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THE MODULAR BRANCHING RULE FOR AFFINE
HECKE ALGEBRAS OF TYPE A

SUSUMU ARIKI, NICOLAS JACON AND CEDRIC LECOUVEY

ABSTRACT. For the affine Hecke algebra of type A at roots of unity,
we make explicit the correspondence between geometrically constructed
simple modules and combinatorially constructed simple modules and
prove the modular branching rule. The latter generalizes work by Vazi-
rani.

1. INTRODUCTION

In [f], Ginzburg explains his geometric construction of simple modules
over (extended) affine Hecke algebras H,, defined over C. In this paper, we
consider the affine Hecke algebra of type A whose parameter is a root of
unity. Then, the simple modules are labelled by aperiodic multisegments.

On the other hand, Dipper, James and Mathas’ Specht module theory
gives us a combinatorial construction of simple modules of cyclotomic Hecke
algebras, and they exhaust all the simple modules of the affine Hecke algebra.
The simple modules are labelled by Kleshchev multipartitions.

If one wants to compute something about simples, the combinatorially
defined simple modules often have more advantage than the geometrically
defined simple modules, and we may work over any algebraically closed
field. On the other hand, the geometrically defined simple modules are very
useful in several circumstances. Hence, explicit description of the module
correspondence between the two constructions is desirable.

We provide this explicit description of the module correspondence in this
article. Note that both the set of aperiodic multisegments and the set of
Kleshchev multipartitions have structure of Kashiwara crystals. Then, we
show that the crystal embedding gives the module correspondence. We also
describe the crystal embedding explicitly.

Closely related to this result is the modular branching rule. One may
prove the result on the module correspondence by using this, which is our
first proof, or one may prove the modular branching rule by first establishing
the result on the module correspondence, which is our second proof. Note
that we mean here the modular branching rule in the original sense as we
explain in the next paragraph. Some authors use the terminology in weaker
sense, which does not imply the module correspondence.

Date: Revised Mar.19, 2010.
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Let Ly be the simple module labelled by a multisegment 1, whose precise
meaning will be explained in section 4. The modular branching rule is a rule
to describe Soc(i- Resgzil(Lw)), or equivalently Top(i- Resy" (Ly)). We
show that

Soc(i- Rean_l(Lw)) = Lé,s

where ¢€; is the Kashiwara operator. We give a geometric proof of this rule in
the framework of Lusztig and Ginzburg’s theory. This gives the first proof.
On the other hand, if one uses results in [} and [B], both become easier, and
this is the second proof.

Recall that the main result of 7] is the modular branching rule when
the parameter of the affine Hecke algebra is not a root of unity. Hence
our result generalizes 27, Theorem 3.1]. In [} and [{] it was proved that
affine sl. controls the modular representation theory of cyclotomic Hecke
algebras. Laterf], Grojnowski gave another proof [§, Theorem 14.2, 14.3] for
several main results in [fJ. We note here that he writes in [}, 14.1] that
his IMRN paper proved the part concerning the canonical basis in [}, but
his announcement in 1995 was that he had some computation of Kazhdan-
Lusztig polynomials which he was able to deduce from the IMRN paper:
the use of i-induction and i-restriction functors, integrable modules over

g(AS_)l), and Lusztig’s aperiodicity were absent in the assertion.

The idea of his proof in [§] came from Leclerc’s observation that Kleshchev
and Brundan’s work on the modular branching rule of the symmetric group
and the Hecke algebra of type A may be understood in crystal language. The
proof is interesting, but the modular branching rule in our sense is not proved
in [{] and it is natural to ask whether the crystal he used coincides with the
one used in [[I] and [{]. It was settled affirmatively in [§], but it still used
several results from [§]. Here in this paper, the modular branching rule for
the affine Hecke algebra, which is a stronger statement than the statement
in [§] that the modular branching gives a crystal which is isomorphic to
B(o0), is proved in a direct manner. It still uses the multiplicity one result
from [ff], but it replaces [§].

The paper is organized as follows. In section 2, we review basic facts on
the crystal B(co) of type Aél_)l. In section 3, we prepare for a geometric
proof of the modular branching rule of the affine Hecke algebra. In section
4, we give the geometric proof of the modular branching rule. In section 5,
we introduce crystals of deformed Fock spaces and state results to compute
crystal isomorphisms among them. In section 6, we prove a lemma on the
module correspondence of simple modules in various labellings and give a
combinatorial proof of the modular branching rule in the framework of Fock
space theory for cyclotomic Hecke algebras.
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2. PRELIMINARIES

Let e > 2 be a fixed integer, g the Kac-Moody Lie algebra of type A( )
We denote by U, the negative part of the quantum affine algebra U, ( ),
which is generated by the Chevalley generators f;, where i € Z/eZ, subject
to the quantum Serre relations. In this section, we review basic facts on U,

and its crystal. We denote the simple roots by «;, and the simple coroots
by o, for i € Z/eZ.

2.1. The crystal B(co). Let us introduce the Kashiwara operator f;, for
i €Z/el,on U, . Let iy i € Z/eZ, be Chevalley generators of the positive
part of U, (g) and t; = v® i'. The following two lemmas are due to Kashiwara.

Lemma 2.1. For each u € U, , there exist unique v’ and u" in U, such

that we have .
tiw' —t; u”
€U — ue; = ———————.

v—v"

We define an operator €; on U, by e;u = u”, for uw € U, . The algebra
generated by {fi}icz/ez and {€}}icz/ez is called the Kashiwara algebra. Let

fi(") be the n'* divided power of f;.

Lemma 2.2. Let P € U, . For each i € Z/eZ, there exists uy, in U, , for
n € Zxo, such that eu, =0, for alln, and P = zn€Z>0 fi(")un.

We define ¢;P = ZneZ>1 (" l)un and f;P = ZnEZ>0 f(nle Uup. They
are well-defined. Let R be the subring of C(v) consisting of elements which
are regular at v = 0. Then, we define

L) = ), Y. Rfufiyl
N€Zxo (i1,....iN)E(Z/eZ)N
and
B(50) = (Unezs Ui, impeiey Jin - Fixd +vL(00)) \{0}.
B(oo) is a basis of the C-vector space L(oco)/vL(c0). U, admits a root

(2

space decomposition U, = @aeq., (U; )—a, Where Q4 = ZieZ/eZ Z>o0v,

and it follows that
B(o0) = |_| B(00)_q.
a€Q+
We define wt(b) = —a if b € B(0c0)_qo. Then, by defining

€i(b) = max{k € Z>o | &b # 0} and ¢;(b) = ei(b) + wt(b)(e)),
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for b € B(c0), (B(00), wt, €, 95, €, f;) is a g-crystal in the sense of Kashiwara
[[4, p.48]. _

We define the bar operation on U, by v = v~! and f; = f;. Lusztig and
Kashiwara independently constructed the canonical basis/the global basis

{Gu(b) | b € B(c0)}
of U, , which is characterized by the property that
Gy(b) = Gy(b), Gy(b) +vL(c0) =b.

Example 2.3. Let e = 3. Then, e and f; commute so that e, f; = 0

and fofy = fofy follows. Similarly, fifo = fifs. Thus, {fifo, f2f1} is
the canonical basis of (U, )_q,—a,- For the null root 6 = oy + a1 + g,

{fof1f2, fafrfo, fofafi, fifofe} is the canonical basis of (U, )_s. Of course,

more complex linear combination of monomials in f; appear in the canonical

basis of other (U, )_q.

(2

2.2. Hall algebras. The crystal B(co) has a concrete description. Let I" be
the cyclic quiver of length e. This is an oriented graph with vertices Z/eZ
and edges {(i,i +1),i € Z/eZ}. Let V = @;cz/ezVi be a finite dimensional
7 /eZ-graded vector space, and define

Ey = EB Home (Vi, Vig1) € Ende (V).
€L/l

An element X € Ey is called a representation of I' on V. The vector
dim V' = (dim V;)iez/ez

is called the dimension vector of the representation.

If V' runs through all finite dimensional Z/eZ-graded vector spaces, we
obtain the category of representations of I'. It is the same as the category
of finite dimensional CI'-modules, where CI" is the path algebra of I'. If X
is nilpotent as an endomorphism of V| we say that the representation X, or
the corresponding CI'-module, is nilpotent. We denote by Ny the subset of
nilpotent representations in Ey. Let Gv = [[;cz/.7 GL(Vi). It acts on Ey
and Ny by conjugation and two representations are equivalent if and only
if they are in the same Gy -orbit.

For each i € Z/eZ, let V =V; = C and X = 0. Then it defines a simple
CI'-module. We denote it by 5;. They are nilpotent representations.

Example 2.4. Let G, = GL,(C) and suppose that s € G,, has order e.
Let ¢ be a primitive e” root of unity, V = C", and let V; be the eigenspace
of s for the eigenvalue ¢*. If X € Endc(V) is such that sXs™! = (X then
XV; € Viy1. Thus, X defines a representation of I' on V. Note that Gy is
the centralizer group G, (s) in this case.

By linear algebra, the isomorphism classes of nilpotent representations
are labelled by (Z/eZ-valued) multisegments.
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Definition 2.5. Let | € Z~o and i € Z/eZ. The segment of length | and
head i is the sequence of consecutive residues [i,i+1,...,i4+1—1]. We denote
it by [i;1). Similarly, The segment of length | and tail i is the sequence of
consecutive residues [i —[+1,...,i — 1,4]. We denote it by (I;i]. We say that
[i;1) has a removable i-node and [i + 1;1) has an addable i-node.

A collection of segments is called a multisegment. If the collection is the
empty set, we call it the empty multisegment.

Each [i;]) defines an indecomposable nilpotent CI'-module C[i; ), which
is characterized by the property that
Cl[i;1) is a uniserial module and Top(C|[i;1)) = S;.
Hence, a complete set of isomorphism classes of nilpotent representations is
given by the modules

My= clin®m,
A

which is labelled by the multisegment

Y = {[i; )™ Yiez ez 1670 -

We denote the corresponding Gy-orbit in Ny by Oy.

Now, we introduce the Hall polynomials. Let F, be a finite field, and
consider F,I'-modules. Then, they are classified by multisegments again.
Let V, T and W be Z/eZ-graded vector spaces over F, such that

dim V =dim 7' + dim W.

Let @1, 2 and ¢ be multisegments such that O, C N7, Oy, € Ny and
Oy € Ny. If the number of submodules U of M, that satisfies U ~ M,
and My /U ~ M,, is polynomial in ¢ = card(F,), then this polynomial is

called the Hall polynomial and we denote it by F;pl,w (¢). The existence of
Hall polynomials in our case was proved by Jin Yun Guo [0, Theorem 2.7].
For a and b in Z¢ we define a bilinear form m by

m(a,b) = Z (aibiy1 + a;b;).
1€EL/el

We remark that this is not the Euler form used by Ringel to define his
(twisted) Hall algebra, but the one used by Lusztig, which comes from the
difference of dimensions of the fibers of two fiber bundles which appear in his
geometric definition of the product, namely in the definition of the induction
functor. In his theory, the Euler form appears in the definition of coproduct,
namely in the definition of the restriction functor.

Now, Lusztig’s version of the Hall algebra associated to I' is the C(v)-
algebra with basis {uy | 1 is a multisegment} and product is given by

dim T, dim W -2
U, Uy = p(dim T, dim W) Z ngm (V%) Uy
(4
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Note that [i;1) is the multisegment which labels the simple module S;, for
i € Z/eZ. Then the C(v)-subalgebra generated by these uy,y) is called the
composition algebra, and we may and do identify it with U, by uj;,1) — fi.
For the proof, see [BJ, Theorem 1.20].

Definition 2.6. For each multisegment v, we define Ey, = pdim Oy uy. The
set {Ey | ¥ is a multisegment.} is called the PBW basis of the Hall algebra.

Example 2.7. Let e = 3. Then we have

Jife = Equoyy vEqun 20y fof1 = B2y
Similarly, we have

fofrfo =Eqoay + vE(n2) o) + vEqo), ) + v B, )20}
Jaf1fo =Eq2;2),11;1)) + VE{0;1),[151),12;1)}»
fof2fr =Eqo2), 20 + 0 Eqo;n), 150,123
Jifof2 =E{1;2),0,1)) + VE{o;1),[151),12;1)}-

Note that Ef.1),1;1),;2;1)} does not appear with coefficient 1. This is
general phenomenon and we need aperiodicity to describe it.

Definition 2.8. A multisegment v is aperiodic if, for every | € Z~q, there
exists some ¢ € Z/eZ such that the segment of length [ and head i does
not appear in ¥. Equivalently, a multisegment ) is aperiodic if, for each
| € Z~y, there exists some ¢ € Z/eZ such that the segment of length | and
tail ¢ does not appear in .

The notion of aperiodicity and the following theorem are due to Lusztig.

See [[I9, 15.3] and [0, Theorem 5.9].

Theorem 2.9. For each b € B(c0), the canonical basis element G,(b) has
the form
Go(0) = By + Y ey (v)Ey,
Y'Y
for a unique aperiodic multisegment 1, such that cy v (v) € C(v) is reqular
at v =0 and cy 4 (0) = 0.

Hence, we may label elements of B(co) by aperiodic multisegments. We
identify B(oo) with the set of aperiodic multisegments. Then, we denote
the canonical basis by Gy (1), for multisegments v, hereafter.

Leclerc, Thibon and Vasserot described the crystal structure on the set
of aperiodic multisegments B(oco) in [[L§, Theorem 4.1], by using a result by
Reineke.

Let 7 be a multisegment. Let 1>; be the multisegment obtained from
by deleting multisegments of length less than [, for [ € Z~¢. Let my;,;) be
the multiplicity of [i;1) in ¢. Then, for i € Z/eZ, we consider

Sii = Z(m[z‘—f—l;k) — Mk )

k>1
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that is, the number of addable i-nodes of ¥>; minus the number of removable
i-nodes of 9>;. Let fp < £1 < --- be those [ that attain min;~S;;. The
following is the description of the crystal structure given by Leclerc, Thibon
and Vasserot.

Theore~m 2.10. Let 1) be a multisegment, i € Z/eZ and let £y be as above.
Then, fih = 1y, i, where 1y, ; is obtained from 1 by adding [i;1) if o =1,
and by replacing [i + 1;0y — 1) with [i;£g) if £y > 1.

2.3. An anti-automorphism of U, . As the identification of the affine
Hecke algebra with the convolution algebra K%»*C*(Z,), which will be
explained in the next section, is not canonical, we go back and forth between
two identifications. For this reason, we need another labelling by aperiodic
multisegments.

Let V = ®;ez/ezVi be a graded vector space as before, and define its dual
graded vector space by V* = @;cz/.7V;" where V;* = Homc(V_;,C). Then,
by sending X € Ey to its transpose, we have a linear isomorphism

p: EV ~ Ev* = @ZEZ/EZ HomC(Vi*, Zj—l)

Using the standard basis of Fy and its dual basis in Ey+, we identify the
underlying spaces Fy and Ey+. Note that the Gy -action on this Ey is the
conjugation by the transpose inverse of g € Gy, while the Gy -action on the
original Fy is the conjugation by g € Gy. Then, p is an isomorphism of two
Gy-varieties Ey so that the Gy-orbit Oy in the original Ey corresponds to
the Gy-orbit O, in the new Ey, where p(1) is defined by p([4;1)) = (I; —1].
Thus, we have a linear isomorphism of the Hall algebras on both sides, which
we also denote by p, such that

p(Ey) = By and p(Gy(v)) = Gu(p(¥)) if 4 is aperiodic.

That is, this gives a relabelling of the PBW basis and the canonical basis.
However, if we take the algebra structure into account, p induces the anti-
automorphism of U, given by f; — f_;, which is clear from the definition
of the multiplication of the Hall algebra. In particular, the crystal structure
on the set of aperiodic multisegments is changed in this new labelling, and
the Kashiwara operators & and f; correspond to the Kashiwara operators
e_; and f_i in this new crystal structure. In the new crystal structure, we
change the definition of addable and removable i-nodes as follows.

Definition 2.11. We say that (; 4] has a removable i-node and (I;i— 1] has
an addable i-node.

We consider Sp; = 3 3 (M (k:i—1] — M(ksq))> that is, the number of addable
i-nodes of 1>; minus the number of removable i-nodes of >; in the new
definition of removable and addable i-nodes. Let £y < ¢1 < --- be those [
that attain min;~o S;;. Then, the crystal structure in the new labelling is
given as follows. In fact, this version is stated in [[L].
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Theore~m 2.12. Let 1) be a multisegment, i € Z/eZ and let {y be as above.
Then, fih = 1y, i, where 1y, ; is obtained from 1 by adding (1;3] if o =1,
and by replacing (Co — 1;1 — 1] with (Lo;1d] if €9 > 1.

To compute ¢€;9, for a multisegment ¢, we consider the same S;;. If
ming~q Sy; = 0, then €9 = 0. Otherwise, let {5 be the maximal | that
attains minsq Sy ;. Then, €1 is obtained from 1 by replacing ({o;i] with
(b — 135 — 1].

We use the crystal structure on the set of aperiodic multisegments in
Theorem P.1( when we choose the identification of R(G,, x C*)-algebras
H, ~ K%*C(7,) following Lusztig B3], while we use that in Theorem P.12
when we choose the identification H,, ~ K% *C*(Z,) following Ginzburg
[A. We note that the second crystal structure is the star crystal structure
of the first.

3. AFFINE HECKE ALGEBRAS

Let H, be the extended affine Hecke algebra associated with G,. It is
the C[g*!]-algebra generated by T;, for 1 < i < n, and X;-', for 1 <14 < n,
subject to the relations

(Ti —q)(T; +1) =0, ¢ 'TiX,T; = X;41, etc.

In this section, we recall the geometric realization of affine Hecke algebras by
Lusztig and Ginzburg, and of specialized affine Hecke algebras by Ginzburg.

3.1. Varieties. Let G,, = GL,(C) as before, and B,, the Borel subgroup of
upper triangular matrices. We denote the unipotent radical of B,, by Uy, and
the maximal torus of diagonal matrices by T,,. Write C" = Ce; ® - - - @ Ce,,
and let F¥, be the flag variety, which consists of increasing subspaces F' =
(Fi)o<i<n in C" such that dim F; = 4, for all i. We consider the diagonal
Gp-action on F¥¢, x Fl,. Then, G,-orbits in F¥, x F¥, are in bijection
with B,-orbits in F¥¢,, and if we denote

{(F,F') € Flp x Fby | dm(F; N F)) ={k |1 <k <1, 1 <w(k) <j}}

by O, (w), for w € &, they give a complete set of G,-orbits, and a pair of
flags (F, F') belongs to O, (w) if and only if

FNE _ 1 G=w()
F_1n F]’ +FN F]Ll o (otherwise)

dim

We denote by N,, the set of nilpotent elements in Mat,(C) and write
Y, = {(X,F) € N, x Fly, | XF, C Fy_1} ~ T*FU,,.
Then the Steinberg variety is defined by
Zn=Yn XN, Yn
={(X,F,F)eN, x Fb, x Flp, | XF, C F,_1,XF C F_,}.
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Zn is a G, x C*-variety by the action
(9. ) (X, F,F') = (¢ 'gXg~ !, gF, gF"),
for (g,¢) € G, x C* and (X, F, F') € Z,.
We consider the complexified K-group of the abelian category of G, x C*-
equivariant coherent sheaves on Z,,. Using the closed embedding Z,, C

Y,, x Y,, we have the convolution algebra K&»*C” (Zy). Zy has a partition
Zn = Uyes, Zn(w), where

Zn(w) = {(X,F,F') € Zy | (F,F') € Op(w)}.

We have dim Z,,(w) = n(n — 1) and Z,(w) is a (@ — /(w))-dimensional
vector bundle over O, (w). Then, {Z, (w)}yes, is the set of the irreducible
components of Z,. Define

Zn-an={(X,F\F'Ye Z, | F,-1 =F,_}.

The condition F,_; = F}_, is equivalent to (F,F') € Uyes,_,On(w), so
that we have Z,_1, = Uyes, _, Zn(w).

Similarly, (F, F") € On(e) UOn(si) = On(s;) if and only if Fj = I}, for all
j # i, and

Zn(si) ={(X,F,F') € Z, | F; = F}, for all j #1i, XF;;1 C F;_1}.

The pushforward of Om with respect to the closed embedding Z,(s;) C
Zy is also denoted by Om by abuse of notation. We denote
bi = [Om] € KG"X(CX (Zn)

Let Q; ;41 be the parabolic subgroup of G,, which corresponds to s;, n; ;41
the nilradical of its Lie algebra. Then

Zn(sl) = (Gn X (CX) XQi,i+1><CX (ni,i—i—l X Pl X Pl)

is a vector bundle over Oy, (s;) = (Gn X C*) X, . xCx (P! x P!). Then we
define as follows.

Definition 3.1. The line bundle £; on Z,(s;) is the pullback of
(G X C") X, 1y xex (Op1(=1) @ Op1(—1))

on Oy(s;).

For X\ € Ze1 @ - -+ & Ze,, = Hom(T,,,C*), let Cy be the B, x C*-module
associated with A and define the associated line bundle Ly on F¥, by

L)\ = (Gn X (CX) X B,, xCx (C)\.
When we consider A as a character of T},, we denote it by e
identify K¢*C*(F¢,) = R(T, x C*) via Ly — €* as usual.

Let us denote m, : Y, — F{, and §, : Z,(e) C Z,. We consider the
diagram

A. Then, we

Fly &Y, = Zole) 22 7,
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and we denote
Ox = [0 L_y] € K€ (Z,).

Definition 3.2. We define 7; = [£;] + ¢, for 1 < i < n, and X; = 6, for
1< <n.

We have 60, =[]}, X;‘i, for A =>"" , Ai¢;. Using the exact sequence
0— O]pl(—l) X OPI(—l) — O]pl %) O]pl — OApl — 0

where AP! C P! x P! is the diagonal, we know that [£;] = b; — (1 — ¢f,,).
Then, T;, for 1 < ¢ < n, and Xiil7 for 1 < ¢ < n, satisfy the defining
relations of H,. In particular, we have the Bernstein relation

0 — 0,
Ty = 0uaTh + (1 — ) >——2,
0_a, —1
where a; = —¢; + €;41. This follows from the next theorem. The theorem

was found by Lusztig and the action of T; is called the Demazure-Lusztig
operator.

Theorem 3.3. Through the Thom isomorphism, we identify K& *C"(Y},)
with

K> (F1,) = R(T,, x CX).
Then the convolution action of K> (Z,) on K *C*(Y,) is given by

fosif | foesif o a

Tif_eai—l e —1

It is well-known that this is a faithful representation of H,,. Note that we
have chosen the isomorphism H,, ~ K%*C*(Z,) to have the same formulas
as [, Theorem 7.2.16, Proposition 7.6.38]. When we follow [2J], we define

O\ = [Opsm Ly and T; = —[L;] — 1.
Then, the formulas for the convolution action on R(T;, x C*) change to those
in [B3, p.335). The two identifications of H,, ~ K%*C*(Z,) are related by
the involution o defined by
Ty —qT; ', X XL
In the rest of this section, we follow the identification in [RJ].

The center Z(H,) of H, is the C[¢*!]-subalgebra consisting of all the
symmetric Laurent polynomials in Xi,...,X,. Thus, we identify Z(H,)
with R(G,, x C*). We also identify C[¢*][XT!, ..., X;F!] with R(T;, x C).

Let K¢*C*(Z,_1,) be the convolution algebra with respect to the em-
bedding Z,,_1, C Y, x Y,. Let

e H,_1, be the parabolic subalgebra H,_1 ®¢ C[XF!] of H,, and
® iy : Zp_1n C Zy be the inclusion map.

We attribute the next theorem to Ginzburg [f] and Lusztig R3]. In [[Lq],
it was stated as an isomorphism of bimodules.

Theorem 3.4.
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(1) We have an isomorphism of R(G,, x C*)-algebras H, ~ K> (Z,) by
the above choice of T; and X; in KGn*C” (Zy).

(2) The inclusion map t,, induces the following commutative diagram of Z(Hy,)-
algebras.

bt KECN(Z, 1) — K9*C(Z7,)
3 \)
H,,, € H,
where the vertical arrows are isomorphisms.
It is also clear that the inclusion map Y, ~ Z,(e) — Z,_1,, induces
KG” xXC* (Yn) N KG” xC* (Zn—l,n)
and it is identified with R(T;, x C*) — Hp_1 5.
3.2. The embedding of H,,_; into H,,. Let
Yo—1n=T"Fln|re, .,
where we identify F¢, | = {F € Fl, | F,_1 = C" '}, and let
Nop-1n={X €N, | XCtcCr '}
Then we define
Zy 1n=Yn1n XNy 1, Yn-1n
={(X,F,FYe Z, | F, 1 =F, , =C" '}
Let P,_1,, be the maximal parabolic subgroup of GG, that stabilizes cr-L.
The Levi part L,,—1,, xC* of P,_1 , xC* is (G,,—1 xC*) xC*, which acts on
Zn—1 by letting the middle component act trivially. We denote the unipotent

radical of P,,—1 ., by Up—1. It is also the unipotent radical of P, , x C*.
Explicitly,

G 0 1,1 *
Lnfl,n = < O ! CX) 9 Unfl,n = {( 0 ! 1> } .

We consider the following diagram.

21 T (G xC)X 2y S (GuxC) X p, e 2L

n—1n n—1mn n—1n

= Zn—l,n-
Then we have the restriction map

GnxC* . 7oGnxC* ~ FPr—1nXCX iyt
Respr” = wox + K (Zy—r,) = K1 C (70 ),

/
anl,n
we write Kp—1n : Z)_1 .,

)

KLn—l,nX(CX( / )<: KLn—l,nXCX (Zn—l)-

n—1n

isa L1, xC*-equivariant vector bundle of rank n—1 over Z,_; and

— Zp—1. Then k;,_4 ,, gives the Thom isomorphism

Noting that
KPnfl,nXCX( / ) ~ KLnfl,nX(CX( / )

n—1,n n—1n
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by the forgetful map, and
KLn—l,nX(CX (Zn—l) ~ K Gn-1 xCx (Zn—l) c C[X;ll:l]’
we have

KPn71,n><(CX( / ) ~ [(anpdc>< (anl) c (C[Xr::ﬂ]

n—1,n
Now, the following holds.

Proposition 3.5. We have the following isomorphism of R(Ly—1, x C*)-
algebras

KGnXCX (Zn) ) KGnX(CX (Zn—l,n) ~ KGn—l xC* (Zn—l) c C[Xr:::IL
which gets identified with H,, O Hy_1, = H,—1 ®c CIXFY.

Proof. We only have to show that b; — b;, for 1 <¢ <n — 1, and 0 — 0).
Define

A4 (Sl) = {(X, F, F/) € Zrlz—l,n | f‘} = f‘j]/ for all 5 75 1, XFiy1 C Fifl}-

n—1n

Then v ', (Zn(5:)) = (G x C*) x Z!

n—1,n n—1,n(3i) and we have

=K

* % ) ) *
1% N — .
nfl,nozn(si) :u'nfl,n(/zéb_lm(si)a (/Z;’L—l,n(si) nfl,nOZnil(Si)

Hence, b; — b;, for 1 <i<n—1.

Let Z), 1 ,(e) ={(X,F,F') € Z,_,, | F = F'} and consider the diagram
Vit 1(Zn(€)) = (G x C¥) x Zy,_y (e)
v { Un—1n
Z;hl,n(e) ~Y,1n C Y, ~ Z,(e)
Tn—1n L
Flp1 C Fly,

* * o x *
Then Vn—l,nﬂ-nLA - lu’n—l,nﬂ-n—l,nLA‘]'—én—l and

L)\‘]:gn_l = (Pn—l,n X (CX) XBnX(CX (C)\.

But the diagram

(€)=t (Zaca(€) = Yoot S Yao1 & Zooa(e)
N\ L1
Flp_1

shows
W:L—l,nL)\Lan—l = "”v;—l,n (W;—l((Pnfl,n x C*) X BpxCx (CA)) .

Hence, 6y — 6, for A\ € Hom(7,,,C*).
As the generators b; and 6, correspond correctly, it is an isomorphism of
R(Ly—1,, x C*)-algebras, which is identified with H,, 1 ®C[X;] — H,. O
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3.3. Specialized Hecke algebras. Let ( € C be a primitive e root of
unity, for e > 2. We fix a diagonal matrix s = diag(¢®!,...,(*"), and set
a = (s,¢) € G, xC*. We denote by A the smallest closed algebraic subgroup
of G,, x C* that contains a, namely the cyclic group (a) of order e in our
case. Note that A is contained in (G,—; x C*) x C*.

Definition 3.6. We denote the A-fixed points of M by M?, for M = Z,,
Zn-1n, Yn =T Fly,, Fl, etc.

Let C, be the R(T,, x C*)-module defined by X; — (*¢, for 1 < i <n, and
g+ (. Co|p(a, xcx) defines a central character Z(H,) = R(G, x C*) — C.
Then we write C, ®z(g1,,) —, for the specialization of the center with respect
to the central character. We define f, € C[X,,] by

fa(Xn) = (Xn - CSI) e (Xn - Csn)

Definition 3.7. The C-algebra Hy = C, ®z(g,,) Hy is called the specialized
Hecke algebra of rank n at a. The specialized algebra C, ®z(g,,) Hn—1,n of
the parabolic subalgebra H,,_1 , is denoted H?_,

Lemma 3.8. Let ay, be the k-th elementary symmetric function in X1, ..., X,
evaluated at X1 = ¢%',..., X, = ¢*". Then, C[XE']/(f.) is a Z(H,_1)-
algebra via

e ap — p_1Xp + -+ (—1)kai,
where ey, is the k-th elementary symmetric function in Xq,..., X,_1, and

n—1n = Hn-1 ®zm,_,) (C[Xfl]/(fa)-

Proof. Asep+X,e;_1 is the k-th elementary symmetric function in X1, ..., X,
the surjective map

Hn—l,n - Hn—l Xc (C[szi:l] — Hn—l ®Z(Hn_1) [Xil]/(fa)

factors through Hp_; . On the other hand, both have the same dimension
n!(n — 1)!. Hence the result. O

As H, ~ K>*C(Z,) and H,,_1,, ~ K*®(Z,_1,) as R(G,, x C*)-
algebras, we identify the following C-algebras respectively.

H = C, @pa,xcx) K (Z,),
fl:*l,n = (ca ®R(G’n><(C><) KGRX(CX (anl,n)-
By Proposition B.5, geometric realization of Lemma B.§ is given by
oty KO 110 a5 (KO 7 1) 5 1)
~ KX (Z 1) @01, 1) CIXG )/ (fa)-
Let m; be the multiplicity of ¢* in {¢*1,...,¢*"}. Then
CIX'/(fa) = @ CIX'/((Xn = ¢H)™).

1€EL/el
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Definition 3.9. We denote by p; the identity of C[XF']/((X,, — ¢*)™)
which is viewed as an element of Hy_y . Thus, p; are central idempotents

of Hg_lm such that ZiEZ/eZ pi = 1 and pipPj = PjPi = 0i5Pi-
We have the decomposition of C-algebras
g—l,n = @ pngL—ani'
€L/l

We fix i € Z/eZ and suppose that (v1, ..., v,) is a permutation of (s1,. .., sy)
such that v, = i. Then

(diag(¢™, ..., (" 1),¢) € Gp—1 x C*
defines a central character of H,_; and we may define the specialized Hecke
algebra with respect to the central character. We denote it by H,',. By
Lemma B.§, we have the surjective algebra homomorphism
piHy_y opi — Hp'y,

because if we write by, = a, — ap_1¢* + -+ + (—1)’“(’1‘“'7 then

n—1 n
(Z(—1)kkak> (1=¢"T) = (~1)"(bp_1(" + b)) T
k=0 k=0
n
=> (-DFa,T"

k=0
= (1= ¢MT) - (1 - ¢
and e — by, for 1 < k < n —1, is the central character which defines HZfl
Composing it with the projection Hy_, ,, to p;Hy_; ,pi, we have

a BN & L

n—1,n n—1’
which is nothing but the specialization map at X, = (¢’. Its geometric

realization is given by

Ca @zt1,) K (Zn-1n) — Casi @7a1,_1) KO (Zn1).

Lemma 3.10. Simple pily5_y ,pi-modules are obtained from simple HZil—

modules through the algebra homomorphism p,Hy_, ,pi — HY' ..

Proof. Let I, be the two-sided ideal of p;H;_, ,p; generated by X, — <
Then I, is nilpotent, so that I, acts as zero on simple p; Hy_; ,p;-modules.

As HZfl = piH{_1 ,pi/Ia by Lemma B.§, we have the result. g

Ginzburg’s theory tells us how to realize the specialized Hecke algebra in
sheaf theory. Definitions of the maps in (1) are necessary in the proof of
(2), so that they will be given in the proof.

Theorem 3.11.
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(1) We may identify H* = HEM(Z¢ C) by

resn

X RR,, a
Co Op(ay K (Zn) ~ Co @peay KA(Z,) =" K(Z3) =" HPM (23, C).

We may identify HY_, ,, = HfM(Zg_Ln, C) in the same way.
(2) The following diagram of C-algebras commutes.
HPM(ze | C) 5 HPM(ze C)

n—1n»

|
gfl,n — Hg

Simalarly, Y3 — Zy_, ,, induces the following commutative diagram of C-
algebras.

HAM(YC) — HM(Z),,.C)

n—1,n»

| |
(Ca ®Z(Hn) R(Tn X CX) — Hgfl,n

Proof. (1) is well-known. See [[l] or [fJ]. We check the commutativity in (2).
Let Y x Y* CY, xY, be the closed embedding. Then, we have

il 280 =2, N (Y2 X YY) < Z,,
i 2 = Znan N(YE XYY = Zy g

n—1,n n—1,n
We define the pullback

(i)" - KN (Zn) — KEA(Zy),
(2 0) KA(Zurn) — KA(Z2, ),
in terms of the embedding V¢ x Y, C Y, x Y,,. We have the linear A-
action on each fiber of the normal bundle Tya«Y,, and its decomposition into
isotropic components leads to the decomposition of the normal bundle into
the direct sum of vector bundles Nj, for i € Z/eZ, over Y,*. We define A,
by

An = ® Z(_Cz)] N Niv € K(YT(LI)
i€Z/eZ \j=>0
res, for Z, is defined by

(’iA * —1

resn s K4(Zy) U5 €, @poa) KA(Z8) ~ K(20) 2% K(29),

n
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and similarly for Z,,_; ,, and Y,,. Here, 1@\, ! € K(Y,2x Y,%) acts on K (Z2)
by the multiplication. Then, the commutativity of the diagram

Co ®pa) KA (V) ~ KV

{ {
Co @pay KN Zn-10) =~ K(Z8_1,)
s 4 4 in«

Co @p(ay) KN (Zn) ~ K(Z3)

follows from the statement below.

Let N C M be a closed embedding between smooth varieties,
Z a closed subvariety of M. Let Z' = Z N N and denote

¥

N - M
Jr T
7 %z

We define ¢'* with respect to these inclusions to smooth
varieties. Then, ¢*1,[F] = (L"*[F].
To see this, observe that both sides are essentially the same [0, Oy ®(L9M L F]

by the definition of ¥'*.
Finally, recalling that RR,, is defined by

RR,(F) = ch(F)(1 @ tdya) N [Y;? x V1],
we have the commutativity in (2). O
Theorem (1) also allows us to identify Hy_; , — H™ | with
HM(Z3 1,0, ©) — HEM (2, C),

n—1,n» n—1>
but we do not try to find the geometric realization of this homomorphism.
Later, p;Hpy_y ,pi — H" | will be identified with

Ext s (va pmy) (BT 1 0, C) — EXtB"(N;},I) (Rmy*,C),

where the homomorphism is defined by the commutativity of the diagram:
EXt*Db(N;}X]P’m)(Rﬂ-a C) — ]E}(‘c}‘:)b(j\[;lt1)(Rﬁa;Z C)

n—1,n| n—11

piHy_y npi — Hy
Then, we consider the induced isomorphism
Pz‘Hg—LnPi/ Rad(p; g—l,npi) ~ H" ) /Rad(H,")

in this identification. Lemma shows that the isomorphism may be given
geometrically and it suffices for our purpose.
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Recall that we have identified e* € R(T;, x C*) with []l, X;‘i € H,.
Denote the product by X*. Then, in the above theorem, 1® X is identified
with

ch(mh Ly|ye)tdyach(N,) "t N [Y;4] € HPM (Y2, C).
In particular, the identity element of HZM (Y%, C) is tdyach(\,) "' N[Y;%] and
the multiplication by X* is the same as the cap product ch(m};Ly|ya) N —.

4. GEOMETRIC PROOF OF THE MODULAR BRANCHING RULE

In this section, we give a geometric proof of the modular branching rule.

4.1. The statement. First we explain the precise statement which we are
going to prove. In fact, we have two versions according to the choice of the
identification H,, = K%*C*(Z,).

Definition 4.1. For an H,-module M, define the i-restriction
i-Res(M) = {m € M | (X,, — ¢)Nm = 0, for large enough N.}.
Then, the statement of the modular branching rule is as follows. The

modules Ly, will be introduced in 4.4.

Theorem 4.2. We identify H,, with K¢ (Z,) by ) = [6p. 7 Ly] and
T; = —[L;]) — 1. Then, for the simple Hy-module Ly labelled by an aperiodic
multisegment 1, we have

Soc(i-Res(Ly)) = Lé;ps
where the crystal structure on the set of aperiodic multisegments is as in

Theorem [2.10.

Let us consider the other identification of H,, with K¢*C*(Z,). Recall
the involution ¢ defined by T; — —qT[1 and X; — X;l.

Definition 4.3. An H,-module obtained from L, by twisting the action
by ¢ and relabelling aperiodic multisegments by p is denoted by

Dy =L,y

Theorem 4.4. We identify H, with K¢*C"(Z,) by 05 = [6p,75L_)] and
T; = [Li] + q. Then, for the simple H,-module Dy, labelled by an aperiodic
multisegment 1, we have

Soc(i-Res(Dy)) = D,
where the crystal structure on the set of aperiodic multisegments is as in
Theorem [2.13.
Theorem [£.4 follows from Theorem [£.3. In fact,
Soc(i- Res(Dy)) = Soc(? ((—i)- Res(L,y)))

~ 7 Soc((—1)- Res(Lp(w))) ~ 7L p(w)s
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where é_; is the Kashiwara operator with respect to the crystal structure
in Theorem .9, so that it is isomorphic to 7L y@;9) = De;y where ¢€; is the
Kashiwara operator with respect to the crystal structure in Theorem [.4.

In the rest of the section, we identify H, with K&»*C* (Zy) as in Theorem
[-3 and prove the theorem.

4.2. Localization and eigenvalues of X,. Suppose that (X, F) € Y%
Then, sXs ! = (X and F is such that F; is obtained from F;_; by adding
some eigenvector of s. We denote the eigenvalue of the eigenvector by (%%, for
v; € L)eZ, and write v = (v, ...,v,). We call v the flag type of (X, F'). Note
that v is a permutation of (s1,...,s,). For (X,F,F') € Zi =Y xna Y7,
we say that the flag type of (X, F, F’) is (v,V/) if (X, F') has flag type v and
(X, F’) has flag type v/

Now, we look at the decomposition of V' and Z;_, ,
components. On each component, the flag type is constant.

into connected

Definition 4.5. Let p;Y,? be the disjoint union of connected components of
Y whose flag type v satisfies v, = i.

Similarly, we let p; Z5_; ,pi be the disjoint union of connected components
of Zg 1, whose flag type (v,1') satisfies v,, = v}, = .

The following lemma uses our choice of the identification of H, with
KG&>C*(Z,) in this section.

Lemma 4.6. Under the identification HPM (Z2 C)=H?

n—1,n» n—1,n’
HPM(p; 28 pi,C) = piHy 1 ,pi.
Proof. Let (Y#), be the set of (X,F) € Y,? such that the flag type is p.
First we show that
HPM (Y, C)ps = b vEM(YHWO).
p such that pn,=t
In fact, X, acts on C, ®p(4) KA(Y%) by

we have

W;Len |Y7‘Ll & —
by Theorem B.11l Now, A acts on fiberwise over Y,%, and the fiber of 7% L.,
at (X, F) is C"/F,_1. Thus, A acts as (" on the fiber when the flag type
of (X,F) is p. Then, X, is (¥ Le,|va € K((Y,})u), where 7 Le, |ya is
a line bundle without A-action, and Theorem implies that X,, acts on
HBM((y,2),,C) by the cap product of

¢Hmeh(my, Le, lya) = ¢ + higher degree terms.

Hence, X, — ¢#n acts nilpotently on HZM((v,2),,,C). We have proved the
claim.
Let ,(Zy_1 ) be the set of (X, F,F') € Z_, , such that the flag type

is (v,v). By the definition of the convolution product, the product
HPM (V) C) - HPM (,(Z33 -1 ), C)

n—1,n
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is nonzero only if 4 = v. Thus, p; HEM(,( n_1n)vsC) = 0if v, # i, and the

left multiplication by p; acts as the identity map on HZM (w(Zy-1.0)v,C)
if v, = i. Similar argument shows that HPM(,(Z%_ ;. ), C)p; = 0 if

n—1n
vl, # i, and the right multiplication by p; acts as the identity map on
HEM(,,(ZSA,”)V/, C) if v}, = i. We have proved the result. O

4.3. A functorial algebra homomorphism. Now we work in the derived
categories of abelian categories of sheaves of C-vector spaces. The following
is proved in [f], Proposition 8.6.35].

Theorem 4.7. Let My, My and Mj3 be connected smooth wvarieties, N a
variety and let p; : M; — N be proper maps. Let A; € D(M;) be a con-
structible complex, for i = 1,2,3. Define Z;; = M; xn M; and denote
Lij ¢ Zij € M; x M; the inclusion map. Let A;; = L%j(.A;/ ® Aj). Then the
following hold.
(1) Let p;j : Zij — N be the projection map. Then
Rpij Aij ~ RHom(Rpi As, Ry, Aj).
Thus, we have isomorphisms of C-algebras
H*(Zij, Aij) = H*(N, Ruij, Aij) ~ Extpy ny (Rpi oA, Risj Aj).
(2) The convolution product
H*(Zij,.Aij) & H*(ij,Ajk) — H*(Zik,Aik)
1s identified with the Yoneda product

Extpo ny (Rt Ais Riv Aj) @ Bxthy oy (Rpj oAy Rivie Ar)

under the isomorphisms in (1).

We view elements of N as representations of the cyclic quiver of length
e. Namely, we put V; = {v € C" | sv = (*v} on the i*" node, for i € Z/eZ,
then X € N2 defines X : V; — Vi1, for i € Z/eZ.

We fix i € Z/eZ. Let m+1 = dim V; and P the projective space consist-
ing of m-dimensional subspaces of V;. We have the following commutative
diagram.

Yy, Ngipm PiYy =piZy 120 = DiZapi = piYy) /\>f<;g Yy,
l l
NOXP™ A
Pn

where p,(X,U) = X and the left vertical map is given by (X, F, F') —
(X, Fh—1).
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Lemma 4.8. Let M i> X LY be proper maps and suppose that M 1is
smooth. We consider the following diagram, in which all squares are carte-
stan.

MxxM -5 MxyM-2MxM
Tl . b
X 5 Xxy XS XxX
g\ L7 g2
Y 2y xy

Denote A = Rf,C and B = Rg.A. Then the following hold.
(1) We have the following isomorphisms of C-algebras.

HPM(Mxx M, C) = Ext},, (A, A), HPY (Mxy M, C) = Ext},, (B, B).
(2) 7y : HBM(M xx M,C) — HBM(M xy M,C) is identified with the func-
torial algebra homomorphism
Ry : Exthy ) (A, A) — Extiyy 3 (B, B).
Proof. (1) follows from Theorem [L.7. In fact, if we ignore degree shift then
HBM(M xx M,C) ~ H*(M xx M,i'A'C) ~ H*(X, Rm,i' A'C)
~ H*(X,/Rr' ,A'C) ~ H*(X,/ A'Rf}*C).

As AY = (Rf.C)Y = RfiCY = ®Rf.C[2dim M;], where the summation is
over connected components M; of M, if we ignore degree shift then

RHompyxy(A, A) = (Ao 1) (AY ® A) = (Ao) Rf)*C.
Hence, HEM (M xx M,C) ~ ExtBb(X)(.A, A) is proved. We can prove the
other isomorphism similarly.

(2) If we ignore degree shift, the pushforward ¢, of Borel-Moore homology
groups is given by

H*(M x M,R(Aoi).(Aoi)(CY®C)) — H*(M x M,RA,A(CY ® C)).
First we claim that it is identified with
D(X xy X, R, ) A(AY @ A)) — T(X xy X,A'(AY @ A)).

To see this, let Z® be an injective resolution of A'(CY ® C). Then, for the
complex of sheaves I'prx  a7(Z®), which is defined by

U Tarsx (T (U) = {s* € Z°(U) | supp(s’) € M xx M, for all i.},

for open subsets U C M xy M, the ¢, in question is obtained by taking the
cohomology of the following morphism of complexes of C-vector spaces.

F(M Xy M,FMXXM(Z.)) — F(M Xy M,I.).
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For open subsets U C X xy X, we have
Ty (7. F)(U) = Ker (w;f(U) restriction 1 (U \ X))
= Ker (F(x'~H(0) """ F(x'HU)\ M xx M)

= Toarxmt (F) (@ 1),

for a sheaf F on X xy X, so that the above morphism of complexes of
C-vector spaces is nothing but

['(X xy X, Tx(m.Z%) — I'(X xy X, 7,I°%),
and it is identified with
(X xy X, Ri, ' Rr.AY(CY @ C)) — I(X xy X, Rr,AY(CY @ C)).
Now we apply the natural transformation Ri.t' — Id to the isomorphism
RrlACY @ C) ~ A'RfHCY @ C) ~ A'((RAC)Y ® Rf.C))

to obtain the claim.
Next let Z®° be an injective resolution of A. Then, our morphism of
complexes of C-vector spaces is

N(X xy X,Tx(Z* ®I%) — T'(X xy X,Txxyx(Z*' @ I%)).
For open subsets U C X xy X, the map
Lx(I* ®I°)(U) — Txxyx (% @ I°)(U)
sends > af ® (7, whose support is in X, to > af ® B itself. The left
hand side is identified with Extje, v (Z*,Z°)(U N X), where Kb(X) is the
homotopy category of the additive category of injective sheaves on X. On

the other hand, if U = /"' (V/), for an open subset V C Y, then U N X =
g 1(V) and

Dxoy x(I* @I*)(U) = x5y (91" @ g.I°)(V)

as before, so that the right hand side is identified with Ext}ey - (9:Z°, 9:Z°) (V).

Therefore, the pushforward ¢, of the Borel-Moore homology groups is the
functorial algebra homomorphism g., namely V' = Y in the collection of
maps

G : @Home(gfl(V))(Z.’gfl(V%Z.’gfl(V)[i])
1€Z
— @Home(V) (9:Z°|v, g« Z°|v [1]).
i€Z

This is Rgx : Ext*Db(X)(A, A) — Exthy 3y (Rg« A, Rg.A) as desired. O
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In the following, we write Ext7,, v (A) for Exthu x) (A, A), and we denote
T 1n DYy — N x P,
T p Y — NY.
We remark that 73 = ppomy,_q .
Corollary 4.9. We have the isomorphisms
piHypi ~ EXtEb(Nﬁ)(RW?L!C)’
PiHy 1 npi = Exth e pmy (BT 1 5, C)

n
functorial algebra homomorphism.

such that the inclusion p;Hy_y ,p; < piH}p; is identified with the following

Rpp, : EXtEb(NgXPm)(Rﬂ-a C) — EXtEb(Ng)(RﬂZ!C)-

n—1,n|

Proof. Set M = p;Y,%, X = N¢xP™ and Y = N¢. Then Lemma [£.§ implies
the result. O

4.4. Geometric construction of U, . Let U, as in section 2. By Lusztig’s
theory, we may realize U, geometrically by using his geometric induction
and restriction functors [RI]. In fact, this is essentially the Hall algebra
construction which we already explained in section 2. We only need the
special case which corresponds to the multiplication by f;, which we shall
explain here.

Recall that C" has the eigenspace decomposition C" = @®;cz/.7Vi with
respect to s = diag(¢*, ..., (). We suppose that s,, = i.

Let dimV = m + 1 as before and let W; = V; N C*~! and W; = Vj, for
j # 4. Note that W; # V;. Thus we have C"~! = @iEZ/eZ W;. Then, we
consider the diagram

EW (p—l Gn(s) XUn—l,n(S) FV,W & Gn(s) XPnfl,n(S) FV,W &> Ev,

where Ey, Ey and Fyy are defined by

FEyw = @ Homc(Wi, Wi+1)7 By = @ Hom(C(Via Vi-i—l)
S i€Z/el
Fyw = {X € By ’ XW; C W;yq, for all i € Z/GZ},

and p1(g, X) = X|cn-1, p2(g, X) = (9,X) and p3(g, X) = gXg ™.
We only consider those objects whose supports are contained in the null-
cones. We denote the subdiagram by ﬂ

s;_il e Gn(s) XUn—1.n(s) Nr?fl,n Mn;>hn Gn(s) X Pp_1.n(s) Nﬁfl,n ﬂ> NVULL
Note that G, (s) Xp,_, . (s) Nit_1, = {(X,U) | XU CU} SN x P™.

2Recall that N1, = {X € N,, | XC"~' CC" '},
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./\/;?’fl has finitely many G,,_1(s)-orbits and the stabilizer group of a point
in each orbit O, for a multisegment ¢, is connected. We denote by

16, = 10(0;,C),
the intersection cohomology complex associated with the orbit O, and the
trivial local system on it. Then, v;_, ,ICy is a Ly, 1 n(s)-equivariant simple
perverse sheaf up to degree shift, and we may write vy, ,,/Cy, ~ M;_LnIC’&

up to degree shift, for some simple perverse sheaf [ Cg'j; on N x P™. [ Cg'j;
is unique up to isomorphism. In fact, we have an integer d independent
of ¢, given by the difference of the dimensions of the fibers of p,—1, and

Vn—1,n, such that IC’Z7 = p?—Ld(yn_Ln*u;kl_LnIC@). We define a functor Ind?
by Ind’(I C,)=1 CZ,. Then, we define the induction functor by

Ind; = Rpp, © Ind? .
Now, as in the proof of 1], 9.2.3], we consider the diagram
Vi = Gu(8) Xty (s) Yae1n — Gn(8) Xp, () Va1 = DY,
which “covers” the left three terms of the above diagram with cartesian

squares. We denote the leftmost vertical map by

ayi | yat ;i
Tl Y — N

Then, we have the following equalities up to degree shift.
Ind’(Rr%" | C) = Rx®_,,,C, Ind;(Rr®%',C)= Rr?C.

n—11 n—1,n n—11

The main result of R1] is the geometric construction of the algebra U,
in terms of the induction functor. The simple perverse sheaves IC,, are
part of the canonical basis and Ind; corresponds the multiplication from the
left by f;. The canonical basis defines the crystal B(co). Combined with
Kashiwara’s result [[[4, Proposition 6.2.3], we have the following. ﬂ

Lemma 4.10.
(1) Let ¢ be a multisegment of size n — 1. Then, we may write

ei(p)
Ind;(IC,) = > IC; ei(¢) — 241+ > Ry ilil,
j=0

JEZ

for certain perverse sheaves R, ; on N2. i
(2) Suppose that 1Cy, for a multisegment 1) of size n, appears in Ry ;, for
some j. Then, we have

—6() +2<j < e¥) -2

31t is known that [@, Proposition 6.2.3] may be proved in this geometric framework.
4The summation means the direct sum.
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4.5. Some semisimple quotients. Lemma implies that the surjection
piHy | ,pi — H,", induces the identity map

piHy_y ,pi/ Rad(piHy_y ,,pi) ~ ©n Ende (M)

— @y Ende(M) ~ H* | /Rad(H"" ),
where M runs through the common complete set of isomorphism classes of
simple modules.

On the other hand, the complete set of isomorphism classes of simple
C) and Ex‘cDb(Naz )(Rﬂ' C) may be
described by those simple perverse sheaves that appear in R#? C and
Rt 1,(C after some shift, respectively. The degree of the shift depends on

the perverse sheaf. As they are semisimple complexes by the decomposition
theorem, we write

Rrl_y,,C~ Z Z ICy[m)®™vm | Rl C Z Z 10 [m]®nem,

P mEZL © meZ

modules of EXtBb(Name)(RW

n—1,n| n—1|

n—1,n)

where ICy and IC, are simple perverse sheaves on A x P and N;jfl,
respectively. Let Ly, = C™m™ and L,,, = C™#™ be the multiplicity
spaces of ICy[m] and IC,[m]|, respectively. Define

Ly= Lym: Ly=EP Lom

meZ meZ

Then, we have

Ext}yn pa ) (RTn—1.0,C) = @D Ext™(ICys, ICyn) @c Home(Lyr, Lyn),
wl7w//

Ext?, EB Ext*(ICy, IC,») ®c Home (Lo, Lyr).

(stl)( n ll
In other words, Ext},, ( Ngx]Pm)(RWn 1 m(C) is the matrix algebra which has
block partitions of rows and columns such that the blocks are labelled by
and the entries in the (¢)”, ") component are elements of Ext*(ICy, ICyn).
In particular, its semisimple quotient is the block diagonal matrix algebra
such that the entries of the (¢, 1)-component are

Ext="(ICy, ICy)/ Ext™(ICy, ICy) ~ C.

We have the similar matrix algebra description for Ext* (R 1,(C)

Db(Na o )
as well.

4.6. A key result. We prove Theorem .12, which we will need in the
geometric proof of the modular branching rule in the next subsection.
Define ny—15 : N9_1,, = NEXP™ kgt N9y, = N7 . We identify

n—1n
N 21 with the zero section of k,_1, and we obtaln the closed embedding

. a;t a m
677,—1777, . n—1 — Nn X P .
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Mn—1n875_1,,C is the pushforward of the constant sheaf on Y ,, to
N1, and we have the following cartesian diagram.
ertfl,n - Yr?;—il
+ 3

a a;t
n—1,n - Nn—l

a;t
n—11

a

Thus, n;,_y ,Rmy_1 ., C = £k, ,Rm,”1,C and we conclude that

* a ~ a;i
€n—1n 0T C~Rm,,,C

n—1,n n—11"
Lemma 4.11. We consider the functorial algebra homomorphism

€n—1n * BXUhbnraspmy (R 0 C) — EXtEb(Ngjl)(R”zihC)-

Then, it induces the isomorphism
Ext’bb(NgXpm)(ng,LmC)/ Rad(ExtEb(NgXpm)(RWZ,LMC))

~ Ext*Db(stl)(sz;fl!C)/ Rad(Ext*Db(stl)(Rﬂ'z;fl!@))

and it is identified with the identity map
Pngfl,an‘/Rad(Pz‘Hgfl,nPi) ~ H* /Rad(H" ).
Further, its inverse is induced by the functorial algebra homomorphism

Ind’ : Ext*Db(stl)(sz;fl!C) — EXt*Db(NgxPM)(RW;IL—LmC)'

Proof. Note that

Ext Rrl', C) = Ext* (©,IC, ®c Ly,)

*
wasfn( DE(NZE)

as C-algebras. Thus, the functorial algebra homomorphism

Ind} : Ext* (©p1C, ®c Ly) — Exthy

b
D) oy ) (@eC; ®c Ly)

induces the identity map

0
EXtDb(Ns;_il)(@gz)ICgo ®(C Lgp) - @4}0 EndC(Lgo)

— @, Ende(Ly) = Ext,, Ng,l,n)(@vm& ®c Ly).

That is, Indlz? induces the isomorphism

EXt*Db(Ng xPm) (Rm‘ifl!@)/ Rad(EXtBb(Ng xPm) (Rﬂziuc))

~ Ext}b(stl)(ng,LmC)/ Rad(ExtEb(stl)(Rﬂ,‘ifl’n!(C)).
it is identified with the identity map

HY . /Rad(HY' ) ~ piHE_, ,pi/ Rad(p; HS_y ,pi).-
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On the other hand, we have Ind’(Rx%", C) ~ Rr®

n—11

C up to degree shift,

n—1,n)

and €,y ,Rmy_y ,,,C ~ wajl,c Thus, Ind’ and €, n are inverse to the
other on the semisimple quotients, and the claim follows. O

Theorem 4.12. Consider the functorial algebra homomorphism,

Rr™ C) — Ext’bb(Na)(Rﬂ'g!C).

Ind; : Ext* (/\f‘“)( 1y

If M is a simple H}-module, then the action ofH ”, on Top(piM) coincides
with that given by Ind; under the identification

HY' | = EXtDb(/\/“ )(RTF?LZI'C), piH,pi = EXt*Db(Ng)(RW(rIL!C)'

Proof. Let (Y,%), be the set of (X, F') such that the flag type is v, as before.
We denote m,, : (Y,%), — N and

M, = @ PH (Rm,,,C).
1€Z
Then, by our identification, we have

Hf; = EXtEb(Ng) (@I/MU)

where v runs through flag types which are permutations of (si,...,sp).
Write
@MU = @ch, KR Lw.
v ¥

Then, Hy = @y Ext*Db(Ng)(ICW, ICy)®cHome (Lyyr, Ly ) and we view
it as the block partitioned matrix algebra whose entries of the (¢, ')-
component are elements of Ext’bb( Na)(I Cyr, ICyr). Define

Py = D Ext}yupa)(ICy, ICy) @c Ly
w/

Then, it is a direct summand of H? and we view it as the space of block
partitioned column vectors whose entries in the block L,/ are elements of
EXtBb(Ng) (ICy, ICy).

Eth)b(Ng) (ICw/, ICW/)@CHOHl((j(Lw/, qu) X EXt*Db(N;f) (ICw, ICw/)@CLW

— EXtEb(/\/’,‘f) (ICw, ICwu) X qu

shows that Py is a left ideal of H,, so that it is a projective Hj-module. It

is clear that
>0
Extl—)b(Na)(ICw, @& M,)

L
T Bt ey (ICy, @M,

is a simple H2-module or zero and that any simple H2-module appears in
this way. Thus, we assume that M = L,. Then, Lemma f.g says that
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multiplication by p; amounts to picking out the connected components p;Y,¢
so that

Ext 55 ey ([Cop, B M)
w =
Ext>) oy Cy, @y M,)

piL

where v runs through permutations of (s, ..., s,) such that v, = i. Suppose
that p;Ly, # 0. It is a simple p;Hip;-module. Let w15, @ (Y;3), —
N2 x P™ and
M, = B H (R —1,0,,C).
1€EZ

Then pHy_y ,pi = EXtDb(NﬁX]Pm)(@VMIbJ)7 where v runs through permuta-
tions of (s1,...,sy,) such that v, =i, and it acts on p; L through Rp,, by
Corollary .9 Now, we consider Top(p;Ly). Then, the action of p; H, n—1nPi
factors through HZfl / Rad(Hzfl) and Lemma implies that it is given
by Indlz?. We have proved that the action of H,", on Top(p;Ly) coincides

with the action of HZ_Zl given by the functorial algebra homomorphism
Ind;. O

4.7. The geometric proof. Having proved Theorem [£.13, we are now able
to give the promised geometric proof of the modular branching rule. We
write each simple H?-module as in the proof of the above theorem

Ext 50 o) (10, B M)

Ly, = .
T Bt ey (I B0 ML)

Suppose that p; Ly, # 0. We want to show that Top(p; L) contains Lg,y. As
the simple H,' -modules are the same as the simple piH};_4 ,pi-modules,
we consider the restriction of p;L, to pily_q ,pi- Let 7y, = ppomy ., .
Then, we have
Rr; C = GB Rry ,,C
v such that v, =1

32

which is equal to Indi(Rﬂgfll(C) up to degree shift. Thus, we write
b M= ecL,
v such that v, =1 ©

and restrict the action of p;Hyp; on p; Ly, to p;Hy_ ,,p; through Rp,,, which
is the functorial algebra homomorphism given by

Py wpi = @D Exthy e pm (Ind} IC,r, Ind? IC,) () Home (L, L)
o' C

P Ext}y, ey (Ind; 1C,r, Ind; IC,n) &) Home (L, Lyr) = piHpi.
o' C
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To study this, we introduce a block algebra description of pilly_y ,pi-
action on p;Ly. As

@ M, @ IC;?(:(‘P)-H i Z R(p,j Sc Lgoa

v such that vy, =1 i

by Lemma [£1I0(1), p; Ly has the decomposition

Ext 7)) o) (100, 1CT O 157 Ry )

D(ei(p)+1
Y Bt ey (ICy, ICT Y 57 R )

pily = ®c L.

Thus, we have the corresponding block decomposition of Endc(p;Ly)-
Observe that IC, appears in R, ; only if €;(¢) < €;(é;4) and IC,, appears
in ICEB(EZ( P+ only if ¢ = €;1). Hence, only those blocks L, with €;(¢) <
(eﬂ/)) and L,y appear in the above block decomposition.
To obtain the (¢”,¢)-component of the representation of p,H?_ 1.nDi

on p;Ly, we consider the image of EXtDb(NQXPm)(ICLp/’Iclp//)’ for & > 0,
through the action of

Extfy ey (I0di(IC,), Tnd; (IC,n)).

The image may be nonzero only when ICy[j'], for some j' € Z, appears in
Ind;(ICy) and ICy[j"], for some j” € Z, appears in Ind;(IC,) such that
—j" 4+ 3" + k = 0. In particular, 7 < j' is necessary. Since

ei(¢’)
Indy(ICy) = Y IC; lei(¢)) =251+ D Ry i)
3'=0 J'EL
ei(¢")
Ind;(IC,n) = > IC; ulei@”) = 25"+ > R juli"),

j"=0 j"ET
there are four cases to consider.

e Suppose that ¢’ = ¢” = €;10. We number the rows and columns of
the block matrix by 0 < j”, ' < €;(¢)) — 1 such that €;(¢)) — 1 — 25"
and €;(¢) — 1 —2j" are increasing. Then, the entries may be nonzero
only when €;(¢)) — 1 — 25" < () — 1 — 24’. Thus, we obtain an
upper block triangular matrix whose diagonal block components are
Endc(Le,y).

e Suppose that ¢’ # é;9) = ¢”. We number the rows as before, and the
columns such that j’ is increasing. If ICy, appears in L, j: then the
entries may be nonzero only when €;(1)) — 1 — 25" < j'. Hence, each
row has entries only after the column number €;(y)) — 1 — 25”. Now,
Lemma [.1((2) implies that j' < €;(¥)) — 2 so that j” = 0 cannot
happen. Hence, all the entries of the last row are zero.
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e Suppose that ¢’ = ;9 # ¢”. Then, each column has entries only
before some column number.
e Suppose that ¢’ # €;1) and ¢” # €;4. Then we have an upper block
triangular matrix again.
The first two cases show that there is a p;H,_; ,p;-submodule L;b of Ly
such that L¢/L€p ~ Lg,. Thus, Lg,y appears in Top(p;Ly,). Now, following
7, Grojnowski and Vazirani proved in Vazirani’s thesis that Soc(p;Ly)
is simple [fIl. By Specht module theory, the simple modules are self-dual

so that Top(p; L) is isomorphic to Soc(p;Ly). Thus, we have proved that
Soc(p;Ly) = Lg;y- Thus, Theorem .3 and Theorem [.4 follow.

5. CRYSTALS OF DEFORMED FOCK SPACES

In this section, we recall results on deformed Fock spaces which are related
to the combinatorial construction of simple H,-modules.

5.1. Crystals of deformed Fock spaces. Let [ € Z~ and we choose a
multicharge

v = (vo,...,vi_1) € Z.
We denote v; + eZ € Z/eZ by v;, for 1 <1i <. Let A;, for i € Z/eZ, be the
fundamental weights of g, and define a dominant weight A by

A=Ay + -+ Ay

We consider various multicharges which give a fixed A.

Let V,,(A) be the integrable highest weight U, (g)-module of highest weight
A. We want to realize V,,(A) as a U,(g)-submodule of the level | deformed
Fock space FV associated with the multicharge v.

As a C(v)-vector space, the level | Fock space FV admits the set of all
[-partitions as a natural basis. Namely, the underlying vector space is

F=p P cwa

77/20 )\EHl’n

where 1I;,, is the set of [-partitions of rank n. We do not give explicit
formulas to define the U,(g)-module structure on FV, but it is defined in
terms of the total order <, introduced below. The action we adopt here is
the one which was introduced by Jimbo, Misra, Miwa and Okado in [[LT].

Let
= @ rRx BY=| |,
n>0 AEHL,n n>0

Then, (LY, BY) is a crystal basis of FV. In this article, it suffices to recall
the crystal structure on the set of [-partitions. Before doing this, we explain
basic terminology on [-partitions.

Let A = (A®_ ... X(=1) be an [-partition, which is identified with the
corresponding [-tuple of Young diagrams. Then, we can speak of nodes of
A, which are nodes of the Young diagrams. We identify a node v of A with
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a triplet (a, b, ¢) where ¢ € {0, ..., —1} is such that v is a node of A(9), and a
and b are the row and the column indices of the node ~ in A%, respectively.

Definition 5.1. Let v = (a,b,¢) be a node of an I-partition A. Then, its
content c(vy) and residue res(vy) are defined by

c(y)=b—a+v.€Z and res(y) = c(v) € Z/eZ,
respectively.

Let v be a node of A. Then we say that v is an i-node, for i € Z/eZ, if
res(y) = i. Suppose that A\{v} is again an [-partition, which we denote by
. Then, we say that «y is a removable i-node of X and v is an addable i-node
of u. We introduce a total order <, on the set of addable and removable
i-nodes of an [-partition .

Definition 5.2. Let 71 = (a1,b1,¢1) and v2 = (ag, bz, c2) be i-nodes of A.
We define the order <, by

c(m) < e(y2), or

M =y 72 =
M {0(71) = c(v2) and ¢1 > co.

The order < depends on the choice of the multicharge v when [ > 1.

Now, we can explain the crystal structure on BY, which is defined by the
total order <y. Let A be an [-partition as above. Let N;(X), for i € Z/eZ,
be the number of i-nodes of A. Then we define

wtA) =A— D Ni(A)a.
S

The rule to compute &\ is as follows. The rule to compute f;\ is similar.

We read addable and removable i-nodes of A in the increasing
order with respect to <,. Then we delete a consecutive pair
of a removable i-node and an addable i-node in this order as
many as possible. We call this procedure RA deletion.
e If there remains no removable i-node, define A = 0.
e Otherwise, we call the leftmost removable i-node, say +,
the good i-node of A, and define é;XA = A\{~}.

Finally, we define
e;(N) = max{k € Z>g | &¥FX £ 0},  pi(A) = max{k € Z>¢ | fFX #0}.

The empty [-partition @ = (0),...,()) is a highest weight vector of weight
A in FY. We denote by V,(v) the U,(g)-submodule generated by @. Then,
Vy(v) is isomorphic to V,,(A) as U, (g)-modules.

Definition 5.3. The crystal B(v) is the connected subcrystal of BY that
contains the empty [-partition @. An [-partition in B(v) is called an Uglov
l-partition of multicharge v.

As B(v) is the subcrystal which corresponds to V,(v), it is isomorphic to
the highest weight crystal B(A).
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5.2. FLOTW [-partitions. Define a set V; of multicharges by
Vi=4{v=(o,...,vi.1) | vo < - <vi_1 < v+ e}

For each [-partition XA = ()\(0), .. ,)\(lfl)), let )\gc)’ for j =1,2,---, be the
parts of A(©). If )\§0) > 0 then we denote the residue of the right end node of
the 5 row of A\ by res()\g»c)), which is the residue of )\gc) —J+ ve
Definition 5.4. Suppose that v € V;. A FLOTW l-partition of multicharge

v is an [-partition A which satifies the following two conditions.
(i) We have the inequalities

)\gd Z )\giflc{rlfvc’ for 0 <c<l- 2’ and )\g'l_l) =z )\.g?ge‘FVO*Vl—l.

(ii) For each k € Z~¢, we have
{res(\) [ A =k} # Z/e.

We denote by ®(v), the set of FLOTW [-partitions of multicharge v and
rank n. Then, we define

O(v) = |_| ®(v),, and P = |_| O(v).
n>0 vey,
We have the following result [f].

Proposition 5.5. Suppose that v € V;. Then, B(v) = ®(v).
5.3. Kleshchev [-partitions. If [ = 1 then we have the level 1 deformed
Fock spaces FV, for v € Z. We consider the tensor product

Fh1@- .- F",
for a multicharge v. Note that it depends only on ¥V = (vp,...,v;—1). Then,

(LVl—l R ® LVO’BVl—l R ® BVO)

is a crystal basis of FV-1 ® --- @ FYO.
Definition 5.6. A Kleshchev l-partition is an [-partition A such that the
tensor product of the transpose of A()’s in the reversed order

ty\(=1) R ® t3(0)

belongs the connected component of BYVi-1®- - -® B0 that contains 0®- - -®0.
We denote by ®& the set of Kleshchev [-partitions of rank n. Then we

define
of = | | k.
n>0

We need the transpose of partitions in the definition in order to make it
compatible with Specht module theory of cyclotomic Hecke algebras, which
we introduce later. Note that if X is Kleshchev then each component A is
e-restricted.

®X inherits the crystal structure from B¥'-1 ® --- ® B¥0, and ®¥ is iso-
morphic to the highest weight crystal B(A), again.
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5.4. Crystal isomorphisms. As ®(v) and ®¥ are isomorphic, we have a
unique isomorphism of crystals between them, which we denote by

I:d(v) — oF.

We may compute this bijection explicitly. In fact, if we fix n and choose
another multicharge w such that

e w; is sufficiently smaller than w; q, for 0 < j <[ -2, and
. Vj:Wj,fOI'OSjSZ—l,

then the bijection between @Ign and B(w)<y, given by
M@ DY o (O A0

is compatible with the crystal structures on ®% and B(w)<,. Hence, it
suffices to compute the crystal isomorphism between B(v) and B(w).

Let &, = ¢Z 16, C Aut(Z') be the extended affine symmetric group.
Define o; € Aut(Z!'), for 0 < j <1 -2, by

O'j(Vo, ey Vi1, V5, ,Vlfl) = (VQ, sy Vi Vi1, . ,Vlfl)
and define 7 € Aut(Z') by 7(vo,...,vi_1) = (V1,...,Vi_1,Vo+e). Then, S,
is generated by these elements.
The following theorem was proved by the second and the third authors

in [[3]. As the multicharges v and w are in the same én—orbit, it allows us
to compute the crystal isomorphism between B(v) and B(w) explicitly.

Theorem 5.7.
(1) The crystal isomorphism B(v) — B(1v) is given by

QDY s (AW AEED A(0)),
(2) The crystal isomorphism B(v) — B(o;Vv) is given by
MO, G NG AEDY L (2O A0 36Dz,
where, \U=D and A9 are defined by
A9 @ A=Y y XG-D) g XO)

under the following crystal isomorphism, called a combinatorial R-matriz,
between g(Aso)-crystals.

B(Ay;) ® B(Ay;_,) — B(Ay;_,) @ B(Ay,).

The combinatorial R-matrix may be computed in a purely combinatorial
manner. See [[L3] for the details.
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5.5. Crystal embedding to B(occo). Let Th = {ts} be the crystal defined
by wt(ta) = A, €;(tan) = @i(ta) = —oo and €ty = fita = 0. Then, by the
theory of crystals, we have the crystal embedding B(A) — B(oo) ® T) such
that

(i) the image of the embedding is given by
{b@ta € B(oo) @ Th | &(b") < Aey)},

where b — b* is the involution on B(oo) which is induced by the
anti-automorphism of U, defined by f; — fi,

(ii) b ® tp belongs to the image if and only if G, (b)us # 0, where vy is
the highest weight vector of V,,(A).

We identify B(co) with the crystal of aperiodic multisegments defined in
Theorem and used in Theorem f.4. As B(v) is isomorphic to B(A), we
have the crystal embedding

B(V) — B(OO) ® T

in the language of Uglov [-partitions and multisegments.

We shall describe this embedding in subsequent subsections. By virtue
of Theorem p.7, we may assume that v € V. Write the crystal embedding
by A — f(A) ® tp, and denote both the empty [-partition and the empty
multisegment by the common symbol (). Then, the crystal embedding sends
0 to ) ® ta, and the tensor product rule shows that for any path

(/JEND VIR VA SRS W
in B(v), we have the corresponding path
0% FA) B f(A0) B 5 F(A)
in B(o0), and vice versa. On the other hand, if one can prove this property
for some map f: B(v) — B(oco) then it follows that
€i(A) =€ (f(A) ®@tpr) and wt(A) = wt(f () @tp),

so that we also have ¢;(A) = p;(f(A) ® tp). Hence, we may conclude that
the map A — f(A) @ty is a crystal embedding in the sense of [14] and it
must coincide with the crystal embedding B(v) < B(oo) ® Tj.

5.6. Row lengths and the order <,.. We prove two lemmas which relate
the length of rows of an [-partition and the order <.

Lemma 5.8. Let v € V; and A = A\, ..., A=D) € &(v). Suppose that
v1 = (a1,b1,c1) and 2 = (a2, ba, c2) are i-nodes of X such that each node is
either addable or removale i-node. Then, /\Eﬁl) < /\Ef;) implies y1 <v V2.

Proof. We show that 7o =<, 71 implies )\((fll) > )\((1622). As an intermediate
step, we first claim that 9 <y v, implies Aéﬁl) > )‘1(;?2_)1;2 tay Note that we
have ¢(y1) > ¢(y2) by 72 =v 71. Hence, we have

a1 < by — by +az+ve — Ve,
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which implies Aéﬁl) > )\(Cl)

b1 —ba+az+ve; —vey

Suppose that ¢; < co. As A is a FLOTW [-partition, we have
)\(Cl) > (c1+1) > 00> )\(02)

b1—bataz+ve; —Vey — Tb1—bo2taz+ve;41—Vey — b1 —ba+az"

Hence A&ﬁl) > Agfjm +qy follows.

Suppose that ¢; > ca. Then, ¢(y1) > ¢(72) and we must have
bi — a1 +ve, = by —az+ v, +e,
because v; and v, have the same residue ¢. Hence, we have
a; < by — by +az +ve — Ve, — €,

(Cl) > )\(Cl)

which implies Ag; by —bataz-+ve, —Vey—c" Then, by the same reasoning as

above, we have

NEY S y@+D)

b1—bataz+ve —veg—e = “b1—bataz+ve 41—Vey—€ 2
(I-1) (0) . (c2)
> )\bl_b2+a2+Vl—1_Vc2_e > )\b1—b2+a2+V0—Vc2 > > )\bl—b2+a2'
(c1) (c2) :
Hence Ay, > )‘blbe tas follows again.

If by < by then by —by+as < as implies the desired inequality )\((fll) > )\((f;).

Suppose that by > by. As v is either addable or removable i-node, we have
either b; = )\((fll) +lorb = )\((fll). Similarly, we have either by = )\((1622) +1or
by = )\gf). Hence, we have /\Efll) >bh —1>by > )\gf). O

Lemma 5.9. Let X be a FLOTW [-partition, and let v4 = (a/,b+1,c") and
vr = (a,b,c) be addable and removable i-nodes of A respectively. Then we

have Yp <v YA-
Proof. Suppose to the contrary that v4 <y yg. Then we have either

(i) c(va) < c(yr), or

(ii) c(ya) = c¢(yg) and ¢ > c.
In case (i), b—a+v, > b+1—a'+vy+esothat a+vey —vete < a'—1. As
(C,)l > )\((5). Then, a+vy —ve+e <ad

74 is an addable node, we also have A,

implies that
)\(C,) > )\(C,)

at+v,—ve = “a+v s —Vete

> A,

Now, using the assumption that X is a FLOTW [-partition, we have

a+v. —ve

A >\ >\ e s ¢

a+v. —vete

{AEf’ >\ >\ o<,

However, )\gf) = b since yg is a removable node, and A

addable node. Thus, we have reached a contradiction.

() . .
o = bsince v4 is an
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In case (i), b—a+v.=b+1—da + vy implies a+ vy —v.+1=ad. As
A > )\((lc, ), Thus, ¢ > ¢ implies that

74 is an addable node, A, .

)‘1(16) > )\(C/) > )\Elc//)

a+v. —Ve

However, we have )\((f) = b and )\Ef,l) = b as before, so that we have reached
a contradiction again. O

5.7. The map fy. For each FLOTW [-partition A € ®(v), we associate a
multisegment which is a collection of segments

[1—17+vg; )\Z(C)),
where )\Z(c) are parts of A, for ¢ = 0,...,1 — 1. This defines a well-defined

map fy : ®(v) = B(c0).
Example 5.10. Let e =4, and let A = ((2,1),(1)) € ®((0,1)). Then

foy ) = {[0,1], (3], [1]}-
Next let A = ((2), (1), (1)) € ((0,1,3)). Then we have the same result

fo.13(A) = {[0,1], [1], [3]}-

Then we may prove the following. Note that the fact itself was observed
by several people including the first author years ago, but the authors do
not know any reference which proves this.

Theorem 5.11. Suppose that v € V;. Then, the crystal embedding ®(v) —
B(oco) @ Ty is given by X — fy(A) @ ty.

Proof. As was explained in the previous subsection, it suffices to show that
there is an arrow A
A5

in B(v) if and only if there is an arrow

FoN) = fo(p)
in B(00).

We read the addable and removable i-nodes of p in increasing order with
respect to the total order <. Let i ...v, be the resulting word of the
nodes. On the other hand, we read the same set of addable and removable i-
nodes of p in increasing order with respect to the length of the corresponding
segments in fy(w). If the length are the same, we declare that removable i-
nodes precede addable i-nodes. We denote the resulting word 7,1y - - - Yo (m)s
for o € 6,,.

Write v, = (aj,bj,¢;), for 1 < j < m. Then, Lemma p.§ implies that
if Aéjj) # )\ka’“) then j < k implies 0=1(j) < o~ !(k). On the other hand,
Lemma [.g implies that if )\g;j) = )\Eflf) then j < k implies o~ 1(j) < o7 1(k).
We conclude that o is the identity.
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We define Sllm‘ to be the number of addable i-nodes minus the number of
removable i-nodes in {Vg, Vit1,-- -, Ym }-

Suppose that é;; = A and let v = (a, b, ¢) be the good i-node of p. Then
ming~g Sli;,z’ is attained at . Define k,, for » > 0, by

k, = min{j | )\gj.j) >}

It is clear that ming-( S}, ; is attained only at removable nodes of the form
Vk,, for some r. Now observe that addable and removable i-nodes of the
multisegment fy(p) which do not belong to {71,...,7m} come from pairs
of consecutive rows of the same length in . Let m; be the multiplicity
of (k;i] in fy(p). Then, by the above observation, we have

Sri = Z(m(k,pl] - m(k;i]) = Sllw"

k>r

and min,~o S,; is attained at » = b. Instead of proving that b is the unique
r that attains the minimum, we shall show that fify(A) = fyv(p). As v is
the good removable i-node of u, the following is clear.

If r < b then, among the nodes v;, for k. < j < ky, the
number of addable nodes is always greater than or equal to
the number of removable nodes.

This implies that, if we change the status of v from a removable node to an
addable node, then S,; > Sp; if » < b — 1, for the new values S, ; and Sy ;
computed after we change the status of . If we consider normal i-nodes
which appear to the right of v, it is also clear that S,; > Sp; if r > b+ 1,
for the new values S, ;. Thus, we obtain fifvN) = fo(p).

Next suppose that f;fy(A) = fo(p). We consider Sy; and suppose that
min,~ S,; is attained at £y < ¢; < ---. The minimum value is attained
at a removable i-node which is the leftmost node among the nodes of the
segments of the same length. Then, the minimality implies that the right
neighbor of the removable node is addable. We denote this node by ~. We
show that « is the good addable i-node of .

Suppose that =y is cancelled in the RA-deletion procedure. If the removable
i-node which cancels R is not of the form ~,, it contradicts the minimality
of Sy,,i- Thus, the removable node is v, , for some b < £y. Then, Sp; = Sy,
implies £y < b, which contradicts b < £y3. Hence, we have proved that v is a
normal addable i-node. If there was another normal addable i-node to the
right of v, it would contradict the minimality of Sy, ;, so that « is the good
addable i-node of X. Thus, we obtain f;\ = p. (]

Define B (A) = {¢p € B(o0) | €(¢*) < A(a)}. As we have proved
that A — fy(X) ® tp is the crystal embedding B(A) < B(oo) ® Ty in the
language of FLOTW and multisegment realizations, we have the following
corollary. The basis in Corollary p.13(2) is the canonical basis of V,(A).
The statement is for the crystal structure we have chosen, but it is easy to
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state it for the other, since the Kashiwara involution on the set of aperiodic
multisegments is explicitly described in [[[J].

Corollary 5.12.
(1) fo(B(v)) = B*®(A).
(2) {Gy(Y)va | Y € B¥(v)} is a basis of V(7).

6. FOCK SPACE THEORY FOR CYCLOTOMIC HECKE ALGEBRAS

In this section, we give the combinatorial proof of the modular branching
rule. The proof depends on Lemma .7, which says that isomorphisms of
crystals give the correspondence of labels of a simple Hﬁ—module, which
is labelled by various realizations of the crystal B(A). Hence, the explicit
description of the isomorphisms in the previous section gives us the module
correspondence.

6.1. Cyclotomic Hecke algebras. Let v be a multicharge as before. The
cyclotomic Hecke algebra HY(q) is the quotient algebra H,, /I, of the affine
Hecke algebra H,,, where I is the ideal of H,, generated by the polynomial
Hli;(l] (X1 — ¢"%). If we specialize ¢ = (, the algebra depends only on A, and
we denote the algebra by H2. This is the main object of the study in the
remaining part of the paper. As H2 is a quotient algebra of the affine Hecke
algebra H,,, the set of simple H,[;—modules is a subset of simple H,,-modules.
In fact, by Fock space theory for cyclotomic Hecke algebras we will explain
in the next subsection, we know that it is the set {Dy, | ¢ € B*(A)}.

Definition 6.1. We denote by H2 -mod the category of finite-dimensional
HA-modules.

Note that HY(q) is a cellular algebra in the sense of Graham and Lehrer:
it has the Specht module theory developped by Dipper, James and Mathas.
Then, the first author showed that simple Hﬁ—modules are labelled by
Kleshchev I-partitions. We refer to [B, Ch. 12] for details.

For A € ®¥ we denote by D* the simple Hﬁ—module labelled by A. For
A € ®(V),, we define D* by

D* = D'V,

We will explain in the next subsection that this labelling coincides with the
Geck-Rouquier-Jacon parametrization of simple ’Hﬁ—modules in terms of the
canonical basic set.

Before giving the second proof, we complete the first proof. Namely, we
prove Theorem [.9 below, which compares the geometrically defined simple
’Hﬁ—modules and the combinatorially defined simple ’H,/;—modules by using
Theorem [£.4

Theorem 6.2. Let A be an l-partition. Then, D ~ Dy, (n) as Hp-modules.



38 Susumu Ariki, Nicolas Jacon and Cédric Lecouvey

Proof. We have i- Res(Dy) ~ Dz, by Theorem 4. On the other hand,
we have i- Res(D*) ~ D% for A € ®K in [f], Theorem 6.1]. Note that if
i- Res(D*) ~ i-Res(Dy) # 0 then D* ~ D,,. This property of crystals is
a consequence of the Frobenius reciprocity. Hence, we may prove the claim
by induction on n. O

6.2. Standard modules. We say a few words on the standard modules of
the affine Hecke algebra. Let X € O, and consider

(Fly)x ={F € Ft} | XF; C F;_1}.

Then, H.((F¢%)x,C) is an HPM(Z2, C)-module by the convolution action,
and it is called the standard module. We denote it by My. Suppose that
X is a principal nilpotent element so that ¢ = [i;]) for some i € Z/eZ and
| € Z~p. Then, (F¢%)x is a point, which is the flag

0 C Ker(X) C Ker(X?)--- CKer(X") =V

of flag type (i4+1—1,...,i+1,4), and the proof of Lemma [£.§ shows that, if
we follow the identification H,, ~ K *®*(Z,) in [2J, then My, is the one
dimensional H,-module given by T; — —1 and

Xl = Ci+l717 cee 7Xn—1 — Ci+17Xn = CZ

Thus, M,y for general ¢ coincides with the induced up module of the tensor
product of such one dimensional modules over the affine Hecke algebras
associated with segments in 1, in the Grothendieck group of the module
category of the affine Hecke algebra.

Now, we switch to the other identification used in Theorem [£.4. Define
the standard module Ny by

Ny ="My
Then Ny, is given by T; — ¢ and
Xl = Ciil+17 oo 7Xn—1 — Ci717Xn = CZ

when 1) = (I;]. This is the standard module in [J]. Then, a key observation
used in [ was the equality

Gu=1(¥) = > [Ny : Dyluys
o

in the Hall algebra in subsection 2.3 evaluated at v = 1. [] Now we are able
to give an example of Theorem f.9.

5In fact, the choice of the identification played no role in @] because it sufficed for us
to prove the statement that the canonical basis evaluated at v = 1 coincides with the
dual basis of simples in the Fock space, and we did not need compare individual simple
modules.
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Example 6.3. Let ¢ = 3. Then, we have

Go=1({(2:2]}) = ugay + v,y Go=t ({11, (L2]}) = ugay, a2
Note that Ny(,13 and Ny(.9)) are one dimensional Hi-modules defined by
X1 — ¢ and X — (2, respectively. Then, Ny2;21y = Dy(2;2)) is the simple
module defined by

X1~ Xom P T ¢
and Nyq,1],(1;2)) 18 the module induced from Ny(i,1)y ® Ny(1;93- Thus, we
deduce that D) (1,2} is the simple module defined by

X1 Xo— (¢, Ti— —1.
(Ex.1) Suppose that { = 1. Then we have
2
forv=1D? ~ Dy(2;9y and for v =2 DY) ~ Dyay,a2)3»

with (2), (12) € ®X. This follows from the explicit construction of
Specht modules. Since (2) = fof10 and (12) = f1 fo in ®X we have
I'((2)) = (2) and T'((1?)) = (1?), so that
D® ~ Dy and D) = Dy iz
(Ex.2) Suppose that | = 2 and v = (1,2). Then, fofi0 = ((2),0) and
fif20 = ((1),(1)) in (v), so that
DD = Dy and DO = Dy 1y
6.3. Fock space theory. In this subsection, we explain the Fock space
theory for cyclotomic Hecke algebras. In the following, G, (b), U, , etc. at
v =1 are denoted by G(b), U™, etc.

Let C,, be the full subcategory of H,,-mod consisting of finite dimensional
H,-modules on which X7i,..., X, have eigenvalues in {1,(,...,¢¢ '}

Definition 6.4. Let
U, = Home(Ko(Cp),C) and V,, = Home (Ko(H2 -mod), C)
be the dual spaces of the Grothendieck groups of C, and H»-mod, and

define
U:@Un and V = EBV”'

n>0 n>0

Hereafter, we identify V;, with the split Grothendieck group of the additive
subcategory of ’HQ -mod consisting of projective ’Hﬁ—modules.

U,, has the dual basis
{[Dy]" | ¥ is an aperiodic multisegment of rank n.}

which is dual to the basis consisting of simple H2-modules.
Let 7 : U — V be the natural map and define

p: U = V(A CF
by F'— Fuy, for F e U™.
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The theorem below states the most basic result in the Fock space theory.
See [l] or [f, Theorem 14.49].

Theorem 6.5.
(1) U has structure of a U~ -module and V' has structure of a g-module.
(2) U is isomorphic to the regular representation of U~ such that

[Dy]" = G(4).
(3) V is isomorphic to V(A) and the basis

|_| {[P] | P is an indecomposable H>-module.}
n>0

of V' corresponds to the canonical basis of V(A) under the isomorphism.
(4) The following diagram commutes:

U ~ U~
Tl Ip
V.~ V(A

6.4. The combinatorial proof. First we make it clear what we mean by
“simple ’H,/;—modules are labelled by Uglov [-partitions”.

Definition 6.6. We say that simple H2-modules are labelled by B(v), if the
projective cover of a simple Hﬁ—module is equal to G(A) € FV in Theorem
b.H(3), for A € B(v), then the label of the simple module is A.

It is proved by the first author that Specht module theory is an example
of the statement that simple H2-modules are labelled by B(v). Another
example is provided by the second author. Recall that Geck and Rouquier
invented different theory to label simple modules by using Lusztig’s a-values.
The labelling set is called the canonical basic set. When we work with
Hecke algebras of type B, it provides us with a set of bipartitions. The
second author has generalized the theory to cyclotomic Hecke algebras and
his result says that simple ’H,/;—modules are labelled by ®(v), for v € V.

If one uses Theorem [.5, it is quite easy to identify simple H2-modules
in various labellings.

Lemma 6.7.
(1) Suppose that simple H2-modules are labelled by B(v). Let

fv,0o : B(v) >~ B*(A) C B(c0)

be the unique crystal isomorphism. Then, D ~ Dy, (n) as Hyp-modules.

(2) For two labelling B(v) and B(w) of simple H-modules, we denote the
set of simple modules by

{D3 | X e B(v)} and {D} | X € B(v)},
respectively. Let fyw : B(v) ~ B(w) be the unique crystal isomorphism.
Then, Df,‘ ~ D{J”W(A) as H,-modules.
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Proof. (1) Suppose that fyoo(A) = . Then, we have Gy, ()0 = G,(N).
Specializing at v = 1, we obtain G(¢)) = P*. Then, using the commutativity
of the diagram in Theorem [.-§(4), we conclude that 7([Dy]*) = [D?]*, which
is identified with P*. Hence, Dy ~ D* as H,-modules.

(2) First we apply (1) to two crystal isomorphisms B(v) ~ B*(A) and
B?(A) ~ B(w). Then use the fact that fyw = ‘;}OO ° fyv oo O

As we have established Lemma [5.7, we can derive the modular branching
rule for the affine Hecke algebra from this.

Theorem 6.8. For each aperiodic multisegment v, we have
Soc(i—Reng_l(Dw)) ~ D, -

Proof. Choose A sufficiently large so that fy(B(v)) = B*(A) may contain
any path ‘ ‘ ‘ A

DS apy By Do Boap, =
in B(o0) from () to 1. Let i € Z/eZ be such that é;1) # 0 and let XA € B(v)
be such that fy(A) = ©. Then &X # 0 and fy(&A) = é. Then, the

previous Lemma yields the isomorphisms
Dy ~ D> and Dz, ~ D&,
Thus,
Soc(i- Resy" (Dy)) =~ Soc(i- Restil(f)A)) ~ D¥ ~ Dj

where the middle isomorphism is the modular branching rule in the labelling
by Kleshchev [-partitions [fJ, Theorem 6.1]. We have proved the theorem. [J
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