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SEMI-LINEAR SUB-ELLIPTIC EQUATIONS ON THE HEISENBERG
GROUP WITH A SINGULAR POTENTIAL

HOUDA MOKRANI
HOUDA.MOKRANIQETU.UNIV-ROUEN.FR,
UNIVERSITE DE ROUEN, UMR 6085-CNRS, MATHEMATIQUES
AVENUE DE L'UNIVERSITE, BP.12
76801 SAINT ETIENNE DU ROUVRAY, FRANCE

ABSTRACT. In this work, we study the Dirichlet problem for a class of semi-linear sub-
elliptic equations on the Heisenberg group with a singular potential. The singularity
is controlled by Hardy’s inequality, and the nonlinearity is controlled by Sobolev’s in-
equality. We prove the existence of a nontrivial solution for a homogenous Dirichlet
problem.

Key words: Heisenberg group, Hardy’s inequality, Sobolev’s inequality, Singular potential

A.M.S. Classification

1. INTRODUCTION

In this work, we study the partial differential equations on the Heisenberg group H¢.
Let us recall that the Heisenberg group is the space R?**! of the (non commutative) law
of product

(,y,5) (@',y,8) = (x+ 2",y +y,s+5 +2((yla") — (¥/|2))).
The left invariant vector fields are
1
4
In all that follows, we shall denote by Z; = X and Z; 4 =Y for j € {1,---,d}. We fix

here some notations :

z=(z,y) €R™, w=(z,5) e HY, p(z,5) = (|2|* +[s]*)

Xj = 8:z:j +2yj85, Y} = 8yj - 21‘]'85, j=1,---,d and S=0;= [Y}, X]]

1/4

where p is the Heisenberg distance. Moreover, the Laplacian-Kohn operator on H¢ and
Heisenberg gradient is given by

Apga=> X;+Y}  Vyga=(Z1, -, Z).
j=1

Let © be an open and bounded domain of H¢, we define thus the associated Sobolev
space as following

HY(Q,HY) = {f € L2(Q); Vyaf € LX(9Q) }

and H}(Q,H?) is the closure of C§°(Q2) in H(Q, HY).
1
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We consider the following semi-linear Dirichlet problem
{ —Agau —pVu = u+ |u[P"2u in Q,
u‘ =0
o0
where V' is a positive potential function which admits the singularity on €2, A is a real
constant and 2 < p < 2—1—%; the index 2* = 2+% is the critical index of Sobolev’s inequality
on the Heisenberg group [9, 15, 16, 17, 22]

(1.1)

(1.2) [ull 2= () < Callullg @, ma

for all u € HZ(Q,H).

The potential function V is controlled by the following Hardy’s inequality,
(1.3) |Vl < [Vaeulfs,

for all u € H(Q,HY).
We will prove in the next section the following results
e If 0 € ©, Hardy’s inequality (1.3) holds for
d* _9
mﬂ(z ,8) 7

e If 0 € ©, Hardy’s inequality (1.3) also holds for a softer potential
2

Viz,s) =

|

_ J2
e =

see also [12, 18].
e In the Lemma 2.7, we prove that Hardy’s inequality (1.3) holds for
V(z,8) = ipe(z,5) 2,
where p. defined in (2.8) is the distance to a sub-manifold ¥, of codimension > 2
and [ is a constant.

Theorem 1.1. Assume that the potential function V satisfies (1.3), then for any A > 0
and any 0 < ju < 1, the Dirichlet problem (1.1) admits a nontrivial solution in H3 (2, HY).

The Dirichlet problem (1.1) on the Heisenberg group is a natural generalization of the
classical problem on R?, see [5, 7,8, 10, 11, 14, 20] and their references. The subellipticity
of the operator Ag« implies that any weak solution of the Dirichlet problem (1.1) belongs
to C°(Q\ 3¢) (see [25]). The issue of regularity of a weak solution near 9Q U X, is a very
delicate problem.

This paper is organized as follows. In section 2, we recall Poincaré’s inequality and
prove Hardy’s inequality on the Heisenberg group; Section 3 deals with the study of the
eigenvalue problem; finally, we prove the existence of a weak solution in Sections 4 and 5
by using Rabinowitz’s Theorem and the Palais-Smale Theorem.

2. HARDY’S INEQUALITIES ON H¢

The following density theorem is very useful. Let us give here an other simple proof
than [2] (see also [3]),

Theorem 2.1. We have that C§°(Q\ {(0,0)}) is dense in H}(Q,HY) for d > 1.
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Proof : By definition of H}(Q,H?), it suffices to show that

C(9) < OV {(0, 0 HD)
Let ¢ be a cut-off function for which

[0 if 0<n<l,

For u € C§°(Q2, H?), let £ > 0 small enough, and we set uc(z,s) = o(1p(z,s)) u(z,s). So
u: € C°(Q\ {(0,0)}, H?) and we have

| ue —u H%Il(Q):H Via(us — u) "%2(9) + [l ue —u H%?(Q) :
Dominated convergence theorem implies that
| ue —u H%z(n)—’ 0,

and
1
/ | cp(gp(z,s)) —1 % Vgau(z, s) |* dzds — 0, when ¢ — 0.
Q
On the other hand, we have

|19 Cates)) Pl Coteso) Pl e, [ deds
1

| 2 [ 1

_ 2 2
T €2 Jg pl(z,5)? | ¢/(gp('z’5)) [l ulz,5) |° dzds
1
<l ol ¢ 2 / dxds
e e L) {(z,5);e<p(z,5)<2¢}

1
<C— g2d+2 0, ase — 0.
€

Remark that this proof also show that the density theorem is not true for classical
Sobolev space in a 2 dimensional case.
Now, we state the following precise Poincaré inequality,

Theorem 2.2. Let Q be a sub-domain of H? bounded in some direction of (21, , z24),
that is, there exist R > 0 and 1 < jo < 2d such that 0 < r =| zj, |[< R for all (2,s) € (L.
Then for any v € H}(Q,HY),

(2.2) / |u|? dzds < 4R2/ | Vigau |? dzds.
Q Q

Remark : By using the inequality (2.2), we can use || Vgau| 12(o) as a norm on Hg (€2, HY).
The Poincaré inequality (2.2) holds for any Q C {(z,s) € H% p(z,s) < R}. We can also
obtain the Poincaré inequality from Bony’s maximum principle for general Hérmander’s
vector fields but with a non-precise constant (see [6, 21]). The proof given here is a
modification of L. D’Ambrosio [13].

Proof : Using the density results of Theorem 2.1, take u € C5°(©2\ {(0,0)}) and let
T(z,8) = (T1(z,5), -+ ,Taq(z,8)) be a C! vector function on €. Denote by

2d

divge T =Y Z; Ty,
j=1
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we have
/(dide T) | ul|? dzds = —2/ (T, Vyau)u dzds
Q Q
< 2/ | (T, Vgau)u | dzds
Q
§2[/ | Vou 2 dzds]s [/ TP ul? deds]s
Q Q
g/ | Vigau |* dzds+/ | T | w|?® dzds.
Q Q
Thus

/ (dz’de T—|T|? ) |u* dzds < / | Vigau |* dzds.
Q Q

_1Vydre
T

1
For € > 0, let us choose T":=T. = —35 where r. = (r* +¢%)? and 7 = |zj,|. Then

11

di’UHd TE = —**[T‘EAHd Te— | VHd Te |2]
272
€

1A 1| Vygar. 2
diUHdTE_|TE |2: = Hdrs+7| Hd?"€|

2 7 4 r2
since
VHdr2 T 9 r2
Vygdare = =—, | Vare "= =
Hele 27 Te | Viare | r2
Apar?  Viyar? 1 r2
Agare = 2 — B Tpure = — — —.
T 2r. 2r2 HTe re 13
So,
divgaToe | T |2 1 3r?
v — = — —
Hie © 2r2  4rd’
and for any (z,s) € Q,
11 11
. . 2
li divgeTe— | T = 375 2 g

From the dominated convergence theorem, we have

11
lim ; [divgaTe— | T2 2] | w |* dzds > 4RQ/Q | w|? dzds,

E—>

thus
11

2 2
u dzds < / CHdU dzds.
432/9 vl Q | |

Let us give a very easy proof of the classical Hardy inequality by using a radial vector
field. Let U be a bounded domain of R, d > 2, HZ(U) is the usual Sobolev space.

Lemma 2.3. We have, for any u € H}(U),

d 2 u? 9
2.3 ——1 —dx < ||V, .
(2.3 (5-1) [ e < I9suliag
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Proof : As C5°(U \ {0}) is dense H}(U), we have restricted ourselves to a function u in
C§°(U \ {0}). The proof mainly consists of an integration by parts with respect to the
radial vector field R,

d
R= Z .,”Ujam]. .
7=1

We notice that R(| 2 |72) = =2 | # |72 and divR = d, so

2 1
/uzdx:—/R(|:c|_2)da:
vl 2 Ju
1 u? 1 1
== [ div(R)—— dz + = | ——=R(?) d
2/U W(R)|x|2 x+2/ﬂ|x|2R(u) x
_1

d
d>/ u? / 1 9 / u oz
1-—= —— dx = R(u*) dx = E —— =0, u dz.
( 2) Julzl|? 2 Julx|? Ui |z ||z |

By Cauchy-Schwarz,

(@_1) !u!zdx<</§:|au‘gdx>é< |u!2d$)%
2 vlz? = Vo N vl '

On the Heisenberg group, if we introduce the radial vector field

d d
R:ijax]+y] ;) Z:EJX +y;Y5),
=1 =1

then we immediately obtain for d > 1,

2
d—12/ Y dzds < ( / 2 dads < || Viau
( ) Qp(z7 ) ‘ ’2 || Hd ”L2(Q

for any u € H}(Q, HY).
By using the idea inspired from the radial vector field, we now prove the following Hardy
inequality.

Lemma 2.4. For d > 1, we have that

d? \2 u?
(2.4) <d+1) /Qp2dzdsg||deu\|§2(m

for any u € HE(Q,H?).

Proof : By using the density theorem, we prove the inequality (2.4) for the function
u € CP(2\ {(0,0)}). Then the proof mainly consists of an integration by parts with
respect to the radial vector field Rya adapted to the structure of H?, namely

d d d
Z S Z

RHd — 236 + xjaxj +y] yj 7d + x]X +y]
J=1 j=1 7j=1
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We notice that Rya (p*Q) = —2p~2 and div Ryga = 2d + 2. We have

2 1
/QP(UQ dzds = —Q/QRHd (p(z,8)"H)u? dzds

Z,8)
1 1
=_ / p~Rya (u?) dzds + 3 / p*udiv Ry dzds.
Q Q

2
This gives
u? / d W /T Yi 1 s
—d | — dzds = — JX-—}—JY-udzds—/Y‘ — Ju(X,u) dzds
ol Q;P<p T ) 2d Jo J<p2> (X5
1
+ /Xj (%)u(Yju) dzds
2dJq " \p
d
= (1 + cli) / Z(%Xju—i— %Y}u) dzds
a5\ p
1 4 s
+d/26[|z|2 y;j — sz;| uXju dzds
szlp
1 i s
—d/QZpGUz|2 zj + sy;| uYju dzds,
j=1
then
o [ u? s*] jzju Y;
[ 5 dzds = | 30|+ 1) - 25| (B Xu + i vju) dads
0 0 Y
d s|z]? [yju x;
+ Z 1 5 Xju— —5Yju| dzds
Q5 P P
d 2 2
st xj  s|z|fy;
= d+1)— =)~ —]—Xudzds
/Q;[(( ) p4)p pt oplp
+/§:[((d+1)—82)%—8‘z‘2x]]Yudzds
0= o et plp™
Setting
s2 x;  s|z|?y;2? 2y s|z|Pa
=S e =5t B e -5 -2

j=1
Cauchy-Schwarz inequality implies

2

2 1
dz/‘u‘dzds< /A z, 8 v ] dzds /
a P? <Q( )PQ ) (Q

J

=

d

1

( | Xju|? + | Yju |? >dzds> .

N|=
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For A(z,s), we have

s> velz P stz 2]
A(M)Z((d*l)_ﬁ) p? P
2 2 5>
=@y —(2d+1)g}

2 -
:‘;6‘ (d+1)2|z|4+d232}
B2 4 2 4 .2
=@ lat (] +5%) |
2
g(d+1)2‘z2‘ <(d+1)%

p

So, we deduce the inequality (2.4).
The Hardy inequality on the Heisenberg group H? is first proven in [18, 12] for a softer
potential.

Lemma 2.5. We have, for any u € H(Q, H?),
(2.5) o . |u|? deds < ||Vgaul?
. ~ HdU”LQ(Q).

The singularity of potential in the Hardy inequalities (2.3), (2.4) and (2.5) is a isolate
point of domain. We consider now the general case when the singularity is on a sub-
manifold. We have first the following density result:

Lemma 2.6. Let Q be a bounded domain of R?**! and ¥, a sub-manifold of Q such that
dim Y. < 2d — 1. Then C°(Q\ X.) is dense in the space H} (2, HY).

Proof : As H&(Q,Hd) is a Hilbert space, it is enough to prove that the orthogonal
of C§°(Q2\ X¢) in HL(Q,H?) is {0}. Let u be in this space. For any v in C$°(Q\ %), we
have
(’LL, U)L2 + (deu, de’U)LQ = O
By integration by part,
Yo e CE(2\ X)), (u— Agau, v) =0,
this implies that, as a distribution,

Supp(u — AHdu) C Xe.

Since u — Agau belong to the classical Sobolev space H~1(£2) and except 0, no distribution
of H=1(Q) can be supported in a submanifold of dimension < (2d+1)—2. Thus u—Agau =
0 on €. Taking the L? scalar product with v € HZ(Q,H?) implies that « = 0. This
completes the proof of Lemma 2.6.

We consider now the hyper-surface ¥ = {(z,y,s) € Q : g(z,y,5) = s+ f(z,y) = 0}
where  is a neighborhood of 0 in H?. Assume that
(2.6) Ye={weQ: g(w) =0, Vgag(w) =0},

is a sub-manifold of dimension (2d+1) —r —1, r > 1.
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Lemma 2.7. Assume that . is a sub-manifold of dimension 2d —r and r > 1. Then,
there exists fi > 0 such that for any u € H(Q,H?),

2
B u
(2.7) M/Q p?dw < IVaaullj2(q)
with
(2.8) pe(w) = (g (w) + [Vagag(w) ) /.

We refer to the proof of this lemma to [4] and also [2]. The constant i depends, of
course on Y., but in many interesting cases, it depends only on the dimension of ..

Here we present a proof for a model case in H' to precise the constant ji. We take
g(z,y,s) = s+ 2xy, then

S = {(2,y.5) € H': s+ 20y = 0},

(2.9) Y. ={(z,0,0), z € R}.

Lemma 2.8. Let ¥, as in (2.9), then, we have for any u € H'(H),
22 u? 9

(2.10) 5-i-28/Hl ngw < IVeullzz g

Proof : We rectify X by setting 2’ = z, v =y, s’ = s+ 2zy, so the vector fields X and
Y change to X' = 0 +4y'0y, Y' = 0,y and

pc(xl’y/’sl) _ ((43/)44-8,2)1/4.

Let R be a radial vector field
R=X'(sY +2% 50y
=4y'Y' +2° sy
=49'Y' 4+ 24'[Y', X],

where R(p;2) = —8p.2 and divR = 12. Using the density Lemma 2.6, we have for
u e Cgo(H'\ {(0,0)}),

u2d/d1_ 1 2R —Qd/d/
Hlp—gz §$=-3 Hlu (p.*)d7'ds
/

1 2 ! 1
—/ %dz'ds/ = / Y wv'uddds — = Y'( i Yu X'u d2'ds’
H H

2 Jun P2 1 p2 2 ) P
1 /
+ = X'(S—Q)u Y'u d2'ds’
2 H! Pe
y/ y/38/
—/ U Y'u dz’ds’+/ 28 5 u X'u dz'ds’
H! Pec H! Pe
9 / 2 ! 12
+/ [% — yg ]u Y'u dZ'ds’
H! L Pe Pe
3 ! 2 /12 13 o/
= / [—y — y; ]ﬂ Y'u dZ'ds’ —l—/ 28%3 X'u dZ'ds’
HL L Pe Pe 4 Pc H! Pec Pe
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We then obtain
1 | u ’2 / / / / ‘ u |2 / / %
3 fn 2 dz'ds’ < ( - A(Z',s") 2 dz ds) | Vi ull 2y
C

with
3y/ ylSIQ 2 y/6 5/2
A(Z,8) = {— — 2= } 14 216 15
Pe P pe
12 120 4 8,4 120 4 8,./4\2 16 ( 4 8,14
2y y<(pe —2°%") Y= (pc —2°%") 16 Y0 (pe — 2°y")
=3 7_12 C6 +4 c10 +2 C10
C C pC pC
12 14 /8
= L+ P2l 4280 - 219 L]
Pe Pe Pe
¥[1+§2 (4+2%)

1
2—4(5+28).

IN

IN

3. VARIATIONAL FORMULATION AND EIGENVALUE PROBLEM

Thanks to Hardy’s inequality (1.3) and Poincaré’s inequality (2.2),
1
(3.1) I fl= (/Q[ | Viaau(z, ) [2 —uV (2,5) | u(z,5) |* ] dzds)?

is equivalent to the norm on Hg (€2, H?) for all 0 < p < 1, so that we will use || - ||,, as the
norm of H} (9, HY).

We will use the variational method to study the Dirichlet problem (1.1). We define the
following energy functional on H} (€2, H?) :

1 1 A
(3.2) I, \(u) = 2/ [ | Vigau [ =V | u ? } dzds — / | u [P dzds — / | u|? dzds.
Q pJa 2/

Similar to the classical case, I,, (- ) is well-defined on H} (92, H?) and belongs to C1(HE (2, H?); R).
We say that v € H}(Q,H?) is a weak solution of the Dirichlet problem (1.1), if for any
v € C§°(12), there holds

/[VHduVHdv—uVu@] dzds—/ | w P2 ud dzds—)\/uf) dzds =0
Q Q Q

So a weak solution u € H}(2, H?) of the Dirichlet problem (1.1) is a critical point of I,,
The Euler-Lagrange equation of the variational problem (3.2) is exactly the semilinear
equation in (1.1), and we have

L)) = [

[VHduVHdU —uVuv—|u P2 uv — )\uﬁ] dzds =0
Q
for any v € Hg(Q,H?).

Since we consider the Dirichlet problem (1.1) for any A > 0, we cannot use the direct
method to prove the existence of the critical point for I, . We need to use the Mountain
Pass Theorem and the Linking Theorem of Rabinowitz (see [23, 24, 26]).

Thusthat we study firstly the spectral decomposition of H} (€2, H¢) with respect to the
operator —Apa —uV where the singular potential V' satisfies Hardy’s inequality (1.3). This
eigenvalue problem has also its independent interest. We have the following proposition.
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Proposition 3.1. Let 0 < pu < 1. Then there exist 0 < A\ < g < A3 < .. < ) <o —
400, such that for each k > 1, the following Dirichlet problem

(3.3) —Ayadp — pV o = Ay, in Q
' Prloa =0
admits a nontrivial solution in H}(Q,HY). Moreover, {¢y}x>1 constitutes an orthonormal
basis of Hilbert space H} (2, HY).
Remark that the first eigenvalue A; is characterized by the following Poincaré inequality
1
(3.4) e < 5 /Q (1Vaat? — 1V ]ul?) dzds
for all u € Hg(Q,H).
The first step of the proof is the following compact embedding result

Lemma 3.2. Let Q € H? be a bounded open domain. Then H&(Q,Hd) 1§ compactly
embedded to L?(12).

We can prove this result by the continuous embedding of Hg(Q,H?) into usual the

Sobolev space Hé/2(Q), then the compact embedding of H/2(2) into L?(Q2). But the first
embedding requires some careful extension results. We refer to [19] for a complete and
elegant proof of this compact embedding result.

Proof of Proposition 3.1

Denote by L, = —Aya — puV the operator defined on the Hilbert space H}(2,H?) with
the norm [|Vyaul[12(q), then Hardy’s inequality (1.3) implies

(Lyu, )2y > (1= p)l[Vygau|F2g) > 0, ¥V ue Hy(Q,HY),
and
(Lyu,v) = (u, L), ¥ u, v e HH(Q,H).

Hence it is positive, definite and self-adjoint on H}(Q, HY). The Lax-Milgram Theorem
implies that for any g € H~(£; H?), the following Dirichlet problem

Liu =g in§
u =0 onodfd

admits a unique solution u belonging to HZ(Q,H?), where H~1(€;HY) is the dual space
of H}(Q,H?), g € H~H(Q;HY) if g € 2'() and there exists C' > 0 such that
g0 < Cllolms @z
for all ¢ € C§°(Q2) with the norm
(g, )]
9l zr-1(@may = sup —r=r—.
pecee @) 19l a1 me
Then
Vya: L2(Q) — H Y (QHY) and Ags: HF(Q,HY) — HYHQ;HY)
are continuous. The inverse operator L;l of L, is well defined and it is a continuous map
from H~1(Q,H?) into H} (2, HY).
The compact embedding i : Hg(Q,H?) — L?(Q) and the continuous embedding i* :
L*(Q) — H~Y(Q,HY) imply that K, = L;l oi*oi: H(Q,HY) — H}(Q,H?) is a compact
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and self adjoint operator. So the spectrum of the compact operator K, is {n;} such that
ne >0,k > 1 and np — 0. If {¢} are the associated normal eigenvectors, we have that

Ku¢k = nk¢k7 V k Z ]-7

and {¢y} form a complete basis of Hilbert space H} (€2, H%), which completes the proof of
Proposition 3.1.

4. EXISTENCE OF CRITICAL POINTS

We prove now the following existence result of critical points for the variational func-
tional I, » which gives the weak solution for the Dirichlet problem (1.1).

Theorem 4.1. Let 0 < p < 1,A > 0, then I, x admits at last one nontrivial critical point
on H}(Q,HY).

We recall now the well-known Palais-Smale condition.

Definition 4.2. Let E be a Banach space, I € C'(E,R) and ¢ € R. We say that I
satisfies the (PS). condition, if for any sequence {u,} C E with the properties :

I(up) — ¢ and || I'(uy) 5 @)= 0

there exists a subsequence which is convergent, where I'(-) is the Frechet differentiation
of I and E' is the dual space of E. If this holds for any c € R, we say that I satisfies the
(PS) condition.

We will prove in the next section the following result
Theorem 4.3. Let 0 < pu < 1,A > 0, then I, , satisfies the (PS) condition on H(Q,HY).

Let 0 < A1 < A2 € A3 < ... < A < ... = 400 be the eigenvalues of —Aga — pV'
in Proposition 3.1. We consider firstly the case 0 < A < A; and we use the following
Mountain Pass Theorem to prove the existence of a critical point for I,,  :

Theorem 4.4. (see [1, 23])
Let E be a Banach space and I € C*(E,R). We suppose that I(0) = 0 and satisfies that
(i) there exist R > 0, a > 0 such that if | u |p= R, then I(u) > a;
(ii) there exists e € E such that || e ||> R and I(e) < a. If I satisfies the (PS).
condition with

¢ = inf max I(h(t)), where I' ={ h € C([0,1]; E); h(0) =0 and h(1) = e},
hel te]0,1]

then c is a critical value of I and ¢ > a.

We check the above conditions for I = I, on E = H}(Q2,H?). We have I, ,(0) = 0.
For u € H(Q,H?), Sobolev’s inequality (1.2) and Hardy’s inequality imply that
Ca

lull Lr() < Cal| Vigaullp2q) < - -

Then, for 0 < A < A\
(4.1)

1 1
Loa(u) > A C1 A

(=) Nl =2 gz ol (50 -5 = luli?)

1
2 P



12 HOUDA MOKRANI

where

Co p
Ci=—— 1.
! ((1—u)1/2> ~

p A2
Ry=|—(1-— > 0.
o= (55 1= 1)
Then for any 0 < R < Ry,

(4.2) Huhr:sz Iy a(u) =a(R) > 0.

Let

So I, 5 satisfies condition (i) of Theorem 4.4.
For condition (ii) of Theorem 4.4, take u € HZ(Q,H?) such that || u ||,= R > 0, then
for 8 > 0,

6)2
(43) Tux(@0) =5 [ [ Vo P =V (209 | ] deds
Q
p 2
(4.4) —9/ | w [P dzds—/\e/ | w|? dzds.
P Ja 2 Ja
Since p > 2, thus
QETOO I, (0u) = —o0.

Then, there exists #; > 0 large enough such that for e = 6;u, we have || e |,> R and
I,(61u) <0 < a(R). Set now

P = { h e C(0,1); HA(Q, HY): h(0) = 0 and h(1) = e},
then by continuity, we have

= inf L, (h(t)) > a(R) >0,
¢ = jnf max Lua(h(t) = a(R)
and c is a local minimum. Theorem 4.3 implies that the (PS). condition is satisfied. So
¢ > 0 is a critical value by using Theorem 4.4 and the critical point is u € H3 (2, HY),
which is nontrivial. We have proved Theorem 4.4 for 0 < A < ;.
We need now the following Linking theorem from Rabinowitz [23].

Theorem 4.5. Let E be a Banach space with E =Y ® X, where dimY < oco. Suppose
that I € CY(E,R) and satisfies

(i)there exist p,a > 0 such that I|op,nx > o;

(i3) there exist e € 0B1 N X and R > p such that if A= (BRNY)®{re0<r<R},
then I|pa < 0.

If I satisfies the (PS). condition with

= inf I(h here I' = {h A E); hloa =id
¢ = Inf max (h(w)), where {h € C(A,E); hlga =id},
then c is a critical value of I and ¢ > «.

Remark 4.6. Suppose I|y < 0 and there are an e € 9B1 N X and R > p such that
I(u) <0 foru € Y @ span{e} and || u ||> R, then for any large R, we have I|ga < 0
where A= (BrNY) & {re,0 <r < R}.
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We assume now that there is k such that Ay < X\ < Apy1, where )\ is the k-th eigenvalue
of the operator —Ays — puV. Let Y = span {¢1,..., o}, where ¢y is the eigenfunction
corresponding to Ai. Then Proposition 3.1 implies that H3 (2, H?) =Y @ X where X =
span {¢;;1 > k}. Thus we have

(4.5) /]Vde\Q—u]yQ dzdsg)\k/\y|2 dzds, VyeY
Q Q
and
(4.6) / | Vigau |> —pV | u |* dzds > )\k+1/ |u* dzds, YueX.
Q Q

We will show that I,  satisfies the conditions (i), (i) of Theorem 4.5 on H}(Q2,HY).

Proposition 4.7. Assume that 0 < p <1 and Ay < A < Agy1. There exist p, o > 0 such
that I, x|lop,nx > a where X = span {¢1;1 > k}.

Proof : For any u € X, A\ < A < Agy1, we obtain from equation (4.6), Hardy’s inequality
and Poincaré’s inequality that

1
(@) = 5 [ [ Vi P =V [ ] deds

—/|u]p dzds — /\u|2 dzds

1M = p
> TR e
kot P

1 Mepr— A 1 B
chHUHZ (mm—pHUHfb 2)-

1
c ( - ) o
= 1— > 0.
& (201 Ak+1 )
Then for any 0 < p < po,

4.7 inf I, (u) =« > 0.
( ) UGX;HUHM=,0 u,)\( ) (P)

Thus I, 5 satisfies the condition (i) of Theorem 4.5.

Let

Proposition 4.8. Assume that 0 < p <1 and A\, < A < Apy1. Then I, 5 verifies (ii) of
Theorem 4.5 with e = ¢p11 and Y = span {¢p1,- -, dx}.

Proof : We prove Proposition 4.8 using Remark 4.6. For any y € Y, we have from (4.5)
that

1
Loa(y) = / | Ve P~V |y P ] deds

—/\y|p dzds — /]y\Q dzds

1)\k )\ 2 p
<RI = 1 M-
<0

Let e = ¢p41 the (k + 1)-th eigenfunction of L, and y € Y, let us the following claim
(4.8) Ly + 0¢p41) — —oc as 6 — +oo,
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which will prove Remark 4.6.
Since {¢;} is an orthonormal basis of H} (€2, H?), we have for all i,j € N,i # j

(4.9) / [ de(ﬁi de¢j - /LV gfh% ] dzds = )\z/ ¢z¢7 dzds = 0.
Q Q
Let y = Zle a;¢p; € Y, then for 0 > 1,

Lia(y 4 0¢ri1) = Lua(y) + Ly x(0dri1) + /Q[ Viay Vyga(0ori1) — 1V y (Oprr1) | dzds

- 1
- /\/y (0¢p41y dzds — / |y + O0dpy1 |P dzds
Q pPJo
1 1
+/ |y |P dzd8+/ | Obp11 [P dzds
PJa pJa
1
= 1ux0) + Lur060) =+ [ 1+ 000 7 dzds

1 1
+ / |y |P dzds + / | Oppy1 |P dzds.
bJa pJa

By using the following inequality
(410)  Ja+bP2[alP+[bF —c(la P70+ allbPTh), VabeR, p>1,

and from the fact I, y(y) < 0, we have
Iia(y + 00k11) < LA (00k+1) + Cp/ﬂ(’ Y P O0dria | + |y | | Odpsr [P71) dzds
62 or
< 5 (Iwnllh = Mol ) = okl
wp [ (10 P800 |+ 1y |86 P ) deds

6> 202
< 3{(>\k+1 = Mortllzz) —

a1

+ 2CP/Q(9_1 |y ’p_l‘ k1 | +or—3 |y | | drs1 \p_l) dzds}.
Now p > 2 and H(;S;CHH]ZP(Q) > 0 imply

Ia(y + 0pp41) — —00 as 6 — +o0.
We have proved Proposition 4.8.
Now Proposition 4.7 and Proposition 4.8 imply that, if 0 < p < 1 and Ay < A < Agy1,
I, \ satisfies the assumptions of Theorem 4.5 and the Palais-Smale condition with
= inf L(h
¢ = inf max T, x(h(w)),

and A= (BrNY)® {fe,0<0<T}>0.

Then I, has a critical value ¢ and a nontrivial critical point u € Hol(Q,]HId), since
I, z(u) = ¢ > a > 0. We have proved Theorem 4.1.
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5. THE PALAIS-SMALE CONDITION
We prove now Theorem 4.3, i.e. we verify the (PS) condition for I, on H} (€2, H?).
Lemma 5.1. Let 0 < u < 1,A > 0,c € R, then any sequence {u,} € HE(Q,H?) satisfying
(5.1) Lia(un) — ¢ and || I, \(un) || g1 (0 ua)— O,
is bounded in HZ(Q, HY).
Proof : We use

1/2
ul= ([ 19w P v os) [P ] deds) = | Fasn e

as norm of H}(Q,HY). Let {u,} € H}(Q,H?) be the sequence of Lemma 5.1, then

A

*§||Un“%2(g) - G

(52) Sl = el
and
(5.3) (I, \(un), ) = /Q{ Viatn Via® — (uV (2, $)un+ | un [P72 up + Auy) @} dzds
= o) | ¢l o paey -
We suppose that {u,} is not bounded in H}(Q,H?), i. e.
| Vigatun [|2(0) — o0,

— mn — 1 1 d
and let w, = Wm, then || Vigawn, [|12(0)= 1. So, there exist w € Hy(Q2, H?) and a
subsequence still denoted by {w,} such that

w, — w in HE(Q,HY).
Now, for any ¢ = v2+ (1 — v)2* with 0 < v < 1, we have

1-v)2*
o = gy < llum = wllFgy lun — w0y

Then, Sobolev’s inequality (1.2) and the compact embedding result of Lemma 3.2 imply
the following strong limit

wy, — win LI(Q) for 1 < q< 2%,
which implies also the weak limit, for 2 < p < 2%,

/ | wp [P~ wy, @ dzds — / |w P72 w B dzds,
Q Q

for any ¢ € C§°(2). Divide (5.3) by || Vigaun [|r2(q), we get for any ¢ € C5°(€),
(5.4) / { Vigawy, Vigap — pV(z, s)wy, @} dzds
Q

—/ | un, |p_2wnapdzd8—>\/wng0dzds
0 0
o(1)
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Passing to the limit, we obtain for any ¢ € C3°(Q2),
/ [ Vigaw Vgap — uV(z, s)w @} dzds — /\/w © dzds
Q Q

= lim |ty P72 wy, @ dzds
n—oo [¢)

= Jim || Vaotn [73sy [ 10 12 w7 s,
which implies that
/Q|w|p_2w<pdzds:O Vo e CP(Q).
Then w = 0 a.e. in 2 and so

lim | wp |2 dzds = / | w > dzds = 0.
Q

n—oo O
Divide (5.2) by || Vyaun H%Q(Q), we obtain

(5.5) ;/[ | Vigawn |2 =V (2, 8) | wn ] dzds
Q

1 A
- / | un [P72) wp |* dzds — / | wy |? dzds = o(1),
pPJa 2 Q

where
c
o(l) = .
| Vigaun H%Q(Q)
Passing to the limit in (5.5),
(5.6) 1.1 lim V(z,8) | wy |* dzds = ! lim |ty P72 wy |? dzds
' 2 2 n—-+oo " ’ " p n—+x Jo " n ’

and taking ¢ = w, in (5.4), we have

(5.7) 1— lim [ uV(z,8)|w,|* dzds= lim / |y P72 wy |? dzds.
n—+00 Jo

n—-40o

We multiply (5.6) by p, we obtain from (5.7) and Hardy’s inequality that

p p . 2
P 1=2-1n1 n
5 (51 lim [ uV(zs)|wn|" dzds
< (2—1) lim ,u/|VHdwn % dzds
2 n—-+00
p
< (= -—1)pu.
<(G-Du

That is impossible since y < 1,p > 2 and this implies that {u,} is bounded in H} (€2, H?).

Lemma 5.2. Under the assumption of Lemma 5.1, {u,} possesses a convergent subse-
quence in H(Q,H?).
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Proof : Since {u,} is a bounded sequence in H{ (9, H?), there exists u € Hg (2, H?) such
that for any 2 < p < 2%,

By

for

U, —u in HE(Q,HY),
u, — u in LP(9),
|t P2y, —|uw|P?u  in L%(Q)
passing to the limit in (5.3), we have
<IL,,\(U)7 ¢)=0
any ¢ € C5°(Q) which is dense in HE (€, H?). Then
oalun) — 0 in HY(Q,HY)

implies that

lim (I, \(un) — I}, \(u), un —u) = 0.

n—oo H

We rewrite the norm of H} (€2, HY)

| wn —u Hi = <IL,/\(un) - IL,A(U)v Uy, — U)

+/[ | Un, \p_Qun—|u|p_2u] (un—u) dzds+)\/ ]un—u\Q dzds.
Q Q

From Hélder’s inequality, we have

/Q][ | P2 up— | u P2 u ] (un —u) | deds

< 772 = [ P2 ey o = g,

so we can deduce that || u, —u [|2— 0, n — oo.

[1]
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