds,

q=01<m+p+1—q

where 0., is a linear form that sends (7,7*M)™ on (T,-:,T*M)¥. The important fact to
underline about this matrix M; is that it relates A, to (A, )o<r<p—1. In particular, it is a nilpotent
operator-valued matrix of order N + 1. We can also give the explicit expression for M{,’O:

(MATY) () = G Qo AL (1) ()Gt )

In particular, M%,O is a diagonal matrix. Finally the last matrices are defined as:

(Mg.a7) ) ZMM%%MM ZZM%@)%@

m k<l

(p,m)
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(it corresponds to the term of order 0 in the Moyal product’ on a manifold) and using the higher
order term of the Moyal product formula on a manifold:

G (A ) )

q=11<m k<I

(g i),

pm)

Regarding these formulas, it can first be underlined that M 0,1 relates A(p m) with Ag;,i) where
k < m. Asin the case of M1, it can be underlined that the matrix M{J,Q relates A, to (Ar)o<r<p—1
and in particular, it behaves like a 'nilpotent’ operator-valued matrix of order N+ 1. In both cases,
it results then that we have a nilpotent matrix and that the ¢ are multilinear forms depending
on j. Outline that all the multilinear forms used to define the different matrices are uniformly
bounded with respect to p, t € [0,n] and j. We will just have to check that these bounds do not

accumulate too much when we iterate j times the induction formula.

Remark. The crucial point of the previous discussion is not really the exact form of the matrices
M. The important facts are that M;j relates A, to (A, )0<T<p 1 (it is in fact nllpotent of index
N), M0 o is a diagonal matrix, M0 1 relates Ag m) With A( 0 (where k < m) and M0 5 relates
Ap to (Ar)o<r<p-1-

Using this remark, we can inverse the induction formula to get an expression of A7 in function

of AJ—1

Al = (Z[Ml]k> (Mfw + M)+ M{m) AT
k=0

Here, we put [.| around the matrix to distinguish the power of a matrix and an index. Iterating

the previous expression one then has:

A= Z Z MM, (MM (MM A

O,OLJ 0,04]71
kQ, '—00(2, “,Ot]—o

From this expression, one can estimate how many terms contributes to the definition of Aj pim)’
In fact, using the previous remark, the product of matrices that contributes to the expresswn of

Al canonlybenonzeroﬁZk +{j ray =2} <pand |{j : a; =1} <m+p( Zkz +

(p,m)
i i

[{j': ajs = 2}]). As a consequence, for large j, to be non zero, a string of matrices need to be

made of at most (N + 1)? matrices of the form MO o and M; (for a € {1,2}). Moreover, the

number of string that contributes to A%p my 18 of size O(j jm+p’® ) when j becomes large.

Then, to estimate the norm of the derivatives of A7, we should look how the different matrices used
to define the derivatives act. First we study the action of the diagonal matrix. As 0 < @, <1,
one has that, for 0 <t < 5 and for any p € g—* (T*QW N---N g_(j_l)"T*Q%) NE? (otherwise the
following quantity is clearly equal to 0):

MG AL (E )] < [dg (p)| ™AL (1, (p)].

We note that we can iterate this bound without getting an exponentially big term in j. In
particular, for any j and j' in N, we have for any 0 < ¢ < n:

M- MY ATk p)| < [dg™H (o)A (. 9" ().

(p,m)
Now, using the fact that all the multilinear forms we considered are uniformly bounded, we get
that there exists a constant C(m,p) such that:

sup M, A7
0<

and, for a € {1, 2}:

y Bl < C(m,p) max max sup 1ALy (D] =

(pm) <m+2q<p— 1O<t<

sup 1M AL, ) (Bl < Cm, p) max 1fgIHaXIIA

/)||L°°
0<t<

(g;m



ENTROPY OF SEMICLASSICAL MEASURES IN DIMENSION 2 33

The only thing we need to know is that the constant depends only on m, p, the coordinate
maps and the partition. The difference with the action of the diagonal matrix is that we have
constant prefactor that can accumulate and become large. However as was already mentioned,
the number of such matrices that contribute to the estimate is at most of order N2. So the
constant factor C'(m,p) does not create a factor which makes the derivatives explodes when we
iterate the induction. Then, proceeding like in [E] (end of section 3.4), we can use all the previous
bounds on the action of the matrices and on the number of matrices who contributes to (p, m)
term of the vector A/ and the multiplicativity property of dg’(p). It gives that for any p €
g (T, NN g_(j_l)"T*Q%) nes:

4 ) . .
|A], oy (t:0)] < Clp,m)j™ 7 |dg" U= (o)™ | A () ]|.00

7.2.2. Class of symbol of each term of the expansion. Using the previous lemma, we want to show
that A7 (t) is an element of S,/ <. Let p be an element of g (T*Q.Y]. N---N g_(j_l)"T*Q.yl) n&’.
Using the fact that E* is of dimension 1, we get that for any positive ¢, |d,g*| < J*(p)~!, where
Ji(p) = det (dgljgtu (gtp)) . Then we can write the multiplicativity of the determinant and get

TG (P) = T (p) T (g p) T (g™ p) - - - T3 (g =2 p).

Remark. Before continuing the estimate, let us underline some property of the Jacobian. Suppose
S is a positive integer and 1/ also (large enough to be in our setting). We have for all 0 < k <

1/n—1:
T (g ) (g ) - T (g5 TR ) = T (gF ) T (gt p) - T (g D),

where J“(p) is the unstable Jacobian in time 1 that appears in the main theorem E We make
the product over k of all these equalities and we get:

J4(p)" T (g"p)" - (g% )" < C(n) Y (gp) (g T p) -+ T (g ),

where C'(n) only depends on 1 and does not depend on S.

Finally, using previous remark and inequality (@), the following estimate holds:

|dpgt+(j71)n| < C(n)ejenaol]#(vj,7]_71)*77(]#(%717%_72)777 Tt J#(’Yz,%)fn
with C'(n) independent of j. Then:
|dpgt+(j—1)n| < C(n)el(v)ﬁnaoet(v)’

where t(y) = Zé;t F(vj+1,75). As t(y) < ng(h)/2, this last quantity is bounded by BTt (as
1(y)aon < ng(h)/2). Using lemma [.9, we want to estimate the m derivatives of the symbol Al
To do this, we can fix a large N such that m < 2(N — N) and then we have (p < N, 0 <t < n):

<!

(72) ™ Ad (¢, 2)| < C(m, p)h~ PR =20,

We used the fact that j = O(|log#|). Here appears the fact that we only apply the backward
quantum evolution for times [. In fact, as we want our symbols to be in the class S, we need
derivatives to lose at most a factor i~/ (this would have not been the case if we had considered
times of size ng (k) instead of size ng(k)/2). The previous estimate (fJ) is uniform for all the ~
in the allowed set of theorem [7.1].

Finally, to summarize this section, we can write the following proposition:

Proposition 7.3. Let p and m be elements of N. There exists C(m,p,(Q;)i,n) (depending on m,
p, 0, (Q:)E, and the coordinate charts) such that for all v = (Yo, -+ ,v) such that

-1
FZQf(’Yj-i—h’Yj) < nEQ(h)a

for all0 < j <l and for all 0 <t <n:
|dmAgl’ sYV5 (ta :L')| S C(m,p’ (Qi)i; n)h—pﬁhm(%_QE).
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, S oo, a4
Then, as the Aj, are compactly supported, A}, is in class S, °P¢, where v = =5,

So, our formal construction allows us to define a family of symbol Ag; and each of them belongs to
S, °P¢. Moreover the constants implied in the bounds of the derivatives are uniform with respect
to the allowed sequences. We underline that the same proof would show that the intermediate

symbols Z; ([r1) are also in the same class of symbols.

7.3. Estimate of the remainder terms. We are now able to conclude the proof of theorem 7.
starting from the family we have just constructed. We have to verify that the remainder is of

N
small order in h. Fix a large integer N and denote A{N) = Z hpAi(n). We want to estimate:
p=0

RYy = [0P4(Qx,) - Op(Q4, ) (= (7 — 1)) — Opy(Af ) ) (=)l -

Using the induction formula ([0), we write:
Ry < [|UT"Op,(A{3))OPa(Q+,)U" — Opp(Afy )22 + Ry

where Ry = ||Opp(Q-,) - - Opp(Qy, ) (= — 2)n) — Oph(A{;,;)HLz. Then, we can use sec-
tion and the estimates (), to write the estimate:

||U7UOP5(A€1;;)OP5(Q7]')U” - UanPh(ZzN))UnHH < CyRNFDA=) =+

We also use section [B.3., to write the exact formula (as A’ = A7~11,Q.,):

R . ,'7 —q
U= 0pn (&)U = Opn(4l)) = 151 [T U=*0py (R @y ) = ) U,

An estimate on the norm of Op,(R™) (Z{N))(s)) will be given in section [B.3.9, depending on the
derivatives of the Z;’s (for p < N). So, up to a Op2(h>°), one has:

Rl < R4 185y Oy (RO ))),, + O #0050

Using estimates (B4) from section and the last remark of the previous section, one can check
that:

Ri, < Ri7' 4 Oy (N +D-0)=(C+Cy

where C' + C’" depends only on the dimension of the manifold. By induction on j (which is
O(]log hl)), we prove that, for large enough N, Opp(Q-,) - - - Opy(Q~,;)(—(j — 1)n) is well approx-
imated by Oph(AzN))(fjn). In fact, Oph(AzN)) is in U >0 As a consequence for large N,

RN+D(A=1)=Cv i arbitrarily small compared to HOph(AZN))(—jn)H (which is bounded). This
concludes the proof of theorem @.D

APPENDIX A. THE CASE OF SURFACES OF NONPOSITIVE CURVATURE

In this appendix, we consider a surface of nonpositive sectional curvature M and show how we
can adapt the proof of the main inequality (ﬂ) in this slightly different case (theorem ) Before
starting the proof, we recall briefly a few facts about surfaces of nonpositive curvature. More
details can be found for example in [@} (chapter 3). We recall that this proof is now specific to
dimension 2 and to nonpositive curvature: on this form, it cannot be extended to any manifold
without conjugate points. We will mention the points of the proof which use the dimension 2 and
the nonpositivity assumptions.
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A.1. Surfaces of nonpositive curvature. We define 7 : S*M — M the canonical projection
m(x,§) := x. The vertical subspace V, at the point p = (x,€) is the kernel of the application
d,m. We underline that it is in fact the tangent space in p of the 1-dimensional submanifold
SxM. In the case of a surface, it has dimension 1. We can also define the horizontal subspace
in p. Precisely, for Z € T,5"M, we consider a smooth curve ¢(t) = (a(t),b(t)), t € (—¢€,¢€), in
S*M such that ¢(0) = p and ¢/(0) = Z. Then, we define the horizontal space H, as the kernel of
the application K,(Z) = V4 (0)b(0) = Vg,7(2)b(0), where V is the Levi-Civita connection. This
subspace contains Xy (p) the vector field tangent to the Hamiltonian flow. For a surface, this
subspace is of dimension 2. We know that we can use these two subspaces to split the tangent
space T,S*M = H, @V, (it is the usual way to split the tangent space in order to define the Sasaki
metric on S*M [RY]). Using this decomposition, we would like to recall an important link between
the linearization of the geodesic flow and the Jacobi fields on M. To do this, we underline that to
each point p in S*M corresponds a unique unit speed geodesic 7,. Then we define a Jacobi field
in p (or along ,) as a solution of the differential equation:

I () + R(y,(8), 3(£)7, (t) =0,
where R(X,Y)Z is the curvature tensor applied to the vector fields X, Y and Z and J'(¢) =
V%(t)J (t). We recall that we can interpret Jacobi fields as geodesic variation vector fields [E]
Precisely, consider a C* family of curves ¢ : [a,b] — M, s in (—e¢,€). We say that it is a C*
variation of ¢ = ¢y. It defines a corresponding variation vector field Y (t) = %(cS (t))|s=0 that gives
the initial velocity of s — c4(t). If we suppose now that c is a geodesic of M, then a C? vector field
Y () on ¢ is a Jacobi vector field if and only if Y'(¢) is the the variation vector field of a geodesic
variation of ¢ (i.e. Vs € (—¢,¢), cs is a geodesic of M). For instance, v,(t) and tv,(t) are Jacobi
vector fields along ,.
Consider now a vector (V, W) in T,S*M given in the coordinates H, & V,. Using the canonical
identification given by d,m and K,, there exists a unique Jacobi field Jy,w (t) in p whose initial
conditions are Jyw (0) = V and Jy,y;,(0) = W, such that

dog"(V,W) = (Bv,w (), Iy w (1))

in coordinates Hye, © Ve, Bd (lemma 1.4). We define N, the subspace of T,5*M of vectors
orthogonal to Xp(p) and H, the intersection of this subspace with H,. Using the previous
property about Jacobi fields, we know that the subbundle N perpendicular to the Hamiltonian
vector field is invariant by g and that we have the following splitting 2] (lemma 1.5):

T,S"M =RXpy(p) ®H, ®V,.

Obviously, these properties can be extended to any energy layer £(\) for any positive A. Fol-
lowing [R9 (lemma 3.1), we can make the following construction of two particular Jacobi fields
along 7,. We denote (v,(t),e(t)) an orthonormal basis defined along 7,(t). Given a positive 7'
and because there are no conjugate points on the manifold M, there exists a unique Jacobi field
J7(t) such that Jr(0) = e(0) and Jr(T) = 0. Moreover, Jr(t) is perpendicular to v,(t) for all ¢
in R P9 (page 50). As a consequence, J7(t) can be identified with its coordinate along e(t) (as
T, yM is of dimension 2). A result due to Hopf (lemma 3.1 in [RJ]) tells us that the limits
LHJIrlOO Jr(t) and TEIPOO Jr(t)

exist. They are denoted J5(¢) and Jj () (respectively the stable and the unstable Jacobi field).
They satisfy the simplified one dimensional Jacobi equation:

I7(t) + K()I(t) = 0,
where K(t) = K(v,(t)) is the sectional curvature at ~y,(t). They are never vanishing Jacobi
fields with J%(0) = e(0) and for all ¢ in R, they are perpendicular to v, (t). Moreover, we have
||JZ, )l < VEol|J5(t)]| for every t in R (where — Ky is some negative lower bound on the curvature).
Using the previous link between geodesic flow and Jacobi fields, we can lift these subspaces to

invariant subspaces E*(p) and E"(p) called the Green stable and unstable subspaces. These
subspaces have dimension 1 (in the case of surfaces) and are included in N,. A basis of E*(g'p)
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is given by (JZ(t),J;, (t)) in coordinates Hgy:, ® Vie,. We can underline that both subspaces are
uniformly transverse to V, and that it can happen that they are equal to each other (which was
not the case in the Anosov setting). In the case of nonpositive curvature, these subspaces depend
continuously in p and are integrable as in the Anosov case [E]

In the case where the Green subspaces attached to p are linearly independent, a splitting of N,
is given by E*(p) ® E*(p) and the splitting holds for all the trajectory. For the opposite case, we
know that the Green subspaces attached to p (and hence to a geodesic 7,) are linearly dependent
if and only if the sectional curvature is vanishing at every point of the geodesic v, [E] As a
consequence, we cannot use the same kind of splitting. However, there exists a splitting of N,
that we can use in both cases, precisely E%(p) @& V,. We would like to mention that the one
dimensional Jacobi equation defined earlier gives rise to the Riccati equation:

U'(t) + U(t) + K(t) = 0,
where U(t) = J'(¢)J(¢)~! for non vanishing J. Then we define the corresponding unstable Riccati

solution associated to the unstable Jacobi field as Uj(t) := Jg, (t)(J%(t))~". Tt is a nonnegative
quantity and it describes the growth of the unstable Jacobi field (in dimension 2) as follows:

|1T4(6)] = [[34(0)||eo Ui (s)ds.

The same works for the stable Jacobi field. Both quantities are continuous? with respect to
p.  We underline that, we can use the previous results to obtain the bound ||dpg‘tEu(p)|| <

v1+ Koef 0 Us(3)ds g4 the unstable Riccati solution describe the infinitesimal growth of the geo-
desic flow along the unstable direction, whereas J%(p)~! used in the previous sections described
the growth at time 1. More precisely, as for the unstable Jacobian, Freire and Mané showed that
the unstable Riccati solutions are related to the Lyapunov exponents. In fact, they proved that
the Ruelle bound for the entropy of a g-invariant measure p in the case of nonpositive curvature
(precisely for manifolds without conjugate points) [@] is:

his(p,g) < /S*M U“(p)dp(p).

A last point we would like to recall is a result due to Green [@] and to Eberlein in the general
case [[L). It asserts that for any positive ¢ there exists a positive 7' = T'(¢) such that for any p in
S*M and for any nontrivial Jacobi field J(¢) along ~, such that J(0) = 0 and ||J’(0)]] > 1, for all ¢
larger than T', we have ||J(¢)|| > ¢ (proposition 3.1 [é]) This property of uniform divergence only
holds in dimension 2 and as it is crucially used in the following, our proof only works for surfaces
of nonpositive curvature. In larger dimensions, the same result holds but without any uniformity
in p. Finally, all these properties allow to prove the following lemma:

Lemma A.1l. Let v = (0,V) be a unit vertical vector at p. Then for any ¢ > 0, there exists
T =T(c) >0 (independent of p and of v) such that for any t > T, ||d,g"v| > c.

We underline that, for ¢ > T, the angle between E%(g'p) and d,g'v is bounded by some x(c)
with k(c) arbitrarly small as ¢ tends to infinity.

A.2. Modifications of the technical assumptions. Now that our new classical setting is well
defined, we explain which modifications should be performed to prove the main inequality E for
surfaces of nonpositive curvature. We define:

(73) f(p) == U"(p).
Recall that this quantity is nonnegative and continuous with respect to p (as M is of nonpositive
curvature [29]). We also fix e a small positive number and define:

fo(p) :=sup{eo, f(p)}-

The function fy will be used to ensure that the stopping time is finite. The main difference with
the case of an Anosov flow is that the function that will appear in the main estimate ([5) will be

4The continuity in p is a crucial property that we will use in our proof. We underline that it is not true if we
only suppose the surface to be without conjugate points [E]
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slightly different and will be played by the function f defined by equation ([3). We define f(v)
and fo(v) as in section [ i.e.

fo(y) ==ninf{fo(p) : p € Uy} and f(7) :==ninf{f(p) : p € U;}.

The role of ag will be played by €o. In particular, we can rewrite the continuity of f (inequality ([I9))
under the following slightly diferent form using again the small parameter e:

n
(74) Vp e Uy, ‘/0 Uy (s)ds — f(7)] < neoe.

We make the extra assumption that the small parameter € used for the continuity is smaller than
€0-

A.3. How do we modify the proof? First we underline that we can extend theorem f.§ to
surfaces of nonpositive curvature in the following way:

Theorem A.2. Let M be a surface of nonpositive sectional curvature. For every K > 0 (KK <
Cs), there exists hx and Cx such that uniformly for all b < hi, for all k < Kl|loghl, for all

Oé:(O[(),"' aak)a

k—1
-5 €QE 1 ]
(75) [ PayU"Pa U™ Pay Op(X )l 12(ar) < Cich™ 26X 7% exp | =237 flo7a) |
j=0

using the previous notations from section @

We underline that the parameter €ye is a small parameter that we choose to be proportional
to € for simplicity (as kney will be bounded by ng(h) in the following). In [ff], the proof of
this theorem was based on a WKB expansion. The same proof works: we just mention certain
points that need attention. We refer the reader to [E] for the detailed proof. The first point
we underline is that they used the fact that an Anosov manifold has no conjugate points. This
property remains true in the case of manifolds of nonpositive curvature ] The second point is
that they used that under the flow a vector V' in the vertical space V,, tends exponentially fast to
the unstable direction. In fact, one only needs the fact that d,g'V, converges uniformly to E“(p).
This modification requires a multiplicative correction factor of order Ce¥"° (with & arbitrarly small
that we will choose equal to €pe) that depends on the length of the word a (with C independent
of p and «). This property holds as was mentioned by lemma @ and works only in dimension 2
for nonpositively curved manifolds. A last point that should be adapted is that the contraction of
g1 along E*(p) can be understood in term of the unstable Riccati solution. Using section @,
we know that for positive t:

|dpg|;5tu(p)| <V1+ KOHJ;?(*UH,

and that this quantity behaves like elo "UZ(9)ds where U} (s) is the unstable Riccati solution in p.
As the manifold M is compact and of nonpositive curvature, we can use inequality (@) to replace
fo_kn Ug(s)dsby =3, f (07a). This modification also introduces a multiplicative correction factor
eFneo¢ that depends on the length of the word c.

In theorem @, the functions f and fy coincide as they are both bounded from below by the same
constant. The fact that fo(y) is positive (bounded from below by neg) allows to define a stopping
time by using the sets, for any real number ¢ (fy > €y ensures that we consider finite sequences):

k—2 k—1
I"(t) == {a(ao,u. ,ak):kzii,Zfo (Uioz) §t<Zf0 (Jia)},
i=1 i=1

As the upper bound in previous theorem can be of order h™2 (if f is equal to O for all the sequence),
the lower bound in the uncertainty principle can be empty if we proceed as in the case of an Anosov
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surface (see section E) To solve this complication, we introduce a quantum pressure as in [E]

and [f{:
(76) P5a(n) = hS(n) =2 Y callTatt]*log Wa

acln(t)

(see section [p.q for definition of h¢). In the previous expression, we defined the weights

k—1
1 .
Wy = exp 3 E f(d?a)
=1

We underline that this quantity is larger than 1 and that the function that appears is f and
not fo (see theorem @) In the Anosov, this complication was not necessary as all W, were of
order h~2 and the introduction of this correction term was not useful. According to corollary 2.5
from [E], we can rewrite corollary @ as an uncertainty principle for quantum pressures associated
to quantum partitions of identity:

Proposition A.3. With obvious adaptation of notations from section @, we have:

DI T (k) (¥n) + e T (h) (¢Yn) > —2log (5X(U_77) + hL_KO) —log (mwax Cv) ,

where
~ _ 78 ~ —n ~ % k'
¢, (U™ :=  max max (W”‘W 7 U175 Op(x ) ) .
ol ) ve{l, -, K}? a€ln(y),BEKR(7) | g POl
Thanks to theorem [A.d and as (k + k' )eon < 2|logh|, we know that the lower bound is of
order —logCx — (14 € + 4e)np(h). Then, as in section .9 and f.9, we can make a symbolic
interpretation of this quantum pressure. To do this, we introduce for each atom A of the partition

\/j:Eéh)_lﬁ’jE (which corresponds to a family (v, -+, Yny(n)—1)) the weights:

ng(h)—1
Wa=[[ Wy
J=0

We also define the refined pressure at time ng(f):

Pusy (7€) = Hupry (W5.C) =2 Y 7 (4) log W,

AeviEMlg-ic

Then, following proposition E and with obvious adaptation of the notations for the backward
side, we can rewrite the result of proposition @ as follows:

log Cx
np(h)

The aditional € that appears is due to the fact that to each atom A corresponds an unique o’
(see proposition E) and Wy is not exactly equal to its corresponding weight W,,. Mimicking the
proof for Anosov surfaces, we need to prove the following subadditivity property:

—9 —2e— (1+¢€ +4e) < #(h) (an(h) (ﬁ?, 7, 6) + Punn) (ﬁ?,Tf_)) .

Theorem A.4. Let C be the partition of lemma @ There exists a function R(ng,h) on Nx (0, 1]
and R independent of ng such that

Vno € N,  limsup |R(no, k)| = R.
h—0

Moreover, for any h € (0,1] and any ng, m € N such that ng + m < ng(h), one has:

Dot (F5:7.C) < pu (A5.7.C) + b (75.7.C) + Rlno, ).
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As in theorem @, this result came from the almost invariance of the measure ﬂ% under @
(proposition @) In fact, compared to the Anosov case, the corection term in the pressure also
follows a subadditivity property: we can mimick the proof from (section 4.2) based on the
invariance of the measure for logarithmic times. So, as in section ff, we only have to verify the
almost invariance of the measure for logarithmic times. It requires to verify that the proof of
theorem @ still works in the case of surfaces of nonpositive curvature. The key point of the
proof of theorem is that in the allowed range of times |d,g'| is bounded by some A™" (with
v < 1/2). We know that to each p we can associate a word « of length k (see section
for notations). The range of times we will consider will be 0 < ¢ < k. To prove previous
property in the case of surfaces of nonpositive curvature, we use the splitting of 7,,5*M given by
RXu(p) @ E%(p) ®V,. These three subspaces are uniformly transverse so we only have to give an
estimate of ||dpg%HT*t |l when E is one of them. In the case where E = RX g (p), it is bounded

gtp

by 1 and in the case where E = E“(p), it is bounded by /1 + Koefot Up(s)ds In the last case,
lemma [A.1] tells us that the spaces d,g'V, and E*(g'p) become uniformly close (in direction) to
each other. Then, we consider ey a unit vector in V, and for 0 < p < k — 1, we define the e, as

. dpgp"eo .
the unit vector —2-—. We can write:
lldpgPmeoll
kn - kn - n oo Y
[dog™eoll = [{dpg™" €0, €xn)| = |<dg(k*1)77pg e(k—l)mekn> (dpg"eo, en)|-
. d,gPmel .
We also define the corresponding sequence e, := % of unit unstable vectors, where ef :=
P 0

(J3(0). 72" (0))
1(T2(0),74" ()]
to an error term of order Ce*" (with C' uniform in p and § arbitrarly small), we have:

From lemma @, we know that e, becomes uniformly close (in p) to €y S0, U

k
ldpg"eoll < CEM0 (dy1yn g€l 1ys el - {dpgels 2] = CM gl I

Finally, taking § = €€, we have that ||d,g*"|| is bounded by Cekneocels™ Uy (s)ds (with C' uniform
in p). For the allowed words, e¥"€0¢ is of order A€ (as kney < 1/2ng(h)). To conclude, we can
estimate:

kn k—1 ‘ k=11 «(i+1)n ,
/0 Uy (s)ds — Z flo?a)| < Z / Uy (s)ds — f(o?a)|.
i= i=0 |dn

To bound this sum, we can use the continuity of U" (see inequality (@)) to show that this quantity
is bounded by €|logh|. By definition of the allowed words a, we know that Zf;é floia) <
1/2ng (k). This allows to conclude that |d,g'| is bounded by some Ch~" (with C' independent of
pand v < 1/2).

Now, we can reproduce the subadditivity argument from the outline of the proof, let £ tends to
0 and substitute the smooth partitions by true partitions (see section @ for details). We have
finally:

—3¢—1—¢ — i < 2z (pno (ﬁi,ﬁ,é) + Py (ﬁif,i@_)) )
no Mo
We can use the multiplicative property of W4 to write:
no—1
oo FWlgWa= > P (Agn-nT 0N AL, 1) Y log W,
AEV;EJIE*JE Ag, -+, Ang-1€C J=0

After simplification and using the fact that C is a partition, we can let ng tends to co and apply
the Abramov theorem as in the outline of the proof (see section [L4). We find (as hxs(p, g) =

his(p,g™t)):

S SIS ) | -de- 50412 Y A A og Wi | < whics (i 9).
ye{l,,K}? AecC
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After simplification, we find that:

- > S eE () (36+2 (1+¢) ) > o () log Wy < nhics (i, 9)-

YE{1,e K2 yeIn(1)

At this point of the discussion, we would like to underline that our choice of I"(1) (and of the
associated partition 5) was quite arbitrary in the setting of nonpositive curvature. In fact, as was
discussed earlier, the unstable Riccati solution measures the growth along the unstable direction at
an infinitesimal level whereas the unstable jacobian were describing it in time 1 (see section @)
So the choice of time 1 was justified for the unstable jacobian while for the Riccati solution, a
more appropriate choice would be 1/Nj for a large integer Ny (such that € << 1/Ny << eg). We
can consider the family 17(1/Np) (and the corresponding partition Cy,). The previous inequality
would have been:

= Y hEEED (st gt ) b S BB loeW, < ghhs(g)

yE{l e K}2 2No YEI(1/No)

With the notations of the outline of the proof (see section [£4), we define for p € £°:

Folp):= > fo(MlogWylo, (p)-- 10, ©g"(p).
~y€I"(1/No)

We underline that for each p in £%, there exists an unique + in I"(1/Ny) such that 1o,,(p)-- 10

Tk

g*"(p) is non zero (it is then equal to 1). We define

1
Xoi=2pe&l vo<t< —
0 {p — 7 Noeo

LU (g"p) > 260} .
We can verify that Fo(p) > (1/No)> . ., fo(7)1x,(p)lo,, (p)lo,, © g"(p) for all p in 9 (we
underline that we used the fact that € < e, inequality (En) and that kn < 1/(Nopep)). We can

substitute this inequality on the previous bound on the entropy, let the diameter of the partition
(and 0) tend to 0 and simplify by 7. We find then:

1 1
- (2N0(1 +¢) +36) o fo(p)du(p) + Fo o fo(p)1x,(p)du(p) < Fths(u,g)-

Finally, we let ), €, € tend to 0 (in this order) and simplify by 1/Ny. We find the following bound
on the entropy:

~5 | folono)+ [ (ol (o)) < cs(rno)

We let now Ny tend to infinity and then € tend to 0 (in this order). We find finally the expected
lower bound:
1

5 /*M U“(p)du(p) < hrs(p,g).0

APPENDIX B. PSEUDODIFFERENTIAL CALCULUS ON A MANIFOLD

In this appendix, a few facts about pseudodifferential calculus on a manifold and the sharp
energy cutoff used in this paper are recalled. Even if most of this setting can be found in [ﬂ], it is
recalled because it is extensively used in section and . The results from the two first sections
of this appendix can be found in more details in . The results of the last section of this
appendix are the extension to the case of a manifold of standard results from semiclassical analysis
that can be found either in [{], [[3 or [[7.
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B.1. Pseudodifferential calculus on a manifold. In this section, some facts of pseudodiffer-
ential calculus that can be found in []E] or in [@ are recalled. Recall that we define on R?? the
following class of symbols:

SH(E)™) = {a € C™(R*) : |020¢a| < Caﬁh_k(g)m—\ﬁl} .

Let M be a smooth Riemannian d-manifold without boundary. Consider a smooth atlas (f, V})
of M, where each f; is a smooth diffeomorphism from V; C M to a bounded open set W; C R<.
To each f; correspond a pull back f* : C*°(W;) — C*°(V;) and a canonical map fi from T*V; to
T*W:
fri (@, = (filx), (Dfix)"1)Te).

Consider now a smooth locally finite partition of identity (¢;) adapted to the previous atlas (f;, V}).
That means ), ¢; = 1 and ¢; € C°°(V}). Then, any observable a in C°°(T™* M) can be decomposed
as follows: a = ), a;, where a; = a¢;. Each a; belongs to C*°(T*V;) and can be pushed to a
function @ = (f;!)*a; € C°(T*W,;). As in [L7], define the class of symbols of order m and index
k:

(77) S™R(TM) = {a € C®(T"M) : 029/ a| < C’aﬂﬁ—k<§>m—|ﬁ\} ,
Then, for a € S™*(T*M) and for each [, one can associate to the symbol a; € S¥({(¢)™) the

standard Weyl quantization:

W/~ 1 2 e - x +
Opy (@) u(z) = (@rh)e /RM en@u8g, < 5 y,é;ﬁ) u(y)dyde,

where u € S(R?), the Schwartz class. Consider now a smooth cutoff ¢ € C°(V;) such that 1 = 1
close to the support of ¢;. A quantization of a € S"™F is then defined in the following way:

(78) Opp(a)(w) ==Y v x (fOpy (@) 1)) (vr x ),
l

where u € C°(M). According to the appendix of [[7, the quantization procedure Op, sends
S™k(T*M) onto the space of pseudodifferential operators of order m and of index k, denoted
Umk(M). Tt can be shown that the dependence in the cutoffs ¢; and v; only appears at order
2 in h and the principal symbol map oq : W™*(M) — S"™F/S™k=1(T*M) is then intrinsically
defined. All the rules (for example the composition of operators, the Egorov theorem) that holds
in the case of R2? still holds in the case of ¥™*(M). Because our study concerns behavior of
quantum evolution for logarithmic times in A, a larger class of symbols should be introduced as

in 1] or [, for 0 < v < 1/2:
(79) SR (T M) = {a € C(T* M) : 929Pal < caﬂh*kfvla+ﬁ\<g>mflﬁ\} .

Results of @] can be applied to this new class of symbols. For example, a symbol of S%0 gives a
bounded operator on L?(M) (with norm independent of h).

As was explained, one needs to quantize the sharp energy cutoff x(*) (see section ) to get sharp
bounds in @ As ¥ localize in a strip of size h'~% with delta close to 0, the m-th derivatives
transversally to £ grows like A™0~1) . As § is close to 0, x(?) does not belongs to the previous
class of symbols that allows v < 1/2. However, as the variations only appears in one direction,
it is possible to define a new pseudodifferential calculus for these symbols. The procedure taken
from [B1)] is briefly recalled in [f]] (section 5) and introduces a class of anisotropic symbols Se. 0.0
(where £ := S*M and v’ < 1) for which a quantization procedure Opg ,, can be defined. In the

next section, we recall briefly a few results about the quantization Opg . (X(")) of the symbol x ).

B.2. Energy cutoff. Let x() be as in section . Consider § > 0 and Kj; associated to it (see
section ) Taking v/ = 1—4, it can be checked that the cutoffs defined in section belongs
to the class Sg. ;’,O/’O defined in [H] A pseudodifferential operator corresponding to it can be defined
following the nonstandard procedure mentioned above. Using results from [ﬂ] (section 5), one has
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[0pe, (x™)| =1+ O(h¥'/?) for all n < Kjs|logh|. For simplicity of notations, in the paper
Op(x™) := Opg ./ (x(™). In [}, it is also proved that:

Proposition B.1. [E] For h small enough and any n € N such that 0 < n < K;|logh| and for
any ¥ = —h2AYy eigenstate, one has:

[n — Op(x™)n = O(h™)||vhn]|.

Moreover for any sequence a and (8 of length n less than Ks|logh|, one has:

- 0n(x) 0 () =0t (1= 00 (7)) raon ()] -0
where T and 7 are given by @) and )

This proposition tells that the quantization of this energy cutoff exactly have the expected
property, meaning that it preserves the eigenfunction of the Laplacian. So, in the paper, introduc-
ing the energy cutoff Op(x(")) does not change the semiclassical limit. Moreover this proposition
implies the following corollary that allows to apply theorem in section :

Corollary B.2. [E] For any fired L > 0, there exists hy such that for any h < hr, any n <
K;|logh| and any sequence of length n, the Laplacian eigenstate verify

| (1= 00 (x)) movn]| < 8% wnl

A last property of the quantization of this cutoff that we can quote from [E] is that we can
restrict ourselves to study observables carried in a thin neighborhood around S*M = H~1(1/2):

Proposition B.3. [[]| For i small enough and any n € N such that 0 < n < Ks|loghl|/2, one
has:

Vvl = n, |7 0p(x) — 74 Op(x)Il = O(A*),
where Pvfj = Opy(Py, f), f is a smooth compactly supported function in a thin neighborhood of £
and T{ = P{nil((n —1n)--- Pvfo'

B.3. h-expansion for pseudodifferential operators on a manifold. The goal of this last
section is to explain how the usual h-expansion of order N for composition of pseudodifferential
operators and Egorov theorem can be extended in the case of pseudodifferential calculus on a
manifold. Except for terms of order 0, the A-expansion will depend on the partition of identity
in section @ In fact, on a manifold, the formulas for the terms of order larger than 1 on the
h-expansion will depend on the local coordinates. For simplicity and as it is the case of all the
symbols we consider (thanks to the energy cutoff: for example, see proposition E), we Nnow
restrict ourselves to symbols supported in £ = H=1([1/2 — 0,1/2 + 0]). The symbols are now
elements of S, °0(T*M).

B.3.1. Composition of pseudodifferential operators on a manifold. First, recall that the usual
semiclassical theory on R? (see [ or [L7]) tells that the composition of two elements Op¥(a)
and Opy'(b) in W%k (R9) is still in ¥, °F(R?) and that its symbol is of support equal to
supp(a) N supp(b). More precisely, it says that Opy (a) o Opy (b) = Opy (afh), where afd is in
S7°%* and its asymptotic expansion in power of & is given by the Moyal product:

k
(s0) atb(r, ) ~ 3 (%w(Dm,Df,Dy,Dm) (@, )b ey ey
k
where w is the standard symplectic form. Outline that it is clear that each element of the sum is
supported in supp(a)Nsupp(b). As quantization on a manifold is constructed from quantization on
R4 (see definition (@)), one can prove an analogue of this asymptotic expansion in the case of a
manifold M (except that it will not be intrinsically defined). Precisely, let a and b be two symbols
in S, °0(T*M). For a choice of quantization Op,, (that depends on the coordinates maps), one
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has Opy,(a) o Opy,(b) is a pseudodifferential operator in W, °C(M). Its symbol is denoted afrsb
and its asymptotic expansion is of the following form:

aﬁMb ~ Z h”(aﬂMb)p.
p=>0

In the previous asymptotic expansion, (afyb)? is a linear combination (that depends on the
cutoffs and the local coordinates) of elements of the form 87ad™ b with |y| < p and |7/| < p. As a
consequence, (afpb)?P is an element of S72PY(T*M).

Remark. We know that we have an asymptotic expansion so by definition and using Calderon-
Vaillancourt theorem, we know that each remainder is bounded in norm by a constant which is
a small power of A (in fact CA(NTD1=2Y) for the remainder of order N). In our analysis, we
need to know precisely how these bounds depend on a and b as we have to make large product
of pseudodifferential operators (see section ﬁ) and to use the composition formula to get Egorov
theorem (see next section). The following lines explain how the remainder in the asymptotic
expansion in powers of & is bounded by the derivatives of a and b.

In the appendix of [E], they defined the remainder of the order N expansion, in the case of R2%:

N
WV Ry 1 (a,b, ) = afb — Y BP(afh),

p=0

and, using a stationary phase argument, they get the following estimates on the remainder, for all
~ and all N:

02 R4 (a,b, 2, B)] < pak ) (N T sup |05 a(u + 2)]| 007 b(v + 2)],
(%)

where (%) means:
u,v € R X R*, |p| + |v| < 4d + |y], (o, B)] = N +1, a, € N°.

Applying Calderon-Vailancourt theorem (see [L3] or [[L7]), one knows that there exist a constant
C and a constant M (depending only on d), such that for a symbol a in S9(1):

w lal feY
10p; (a)][z> < C sup A2 [|0%|s.
la| <M

Combining this result with the previous estimates on the RW+Y  one finds that:

(81) 10Dy (R 1(a,b, 2, 1)) 2 < C(d, N)sup i % [[074 a] oo 07+ bl oo,
()

where (x) means:
ol SC', 1Bl N+1, |9 < N+1and |8 + | < €+ al.

The constants C' and C’ depend only on the dimension d. The same kind of estimates holds on the
remainder in the asymptotic expansion for change of variables. As the asymptotic expansion for
composition of pseudodifferential operators is obtained from the composition and variable change
rules on R? [[I7F], the previous estimates (1)) hold for semiclassical analysis on a manifold.

B.3.2. Egorov expansion on a manifold. In this section, we want to recall how we prove an Egorov
property with an expansion of any order. We follow the proof from [E] First, for the order 0 term,
we write the following exact expression for a symbol a:

(82) U~ 0py(a)U* — Opy (a(t)) = h /O U~ (Diffa'=*)U*ds,

where a(t) := ao gt, H(p) = ||52||

Diffa’ := = (+[=h*A, Ops(a(t))] = Opu({H.a(t)}))

is the Hamiltonian and

St =
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It can be also written with the notations of the previous section:
Diffa’ := 2(Ra(H, a(t), ) — Ra(a(t), H, h)),

where R; is now the remainder of the order ¢ expansion in the composition of two pseudodifferential
operators on a manifold. We proceed then by induction to recover the terms of higher order. For
these higher order terms, we will see terms depending on the local coordinates appear in the
expansion and we will obtain expressions as in [E] for the higher order terms of the expansion that
will be different from the case of R? [E] However, we do not need to have an exact expression
for each term of the expansion: we only need to know on how many derivatives the order p term
depends and how the remainder can be bounded at each step. To obtain, the & formal term of the
Egorov expansion, we first outline that Diffa’ is a pseudodifferential operator whose asymptotic
expansion is given by the composition rules on a manifold (see previous section). Then, we can
apply the same procedure as in equation (@) to get the exact expression:

Opy,(a)(t) = Op,(a™M (1)) + fLQ/O U~°Opy, (R(Q) (t— s)) U?ds.

In this equation, we have, according to the composition rules on a manifold:

a(t) :=aog" +1h /0 ((Hnma(t — )2 — (a(t — s)in H)2) 0 g°ds.

According to the rules for composition of pseudodifferential operators, (H#pra(t — s))2 is a linear
combination of derivatives of H(z,&)a(t — s)(y,n) of order less than 4 with at most 2 derivatives
of a in each term. We denote the previous formula in a more compact way:

aM (1) = ao(t) + hai (1),
t
where aq (¢, p) := / {H,ap(t — s) 5\14’0) (9°(p)) ds. As was mentioned, this generalized *bracket’ is

a differential operaotor of order less than 4 applied to the product H(z,&)a(t — s)(y,n) (with at
most 2 derivatives for a;—s). The remainder R® is a linear combination of terms of the form
R3(H,ao(t), ) and Ra(H,a1(t), ) (where R; was defined in the previous section as the remainder
in the composition of two pseudodifferential operators). Proceeding by induction and using the
same procedure as for the term of order 1, we can show that for any order N:

Op;(a)(t) = Op, (a™) (1)) + ANF? /0 U™*Opy, (R(N+1)(t - s)) U?ds.

In the previous formula, a™)(t) is defined as follows:
N
a™M(t) = Z RPa,(t) where ag(t) :=aog"
p=0

and for 1 < p < N:
Sy .9)
ap(tp) == 3 / (H,a;(t — )} (6°(p)) ds,
=0

where {., .}g\Z’j )is a generalized 'bracket’ of order (p, j) depending on the local coordinates on the

manifold (it is the analogue of formula given by theorem 1.2 in [[]). We do not need to have an
exact expression for these brackets: we only need to know on how many derivatives it depends.
From the previous section, we know how the order p term in the expansion of afiy;b depends
linearly on products of the p derivatives of a and b. The term {H, ao(t — s)}?) comes from the
order p + 1 term of the asymptotic expansion of Diffa’. According to the rules of composition
of pseudodifferential operators on a manifold, it is a linear combination of product of derivatives
of a of order less than p + 1 and of derivatives of H of order less than p + 1. More generally,
{H,a;(t —s) SS’J) is a linear combination of product of derivatives of a;(t) of order less than
p— 741 and of derivatives of H of order less than p — j + 1. For the remainder term RV +1(s) of
order N, using the formulas for the composition of pseudodifferential operators, it can be shown
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that it is a linear combination of terms of the form Ryyo—;(H,a;(t),h) for 0 < j < N (where R;
was defined in the previous section as the remainder in the composition of two pseudodifferential
operators). Recall that the estimates for the norms of the Opj(R;) still hold on a manifold
with slight modifications: it depends on estimates on the derivatives of H and a;. The previous
discussion can be summarized in the following proposition:

Proposition B.4 (Egorov expansion on a manifold). Let a be a symbol in S,;°*°. One has the
exact expression for every N > 0:

(83) Opp(a)(t) = Op, (a™ (1)) + KN+1 /O U=*Opn, (R(N“)(a)(tf s)) Usds.

In the previous formula, one has:
N
aM(t) = Z RPay(t) where ag(t) :=ao g'
p=0
and for L <p < N:

a ::pil ' . — s (PJ) s s.
S(t.) g / (H, a;(t — 5} &7 (¢(p)) d

For each 0 < j <p-—1, {H,a;(t — s)}g\’;’j) is a linear combination of the p+ 1 — j derivatives
of a;(t — s) that depends on the choice of coordinates on the manifold. Finally, the norm of
Opp,(RN+V(a)(t)) satisfies the following bound:

(84) 10ps (RN (a)(1))|| 12 < C(d, N) s(lgi) B 107 (a5(5)) [lso,

where (x) means:
JEN+1L,0<s<n [of <C, |B|<N+2—j and |8| < C +]al.
The constants C' and C' depend only on the dimension of the manifold.

Remark. Theorem 1.2 in [E] gives an exact expression of each term of this exact expansion in the
case of R??. In our analysis, we do not need an exact expression but only to know the dependence
on the derivatives of a. In fact, an exact expression would be very hard to explicit as it would
depend on the choice of the atlas on the manifold. Finally, outline that equation (@) is an exact
expression.
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