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LIMIT THEOREMS FOR ADDITIVE FUNCTIONALS OF A MARKOV
CHAIN

M. JARA, T KOMOROWSKI, AND S. OLLA

ABSTRACT. Consider a Markov chain {X,,},>0 with an ergodic probability measure 7.
Let ¥ a function on the state space of the chain, with a-tails with respect to 7, « € (0, 2).
We find sufficient conditions on the probability transition to prove convergence in law of
N/« Zg U(X,) to a a-stable law. “Martingale approximation” approach and “coupling”
approach give two different sets of conditions. We extend these results to continuous time
Markov jump processes X;, whose skeleton chain satisfies our assumptions. If waiting time
between jumps has finite expectation, we prove convergence of N~/ fONt V(X;)ds to a
stable process. In the case of waiting times with infinite average, we prove convergence to
a Mittag-LefHler process.

1. INTRODUCTION

Superdiffusive trasport of energy is generically observed in a certain class of one-dimensional
systems. Numerically in chains of anharmonic oscillators of the Fermi-Pasta-Ulam type,
and experimentally in carbon nanotubes (cf. [[9] for a physical review). The nature of
the stochastic processes describing these emerging macroscopic behaviours is object of a
vivid debate in the physical literature, and very few mathematical results are present for
deterministic microscopic models.

In [ is studied the macroscopic behaviour of the energy in a chain of harmonic oscillators
with the hamiltonian dynamics perturbed by a stochastic terms conserving energy and
momentum. The macroscopic equation obtained in [, in a proper kinetic limit, is a linear
Boltzmann equation

owu(t, x, k) + W' (k)Oult,x, k) = /R(k, K (u(t, z, k") — u(t, z, k) dk, (1.1)

where u(t, z, k) is the density at time ¢ of energy of waves of Fourier’s mode k € [0, 1], and
the velocity w'(k) is the derivative of the dispersion relation of the lattice. It turns out that
the kernel R(k, k') is positive and symmetric, consequently ([[L1]) as an easy probabilistic
interpretation as a forward equation for the evolution of the density for a Markov process
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2 M. JARA, TKOMOROWSKI, AND S. OLLA

(Y(t), K(t)) on R x [0,1]. In fact here K(t) is an autonomous jump process on [0, 1] with
jump rate R(k, k'), and Y (t) = fg W'(K(s))ds is a simple additive functional of K (t). The
conservation of momentum in the microscopic model impose a very slow jump rate for
small k: R(k, k") ~ k* as k ~ 0. Since the velocity w'(k) remains strictly positive, the
behaviour of Y'(¢) is superdiffusive.

The above example motivated us in studying the question of the limiting behavior of
an additive functional over a Markov chain {X,,, n > 0} taking values in a general Polish
metric space (F,d). Suppose that 7 is a stationary and ergodic probability measure for
this chain. Consider a function ¥ : F — R and Sy := SV W(X,,). If ¥ is centered with
respect to m, and possesses a second moment one expects that the central limit theorem
holds for N='/2Sy, as N — 4o00. This, of course requires some assumptions on the rate of
the decay of correlation of the chain, as well as hypotheses about its dynamics. When the
dynamics of the chain has the spectral gap property, it has been observed by Gordin (see
[[3]), that the central limit theorem holds under the above conditions. Different version of
the central limit theorem under various conditions on the dynamics of the chain have been
shown, see e.g. [[7, f, [3, [1, BT], (cf. the review paper [B]] for a more detailed list).

In this paper we are concerned with the limiting behavior of functionals formed over
functions U with heavy tails that satisfy the power law decay, i.e. w(¥ > A) ~ ¢fA™®
and (U < —X) ~ ¢, A7 for A > 1 with a € (0,2). We prove sufficient conditions under
which the laws of the functionals of the form N~Y*Sy converge weakly to a-stable laws,
as N — 4o00. We approach this problem with two different techniques, obtaining different
sets of conditions on the Markov chain.

The first approach is by martingale approximations, see Theorems and B-4. The
results are obtained by decomposing the sequence {Sy, N > 1} into a martingale part,
for which one can use well known stable laws, see e.g. [B, A, and an negligible remainder
term. This approach, that has been proven very powerful in the normal diffusive case (cf.
the seminal paper [[7]), works for a general class of probability transitions matrix, but
unfortunately requires here the assumption of the existence of a spectral gap.

The second approach is based on a coupling technique, inspired by [f]. The coupling
argument gives simpler proof, although under more restrictive assumptions of the form of
the probability transition. We point out, however, that such assumptions are of local na-
ture, in the sense that they involve only the behavior of the process around the singularity.
In particular, the spectral gap condition (which is a global condition) can be relaxed in
this coupling approach, to a moment bound for some regeneration times associated to the
process (cf. Theorem P.7).

Next we apply these results to a continuous time Markov jump process {X;, t > 0}
whose skeleton chain satisfies the assumptions made in the aforementioned theorems. We
prove that in case the mean waiting time ¢(x) has a finite moment with respect to the
invariant measure 7 and the tails of V(x)t(z) obey the power laws, as above, then the
scaled functional of the form N~Y*S(Nt), where S(t) := fot V(Xs)ds, converges in the
sense of convergence of its finite dimensional distributions to the law of a stable process,
see Theorem R.§. In case the expectation of ¢(z) is infinite the limit may cease to be
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Markovian and its one dimensional observables satisfy the Volterra type heat equation (cf.
Theorem P.10). This type of processes are sometimes called fractional diffusions, see e.g.
)

Finally, we apply the obtained results to deal with the limiting behavior of the solution
of the linear Boltzmann equation ([]). We prove that the long time, large scale limit
of solutions of such an equation tends to a fractional heat equation corresponding to a
stable process with exponent o = 3/2. Both approaches (martingale approximation and
coupling) apply to this example.

2. PRELIMINARIES AND STATEMENTS OF THE MAIN RESULTS

2.1. Some preliminaries on stable distributions. In this paper we shall consider two
types of stable laws. When o € (0,1) we say that X is distributed according to a stable
law of type I if its characteristic function is of the form Ee®* = e¥© where the Levy
exponent equals

0 i=a [ (@ = DA Ny (2.1)
R
and
c,, when A <0,

W ={ & s 22
where ¢, ¢t > 0 and ¢, + ¢ > 0. On the other hand the stable law is of type II if
a € (1,2) and its Levy exponent equals

V() =a / (€™ — 1 —iAE)|A % (N)dA. (2.3)
R

We say that {Z(t), t > 0} is a stable process of type I (or II) if Z(0) = 0 and it is a
process with independent increments such that Z(1) is distributed according to a stable
law of type I (II).

Suppose that o € (0,1) and ¢, =0, ¢ > 0. A process {Z(t), t > 0} corresponding to
this value of parameter has a.s. increasing trajectories. It is a stable subordinator, see e.g.
B3], Example 24.12. Since the trajectory of the process is in fact a.s. strictly increasing,
see 7] Theorem 21.3 p. 136, its right-continuous inverse Z~1(t) := inf[s : Z(s) > t] (called
the first passage time) has a.s. continuous trajectories. Suppose that {B(t¢), t > 0} is a
Brownian motion with diffusion coefficient o > 0. The process {(; := B(Z7(t)), t > 0}
is called a Mittag-Leffler process. One can show, see Theorem 2 of [[[I], that its one-point
statistics u(t, x) := Eug(x + (;) satisfies fractional kinetic equation, i.e. the Volterra-type

equation
u(t, ) = ug(x) + ﬁl“(a) /0 (t — 8)* 1 (O2u) (s, z)ds. (2.4)

When ug(z) = do(z) its Fourier transform in z is therefore given by

u(t, &) = /Reigmu(t,x)d:p = B, (—=c*t*¢*/(2c))),
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where
+oo Sm
E,(z):= _
(2) mz::O I'(1+ma)

is a Mittag-Leffler function.

2.2. A Markov chain. Let (F,d) be a Polish metric space, £ its Borel o-algebra. Assume
that {X,, n > 0} is a Markov chain with the state space £ and 7 - the law of X - is an
invariant and ergodic measure for the chain.
Suppose that ¥ : £ — R is a measurable function over (F, &) such that there exist
a € (0,2) and two non-negative constant ¢, ¢, satisfying
lim \*7(¥ > \) =c¢f
A—+o00

lim \7(U < —=\) =c¢,
A—+o00

(2.5)

The above assumption guarantees that ¥ € L7(7) for any 8 < a.

In the case a € (1,2) we will always assume that [ ¥ dr = 0. We are interested in the
asymptotic behavior of Sy := 25:1 U (X,). We are looking for sufficient conditions on P
such that the law N~/2Sy converges to a a-stable law.

We have two different approach (by martingale approximation and by coupling) with
two separate set of conditions.

2.3. The martingale approach result. We suppose that the chain satisfies:
Condition 2.1. Spectral gap condition:
supl||Pfllz2qy : f L L | flle2) = 1] =a < L. (2.6)

Since P is also a contraction in L'(7) and L°°(7) we conclude, via Riesz-Thorin inter-
polation theorem, that for any p € [1, 400):

1P f oy < a7 fll oy, (2.7)
for all f € LP(r), such that [ fdr = 0.

In addition we assume that the tails of ¥ under the invariant measure do not differ very
much from those with respect to the transition probabilities. Namely, we suppose that:

Condition 2.2. there exist a measurable family of Borel measures Q(x,dy) and a measur-
able, non-negative function p(x,y) such that

P(z,dy) = p(z,y)n(dy) + Q(z,dy), forallz € E, (2.8)

C(2) := //pQ(x,y)ﬂ(dx)ﬂ(dy) < 400 (2.9)
and

/QQ(L U] > Nr(dz) < Or*(|¥| > N), VA >0. (2.10)
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A simple consequence of (B.§) and the fact that 7 is invariant is that

/p(a:,y)ﬁ(dy) <1 and /p(y,:v)w(dy) <1, VzelkL. (2.11)

Theorem 2.3. If a € (0,1) and conditions 2] and B3 are satisfied, the law of N~Y/*Sy
converges weakly, as N — 400, to a stable law of type I.

If a € (1,2) then, in particular ¥ posseses the first absolute moment.

Theorem 2.4. Assume a € (1,2), and conditions 2.1 - 2.4 are satisfied. Furthermore,
assume that for some o > a we have

|PY|| sy < +00. (2.12)

Then, the law of N~*Sy converges weakly, as N — +o00, to a stable law of type II.

2.4. The coupling approach results.

Condition 2.5. There exists a measurable function 6 : E — [0,1], a probability ¢ and a
transition probability Q1 (x,dy), such that

P(x,dy) = 0(x)q(dy) + (1 — 0(x))Q1 (x, dy).
Furthermore we assume that

0 = /Q(x)w(d:p) > 0, (2.13)

and that the tails of distribution of W with respect to Q1 (x,dy) are uniformly lighter than
its tails with respect to q:

. Qu(z, [¥[ = M)
lim sup =0 2.14
S TRy 21
Clearly, because of (R.14)), the function ¥ satisfies condition (B.f]) also with respect to
the measure ¢, but with different constants:

: a _ +pn-1
,\ETOO)\ g0 >\ =c¢/b

: o _ — .—p-1
)\l_l)riloo)\ gV <=\ =c.0
The purpose of condition B.J is that it permits to define a Markov Chain {(X,,d,), n >
1} on E x {0,1} such that

(2.15)

P61 =0|X, =x,6, =€) = 0(x)

P61 =1|X, =2,6, =¢) =1—0(x)
P(X,i1 € Al0pi1 =0, X, =2,0, =€) = q(A)
P(X,11 € Ao =1, X, =2,6, =€) = Q1(x, A)

We call this Markov chain the basic coupling. It is clear that the marginal chain {X,,, n >
1} has probability transition P. The dynamics of {(X,,d,), n > 1} is easy to understand.

(2.16)
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When X,, = x, we choose X, according to the distribution ¢(dy) with probability 0(x),
and according to the distribution @ (z, dy) with probability 1 — 6(z).

Let k, be the n-th zero in the sequence {J,,, n > 0}. In a more precise way, define o = 0
and, for i > 1,

ki = inf{n > Kk;_1;0, = 0}.

Notice that the sequence {x; 1 — ;4 > 1} is i.i.d. and E(ki, — &) = 071 We call the
sequence {k,,n > 1} the regeneration times.

Observe that, for any i > 1, the distribution of X, is given by ¢(dy). In particular, X,
is independent of {Xo, ..., Xx,_1}. Therefore, the blocks

{<Xﬂi7 5Hi>7 R (Xl%ﬂ*lv 51’»#1*1)}

are independent. The dynamics for each one of these blocks is easy to understand. Start
a Markov chain {X jl, j > 1} with initial distribution ¢(dy) and transition probability
Q1(z,dy). At each step j, we stop the chain with probability 6(X }). Each one of the
blocks, except for the first one, has a distribution {(X7],0), (XJ,1),..., (X! 1)}, where
is the stopping time. The first block is constructed in the same way, but starting from
X3 = X, instead of with the law ¢(dy). Now we are ready to state our last condition:

Condition 2.6.
ZnHO‘IP’(,% > n) < 400.

n=1

Theorem 2.7. Under conditions B and B-g, the law of N~'/*Sy converges to a a-stable
law.

2.5. An additive functional of a continuous time jump process. Suppose that
{7, n > 0} is a sequence of i.i.d. random variables, independent of F := o (X, X1, ...) and
such that 75 has exponential distribution with parameter 1. Suppose that t : £ — (0, +00)
is a measurable function such that ¢(z) > t, > 0, z € E. Let

ty =Y HX,)T (2.17)

One can define a compound Poisson process X; = X,,, t € [tn, tn11). It is Markovian, see
e.g Section 2 of Appendix 1, pp. 314-321, of [[[ff] with the generator

Lf(z) =t (x) / ) - F(@)Px.dy). fe BE). (2.18)

Here B, (F) is the space of bounded and Borel measurable functions on E. Let

f= /tdw (2.19)
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being finite, or not. Suppose V : E — R is measurable and W¥(x) := V(x)t(x) satisfies
condition (B.J). We shall be concerned with the limit of scaled processes

Yio(t) = ﬁ/om V(X(s))ds, t>0, (2.20)

as N — +o0.

2.5.1. The case when t < +oo. Then, t~'(x)n(dz) is an ergodic, invariant probability
measure for {X;, t > 0}. Our first result can be formulated as follows.

Theorem 2.8. i) Suppose that o € (0,1) and the assumptions of either Theorem [2.3, or
of Theorem 2.7, hold. Then, the finite distributions of processes {Yn(t), t > 0} converge,
as N — 400, to the respective distributions of a stable process of type I.

it) In case a € (1,2) and the assumptions of either Theorem[2.4, or of Theorem 2.7, hold.
Then, the convergence of finite dimensional distributions takes place to a stable process of
type II.

2.5.2. The case when t = +00. We consider only the special situation when ¥ is centered,
belongs to L?*(7) and t : E — [0, +00) is a measurable function bounded from below, i.e.
t(z) > t. >0,z € E. We also assume that

Tt >A) =A""(c +0(1), as A = 400 (2.21)

for some « € (0,1) and parameter ¢ > 0.
Suppose that { Ky, N > 1} is an arbitrary sequence of positive numbers that increases
monotonically to infinity. Consider the joint partial sum process (T, (+), Bry(-)), where

1 (K nt]
Tien () = ——7z D UX)T, (2.22)
KN n=0
1 [Knt]
Biey(t) = —75 > W(Xp)7a, >0,
KN n=0

Theorem 2.9. With the assumptions made as in Theorem [2.8, the laws of the joint process
(Bry(+), Tk (+)) converge weakly, as N — ~+oo, over D([0,+00),R?) to the joint law of
(B(+),T(+)), where B(-) is a Brownian motion and T'(+) is independent of it o stable process
with ¢; =0 (subordinator).

Let

1 Nt
Yilt) = oo /0 V(X(s))ds, t>0, (2.23)
As a corollary of Theorem B.9 we shall show the following result.

Theorem 2.10. Under the same assumptions made in Theorem[2.8, the processes {Yn(t), t >
0} converge weakly in C[0,4+00), as N — +00, to the limit that is a Mittag-Leffler process
corresponding to a subordinator {T'(t), t > 0} and Brownian motion {B(t), t > 0}.
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3. APPLICATION: SUPERDIFFUSION OF ENERGY IN A LATTICE DYNAMICS

In [} it is proven that the Wigner distribution associated to the energy of a system
of interacting oscillators with momentum and energy conserving noise, converges, in an
appropriate kinetic limit to the solution wu(t, x, k) of the linear kinetic equation

Owu(t,z, k) + w'(k)O,u(t, z, k) = Lu(t, z, k),
u(0,z, k) = ug(x, k),

where (t,2,k) € [0,4+00) x R? x T¢ and the initial condition ug(-,) is a function of class
CHO(R? x T4). Here T is the one dimensional circle, understood as the interval [—1/2,1/2]
with identified endpoints, and T? is the d-dimensional torus. The function w(k) is the
dispersion relation of the lattice and it is assumed that w(—k) = w(k) and w(k) ~ |k| for
|k| ~ 0 (acoustic dispersion). The scattering operator £, acting in (B.J]) on variable k, is
usually an integral operator that is a generator of a certain jump process.

In case d = 1 the scattering operator is given by

Cfk) = / R(k, K)[f(K) — f(k)]dK, (3.2)

with the scattering kernel

(3.1)

4
R(k, k) = 3 [2sin*(27k) sin®(7k') + 2 sin®(27k) sin®(7k) (3.3)
— sin®(2rk) sin® (27K’ |

We shall assume that the dispersion relation is a function w : T — [0, +00) that satisfies,

w e CYT\ {0}) and

¢lsin(rk)| <w(k) < ¢,|sin(rk)|, keT (3.4)
for some 0 < ¢ < ¢, < +00, while
. / .
klgilow (k) = £co. (3.5)

In the typical case of a simple one dimensional lattice, this is w(k) = ¢| sin(7k)|.
The total scattering cross section is given by

R(k) = /TR(k;, Kdk' = %sing(wk) (14 2cos®(mk)) (3.6)

We define t(k) = R(k)™!, since these are the expected waiting times of the scattering
process.
Let {X,,, n > 0} be a Markov chain on T whose transition probability equals
P(k,dk") :== t(k)R(k, k")dK .

Suppose that {7,, n > 0} is an i.i.d. sequence of random variables such that 7 is expo-
nentially distributed with intensity 1. Let ¢, := t(X,,)7,, n > 0. One can represent then
the solution of (B.I)) with the formula

u(t, z, k) = Eug(z(t), k(t)), (3.7)
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where

t
z(t) =x +/ W'(k(s))ds,
0
k(t) = X, t € [tn, tnt1)
and k(0) = Xy = k. We shall be concerned in determining the weak limit of the finite
dimensional distribution of the scaled process { N~'/%z(Nt), t > 0}, as N — +oo, for an

appropriate scaling exponent «.
It is straightforward to verify that

w(dk) = tl#dk: = %dk (3.8)

where R := [}, R(k)dk is a stationary and reversible measure for the chain. Then, P(k, dk’) =
p(k, K" m(dk"), where

p(k, k') = R t(k)R(k, K )t(K).
and, after straightforward calculations, we obtain
p(k, k') = 6[cos?(1k) + cos?(mk') — 2 cos? (k) cos? (k)]
x [(1+4 2cos®(mk)) (1 + 2cos*(nk'))] -
= 6{[| cos(k)| — | cos(wk')|]* + 2| cos(mk) cos(mk’)|[1 — | cos(mk) cos(mk')[]}

x [(1+2cos*(mk)) (1+ 2(:082(7r/<:’))r1 :

(3.9)

We apply Theorem P.§ and probabilitstic representation (B.1q) to describe the asymptotic
behavior for long times and large spatial scales of solutions of the kinetic equation (B.J)).
We start our verification of the hypotheses of the theorem finding the tails of

U(k) = W' (k)t(k) (3.10)

under measure 7. Since w'(k) is both bounded away from zero and also bounded from
above, the tails of W(k), under 7, are the same as those of (k). Note that

7 (t(k) > X\) = CpA™2(1+0(1)) for A>>1 (3.11)

and some Cr > 0. This verifies (B-). Since the density of m with respect to the Lebesgue
measure is even and V¥ is odd, 7 has null m-average.

To verify the remaining hypotheses of Theorem P.§ note that we can decompose P(k, dk’)
as in (B-§) with p(k, k") given by (B9) and Q(k,dk’) = 0. Since p(k, k") is bounded,
conditions P-4 and (B-19) are obviously satisfied. Operator P is a contraction on L?(r)
and, by the Hilbert-Schmidt theorem, see e.g. Theorem 4, p. 247 of [[§], is symmetric and
compact. In consequence, its spectrum is contained in [—1/2,1/2] and is discrete, except
for a possible accumulation point at 0.

Lemma 3.1. Point 1 is a simple eigenvalue of both P and P2.
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Proof. Suppose
Pf=f. (3.12)
We claim that f is either everywhere positive, or everywhere negative. Let fT, f~ be the

positive and negative parts of f. Suppose also that f* is non zero on a set of positive 7

measure. Then f = fT — f~ and Pf = Pf* — Pf~. Thus f* = (Pf)"T < Pf*. Yet

/ frdr < / Pftdr = / frdn,

thus Pf* = f*. Likewise, Pf~ = f~. Since for each k we have p(k, k") > 0, except for a
set of k" of measure 7 zero, we conclude that f* > 0 7 a.e., hence f~ = 0.

Now, we know that P1 = 1. We claim that any other f # 0 that satisfies (B12)
belongs to span{l1}. Otherwise f — ¢l for some ¢ would suffer change of sign. But this
contradicts our conclusion reached above so the lemma holds for P. The argument for P?
is analogous. 0

As a corollary of the above lemma we conclude that condition .1 holds. Applying part ii)
of Theorem P.§ to N2/ fONt w'(k(s))ds we conclude that it finite dimensional distributions
converge in law to an a-stable Levy process for a = 3/2. The following result summarizes
our considerations in terms of the convergence of solution u(t, z, k) of the kinetic equation

(B1).

Theorem 3.2. The finite dimensional distributions of scaled processes {N*Q/B‘x(Nt), t> O}
converge weakly to those of a stable process of type II. In addition, for anyt > 0, v € R
we have

lim / \u(Nt, N*32 k) — a(t, z)|*dk = 0,
T

N—+o00
where u(t, z, k) satisfies (B1) with the initial condition ug(N—2/3x, k), such that ug is com-
pactly supported, and u(t,x) is the solution of

dult, 1) = —(~ %) ut, ),
{ a(0,2) = [, uo(x, k)dk. (3.13)

Proof. To abbreviate the notation denote Yy (t) := x + N~%/3 fONt W'(k(s))ds. Using prob-
abilistic representation for a solution of (B.J]) we can write

u(Nt, N*?z, k) = Epuo (Yn(t), k(Nt)) (3.14)
=3 [ g m)Buexp {igYu(t) + ink(Ve)} ds.

Here (&, n) is the Fourier transform of u(x, k) and Ej is the expectation with respect
to the path measure corresponding to the momentum process {k(t), ¢ > 0} that satisfies
k(0) = k. Since the dynamics of the momentum process is reversible with respect to the
normalized Lebesgue measure m on the torus and 0 is a simple eigenvalue for the generator
L we have || P' f|| 2(m) — 0, as t — +o0, provided [, fdk = 0. Suppose that {ay, N > 1} is
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an increasing sequence of positive numbers tending to infinity and such that ay N~/ — 0.

A simple calculation shows that for any &,7 € R and e¢(x) := €™ we have
|Exlec(Yn(t))e,(k(Nt))] — Exlee(Yn(t — tan/N))e,(k(Nt))]| = 0, as N — 4o0. (3.15)

Using Markov property we can write that the second term under the absolute value in the
formula above equals

Exlee(Ya(t — tan /N)))P'ey (k((N = ax)t))].
Let ¢,(k) := e,(k) — e,, where e, := [, e,(k)dk. By Cauchy-Schwartz inequality we obtain
[Erlee(Yar(t — tan /N)))P* ey (k((N — an)t))] — Exee(Yn(t — tan/N))e,|
Y 1/2 (3.16)
< {Ek | Pote, (k((N = ay)t))] } .

The right hand side of (B.I6) tends to 0 in the L? sense with respect to k € T, as N — +o0.
From (B.16) we conclude that

3 /R /T ii0(€, 1By [ee (Vv (t — tan /N))) PV, (k((N — ay)t)] dédk  (3.17)

=3 [ [ aolgmBae(vilt  tax N))edsdr] 0,
ez JRIT
as N — 4o00. Combining this with (B.15) we conclude the proof of the theorem. O

3.1. Proof of Theorem B.2: the coupling method. In this section we prove Theorem
B.9 by using the coupling approach of section [|. Define the functions

@o(k) := sin®*(2rk) = 4[sin®(nk) — sin*(7k)],

4
q (k) = 3 sin(7k),

which are densities with respect to the Lebesgue measure in T. A simple computation
shows that R(k, k') = 27*[qo(k)q1 (k") +q1(k)qo (k)] and therefore R(k) = 27*[q0 (k) + q1(k)].
Therefore, the transition probability P(k,dk’) can be written as

no__ ql(k) / / qO(k) / /
P AR = 2 + am O i+ ey @

In particular, in the notation of section [, this model satisfies condition .5 with ¢(dk’) =
Q(KdE', 0 = ¢1/(qo + q1) and Q1(k,dk") = q1(K')dk’. Notice that the behavior around
0 of the measures 7 and ¢ is the same. Therefore q(¥(k) > \) ~ cA™%/2 for A > 1. We
conclude therefore that the function W(k), given by (B.10), satisfies (R.15). Notice as well
that @, does not depend on k and Q,(k,t(k) > \) ~ cA™>/2 for A > 1. Due to this last
observation, condition P.14 is satisfied.
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We are only left to check condition P.g. But this one is also simple, once we observe that
the sequence {d,, n > 0} is a Markov chain with transition probabilities
) / ao(k)qs (k)
1 9o(k) + qu(k)

1/2 2
qi (k)dk
P61 =1l0,=1) = / _
(s | ) —12 Qo(k) + q1 (k)

1/2 2(k3)dk‘
P(0,41 = 0], =0) = / _Jo\B)IR
O | ) —1/2 q(k) + q1(k)

We conclude that the regeneration time x satisfies E[exp{yx}]| < 400 for 7 small enough,
and therefore condition B.9 as well.

4. PROOF BY COUPLING

Because of its simplicity, we expose first the proof of Theorem R.7, based on the basic
coupling. This coupling permits to decomposed the initial Markov chain into independent
blocks. Let us define

K,’+1—1

Yi = Z V(X;),

J=Ki
M(N) =sup{i > 0;r; < N}.

Note that M(N) < 400 a.s. An alternative way of defining M(N) is demanding the
inequality kaqny < N < Kpqn)41 to be satisfied. Then, we have

M(N)
Sy =Y ¢i+ Ry, (4.1)

1=0

where

Ry:== > WX
=Ryl
In (f1)) we have decomposed Sy into a random sum of i.i.d. random variables {¢;, ¢ > 1}
and two boundary terms: ¢y and Ry. Notice also that Ky — k1 is a sum of i.i.d. random
variables. Consequently, the law of large numbers gives

— — kK =E(ky — K1), and — "R =0, (4.2)

a.s., as N — +o0.
The idea now is that under conditions P.J — P.G, the random variable ¢; is equal to
U(X,,) plus a term with lighter tails. Before stating this result, we need a simple lemma:
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Lemma 4.1. Let ¢ be a random variable such that

lim 2°P(¢ > z) = ¢, lim 2°P(( < —z) = ¢ .

Tr—00

Let & be such that lim, o P(|¢| > x)/P(|¢| > ) = 0. Then,
lim 2°P(( + &> 2) =", lim 2°P(( + £ < —x) = ¢ .

Proof. Without loss of generality, we just consider the first limit, the second one follows
considering —(, —&. We will prove that the liminf, .., of the previous expression is bigger
than ¢, and the lim sup is smaller than c¢,. We start with the upper bound: for any ¢ > 0,

2P+ E>x) <zP(C> (1 —e)x) + 2°P(€ > ex) =
e P(gE>en)es
T (1—e P >ex) e’

Now take above the limit as © — 400 to get

. Cy
limsup z°P((+ & > 2) < .

Since € is arbitrary, we have proved the upper bound. The lower bound is very similar:

P(+E>a)=P(C+E> 2,8 > —ex) + P(C+ € > 2, < —ex)
>P((>(1+e)z, &> —er) =
>P((>1+e)z)—P(C>1+e)xE < —ex)
>P((>(1+e)zx)—PE < —ex).

Starting from this last expression, the same computations done for the upper bound
show that

. . Cy
1 f 2P >x) > :
L A (T
Since € > 0 is arbitrary, the lemma is proved. O

Lemma 4.2. Let ¥ satisfy (B.3) with constants ¢}, c; together with conditions -4
Then, the law of each ¢; satisfies

lim AP(p; > \) = 67!
A—400 3 (43)
/\hrf NP(p; < —A) =c, 07

Proof. The idea of the proof is simple. ¢; is the sum of a random variable with an a-
tail, U(X,,), and a finite (but random) number of random variables with lighter tails
(U(Xyuy41)s -+, ¥(Xek, ,—1)). By condition P.G, the random number can be efficiently con-
trolled. To simplify the notation, assume that X is distributed according to ¢, so the first
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block is also distributed like the other ones. Then,

P(

<

for some bounded function g(z) that goes to 0 as * — oco. We have used the Markov
property in the third line and condition (B.I3) in the last line. We conclude that this last
term is o(t~*) by invoking Fatou’s lemma and condition P.4. The negative tails are treated
in the same way. Therefore, py — ¥(X,) has lighter tails than W(X,) itself. By lemma
E1, the sum of a random variable satisfying condition (R.13) and a random variable with
es condition (R.15) for the same constants ¢t~ ¢=0~L.

lighter tails also satisfi

At this point we are only left to recall the classical limit theorem for i.i.d. random

variables. It follows

NSy =

C/M(NNYE 21/o 1
_< Né) M(N) /e Z;e Pit N7 2

J=ramNy 1

j;l\y(xj) >t) = ip(gm(xj) >t Ky =n)
ip(i (X)) >tk >n)

iﬁ"(g U(X;) > tlw > n)P(k1 > n)

g j_ll P(U(X;) > t/(n—1)|r1 = n)P(k > n)

SO

N

a (N)
M(N)\V 1 1
< N ) M(N)l/a ZO Spi+ Nl/a Z

J=rm(ny+1

M(N) N

Recall (f.2), and notice that, by ({.3),

Denote Ky 1= N~V SN g4, By virtue of the stable limit theorem for i.i.d. random
Theorem 2.6.1, p. 76, we know that the laws of Ky converge to an
a-stable law v,. Since Ly = Hfl/aN’lM(N) converges a.s. to 1, the joint law of (Ky, Ly)

variables, see e.g. [[4]

: amp(pl/a, — .t
)\l_l)riloo)\ PO/ *p; > \) = ¢

: amp(pl/a, o —
)\l_l)riloo)\ PO/ *p; < —A) = ¢,
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converges v, ® 01, as N — +o00. According to Skorochod’s representation theorem there

exists a probability space and random variables (Ky, Ly) such that (Ky, L) L (Kn, Ly)
for each N and (Ky,Ly) — (Yi,1) as.. The above in particular implies that Cyz,

. = d
converges a.s. to Y,. Since Kyz, = Kyz, we conclude the convergence of the laws of
ICNLN to V.

5. PROOF BY MARTINGALE APPROXIMATION

Below we formulate a stable limit law that substantiates applications of Propositions [B.]]
and B.5 in the proof of Theorem [.1. The proof of this result is essentially contained in
Section 4 of [§]. We present it in the Appendix for the convenience of a reader.

Suppose that {Z,, : n > 1} is a stationary sequence that is adapted with respect to the fil-
tration {G,, : n > 0} and such that for any f bounded and measurable {E[f(Z,)|G,—1] : n > 1}
is also stationary. We assume furthermore that:

E[Z,|G,-1] =0 forn>1, (5.1)
and there exist a € (0,2) and ¢}, ¢, > 0 such that ¢ + ¢, > 0 and
P[Z1 > A = X"%(¢f +0(1)), as A — +oo, (5.2)

P[Z) < =M =A%, +0(1)), as A — +oo.
In addition, for any g € Cg°(R \ {0}) we have

[Nt]

. Z, i
Here c,(-) appearing in (F3) is given by (B3). Let My := >~ Z,, N > 1 and M, := 0.

Theorem 5.1. i) Suppose that o € (1,2) and that assumptions (B1])-(B.4) hold. We have
then N~Y*Mn, = Z(-), as N — +o0, weakly in D[0,400), where {Z(t), t > 0} is an
a-stable process with the characteristic functional

and

400
EeZ® = exp {t/ (e -1 — if)\)|)\|_1_o‘c*()\)d)\} , EeR t>0. (5.5)

ii) Suppose that o € (0, 1) and that assumptions (5-2)-(5-4) hold. We have then N~ My, =
Z(+), as N — o0, weakly in D[0,400), where {Z(t), t > 0} is an a-stable process with
the characteristic functional

+oo
Re“Z® = exp {t/ (e*r — 1)|)\|1°‘c*()\)d)\} , EeR t>0. (5.6)

[e.9]



16 M. JARA, TKOMOROWSKI, AND S. OLLA

6. THE PROOFS OF THEOREMS P.3 AND

6.1. The proof of Theorem 4. Let x € L?(r), 8 € (1,) be the unique, zero mean,
solution of the equation

x— Px=1V. (6.1)
Since ¥ € LA(r) for 8 € (0, ) is of zero mean, the solution to (B-]) exists in L°(7) and is
given by x = Y, ., P"W. This follows from the fact that || P"W¥||s < a?* U] s, n > 0,
(see (B7)) so the series defining y geometrically converges. Uniqueness follows from the
spectral gap. Note also that from (.13) it follows that in fact Py = (I — P)"1(PW¥) €
L* (). Thus, in particular

||PX||0/0/(7T)
m(|Px| > ) < e (6.2)
and consequently x satisfies the same tail condition as ¥ (cf. (B.H)).
Then, by using (6.1), we can write
N N
Sy =Y W(X,) = Z,+ Px(Xo) — Px(Xy) (6.3)

n=1

with 7, = x(X,) — Px(X,_1). According to part i) of Theorem p.1|, we only need to
demonstrate the following.

Proposition 6.1. For any g € C°(R\ {0})

Sl ()l [t

Jim NE {E { (Nl/a) }QOH — 0. (6.5)

More explicitely we have

B o (s ) [6s] = [ o) - PACG0DP )

lim E
N—+o00

=0 (6.4)

and

and using statlonarlty of m we can bound the left hand side of (£.4) by
s s (8 s
X(¥) X 6.6
g(Nl/a)P< n— 17dy g(Nl/a) ( )
X(y
+‘N/9 <N1/a) a/g ‘)\|1+a
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so (B.4) is a consequence of the following three lemmas, each taking care of the respective

term of ([.0):

Lemma 6.2.

lim N / / 9N [x(y) — Px(@)]) — g (N"Yox(y))| Ple.dy)n(ds) =0 (6.7)

N—oo

Lemma 6.3.
N

B[S By (VX)) [ Giei] = N [ o (V) wlan)| =0 (68)
Lemma 6.4.
din | g () wtan) - [ a0 G <o (6.9

where ¢, (+) is given by (B.9).

Proof of lemma [6.3.
Suppose that supp g C [-M, M|\ [-m,m] for some 0 < m < M < 400 and 6 > 0.
Denote

AN@ = {(z,9): Ix(y) — OPx(z)| > NY*m}
The left hand side of (B.7) can be bounded from above by

Ni-ife / a0 / [ 19/ () = 0P (@) Px(a)| Pl dy)n(a)
< CN' Ve /0 do / /A Ny |Px(z)| Pz, dy)n(dx)

, 1-1/a/
<ot [an( [] Py ) 1P
0 Anyo

From the tail behavior of x and of Py, see (f.2) and the remark below that estimate, it is
easy to see that for any 6 € [0, 1]

/ / P, dy)r(dr) < P[x(X1)| > (mNY*)/2] + P|Px(X0)| = (mNY=)/2]

< ClNm) T 4 (Nm) o] = (14 o(1),

as N > 1. Since o > a we obtain ([5.7). O

Proof of lemma [6.3. To simplify the notation we assume that supp g C [m, M| for
0 <m < M < +oo. Denote By = {y : x(y) > NY/*A}. We can rewrite the left hand
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side of (6.9) as

o N

E / gV Gn (X1, A) dA (6.10)

0 n=1

where

Gn(xz, ) = P(x, Bny) — (B ).
Notice that [ Gn(y,\) 7(dy) =0 and

/G2 Yy, A) m(dy) = /PQ(%BN,A)W(dy) —7°(Bn)
(6.11)

<2 ( / N7Ap<x,y>w<dx>> () +2 [ Qo Bua)eldy) - 7(By)

To estimate the first term on the utmost right hand side we use Cauchy Schwartz inequality,
while for the second one we apply condition (R.10)). For A > m we can bound the expression
on the right hand side of (£.11]) by

%W(BN,m) /B p*(z,y)m(dr)m(dy) + C7*(By.m)
1 N (6.12)

SN o(1), as N — oo,

by virtue of () and (B-9). Thus, we have shown that
Nsup [ Gy wldy) - 0 (6.1)
A>m
as N — oo. We will show now that (f.IJ) and the spectral gap together imply that

N

sup B[ Y~ Gn (X1, A)* — 0, (6.14)

A>m -

as N — oo. Since supp g’ C [m M] expression in (.I() can be then estimated by

ZGN XN | % [yl o,
0

as N — 400 and the concluswn of the lemma follows.
To prove (B.19) let un(-,A\) = (I — P)"'Gpn(-, \). By the spectral gap condition (1) we
have

sup E

A>m

[t wtan) < 7 [ G2 nla) (6.15)

We can rewrite then
N—1

D Gn(Xno1,A) = un(Xo) = un(Xn) + > Zn,

n=1
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where Z,, = uy(X,) — Puy(X,_1), n > 1 is a stationary sequence of martingale differences
with respect to the natural filtartion corresponding to {X,, n > 0}. Consequently,

E\ZGN 1 V< ON [ () w(dy) -0
and (B.14) follows from (f.13) and (B.17). O

Proof of Lemma [p4. To avoid long notation we again assume that supp g C [m, M] for
0 <m < M < 4o00. The proof in case g C [—M, —m] is virtually the same. Note that

v [0 (32) o
_N//+<>°N 1/a ,<N)1\/a) Lo (N (dy)dX

N A
e N g'(Nl/a> m(x > N\)d\

+o0
_ N/ 7 > NYo\)d).

Thanks to (B.H) the last expression tends however, as N — +00, to

oo chd\ ce(A)dA
=2 2 22
| ER—a [

6.2. The proof of Theorem R.3. The proof of this part relies on part ii) of Theorem
b.. The following analogue of Proposition f.1] can be established.

Proposition 6.5. Suppose that o € (0,1). Then, for any g € C*(R\ {0})

S (3) o |-

i 2z s (1) 6] o 617

The proof of this proposition is a simplified version of the argument used for the proof
of Proposition [p.]. We can repeat word by word the argument used.

lim E

N—+400

=0 (6.16)

and
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7. THE PROOFS OF THEOREMS AND P.10

7.1. The case when the first moment of the mean of jump times is finite. Sup-
pose that we are given a sequence of i.i.d. nonnegative random variables {p,, n > 0}

independent of {X,,, n > 0} and such that A, fo p*p(dp) < +oo, where p(-) is the
distribuant of py and a € (0,2). We consider a shghtly more general situation than the
one presented in Theorem P.4 by allowing

[N1]
= U(X,)pn. (7.1)

Observe that, if X, has law 7, W satisfies the tail conditions (.3), and p,, is independent
of X,,, then

NP (U(X)p0 > ) = [ AW > N pldp) | el As
0 oo

Consider then the Markov chain {(X,,p,), n > 0} on E x R,. This Markov chain
satifies all conditions used in the previous sections, with stationary ergodic measure given
by 7(dy) ® ¢(dp). Then with the same argument as used in section f] we get:

Theorem 7.1. i) Under the assumptions of Theorem B3 we have N~Y*Sy(-) g Z(), as
N — +oo, where {Z(t), t > 0} is an a-stable process of type Il with the parameters of the
corresponding Levy measure, cf (B.3), given by

aAgcy,  when \ <0,

Cu() = { aAnch,  when X > 0. (7:2)

d. . L : .
Here I denotes the convergence in the sense of finite dimensional distributions.

ii) Under the assumptions of Theorem B we have N~ Sy() £ Z()), as N — +o0.
Here {Z(t), t > 0} is an a-stable process of type I with the respective parameters given by

(2

Let us consider now the process Yy (t) defined by (R.20). We only show that one dimen-
sional distributions of Yy (t) converge weakly to the respective distribution of a suitable
stable process {Z(t), t > 0}. The proof of convergence of finite dimensional distributions
can be done in the same way.

Given t > 0 define n(t) as the positive integer, such that

Loy <t <tp)s1,
where ¢y is given by (2I7). Let

s(t) :==t/t,
[Nt]

By(t) = N"Y/* Y " W(Xy)7, >0,
k=0
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where, as we recall, ¥(z) := V(2)t(z), © € F and {7, & > 0} is a sequence of i.i.d.
variables distributed according to an exponential distribution with parameter 1. Using the
ergodic theorem one can easily conclude that

SN<t) = n<]]\\;t>

a.s. uniformly on intervals of the form [ty, T|, where 0 <ty <T. We have

— s(t), as N — +o0 (7.3)

n(Nt)—1

Yy(t) = Nija kZ:O U (X)) + WV(Xk)-
Note that
1 n(Nt)
~ia > W(Xi)7 = By(sn(t)).
k=0

Lemma 7.2. For anyt >0 and ¢ > 0 fized we have
Nlirile[|YN(t) — Bn(sy(t))] > €] = 0. (7.4)

Proof. Let 0 > 0 be arbitrary. We can write that
P[[Yn(t) = By(sn(t)] > €] < Pllsn(t) — s(t)] > o] (7.5)
+P[[sn(t) = s(t)] < o, [Yn(t) — Bu(sn(t))] > €.
The second term on the right hand side can be estimated from above by
Bllsx(t) - s()] < o N7/ [ (Xoe)lmuiony > €]
< Plsup{|W(Xy)|7% : k € [(s(t) — 0)N, (s(t) + o)N]} > NV
Using stationarity of {|W(Xy)|7%, & > 0} the term on the right hand side equals
Plsup{|¥(X;)|7% : k € [0,20N]} > NV]

+oo
<20N/ |>71N1/°‘ ]dTSQ
E:CV

for some constant C' > 0, by virtue of (R.F). From ([.J) we obtain therefore

tim sup B[V (£) — Bx(sx(t))] > e] < <2
N—+o00 e*

for an arbitrary o > 0, which in turn implies ([(-4). O

It suffices therefore to prove that the laws of By(sy(t)) converge, as N — o0, to the
law of the respective stable process. According to Skorochod’s embedding theorem one can
find pairs of random elements (By/(-), 5x(t)), N > 1, with values in D0, +00) x [0, 4+00),
such that the law of each pair is identical with that of (By(-),sy(t)) and (By(-),5n(t))
converges a.s., as N — 400, in the Skorochod topology to (Z(-), s(t)). Here, {Z(t), t > 0}
is the stable process, as in Theorem [7-]]. According to Proposition 3.5.3 p. 119 of [{] the
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above means that for each 7" > 0 there exist a sequence of increasing homeomorphisms
An @ [0,T] — [0,T] such that

lim ~(Ay) =0, (7.6)

N—+o0

where

Y(An) = sup |log Av(E) = A (s)

0<s<t<T t—s

=0,

and

sup |By o Ay (t) — Z(t)] = 0. (7.7)

t€[0,T]

As a consequence of ([[.6]) we have of course that

lim sup |An(t) —t] =0. 7.8
Jim s [(t) (75)

Note that the law of each By (sy(t)) is identical with that of By (5x5(t)). We also have

B (3n (1) = Z(s(t))] < [By (3w (1) = Z o A (3x (1))
+HZ oAy (5n(1) — Z(s(t)].

The right hand side however vanishes a.s., as N — 400, thanks to (1), ([-§) and the fact
that for each fixed s > 0 one has P[Z(s—) = Z(s)] = 1, see e.g. Theorem 11.1, p. 59 of
B3]. The above allows us to conclude that |By(5x(t)) — Z(s(t))| — 0 a.s., as N — +oo,
thus the assertion of Theorem follows.

7.2. The case when the first moment of the mean of jump times is infinite.
Recall that throughout this section a € (0,1). To simplify the notation and avoid writing
double subscripts we shall assume here that Ky = N. A reader can easily generalize the
argument to an arbitrary { Ky, N > 1} as in the statement of Theorem P.9

Recall that {T(t),t > 0} is the process defined by (R.27). For any 1 < A < +o0
consider also the processes

[N1]
1
TR (1) = i E‘Et(Xn)rnl[t(Xnm < AN/, (7.9)
and
1 (V]
TA(t) == wa ZO {H(X0) T L[H(X,0) 70 < AN (7.10)

E[t(X,) T L [tH(Xn) 7 < ANY?)|G, 4]}

Here G_; is the trivial o-algebra. For a given L > 0 and z(-) € DI[0,T] we let also
w"(x,0) = SUPg<y, ety < [Max[|x(ta) — x(t)], |w(t) — z(t1)]], [t2 —t1] < 0], see p. 131 of [J].
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7.2.1. Tightness of the laws of {(By(t), Tn(t)), t > 0}. We know from the discussion
carried out in Section of the Appendix that each of the families of processes given by
(B22), ([.9) and ([7.I7) is tight in D[0,400). In consequence, see remark on p. 141 after
Theorem 13.2 of [P], for an arbitrary L,e,77 > 0 one can find § > 0 such that

limsup P[|Tn(L) — Tn(L —9)| > ¢, or |[Tn(9)] > €] <, (7.11)
N—+4o00

lim sup Blu(Tx (-),8) > e, or [Tw()] = &] <.

N—+o00

In fact, the weak limit of {Tx (), t > 0} is the law of a stable process {T'(t), t > 0} of type
I with the parameter ¢,(\) = ¢, :=T'(a+1)c} for A > 0 and ¢, (\) = 0 for A < 0. Tt is also
well known that the sequence { By (t), t > 0} converges weakly in D0, +00) to a Brownian
motion {B(t), t > 0}, described by the characteristic function Ee'’?®¢ = exp{—cpt£?}. In
particular an analogue of ([.IT]) holds for {Bx(t), t > 0}. It is clear therefore that the
family of processes {(By(t), Tn(t)), t > 0} is tight.

7.2.2. Convergence of finite dimensional distributions. We prove that for any 0 = ¢5 <
t; < ... <ty and 6;,05 € R the finite dimensional distributions of {6y By (t) + 0,Tn(t), t >
0} at respective times converge to the corresponding finite dimensional distribution of
{61 B(t) + 0,T(t), t > 0}, where B(-) and T'(-) are independent Brownian motions and the
stable process, described in the previous section. Let

[N1]

~ 1

By (t) := N2 Z Ro(Xpg1, X, Tng1), (7.12)
n=0

where y € L?*(7) is the unique zero mean solution of (f.]) and
R0<x7y77—) = ‘I'(x)(T_l)"‘X(x)_PX(y) I‘,y,EE,TER.

Note that from (B]]) it follows that ||W||zr(r) < 2[/x||zr(r) for all p € [1,2]. For each T' > 0
we have

lim sup |By(t) — By(t)] =0 as. (7.13)

N—>+OO tE[O7T}
Indeed,
Bn(t) — By(t) = N7V [U(Xng) v 1 + PX(Xvge1) — Px(Xo))-
and ([7.19) is a consequence of the following elementary fact, proven in Appendix Bl

Lemma 7.3. Suppose that {Z,, n > 0} is a stationary sequence such that E|Zy| < +o0.
Then

. -1 .
NEIEOON max{Zy,...,Zn} =0

both a.s. and in the L' sense.

To prove ([[-I3) it suffices only to take Z,, := [¥(X,,)7, + Px(X,)]>. Formula ([-I3) and

Lemma [A.9 allow us to reduce the proof to showing that the finite dimensional distributions



24 M. JARA, TKOMOROWSKI, AND S. OLLA

of {6:By(t) + 0.T5(t), t > 0} converge in law to {61 B(t) + 6,T2(t), t > 0}, where T2(")
is a Levy process, independent of Brownian motion {B(t), t > 0} with the exponent

~ A
Ualé) = a /O (€™ — 1 —iAE)|A e d. (7.14)

We only prove the convergence of one dimensional marginals. The general case is not that
much different. We use Theorem 1 p. 450 of []. Let Z, n := 01Z + QQZ > Where

Zé,lz)v = 0 and

1
Zr(blj)v = —N1/2R0(Xn,Xn_1,Tn), n>1,

1
2% = e WHXa) 7l [H(Xa)7 < A
—E[H(X) 7 [H(X0) T < An]|Gai]}, 1 > 0,

Here Ay := ANY2, Note that {Z,,n, n > 0} constitute an array of martingale differences.
The following result holds.

Proposition 7.4. There ezists a bounded increasing function G, ¢,(-) such that

[N -1
lim E [Z ylla < Zyn <] Guo1] = t[Go, 0,(b) — Goy0,(a)]  for any a <b

N——+o00
n=1

(7.15)
in probability. The function Gy, g,(-) satisfies

/ (€ — 1 — iEA)NT2Gy, 0, (dN) = —(cpB2E? + c.]0a][€]%).
R

Here G,,, n > 0 is the natural filtration corresponding to the sequence {(X,,7,), n > 0}.

According to Theorem 1 of [fl], the above proposition implies that the characteristic
function of the limiting process equals exp{—t(cg0?&? + c.|02|%|€]*)}. This concludes the
proof of the convergence of finite dimensional distributions.

7.2.3. The proof of Proposition [I]. Let ¢a(x) := z1[z < A]. Suppose that g(z) = x%¢(x)
where ¢ € C5°(R) is such that 0 < ¢ < 1, supp ¢ C (a,b) and 0 < a < b. We can expand
9 (Zn1.n) using Taylor formula, up to a second derivative, around 2™ (X,, 1, 7,,+1), where
2N (z,7) := N~V%ypa, (7t(x)), and obtain
[Nt]—1 [Nt]—1
E n+1N | gn - E n+177_n+1)) | gn} (716)
n=0 n=0
[N{]—1

+ Z E {R<Xn+17 Xna Tn+1>g/ (z(N) (XnJrla 7-nJrl)) ‘ gn}

n=0
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[NE]-1 4 A
—+ Z / d)\/ E [RQ(Xn—i-la Xn7 Tn+1)g” (ZT(LN)()\,)) | gn] d>\,’
n=0 0 0

where
Z(N)(X) = )‘,R(Xn-i-la Xy Tot1) + 2(Xog1, Tnt1)

n

and

01 02
R(z,y,7) = WRO(%Z%T) - WP(¢AN(T’5))(ZU)-

Denote the terms appearing on the right hand side of ([[.1q) by Iy, IIx and IIIy respec-

tively. To calculate the limit of Iy we can use again the argument made in the proof of

Proposition ., cf. also Proposition p.5, and obtain that

A +
1m_ELwﬂﬂmﬁ%W/‘ﬂM§%%
0

N—+o0

= 0. (7.17)

The remaining terms IIy and Il tend to 0, as N — +o0, in the L' sense. Indeed,
E|lly| < EY + EY,
where
BY = |02 N'E |Ry(Xy, Xo, )¢/ (2(X1,7))]
Y = |0 NV B [P(6, (1) (Xo)g' ((X1, 7))
We have
EY) < ONY2 x|l 19' 1o

400 () C
x/‘(LH%TﬂW@h>a%HNWMT§ -
0

for all N > 1 and some C' > 0. On the other hand,

1P(@an (T2t < lday ()22 (7.18)

<7 / £(y)r(dy)
[Tt(y)<AnN]

ANT_1
= 27‘2/ A[t(y) > AJdA
0

1

ANT™
S 07_2/ N AdA < C/NQ(l/a—l)TZOz
0

14 A —
for some constants C,C" > 0. Hence,

E[|P(¢ay(rit))l|7am < C'NM/eY (7.19)
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and in consequence
EY < |0:)N"7V2)| g/ | E [P(6a5 (111))(Xo), |6alt(X1)7 > aN'/]

— 0

1/2
< ON'Ve {E||P(¢AN(T175))||%2(W)} P!/2 [|92|t(X1)T1 > aNl/O‘] <

Sl

for some constant C' > 0. This proves that E|IIy| — 0, as N — +o0.
Note also that from ([.19) it follows that for any m > 0

02| E|| P(pay (T18))| 22(r)
le/a

as N — +oo. Likewise one can show that for any X € [0, 1]

P[Z(N)(Xl,Tl) >m] < =CN1t =0,

Plz"(N) > m] -0, as N — +oo. (7.20)

We have therefore

1
E|llTy| < N(t + 1)Hg”|]00/ E [R(X1, X0, 7). |4V (V)] > a] Go] d¥
0

1
< ON{e+ Dl o {8l [ P[00 2 o] ax
0
N 2R P(Ga () g b — 0, a5 N — +oo

by virtue of (.19) and (F.20).
Suppose now that a > 0 and supp ¢ C (—a, a). Note that

(V]
ZE a<ZnN<CL]|Qn1}
(V]
_HQZE[ [—a < Z,n < al| G 1]
+92ZE[ [—a < Z,n < al| Gn- 1}

[N1]

120,60, E [zﬁ{}vz,f}vu—a < Zun <d| gn,l} .
n=1

Denote the terms on the right hand side by Uy, Vy and Wy. For appropriate constants
C,C" > 0 we have

IE|WN|SC{N{E[[QlZ&)V]Q]}m {E[[92 )2 16,20 |<10a}1/z

+ NI |23 230, 1025 > 9a] }
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Denote the first and second term appearing in the braces on the right hand side of the
above estimate by st,l ) and WJS? ) respectively. We have

(0,2 | > N < P[|6a]t(X,) 7 > NYN/2] (7.21)

+oo
+/ e TT[|02| P(pay (1)) > NYN/2)dr < .
0 N

for all A > 0 and NV > 1 and a certain constant C' > 0, independent of n > 0. Using ([/.21])
and an elementary estimate

1/2
{EIOZ2} T < ONT2 ey
we obtain

10a
Wﬁsmmmm/ NN < O lIxgma®™ (7.22)
0

for some constants C,C" > 0.
On the other hand, using Chebyshev’s inequality we get

CHXH%?(W)
N2

for all A > 0. The constant C' > 0 appearing here does not depend on N,n and A. Thus,
for some constants C', C’ > 0, we have

Pll6, Z! 5| > ] < (7.23)

Ww® < CNAE [|912{f])vl, 10,2 > Qa] (7.24)

1/2
< ONA{E (02007, 10200 > 9] } B2 [10,20)] > 9a
(£29)
2 c{

2

1/
E [R(XI,XO,TO)]Q, 10,2 > 9a]} 0,
as N — 4o00. We have proved therefore that
limsup E|Wy| < Ca*™,

n—-4o0o

where a > 0 can be chosen to be as small as we wish. We have shown therefore that
lim,, . E|Wx| = 0.
Note that

E|Vy| < CNE[[: 202, 628 < 10a] + (7.25)
FONYE[GA | (rot(Xo)), 16125\ | > 94]
for some constant C' > 0. Denote the first and the second terms on the right hand side of

([.29) by ij,l), Vjsg) respectively. Using ([.21) we obtain

10a
viVv<c / AN < Cla> (7.26)
0



28 M. JARA, TKOMOROWSKI, AND S. OLLA

for some constant C’ > 0. This term can be made arbitrarily small by choosing a sufficiently
small a > 0. On the other hand, from Chebyshev’s inequality

() < ONAP[|6, Ro(X1, Xo,71)| > 9aN'?]
S C/AQE[[QIRO(XDXO) 7—1)]27 |81R0(X17X07 7—1)| Z 9(1,N1/2] i 07

both a.s. and in the L! sense, as N — +o00. Finally, we can write that

Uy = Uy — Uy,
where
VY]
Oy := 03 ZE (ZE0)2] G

and

[Nt]

Oy =03y E[(Z)1|Zon] > al G -
n=1

We have, by the ergodic theorem,
F; 92 — 2 2 L 90
Uv =+ [PU*(Xp1) + Px*(Xn1) = (PX)*(Xno1)] — 50 01t as N — oo,

n=1

both a.s. and in the L' sense. Here
0% = 2 {19320y + X2y = IPX 320 |
We can also estimate, using stationarity of {(7,, X,), n > 1}, that
E|Uy| < COTE[RS (X1, Xo,71), An],

where Ay is the event that either |6, Ro(X1, Xo, )| > aNY2/2, or |6, 1N| > a and
C > 0 is a certain constant. The conclusion of Proposition [.4 therefore follows from the

L*-integrability of Ry(X1, Xy, 71) and ([[.21)). O

7.2.4. The proof of Theorem [2.10. We have

n(Nt) n(Nt)+1
> X < Nt < Z )T t > 0.
n=0

On the other hand, with Ky := N* and s := T (t) we have

[KNS] [KNS}—l

X)) T = K Ty (8) > 6> Ty (s—) > Y (X)),
n=0 n=0
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hence, n(Nt) = KNTE}V (t)—1. From the definitions of processes Yy (-), Tk, () and Bk (-),

see (B-29) and (B2(), we conclude that

KnTg ()
Yi(t) = PeTE > (X)) A+ o(1) = By Tk (1) + o(1).

~ A~

By Skorochod’s embedding theorem there exists a family of processes (By(-), Tn(+)) such
that

1) the law of (By(-), T (+)) is identical with that of (Bg, (-), Tk, (-)) for each N > 1,
2) (By(-), Tw(-)) converges a.s., in D[0,4+00) topology, to (B(-),T(-)) and B(-) is a
Brownian motion, 7'(-) is a subordinator process and they are independent.
As a result of the above the law of Yy (t) := Zn(Tx (1)), t > 0 is identical with that of
Yi(-). This implies that Yy(-) — Y(-) a.s. in D[0,+00) topology, as N — o0, where
V() is a Mittag-Leffler process, see [[I]. In consequence also the processes Yy(-), N > 1
converge weakly over D[0, +00) to a Mittag-Leffler process.

APPENDIX A. THE PROOF OF THEOREM p_]]

Throughout the appendix we use the notation introduced in Section []. Recall that
{Z,: n > 1} is a stationary sequence as introduced in that section.

A.1. The proof of part i). Below, we formulate a certain estimate of the total variation
distance for counting random variable and a suitable Poisson random variable. It is taken
from [[[(], see Theorem 5, p. 258 and also Proposition 4. 3, p. 268 there. Before formulating
the result let us introduce an auxiliary notation

1 qa, ¢
Ki(q):=—=logl—q)=14+24+L + .
1(q) . og(l—g)=1+2+ gt
KQ(Q):q_Q[—IOg(l—Q)—Q]:l+g+q_2+---
23" 4 ’

for |¢| < 1. For any random variables X, Y denote by d(X,Y’) the total variation distance
between their laws, given by d(X,Y) =sup, |[P(X € A) —P(Y € A)|.

Theorem A.1. Suppose that:
1) {G;, i > 0} is a filtration of o-algebras, with Gy := {0, 2},
2) T is a stopping time,
3) we have a family of events {A;, i > 1} such that A; € G;, i > 1,
4) N = Zz‘Tzl La;,
5) Let p; :=P(A;|Gi—1),i>1,0<a<bande,d e (0,1). We shall assume that

P(@Sipiﬁb,ipﬁﬁe)zl—d
=1 =1
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Then,
d(N,N,) < ae +b—a+ 26, (A.1)

where a == (1/2)[K1(y/€)]> + Ka(y/2) and N, is a Poisson random variable with the pa-
rameter a.

Let Ro := R\ {0} and let M,.(R% o) be the Polish space of all locally finite measures
on Ri,m equipped with the metric

+oo

. L lp = vllzvae
plp,v) = HZZ:I 20 1+ = vllrvn

where || - ||7v,, is the total variation norm of the measure restricted to [0,n] x (R \
(=1/n,1/n)), n > 1 and p,v € Mp(R% ). On the space R} ; := [0,4+00) X Ry we
consider a random measure defined on sets of the form [0,t] x A, where ¢ > 0 and A is
Borel, by

NN[[0, 1] x A] - Z1A(NZI/Q). (A.2)

Our first result is given by the following.

Lemma A.2. {Ny, N > 1} when considered as Mioc(R? ,)-valued random elements are

weakly convergent to the law of a Poisson measure N on R, o with intensity v.(d\) :=
C.(N)A|71dtdN, where

ac,, when A <0,
C(A) = { ach, when X\ > 0. (A-3)

Proof. To abbreviate let us write ky(t) := [Nt] — 1. Suppose that A is of the form A =
U~ Zi, where Z; := (a;,b;] x I;. Here (a;,b;], i = 1,...,m are pairwise disjoint while I;
are finite unions of disjoint intervals. We shall show that for such a set

Ny[A] = N[A], as N — +oo. (A.4)
According to [15], p. 209, this implies the weak convergence in question. We have
>y (s
P\ Nl/a )
1=1 kn(a;)<n<kn(b;)
As a consequence of assumption (p.3) we have

Jim E Z > )Ell (Nl/a)|gn 1} —zm:(bl-—ai)u*(li) =0.

1=1 kn(a;)<n<kn(b;
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We also have

f) > ){E [112. <N1/ )|gn 1”2 (A.5)

i=1 kN(ai)<n<kN(b'

2
<ZN —a;+1 E{E{lh (%)Wo]} -0,

as N — +o00, by virtue of (B.4). Theorem [A.T] implies then ([A.4). O
Lemma A.3. For any e >0 and T > 1 there exists A > 1 such that
[N]
1 Z,
E|sup — Znlia 400 (—n) < e. A6
t€[0,7) Nag [&o0) \ NT/a (4.6)
Proof. Using stationarity of {Z,, n > 1} we can estimate the expression on the left hand
side of ([A.6) by
+oo
NYYeTR[| Zo|, | Zo] > ANY?] = Nll/aT/ P(| Zo| > N)dA (A7)
AN1/e
+o00
< CNl—l/aT/ @ _ LNl—l/aT(ANl/a)l—a < C,Al_a <e,
AN/« )\a o — 1
provided that A is sufficiently large (recall o € (1,2) in this case). O
Define a random measure

N[0, 4] x A] - ZE{IA (]\i/a)|g" 1]. (A.8)

As a consequence of (B.3) we conclude that N}, = v.(d\)dt, as N — +o0. The mapping
H : Muoe(R% ;) — D|0,+00) given by H : pn+— H(j), where

H()(t) = /Ale(éA) Mi((0,8] x V), >0 (A.9)

is continuous at any p € Mie(R? ), for which A > ¢ > 0 and 0 > —0 > —A are not
atoms. Applying the continuous mapping theorem, see Theorem 2.7, p. 21 of [, for H
we obtain that

[Vi]

1 i) |6 =1
E|Z,1 G| =t A (dX), as N — +o0. A.10
Nt/e Z { [5,2) (Nl/a | o b (dX) (A.10)

Since the hmlt is deterministic the convergence holds also in probability.

Denote by Ly the law of the random element A : Q — Mloc(RiO). Observe that
EN([0,¢] x {—=A,—6,d,A}) = 0 therefore the set D that consists of possible discontinuity
points of H satisfies Ly (D) = 0. Using the continuous mapping theorem we obtain

NyoH ' = NoH™ as N — +oo, (A.11)
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hence
L v
7 > Z,1[0 < |Z,| /N < A] = MN([0,4] x d)), as N — 400 (A.12)
N n—0 [6<|A|<A]

as stochastic processes in D[0, +00). Let

Nt
S0 = 7 f Z,1[5 < | Z,|/NY* < A (A.13)
1 [Nt] "
~ e > R [Z,1[6 < |Za|/NY* < A}| G
" 1 [Nt]
SN(t) = w7 X%Zn1[|zn|/N1/a < Al
1 [Nt] N
—~i7 OB [Zal|Zl/NY < A G,
n=1

and SN<t) = N_l/aM[Nt].
Combining (A710), (A13) with Lemma [A- we conclude that for any 0 < § < A < 400

SY2() = Zsa(), as N — +oo (A.14)

as stochastic processes in D[0, +00), where

Zsa(t) ::/ MV ([0, 8] x dX) — t/ Av(A)dA,  t>0.
[6<|A|<A] [6<|A|<A]

Using Theorem 14.27, p. 312 of [f] we conclude that for any 7" > 0

lim sup |Z&A<t) - ZA(t)‘ = 0, a.S., (A15)
6=0+ ¢e[0,1]

where Za(+) := Zo a(-). We show that

Lemma A.4. For any A,e,n >0 and T > 1 there exists § € (0,A) sufficiently small so
that
: 5A QA
limsupP | ppjo (SN, Sy) = €| <n. (A.16)
N—+o00

Here ppio1) is the Skorochod metric on D0, T].

Proof. Since S§(t) = SY2(t) + s5(t), to prove (I1q) it suffices only to show that for any
n > 0 there exists § € (0,1) such that

limsup E
N—+o0

sup |S§V(t)|] <. (A.17)

t€[0,T]
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Let F'(A) =P[|Zy| > A]. By Doob’s inequality we can estimate

2 c [NT] | Z,|

. t _ e |72 Iz A.18
ts;&% ‘SN#;( )‘ < Noe nz:; [ n1[0,6) (Nl/a):| ( )

B C T 1 N1—2/CME Z21 |ZO|

=C(T+1) 009 \ N1/a

5N1/o¢
= —C(T + 1)N'72/* / N2F(d)N)
0

SN/«
—2/a —2/a SN/
= 2C(T 4+ 1)N*=¥ /O AF(N)dA — C(T + )N X2 F()) 3,

NV XA
S QCl(T + 1)N1—2/a/ + 0152—04 ~ 01/52—04’
0 A+ 1
as N — +oo, for some constants C,C’,C" > 0. Estimate ([A.I7) then follows, upon a
suitable choice of . O
As a corollary of the above result, (A.13) and ([A.14) we conclude that
S8 = Za, as N — +oo0. (A.19)

To finish the proof of part i) of the theorem we shall need the following two results.

Lemma A.5. For any T > 0

lim sup |Z(t) — Za(t)] =0, a.s.
A—+o00 te[0,T]

where Z(-) is a Levy process with the characteristic functional
Ee?® = exp {t/(e"fA —1- i§>\)|)\|‘1‘“0*()\)d)\} : (A.20)
R

Proof. Note that for A’ > A we can write by Doob’s inequality

sup [Za(t) = Za(t)]| < CE[|Za(T) = Za(T)]

t€[0,T

E

/ AN([0,T],dN\)| < CT/ A (N)dA < e,
Ale(a,A) Ale(a,ar)

provided A > 1 is sufficiently large. Process Z(-) is then an a.s. uniform limit on compact
sets of Za, (+) for some A, T +00. O

=CE

Lemma A.6. For any T > 1, n > 0 there exists A > 1 sufficiently large so that

limsup E
N—+o0

sup |S§(t) — SN(t)|] <. (A.21)
te[0,7
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Proof. Note that

[Nt]
1
Sv(t) = s > Zn = B[Zu|Gna]] = SH(1) + Ry (D), (A.22)
n=1
where
Z Z
B0 = 2t (21 (429

[N
1 | Z,| |Z,|
N1/a > [an[a,m) ( Nl/a) — E[Zn11a 4o0) (W 1Gni]| -
n=1

Since RY(+) is a martingale we can write by Doob’s inequality

E[ sup |R5(t)|] < CERS(T) — 0, as N — o0,
t€[0,T]

_|_

by the argument as in the proof of Lemma [A]. O

A.2. The proof of part ii). Observe that the proof of (A.I3) goes through also for a €

(0,1) without assumption (5]). Let Zsa(-) be the compound Poisson process appearing
on the right hand side of (A.13). For any § > 0 denote also

[Nt]
N 1 o
SNt = 17 Z Z1[| Zy| [NV < 4] (A.24)
and
[Nt]
S8 (t) == ~a Zozn1[|zn\/zv1/a > 4. (A.25)
Lemma A.7. For any T > 1 and € > 0 there exists 6 € (0,1) such that
limsupE | sup |5’}5V(t)|] <e. (A.26)
N—+4oc0 t€[0,T]
Proof. Observe that
. Z
E | sup [S%(t)]| < C(T + 1NV / | Zo|110,) 1% ip
te[0,7 N1/

6N1/cx
< C(T + l)Nl‘l/"‘/ P(|Zo| > A\)dA < O(T + 1)5'
0

and the conclusion of the lemma follows upon choosing a suitable small § > 0. U

Lemma A.8. ForanyT > 1,c >0 andn > 0 there exists A > 1 such that

N—+o0 te[0,7

lim sup P [sup 1S5 (1)] > 5] <. (A.27)
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Proof. Observe that for any 5 € (0, «) we have

B
[Nt]
E sup 5 B an Zn Nl/a>A . A 98
Jup ISROP| < w2 1Zal1l1Z1/ ] (A.28)

We use an elementary inqueality (3, a;)? < Zaf that holds for arbitrary a, > 0 and
B € (0,1). By stationarity of {Z,, n > 0} we obtain that the left hand side of ([A.2§) can
be estimated by

7
O+ )N [ |21y (10 ) 2

N1/
< CO(T + 1)N1ﬁ/a/ NIP(| Zo| > N)dA < O(T + 1) AP
AN/
and the Conclusion of the lemma follows upon choosing suitably large A > 1. U
Let Z(t) :== [ AN([0,t] x dX). Tt is an a-stable process with the characteristic functional
Ee’?®) = exp {t / (e*r — 1)|)\\1a0*()\)d>\} : (A.29)

The conclusion of part ii) of the theorem then follows from the above lemmas and the
following result.

Lemma A.9. ForanyT > 1, >0 andn > 0 there exist A > 1> 9 > 0 such that

P

sup |Z(t) = Zsa(t)] > 6] <. (A.30)

t€[0,7]

Proof. We have
Z()—ZaA()+za()+ZA()

where 25(t) := [, <, M([0,1] x d)) and ZA(t 1= Jiza MN[0, 1] x dX). We estimate zs(-)
using
5
E | sup |5(t)|| <E UW\/([O,T] « dx)] < C/ AodA < 5.
t€[0,T] 0

As for Z2(t) we have Z2(t) = Y, -, &lje,>a), where (t;,&;) are the atoms of the random
measure N (-). Hence, for any 3 € (0, «)

B
E | sup |ZA( )|ﬁ <E Z |§Z|1 [&:]>A]
t€[0,T] T
B _ 3 C
Z &l Lezar| = IAPN([0,T] x d\) < X
t;<T (A=A

is as small as we wish for a sufficiently large A > 1. U
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APPENDIX B. THE PROOF OF LEMMA [7.3

Let Sy := Zy and Sy := 25:0 Zn. By virtue of the ergodic theorem we know that
N~7'Sy — Y, as N | oo, both a.s. and in L*(P). Choosing an arbitrary & > 0, for P-a.s.
w we can find Ny(w) so that [N7!'Sy(w) — Y (w)| < € for all N > Ny(w). We can estimate
therefore

1 1

N max{Zy(w), ..., Zy(w)} < N max{Zo(w), .. ., Zngw)-1(w)}

1
+ o max{Zny(w) (W), .., N Zn(w)} .

The first term on the right hand side clearly tends to 0 as N T oo while any of the terms
under the second maximum can be written as

Spr1(w)n+1 Sp(w) n n+1 n
il N aow S VWt - Vw-9y
< 25+%

for all Ny(w) < n < N. From here we obtain the a.s. statement of the lemma. To conclude
the convergence in L'(P), it suffices to observe that N~'max{Z,..., Zy} is bounded by
the L'(P) convergent sequence N~1Sy. O
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