N

N

On the extension of twisted holomorphic sections of
singular hermitian line bundles
Nefton Pali

» To cite this version:

Nefton Pali. On the extension of twisted holomorphic sections of singular hermitian line bundles.
2008. hal-00312755

HAL Id: hal-00312755
https://hal.science/hal-00312755

Preprint submitted on 26 Aug 2008

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00312755
https://hal.archives-ouvertes.fr

On the L*-extension of twisted holomorphic
sections of singular hermitian line bundles.

Nefton Pali

Abstract
We prove a sharp Ohsawa-Takegoshi-Manivel type L?-extension re-
sult for twisted holomorphic sections of singular hermitian line bundles
over almost Stein manifolds. We establish as corollaries some extension
results for pluri-twisted holomorphic sections of singular hermitian line
bundles over projective manifolds.

1 Introduction

The L?-extension problem that we will consider can be formulated in a vague
way as follows. Let Y be the zero set of a generically transverse holomorphic
section o of a hermitian vector bundle E over an almost Stein manifold and
let L be a hermitian line bundle satisfying suitable curvature conditions with
respect to the curvature of F and a quasi-plurisubharmonic weight ¢. Then
any holomorphic section of Ky + L satisfying a certain L?-condition with
respect to ¢ admits an extension with uniform L% estimate.

The classic situation, which has been first considered in [Oh-Ta], and
successively in [Siu2|, |Ber|, [Mc-Val, is when the hermitian bundle E is the
flat bundle Cx and X is a bounded pseudoconvex domain. The situations
considered in [Siu2] and [Mc-Va] are reduced by the authors to this particular
case. In all this works it is sufficient to prove first the result in the case
the weight function ¢ is smooth and then to extract a weak limit solution.
This is always possible by the uniformity of the L?-estimate satisfied by the
holomorphic extensions.

In this particular case there is no trouble with the regularising process
of ¢ since the curvature assumptions reduces to the pseudoeffectivness of L.
We give a simple proof of this classic case in the appendix. However this
is not needed in our proof of the general geometric case, so the reader not
interested with this particular case can skip this part.

In the case F is not hermitian trivial the lost of positivity in the curvature
conditions occur even in the case E is holomorphically trivial and X is a ball.
This is due to the presence of the singular weight produced from the section
o in the curvature hypothesis. In the case r := rk. F > 1 there is no
way known so far, of regularising a quasi-plurisubharmonic function ¢ by
producing an arbitrary small lost of positivity of the current

T = i09(¢ + rlog|o|?),
even in restriction of the complete Kéhler manifold X \Y. In the case r =1

the regularisation process produces an arbitrary small lost of positivity of the
current 1" all over X \ Y. This is possible by the Lelong-Poincaré formula.



On the other hand by replacing |o|? with |o|?+&2 in the definition of T' one
loses a fixed amount of positivity over an open set {|o| < A}, depending on
the curvature of E. This lost of positivity can be handled by applying a new
perturbation method (inspired from the perturbation method introduced in
[Dem1]) to the standard L2-theory.

This local picture is very close to the case when X is a projective variety
since by subtracting a hyperplane section H to X one can cover X \ H by an
increasing family of coordinate pseudoconvex open sets. In the subsection
3.1 we explain how our general positivity estimate simplifies in the particular
local or projective case. Our proof of the general global case (see the main
theorem 4 in section 3) is based in large part on the previous works [Man]|,
[Dem3| in which the authors consider the global geometric context without
the presence of the singularities. In our global and singular case there is an
extra lost of positivity due to the singularities of the weight ¢. By replacing
the current T' with the current

100 (gpg + 7"log(|0'\2 + 62)) ,

@- = log(e® + £2) we introduce a fixed lost of positivity over an arbitrary
small neighborhood of the poles

™ (—o0) U{|o| = 0}.

Our new perturbed L?-method requires only the regularisation of the bounded
quasi-plurisubharmonic functions ., which is a substantially simpler task
than the general case considered in [Deml]| and [Dem2].

An other difficulty is that we can not let € — 0 directly in the process of
weak limits extraction. The reason is due to the fact that the starting holo-
morphic extension produced by standard L% methods is not L? with respect
to the weight ¢. For this reason we need first to construct a holomorphic
L?(e~%)-extension. This is possible since the almost Stein condition provides
an arbitrary large amount of positivity 7w > 0 required to absorb the er-
ror therm produced by the extension obtained by local gluing. However the
holomorphic L?(e~%)-extension F’ constructed in this way does not satisfy
an uniform L?-estimate. The estimate obtained in this way blows up when
the shape of the domains involved in the exhaustion increases.

The extension with uniform L?-estimate is constructed by applying the
previous e-weak limit extraction process with initial extension F”.

Allowing singularities requires a condition on the weight ¢ with respect
to Y. This condition is always satisfied for quasi-plurisubharmonic weights
of analytic type plus a continuous rest. We wish to point out that the reg-
ularising process in [Dem2| produces only approximations of analytic type
plus a bounded rest, which can be made smooth only after blow-ups. More-
over in the case rk. F > 1 the subtle game of positivity lost and weak limit
extraction does not allow to approximate a general weight ¢ in order to



avoid the singularity condition with respect to Y. As previously suggested
the extension result in the case X projective and rk. E = 1 can be obtained
(see subsection 3.1) by slightly modifying the arguments in [Man|, [Dem3].
In this and other particular situations (see subsection 3.1) the singularity
condition on the weight is not needed.

In the last section we establish as corollaries some extension results for
pluri-twisted holomorphic sections of singular hermitian line bundles over
projective manifolds. We are able to perform our extensions from singular
varieties under an integrability assumption. The technique we use has been
invented by Siu [Siul], [Siu2] and drastically simplified in [Pal].

2 Basics of perturbed L?-theory

2.1 The abstract existence result

We start by proving the following abstract existence theorem on Hilbert
spaces (see also [Hor|, [Deml]|), which part (B) will be quite crucial for the
rest of the paper.

Theorem 1 LetT : Hy — Ho, S : Hy — Hj be closed densely defined linear
operators between Hilbert spaces such that SoT =0 and let L : Ho — Hs be a
linear operator whith domain D(L) = Hs such that for allv € D(T*)ND(S)
hold

(Lv,v) < || T[> + || Sv|*. (2.1)
(A) Let g € Ker S admitting a constant Cgq > 0 such that for all v € Hy hold
(g, 0)* < Cy(Lv,v). (2.2)

Then there exist u € D(T) such that Tu = g and |ju|* < C,.

(B) Let Q : Hy — Hy be a self-adjoint operator, D(Q) = Hsz such that
Q? = Q and denote by P : Hy — Ker S the orthogonal projection operator.
Let also g € Ker 'S and C > 0, § > 0 constants such that for all v € Hy hold

|(g,v)|2 <C ((L + 52Q)v,v) . (2.3)

Then there exist (u,h) € D(T) x Hy with norm ||ul|?> 4+ ||h||> < C such that
Tu+ 6PQh =g.

Remark. In the case the linear operator L is nonnegative, it admits an
inverse and g € Ker S N D(L™!) then one can choose Cy; = (L71g,g) in



statement (A). In fact set (-,-) := (L-,-). Then the Cauchy-Schwarz in-
equality implies

(g, 0)P =[(L7 g, 0)]* < (L7'g,L7"g) - (v,0)

= (g, L_lg) - (Lv,v) = Cy(Lv,v) .

The key point about statement (B) is that in the applications a few quantities
depend on the parameters ), § with the exception of C' > 0 which is always
uniform in @, 6. This will allow to take weak limits in order to obtain a so-
lution of the equation T'u = g even when the estimate (2.2) is not available.[]

Proof of (A). The fact that S o7 = 0 implies (Ker S)* C KerT*, thus
D(T*) = (Ker S N D(T*)) @ (Ker S)*. The equation Tu = g is equivalent
to the condition (v,Tu) = (v,g) for all v € D(T™*), which in its turn is
equivalent with

(T*v,u) = (v,9), (2.4)

for all v € D(T*). By the other hand combining the conditions (2.1) and
(2.2) we deduce the estimate

(g, 0)] < Cg2IIT" 0],

for all v € Ker S N D(T*), thus for all v € D(T*). This implies that the
map F': R(T*) — C, F(T*v) := (v, g) is well defined on the range R(T™) of
T*, linear and bounded. Therefore there exist a unique v € R(T*) such that
F(T*v) = (T™"v,u) for all v € D(T™), which is precisely the condition (2.4).

Moreover ||u|| = || F|| < Co/?.

Proof of (B). We consider the closed and densely defined linear operator
T:H ®Hy — Hy, T(uh)="Tu+3PQh.
Clearly S oT = 0. We remark that the adjoint operator T* is given by

T*(v) = (T, Ty (v) = (T*v,6QPv), with D(T*) = D(T*). In fact for all
u€ D(T),ve D(T*) and h € Hy hold

(u, T7v) + (h, Tyv) = <(u,h),T*v>:<T(u,h),v>

= (u,T*v) + (h,6 QPv).

By combining the assumption on @ with the estimate (2.1) we deduce for
all v € Ker SN D(T*) the estimate

(L +82Qv,v) < T*0[|* + (16 Qul|* = |T"v|*.
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Then the conclusion follows from the proof of statement (A) by replacing T
with 7' O

The following elementary claims will be very useful in the process of ex-
traction of weak limits.

Claim 1 Let (u;); be a uniformly bounded sequence of functions point-wise
converging to u almost everywhere and (F); C L*(X) be a sequence of func-
tions L?-weakly convergent to F. Then the sequence (wF}); converges L>-
weakly to uF'.

Proof. We write
wF —uF=uyF—-uFi+ulj—uF = (y—u)F +u(f—F).

Obviously the sequence u(F; — F) converges to zero L?-weakly. For any
¥ € L?(X) we remark the inequality

2

\ [ = Fwav] <l [ - uPlopav.

The L?-weak convergence implies sup, HFlH%Q(X) < 400. The dominated

convergence theorem implies [y [u; — u|?[¢|? dV — 0. We deduce that also
the sequence (u; — u)Fj converges to zero L?-weakly. O

Claim 2 Let (fix)r, (¢x)k, pr < ¢ be two families of functions such that
fX |fr|2e=?% dV < C and the sequence @y, point-wise converges to .

(A). Then there exist a L*(X,dV)-weakly convergent subsequence (f;); with
limit f, such that [y |f|2e=?dV < C.

B). Assume also o1 < @, let S C L?(X,dV) be a closed subset, let
+
P : L3(X, e %*dV) — S}, := SN L*(X, e %*dV),

be the L*(X,e %tdV)-orthogonal projector and let P the analogue projec-
tor on Ss = SN L?(X,e~?dV) with respect to the weight ¢. Then the
subsequence (Pyf;); obtained by (f;); in (A), converges L*(X,dV)-weakly to
Pf.

Proof of (A). By L?(X,dV)-weak compactness there exist a L%(X,dV)-
weakly convergent subsequence F; = fj e %/2 with weak limit F such
that [y |F|*dV < C. By the other hand the uniformly bounded sequence
uy, := e¥*/2 point-wise converges to u := e#/2. The conclusion follows from
the fact that the sequence f; = u; Fj converges L?(X,dV)-weakly to f := u F
by claim (1).



Proof of (B). The inequality [y |Pfi|?e=?dV < [ |fil?e™#dV < C im-
plies that one can extract a L?(X, dV)-weak limit g € S, from the sequence
(P f1);. Let Pﬁ be the complementary projectors. We infer h; := PlLfl —
h:= f —g, L?(X,dV)-weakly. We will be done if we prove the convergence

0:/X<hl,v> e ¥ dV—>/X(h,v> e ¥vdv, (2.5)

for all v € Soo C 5. The inequality [ |hy|?e~?' dV < C implies by the proof
of statement (A) the L?(X,dV)-weak convergence hj e #1/2 — he=%/2. By
the other hand the monotone convergence theorem implies the L?(X,dV)-
strong convergence ve /2 — ye~%/2. We infer (2.5). O

2.2 The geometric context

We explain now the geometric context related with the fundamental abstract
inequality (2.1). Let (F,h) be a hermitian vector bundle over a Riemann
manifold (M, g) (of dimension n) equipped with a h-hermitian connection
and let V be the induced hermitian connection over the hermitian vector
bundle ((T5;)®? ®, F,{-,-)), where (-,-) is the induced hermitian product.
We remind that the trace of any linear map L : Thy — Ty ®, F' is the
element in F' identified by the map

n
TrL: A"Ty — ATy ®, F, Ul/\.../\vn'—>Zvl/\.../\L(vj)/\.../\vn.
j=1

Then for any F-valued 2-tensor o, we define its trace Try o with respect to

g by
Trya:=Tr[(Ir®g ) oa: Ty — Ty @, F].

Moreover consider the first order differential operator
VE(Ti)®P @, F) — E((Ty) " , F),

defined by Va(&, ...,&p) = Vg, (&, ..., &) for all vectors &, ..., & € Ty
The divergence of « is defined by the formula

diva (&1, .., &§p-1) == Trg Va(-, -, &1, oo §p—1).

The formal adjoint operator of V is given by the formula V* = —div. In fact
let 5 be a F-valued (p + 1)-tensor such that the intersection of its support
whith the support of « is relatively compact and consider the 1-form ~ given
by the formula y(§) = (a, & 2 3) for all £ € Tyy. We prove first the identity

divy = (Va, 8) + (a, div ) . (2.6)



In fact let (ex)r be a local g-orthonormal frame of Ty such that Vey, =0
in a point z. Then at the point x we have the equalities

divy, = Zven ek Zek A( ek Zek « ekqﬁ
= Z ((Veka, er— ), + (a, Ve, (e ﬁ))lz>

k

= (Vo) + (. div ),

Let n € E&(M, Ty ®, C) be the unique vector field such that v = n 2 g.
By means of the partitions of unity we can assume that the support of v is
contained in an oriented coordinate open set U. Let Vj; be the volume form
over U, compatible with its orientation, induced by the metric g. With this
notations hold the formula

(2 Vy)

divy = v,

2.7)

(Remark that the expression on the right is independent of the orientation.)
By the Stokes formula we infer [,,(div~y)dV, = 0 which implies V* = — div
by the identity (2.6). We prove now the formula (2.7). With the previous
notations we consider the dual frame ej, := e, 1 g. Then V, = &e] A.... Aey,.
The fact that Ve};'I = 0 implies d(e o Vj)|, = 0 by the covariant expression
of the exterior differential (see formula (2.8) below with ' = C x M). By
differentiating the trivial identity

naVy =Y ler) (ex—Vy)
k

we infer at the point z

d(n_ Vg):Ze] Alek) ej A (ex o Vy) Zek A(ex) Vg = (divy) V4.
J.k k

The h-hermitian connection Vg on F' extends to a exterior derivation on
the sheaf £(APT}; ®, F') that we still denote by V. The relation with the
operator V is

p

VFOé £0a . 7£p Z ] VOZ gjvgoa . 'aéjv "'7§p) . (28)

Jj=0

In fact by expanding the right hand side therm we get

ST (1Y R((&r G 6)) (&)

0<j<p

- E : (_1)ja(€07"'7v§l§j7'”757'”7€p)'
0<45,i<p
J#l



The last sum is equal to the quantity

- Z ( )J+l (V£l§],§0, ‘7@7‘“757”'75}))

0<y<i<p
+ Z J+l vﬁzi]vgoa '76;7"‘7@7"'7517)
0<i<j<p
= Z ( )J—H (Vfgj vﬁjfl’gow"’a’--w@w--agp)
0<I<j<p

The fact that the Levi-Civita connexion is torsion free allows to conclude.
We remark now that V3, = V* restricted to E(APT}; ®, F). In fact this
follows from the identity (Vra, ) = (Va, ), for all F-valued p-form «
and F-valued (p + 1)-form (. Let prove this identity. Let (65)s be a h-
orthonormal frame of the bundle F' of complex rank r. The coefficients of
the local expressions

r

Va=Y 3> Ciieioei®b,, Vpa=)»_ > Bieg®0s,

s=1 j=1|I|=p s=1|K|=p+1

are related by the formula
Bie =Y (-1/C} 4 .
where Kj := (ko, ...,l;‘j, ..., kp). By the other hand

n p
(Va,ep ®0s) = Z <Veja, ejex ® 95> = Z Vekja, ek ex ® 93>
j=1

J=1

p
(—1)j<V€kjoz,e* 0,) = > (-1 Gy g = Bic
Jj=1 7=0
= (Vra,ex ®60;) ,

I
™=

which proves the required identity. In conclusion we have found the formula
Via=—-Tr,Va, (2.9)

for all F-valued p-forms a. We assume now that the hermitian vector bundle
(F,h) is over a Kahler manifold (X,w) of complex dimension n. In local
complex coordinates we will use the expression w = %Zkl wy 7dzi N dzp.
Let O and Or be respectively the type (1,0) and (0,1) exterior derivatives
induced by V. Then the formal adjoint operator V. splits as Vi = 95+05,
where the formal adjoint 0, of O is a (—1, 0)-degree operator and the formal



adjoint 9% of O is a (0, —1)-degree operator. If A and B are two operators
on the fibres of A*T}; ®; F' then their bracket is defined by the formula

[A,B] := AB — (_1)degA-degBBA‘

The dual metric

can be considered as an operator on the fibres of bundle A*T}, ®, F'. In
fact we set w* o := w* U «, where the contraction operator is defined by
(EAT) sa:=¢EL(foa)=—alEATq,-), for all &y € Ty . With this
notations hold the basic Kahler identities

8}? = i[w*,ap] y 8}'} = —i[w*,ap] . (2.10)

In fact let (21, ..., 2,) be holomorphic w-geodesic coordinates centered at a
. o 1,0 o)
point x and set ef := Pl Cki=e, = Borle Let

o= Z 04K7L®dZK/\dZL7

be a (p,q)-form and set Ck. 1, := Vi akr € Fr, Cx s = VEe oKL €
F,. Then at the point x hold the local expressions

n

Opa = Z Z Crnr @G N NC
r=1 |K|=p
|Ll=q

ora = Z Z (=1")Cr,17 ® (e NG NCE -

The fact that the family of real vectors (e, Jeg)x is a g(x) := w(-, J-)(x)-
orthonormal base implies, by the formula (2.9), the expansion at the point
x
n
Via=—-Tr,Va = — Z (ejaVe,a+ Jej 1V e a)
j=1

= —2zn: (gjq VC]-O‘ + G- Vc‘joz)

=1

= =2) > ((-1")Ck; @ G MGG CE) + Crepj © (G Cie) ACE)
Jj=1 |K|=p
|Ll=q



By bidegree reasons we infer at the point = the expressions

o = 23 Y Crri®(GoGOAG, (2.11)
J=1 |K|=p
|L|=q

Opa = =23 > (WCkr;@CGeAGoG).  (212)

J=1 |K|=p
|L|=q
Moreover
W o= 2¢(—1)pzn: Y agL® igde A ==—_dz ) +0(z%).
’ 8zj 7j
7j=1 \K|:
|L|=¢

We infer at the point x the expressions

—idp(w*Ja) = —2 Z Z Cr,Li® (GGoCi) NG A (GCE)
jr=1 \|}£‘|:p
=q

iw* L 0pa = 722 Z CK,L,P@(CJJC}})/\(C_jJCT:/\E}:)-

Then the identity
GG NG =05C = G A(G= (), (2.13)

combined with (2.11) implies the first basic Kahler identity in (2.10). By the
other hand the expressions at the point x

n

iOp a) = =2=1P Y 3" Crrr @G A (GoG) A GG,
sr=t il
=q

—w* S 0Fra = _2(_1)17 Z Z C’K,L,r ® (CjJ (C: A Cj{)) A (C_jJ EE) )
J,r=1 |K|=p
|Ll=q

combined with the conjugate of (2.13) and with (2.12) implies the second
basic Kahler identity in (2.10).

We set now by (u,v)un = [y (u,v),, dV, the L%:product and by [[v]|wn
the corresponding norm. For readers convenience we give a proof of the
following fundamental result [Boc|, [Kod]|, [Nak|, [Dem1].

10



Theorem 2 (L2-Bochner-Kodaira-Nakano Inequality). Let (F,0F,h)
be a holomorphic hermitian vector bundle over a complete Kdhler manifold
(X,w) such that —Cw @ Ip < iCy(F') for some constant C > 0. Then the
L2 p-extension (in the sense of distributions) of the formal adjoint operator

Ok coincides whith the Hilbert adjoint of the Li,h extension of O and
([ECh(F), '}, 0) o, < 0m0]13 5+ 1050]2 5 (2.14)
for any v € D(9r) N D(0%) C Li,h(Xa APATS @ F).

Proof. The Chern connection of F'is defined by Vg := 0rp + Op, with
Orp = h=L. 8?* - h. We infer 8127 = 0. Thus the Chern curvature of the
bundle F satisfies the identity Cp,(F') = [0 , Or|. Combining this with the
basic Kéahler identities (2.10) and with the Jacobi identity we obtain the
Bochner-Kodaira-Nakano identity A%, = Az + [i C,(F'),w*]. By integrating
by parts we infer

OrvllZn + 105vlEn = (AFv,v)un = (Apv,v)wn + ([iCh(F),w v, v),

h+||aFU”wh+([ZCh( ), w*lv,v), g

> ([ich(F)7W*]v7v)w,h :

for allv € DPY(X, F). ‘We extend now this inequality to L?-sections. For the
moment we denote by 9y, 4, the Lw p-extension (in the sense of distributions)
of the formal adjoint operator d% and by 8}7 1, the Hilbert adjoint of the
Li p-extension of Or. We remark first

D(g;,fm) = {U’EL h’agEL (9079):(6F<)07u)7v¢€p}7

D(5}7Hb) = {u e L? oh |dg € L : (v,9) = (Opv,u), Yv € D(gp)} .

The obvious inclusion D C D(JF) implies D(i;,Hb) C D( Ffm) The iden-
tity 5}’ fm = 5}7 mp Will follow immediately from the fact that for all v €
D(0r) there exist a sequence (¢;)r C D such that ¢, — v and dppr — Opv
in the Li p-norm. In fact the completeness assumption is equivalent to the
existence of a non-decreasing sequence of functions x; € D(X,[0,1]) such
that the family of compact sets y; ' (1) covers X and |dxyl, < 27%. Thus
XxV — v and
Or (xkv) = XkOrv + Oxk A v — Opv,

in the L2 .~ ROTIIL. This allows to localise the problem. The conclusion follows
by using partitions of unity and usual regularising kernels (p:). From now
on we identify the notations 8F = a;fm = 8FHb In the particular case

11



v € D(Or) N D(95) the sequence (¢r)r C D so far constructed satisfies also
the extra condition dnpr — Opv in the Li p-norm. This combined with the
inequality

([ Ch(F) + 20w, 0ok, o), < 10F0kllZ 1 + 105 0x15 4 + 20allekllZ 1

implies the required L2-Bochner-Kodaira-Nakano Inequality. In order to
prove this convergence we remark as before that

It (xkv) = Xr0pv — (Oxk) v — Opv,

in the Li}h—norm. So we can assume that the support of v is contained in
a coordinate open set trivialising the bundle F. The conclusion will follows
from the fact that

1(F5) % p- — T % p2) |2, — 0, (2.15)

as € — 0. This is a straightforward consequence of the Friedrich’s lemma. [J
Lemma 1 Let a € AYOT% | uw € A™T% @, F, v e A TE @, F. Then
[ {aAu,v), 2 < \u\f)h (lia N a,w'lv,v), g - (2.16)

Proof. We prove first the identity ia* = [, w*]. Let ((x)r be a frame such

that w =i >, (i A (. We set for notation simplicity ez == Cik N ¢; and
write o = ). a; (7. The identity

<<?(,z7 @*G},H> = zj: <54j G AL 4?(,ﬁ>
= (DRI (NG AT i Cep)
j
combined with <§; ACE, g}*{> = (Gt , G Cyy) implies
"Gy = (0153 a5 G A (G i)
;
We expand the therm
o, w'lGe g = an(=1)Fl Z (GG A Golr) —w o) ar (A Gen
j ;
= (-U‘KWZ ar A (GG Cie) A (G = Cr)

J
MY e G (G A G A G0 Gir) = 16 G
7.J

12



by the conjugate contraction identity (2.13). By the other hand

[ia ANa,w v =iaANaA (W av)=—iahaA (W' av)=aNa’y,
thus
lo*v)? = ([ia A &, w*]v,v) . (2.17)
Then the conclusion follows by the Cauchy-Schwarz inequality
(@A) P = | (u,a"0) [F < ul|a’vf?.

O
We explain now the crucial inequality required for the proof of the extension
results. This is due to |[Oh-Ta|, based on the previous works of [Do-Fe|,
[Do-Xa]. The original proof in [Oh-Ta| has been substantially simplified in
|Oh]. The computation in this paper indicates that this inequality can also
be obtained perturbing by a conformal factor the hermitian metric in the
classic Bochner-Kodaira-Nakano Inequality. This has been also remarked
recently in [Pa2].

Lemma 2 (Perturbed L?-Bochner-Kodaira-Nakano Inequality).
Let (F,0p, h) be a holomorphic hermitian line bundle over a complete Kihler
manifold (X,w), let € > 0 be a constant, let n,\ > € be two bounded smooth
functions such that

—Cw < @Z’)‘ =niCp(F) —i00n — \"Yidn A dn,

i0n A on < Cw, for some constant C > 0 and set LZ’)‘ = [@Z’A, w*]. Then

7>\ 3 A
(LR vv) < N8R0 o + 105012 (- (2.18)
for any v € D(9r) N D(0%) C Lih(X, AT @ F).

Proof. Let 5}’7] be the Hilbert adjoint operator of r with respect to the
conformal hermitian metric nh. By definition we infer the formula

Oty = O =0 ' (9"
In particular D(é}m) = D(9%) by the existence of the constants ¢ and C.
Moreover

iCon(F) =i Cp(F) —i09logn =iCh(F) —n ' d0n +n~2idn A dn.

The L?-Bochner-Kodaira-Nakano Inequality whith respect to the hermitian
metric nh implies

([ Cyn(F), w*Tv,v),, i < NOFVIZ i + 1050]

2
w,nh

< NOpvlE i+ N050IZ o + I072(00) 0lI2 . — 2Re (v, (O)*0),,, -

)
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By the identity (2.17) we infer

([niCh(F) — 3000, w*v, U)w,h

< NOrollZ n + 1050112 g — 2Re (O, (9n)"0),,,

< NOr0llE i+ 1F0 I3 ey + IAT2(00) 0lIE A -

Then the conclusion follows by applying again the identity (2.17). O

Consider now the Hilbert spaces Hy11 := Li,h(X, ATy ® F), g =0,1,2
and the closed and densely defined linear operators

Tu := Of ((77 + )12 u) and Sv:=n'"2pv.
We remark the identities S o T =0, T* = (n+ \)"/2 05, D(T*) = D(0})
and D(S) = D(dr). The Perturbed L2-Bochner-Kodaira-Nakano Inequality
(2.18) implies that the operators T and S satisfy the inequality (2.1) in the

abstract existence theorem (1). We infer by the abstract existence result 1
B the following corollary.

Corollary 1 In the setting of lemma 2, if g € Li,h(Xv A TE@F), Opg =0
satisfies the inequality

A
(g0l < € (LT, + 72 Quv) (2.19)
for all v € Li,h(Xv AT @ F), (with p > 0 a constant) then there exist a

solution (u, h) of the perturbed 0-equation Opu + pPQh = g, which satisfies
the L?-estimate

n!/ -+ Nt un,a +/ |h?,dv, < C.
X D¢ ’
This is the case if g is of the type g = On A 3, with 3 € L,%(X, Kx ® F) and

@Z’)‘ > ~idn AOn over an open set W C X,

@Z’)‘ > yidn A On — p*w over X,

with v > 0 over X and v > k™! over the support of 8 for some constant
k > 0. In fact by lemma 1 we deduce

(g, 00 n [P < 1B 5 ([0 A O, wlo,0)

< KIBIZ 4 (lyion A On, o, 0)

14



over X. We infer

‘/ <g7 v)w,h Ve,
w

‘/ <gv v)w,h dVW
X~\W

with C' = 2kn! [ "B Ap B. Thus the fundamental inequality (2.19) hold
with @ being the characteristic function of the set X ~ W.

IN

C/2 /W <LZ§LU, v>w v,

)

C/2 /X\W <(Lm n p21> v, v>w LV,

)

2
2

IN

Hermitian norms of forms. Let (X,w) be a hermitian manifold. Let
h* the corresponding hermitian metric over the complex vector bundle 77 .
In local complex coordinates we have the expressions

s 0 0
* § : lk
=4 o1 w 8Zk®821'

We remind that if (V, J) is a complex vector space equipped with a hermitian
metric i then the corresponding hermitian metric h. over the complexified
vector space (V ®, C, i) is defined by the formula

2h. (v, w) := h(v,w) + h(v,w), v,weV ®,C,

where we still note by h the C-linear extension of h. Thus h. coincides with
the sesquilinear extension over V ®, C of the Riemann metric associated to
h. We infer the induced hermitian product on the vector bundle AYT% is
given by the formula

(NP _yang AN By, AP jang AN oy )

= (p + q)' det (Q_Ih*(ozLj, @271)) det (2_1h* (/Bl,jv 5211)).

In particular if a € A’}’OT)*( ® F, with (F, H) a hermitian vector bundle over
X, then

s nlp "o Ny @ ANwW"P

w,H — ( .

o n—p)! wn

We will need also the following lemma. (See [Dem1]| for more general state-

ments. )

Lemma 3 Let (F,h) be a hermitian line bundle over a hermitian manifold
(X,w) of complex dimension n and let g € T'(X,A™T% ® L), ¢ > 1 be a
measurable section such that

/ Y M gl3 AV < +oo,
X

15



for some v € C°(X,[0,c]). Let also © be a smooth (1,1)-form such that
O > vyw and set L := [©,&*] for any hermitian form & > w. Then hold the
mnequalities

912, dV5,

IN

1912, AV (2.20)

(@ onl < Lav,v)pn- /X (@) oPpdVe,  (221)

for allv e ng,h(X7 AT @ L).
Proof. Let ((i)r € C(U,A'Tx) be a local frame such that
G=iY GAG, w=iY MGAG., g=> wCAG,
k k |7|=q
with 0 < A\ <...< )\, <1. Weset \j:= ZjeJ)‘j and Ay := HjeJ/\j' For
all j € J hold A\j > Ay, thus
A > qAy. (2.22)

We remark now that dV; = (A -+ \,)"1dV,, and

9125 = +a)! Y (r-- ) AT g
|J]=¢

Thus
9125 dVis = (n+ q)! Z A Mg dVi > 1gl3, dVe
|J]=¢

which proves (2.20). The inequality (2.21) follows by combining the Cauchy-
Schwarz inequality with the inequality

<L5,1;1979> Ve < (@)l AV (2.23)

&)7

We prove now (2.23). The conjugate of the identity (2.13) implies

w,&*lg = wA @ 5g) = DD AgrGAGUC)AGAGE)

ri=11Jl=q

= D) NaCAGAGHE)-
j=11J]=q
The fact that @*/\(@46}‘) = (5 if j € J and @"‘/\(@45}‘) =0ifj & J
implies
w, &g =Y AsgsCAES

|J|=¢q

16



The assumption © > yw implies Ly > p, v[w, @*] as operators, thus
LY <ony Hw, o7t (2.24)

w

The inequality (2.23) will follow by combining (2.24) with the inequality
(0,09, 9)dVe < a Mgl2pdVe,

that we prove now. In fact (2.22) implies

(W, 79, 9), dVe = (n+@)t Y A s dVs
[J]=q

= (4! D a ) TS ga P L
[J]=q

IN

q_1|g|i,h dVe .

O
Definition 1 A function 1 € C°(X,Rx0) over a topological space X is
called exhaustive if the open sets X. := {1 < ¢} are relatively compact for

all ¢ > 0. A complex manifold X is called weakly pseudoconvez if there exist
a smooth exhaustive function 1 such that 100y > 0.

For domains 2 C C" the above weak pseudoconvexity notion is equivalent
to pseudoconvexity. Note that every compact complex manifold is weakly
pseudoconvex (take ¢ = 0). We observe also that the open sets X, are also
weakly pseudoconvex. In fact the function

e :=logc — log(c — v),
is exhaustive over X, and

i00y 1O A O
ot e =0

over X.. We remind the following basic result [Deml1].

100, =

Theorem 3 Let (X,wﬂﬂ) be a weakly pseudoconver Kdahler manifold. Then
the Kihler metric w + i00¢? is complete.

We will note by Bj(0) C CP the p-times cartesian product of the disc B5(0) C
C with radius § and center the origin.

Definition 2 (Singularity condition) LetY C X be a pure p-dimensional
complex analytic subset of a compler manifold X. Let ¢ € L'(X,R) be a
quasi-plurisubharmonic function such that restriction @y 1s not identically

17



—o00 on any connected component of Y. We say that © is Y -admissible if the
following condition hold.

Let U := BL(0) x B{(0) C X be a coordinate open set with coordinates (z, ()
centered in an arbitrary regular point y € Y such that Y NU = {z = 0} is
smooth. Set

and let J (@) C Ox be the multiplier ideal sheaf associated to ¢.
For all f € HY (U, J(p)) such that

/c § |fI2e ¢ d¢ A dC < 400, (2.25)
€Yo

there exist a zero measure set E C BL(0) \ {0} and &’ € (0,¢) such that the
map

ZEBQ(O)\EI—>/ |f|267@ip2d§/\dgt<+oo,
CeY,
s continuous at the origin.

The Y-admissibility condition is always satisfied for quasi-plurisubharmonic
functions ¢ which can locally be expressed as

o= clogZ\hj\Q +u,
J

with ¢ € Rs, h; holomorphic, u continuous (this functions are called with
complex analytic singularities) and such that restriction ¢}y is not identically
—o0 on any connected component of Y. In fact in the case

go_l(—oo)w; = go_l(—oo) N (Bg(()) X B(Sp(O)) CcYy,

the Y-admissibility follows from the dominated convergence theorem, which
can be applied thanks to the L%assumption (2.25).
In the case p~1(—00). 5 Yo let f € HO(U, J(p)) arbitrary. The assumption

}/0 ¢ gp_l(ioo)é,(Sa

implies the existence of a blow-up map p : (2,£) — (2,() such that fopu ~
2268 up to an invertible factor and

pop=clogl'*+R,

with R continuous. This last equality follows from the fact that we can
construct the blow-up map in a way that

py O-h
j

18



is an invertible sheaf. Moreover we can also assume that the Jacobian J ()
of 41 equal to a monomial £€°, up to an invertible factor. We infer

|2 €72

.p2 =
I ISR

s [ fPeF A ndl = / 9(2,€)

CeYy £eBy(0)

with g continuous and invertible.

3 The geometric singular L?-extension result.

Theorem 4 Let (L, h) and (E, H) be two holomorphic hermitian vector bun-
dles of rank tk. L = 1, rk. E = r over a complex manifold X of complex
dimension n admitting a complex analytic subset A such that X \ A is Stein,
let o0 € HY(X, E) such that |o|,, < e ®, a € R>1 on X and

Y=YgZ A, Yop:={x e X|o(z)=0,Ado(x) #0} .

Consider also a quasi-plurisubharmonic function ¢ € L'(X,R) such that
the restriction @)y is not identically —oo on any connected component of Y.
Assume that ¢ is Y -admissible and the curvature current

© :=iCyp(L) + 09 (p + rlog |J|§1)
satisfies the positivity assumptions
©>0 and ©>a 'H(iCx(E)o,o0) |U\;2. (3.1)

Then there exist a uniform constant C, > 0 depending only on v and on a
fized cut off function such that for any section f € HO(Y, Kx ® L), with the
L?-property

Iy(f,o,0):= /YiPQfU Apnt fre ¥ < 400, (3.2)
where p :=dim.Y =n —r and

fo = f/(A"do) € H'(Y, Ky ® Ly ® ATE‘*Y) ,
there exist F € H*(X, Kx ® L) such that F = f over Y and

iPE A, F et

lo[3 (logo],;)?

JX(F7 Ua SD) = /X S CTIY(f707 SO) .

We remark in particular the trivial inequalities

_ "F A, Fe®
e?e(r=e) / " F N, Fe?< / : Q?Tf )e < 8_2‘]X(F’ o, )
X X |O"H ©
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for all ¢ € (0,r). We observe also that the condition Y ¢ A is always
satisfied in the case X is a complex projective variety. Moreover in the
case X projective (or bounded pseudoconvex domain) and rk. E = 1 the
Y -admissibility condition of ¢ is not needed (see subsection 3.1).

In particular geometric situations the curvature conditions (3.1) can be
drastically simplified and the Y-admissibility condition can be dropped (see
the remark at the end of the subsection 3.1).

Proof. The proof is divided in several steps.

A). The positivity estimate. We set
S. = log(|o|* +&?).

Then a quite standard computation [De-Pa| implies

i00S. > ;ng'asg AOS. — ., with @, := W (3.3)
On the other hand hold the identity
i00S: = ﬂ i0dlog |o|?® + i i0S: A Sk . (3.4)
|of? + €2 [o]?
We consider also the family of locally bounded functions
ps = log(e” + )
which decreases to ¢ as § — 0 and with complex hessian
_ e _ 52 _
100ps = s 100p + e 10ps N\ 0ps . (3.5)

We introduce the following notation. Let U,V C X be two sets. We will
note Uy := U \ V. Let ¥ :=Yy,. We observe as in [Dem3] that the fact

that X4 := X ~ A is Stein implies the existence of a complex hypersurface
Z C X4 such that ¥4 C Z and Y ¢ Z.

Moreover if we set A’ := AU Z then X4 = X4 \ Z is also Stein and
Y4 is a smooth non empty subvariety of X 4. So let ¢ € C°(X 4, R>0) be
an exhaustive function such that w := 909y > 0. We will consider also the
Kahler manifold X, := {¢) < ¢} CC X4 equipped with the complete Kéhler
metric w, 1= w + i00y2. For all §,7 > 0 we introduce the current over X 4/

@577— = iCh(L) + iag(gpg + 7Y + T‘S(g) .
Let K > 1 be a sufficiently big constant such that

iCh(L) 4+ i00ps > —Kw,

20



iCh(L) + riddlog|o|® > —Kw,

and O, > —K w, over X.. We infer by (3.4), (3.5) and (3.3) the inequalities
over XA/

. .05 |0'|2 .05 2
> PR R E—
O©s5, > 1Ch(L)+i00(ps + 1) + o2 + 5 ri00log ||
6 , .
o> .. A5 2
+ s [iCh(L) 4 100 (s + rlog|a]?)]
> (ro EK_
= U7 op+e2)”
+ _ol® | Cr(L) + 1iddlog |o|? + " o9
o132 iCh 1100 log |o o 5 2 100
K |o|? 52 ‘ . 2
- (T o2+ 52) Yo 0% et 02 (iCh(L) + riddlog |o %)
|of? e’
+ lo|? + 62 e¢+52@
> Tsw+ |O|2 ¢

|o|2 402 e¥ + 62
with
K o |? K
024062 |o|>4 6% e¥ + 62
The hypothesis © > 0 implies

TS i=T

o e
|o|2 + €2 e¥ 4+ 62

Os5r > Tsw+ (3.6)

for all § € (0,¢). We introduce now the function x : (—oo,0] — (—o0, 0],

x(t) ==t —log(1l—1t),

and we observe the trivial inequalities y < ¢, 1 < y' <2, x” = (1—t)72. We
set n: := & — x(S¢) and we remark the inequality € — S; <n. <e—25.. In
particular

Ne > 200 > OéX'7
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for £ > 0 sufficiently small. By deriving the identity dn. = —x’(S:)9S: we
infer the inequalities over X

—id0n. = X"(S:)i0S. A 0S- + X'(S:)i00S-

2
> (xu(sg) + Ic€f|2><’(55>) i0Se N 9S: — X/ (S:)®e

X" (Se) e : 5 /
> onz AN One — X' (S:)Pe .
> (Vi + sy ) 9o - XS
Thus if we set . := x'(S:)?/x"(S:) we infer the inequality
2

ca8 1. = € . =
—i00n: — A, ! i0n: \ One > W i0n: A\ One — X/(Sa)q)a . (3.7)

Combining (3.6) with the positivity assumptions (3.1) and with the inequal-
ity n. > ax’/, we infer

o> e ax/(S)
|o|? +e2  e? + 52

6¢X/(S€)
e® + 62

NeOsr > NeTsw + O > nrsw + D, .

for all § € (0,¢). This combined with the inequality (3.7) yields

57 = MeOs, — i00n: — A=Y One A On.
2 2.1
e” . = °x'(Se)
> 302 101 N ONe +1eTsw — 5 2
e =
Z W (3 3775 A a?’]g + T575 W, (38)
with
K. K. lo|? K,
Tes 1= 2T

o282 e 482 o2 402 ep + 462
and K. := K(e — 4loge) > K > 1, for € > 0 sufficiently small.
The lost of positivity locus.

Let 7 € (0,1) and set Vs := X, N {7.5 < 7}. An elementary computation
shows that Vs = X. N (E5 U EY), with

Ey = {z€X ||o()? <& (K/T -1},

Ef = {ze€ X \Ej| p(x) <2logd+log(2K. — 7) + log Ms(z)} ,
24452

P

Tlo|? + (r — K.)6%
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We infer the family (Vs)s~o is non-decreasing and

XN (YU (—00) = (Vs (3.9)
6>0
Moreover the fact that the function ¢ is upper semicontinuous implies that
the set Ef is open. Let Us C X, be the interior of X/ \ V;. By elementary
facts about measure theory we infer the identity

/ wy =0, (3.10)
(Xe\Vs)\Us

which will be very useful in step (C). We denote by ©5 _, the current obtained
by formally replacing s with ¢s; in the definition of ©5.. By (3.8) and
[Dem1]|, we infer the existence of a regularising family of iocally uniformly
bounded from above (over X) smooth functions (¢s5¢)i>0 C C*°(X,R) such
that ps: | @5 as t — 0 and

bt = Wiaﬁs/\éﬁs—i‘@—/ﬁt)wa (3.11)
over Uy, with (u¢)i=0 = (,uf’a’T)t>0 C C%Us,Rsg) such that py | 0 locally
uniformly as ¢ — 0. On the other hand by the definition of 65, and (3.7)

we infer the inequality

2

et =
05,4 = S0 i0n: N\ Oz — kia We (3.12)

over X, with k.. > 0 a constant uniform in the parameters ¢, 7 and ¢.

Step B). Construction of a L?-extension over X..

Let (Bj); be a finite family of coordinate open balls B; C X, which covers
Y. := X.NY such that B;NY is a vector space with respect to the complex
coordinates of B; and the bundles Kx and L are holomorphically trivial over
Bj. Let f] be a holomorphic extension of f over B;. By using a partition of
unity (6;); subordinated to (Bj); one can construct a section

Fy = ZQJJE] S COO(XuKX ® L)a
J
such that Foo = f and 01, F~ = 0 over Y. In fact
OLFs = Zéﬁj/\fj, thus  OFs = Zéej Nf=0 over Y.
J J
Consider now 6 € C*(R, [0, 1]) such that § = 1 over (—o0,1/2], § = 0 over
[1,400) and || < 3. We set F. := 0(c~2|0|?) Fs. We will solve the equation
OLU. = OLF.
(3.13)
Uy = 0.
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In order to get U |y = 0 we just need to inshur that the function |U.|?|o| 2"
is locally integrable near Y since the complex codimension of Y is . In this
way we will obtain a holomorphic section H, := F; — U, over X., which
coincides with f over Y.

The definition of ©F , combined with the inequality (3.7) implies the exis-

tence of a sufficiently big 7 > 1 such that

2

€ . a
Gg,T,t > W 1 8775 A 8775 +w, (314)

over X, for all ¢,6,t € (0,1). We set h' = hgry = (|o|? + §2) "he #5:7TY,
By using the identity e 2% = 1+¢72|0|? as in [Dem3], one can decompose
ge ‘= oLF. = g1.e + 92, with

gie = (14206 0]*) 8S. A P
= (+e2o) (o) X' (S) 7" e A Foo

Ge = 9(5_2|0|2)8LFOO.

We remark that the support of g;. is contained in {|o| < €}, thus over this
set hold the trivial inequalities 26 ?|o|? < 2 and (1+e2|o|?) x/(S:)~! < 2.
So by combing the lemma 1 with the inequality 3.14 we infer the following
punctual estimate

2 _
‘<91,e D orr| S A0 [ Fool, g ([0 00 A One , wilv,v),
1—2) _12\2 2 e 3 "
< 80°(e 7o) [Fooli 1 < [W i0n: N\ O wc] v,v> )
We,
< 8021012 [Pl (Lev, 0] (3.15)
with Le := [©F 5, we]. By lemma 3 we infer the estimate
2 ) 2 —2r —p5 +—TY
‘(9275 ’ U)wc h! < (L5v7 U)wmh’ |8F00’w,h |0-‘ e o dVy .
7 - I Xen]{|o|<e}

The Taylor expansion of drF, near Y, implies |01 Fxo i,h < C|o]? over
the set X. N {|o| < ¢}. By putting all this together we infer for all v €
Limh, (X, A™T% ® L), the estimate

2
< 2CL (Lew,v)

’ (ga; v)wc,h’

we,h’
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with C. := C. + ¢. and

C. = 8n!/ 0 (2|0 2)2 " Foy A Fag o] 295070
Xe

cc = C lo| 2 De®5 TV, — 0, as €—0.
XcN{|o|<e}

By corollary 1 we infer the existence of a solution of the d-problem (3.13)
with the L?-estimate

n!/ (e +Xe) ! U A U o|~2remP5e TV < 20"

We need now the following estimate that we will prove in the step (D).
Ne + A < (5+0(e)) 52 (3.16)

Combining this with the previous inequality we infer

nl [ S72i" U Ay Us (Jo2 427" e#50™ < (54 0(e)) 2C". .
Xe

Moreover the fact that the section F. has uniformly bounded norm and
support contained in X. N {|o| < £} implies the estimate

nl S;2 Z-n?F6 AF. (’U|2 + 82)71” e ¥t TY
Xe

< C’(log252)_2/ e72"dV < C'(log2e?) 72,
XcN{lo|<e}

for some constants C,C’ > 0 uniform in the parameters ¢,d,t. Combining
this with the previous inequality we infer the last of the following inequalities

a#n!/ Z'TLQHE/\F6 e PoTTY

Xe

< 20! / P H AT (|0 4+ €2) 020 gmniT
Xe

< nl | ST2i"H.AH. (o +2) e eV
Xe

< 2(5+0(¢g)) CL +2C (log 26*) 72, (3.17)

where o, > 0 is a constant depending only on p € (0,r/2) and «. By the
lemma 4, that we will prove in sequel, we infer the convergence

lin%) Ce =nl8 K, Iy, (f,0,051 + T9) < +00 (3.18)
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By weak compactness we can extract a weakly convergent sequence H,, with
limit Hs; as e, — 0. Moreover Hs; = f over Y, as follows directly from the
definition of Bergman Kernel. The fact that (—S:)~! is uniformly bounded
implies by claim 1

(_SEk)_lHEk - (—2log |O-D_1H5,t

weakly as ¢ — 0. By claim 2 (A), (3.17) and (3.18) we infer that the
extension H;, satisfies the last of the L?-estimates.

2 -
"2 — _ _ " H(5t AN H&t e—tpa,t—Tl/)
T2/ Zn H&t /\h H(S,t e Ps,t TY S / ) h )

|27 (log |o] ;)
< 320K, Iy,(f,0,¢51) -

By extracting a weak limit first in the ¢-parameter and second in the 4-
parameter, as permitted by claim 2 (A), we infer the existence of a limit
holomorphic extension H. of f such that

7‘2/ i”QHc’OO A, ﬁqoo e P < 320K, Iy.(f,0,0) < +00.

C). Construction of the global extension with uniform L?-estimate.
We set (-, )5, = (s ). s, According to step (B) the section f admits a
holomorphic extension H. = H. o, over X, with

/ " Hy Ay Hee™® < 400, (3.19)

since v is uniformly bounded over X.. We set H,. := (¢ 2|o|?)H, and we
obtain

gLHc,a = (1 + 5_2‘0‘2) 9,(5_2‘0’2) X/(Sa)_l 5775 NH.,

as in step (B). Let (W;s4)s~0 be a non-increasing family of relatively compact
open sets in Us such that py < 7 over Ws; and Us = Ut>0 Wst. So by
combing the lemma 1 with the positivity estimate (3.11) as we did in (3.15)
we infer for all v € Lg,r,t(Xw A™MT: ® L)

_ 2
]<8LHC,E ,@Mt\ < 80'(e?|0)*)? |Hel3 14 (L5700, v) (3.20)

o,7,t "’

over the open set Ws;, with L§_, := [@f;”, w:} Moreover the inequality

(3.12) implies in a similar way the estimate

_ 2
(OuHee o)y, | < 80202 1B (L5 + K2 D0, 0), (3:21)

o,1,t "’
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over X.. Thus if we set
Cs., = 8nl / 0 (=20[2)2 " H, Agry He,
Xe
we infer from (3.20) and (3.21)

_ 2
(OcHee )5y < 2050 (s + B2Q0)0r0)

with Qs the multiplication operator by the characteristic function of the
set X, \ Ws;. Let now P, be the L%Tt(XC)—orthogonal projector on the
closed subspace -

Ker 0y C L, (X, ™' Tx ® L),
By corollary 1 we infer the existence of a solution (Uj, ,, Rj ;) of the per-
turbed J-equation

aLUgﬂ—at + kC7EP6,T7t Qévt R(ES,T,t = aLHC78 9

with the L2-estimate

—1 .n? —_— 2
! / (775 + /\a) " Ugﬂ'ﬂ«‘ No,rt U(;T,t + / |R§,T,t|5,7,t dec < 2C§,T7t :
X

c

By claims (2) and (1) we can extract a weak limit in the ¢-parameter so as
to drop the dependence on t in the last two relations, with ()5 being the
multiplication operator by the characteristic function of the set Vs. (Here
we use the relation (3.10).) Moreover we observe

%iII(l) Cs,=Cepr = 8n!/ 0 (c7%|0)?)? i”zHc Ap Helo| 72 eV < o0,

c

by (3.19). We infer by claims (2) (A), (1) and the identity (3.9), the weak
convergence Qs X5 . — 0 as d — 0. By claim (2) (B) we infer Ps Qs 5, — 0
weakly as 0 — 0. By the claim (2) (A) we can extract a weak limit U, ; as
§ — 0, with the L?-estimate

n! / (n: + Xe) 7t i’ Uer AUz s o| 72 eV
Xe

< 2C::=16n! 0'(c72|o|?)? " H, NH, lo| 2" e™? < +o0.
Xe

and solution of the 5—problem 5LU87T = 5LHC7E. The fact that 1 is uniformly
bounded from above over X, allow us to extract again a weak limit Us in the
T-parameter, solution of the equation 0r,U, = Or,H. ., with the L2-estimate

n!/ (e + Ae) 1M UL AR U Jo] ™2 ™% < 20 (3.22)
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Moreover U, |y = 0 since the complex codimension of Y is r. In this way
we obtain a holomorphic section F, . := H.. — U. which coincides with f
over Y, for all € > 0. Then the existence of the required L*-extension F
over X, follows from the same argument explained at the end of step (B).
The L?-estimate allows to take again a weak limit in the c-parameter in
order to find a L?-extension F’ over X4/, which in his turn extends to a
global holomorphic section F with the required L?-estimate (with constant
Cr = 320K,).

D). End of the proof. We prove at this point the following elementary
facts needed in step (B).

Lemma 4 In the setting of the theorem 4 let F' be an arbitrary continuous
(holomorphic) extension of f let ¢ be a continuous (Y -admissible) weight.
Then

L. 0'(c 2022 i F AL F o] e = K, Iy(f,0,¢),

with K, > 0 a constant depending only on r and 6.
Proof. Let w be an arbitrary hermitian form on T'x. The conclusion follows
by combining the identity
RN o AV = i o A T
with
giir(l) /X g0 (72|0|?)? o] e ¥dVy,, = Iy :=1! KT/Yg |Arda|;2H e PdVy,,

where g := % |F |U2Jh We prove this last equality. Since the problem can
be localised we assume that E is topologically trivial over X. Let 6 be an
H-orthonormal trivialisation of the bundle F, consider s ;== oo : X — C"

and set s, 1= e 1s,

nlr! "2 ATds A ATds A wP
p! wn ’

{A"ds}? =

The fact that ¢ is holomorphic implies do = do over Y, which in his turn
implies ds = 0s over Y. We infer

nlrl i AT9s A ATOs A WP

2
R - = (Aas?
over Y. Consider also
1
a = 10 (e3P |2 i dz A dz, Ky =~ / a(z),
T. 2eCr

1
g = EQ{A ds} 2 WP
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We infer

J ::/ staNfe? = /rle’(e—2|s|2)2|sy—2r¢T2ArdsAArdsAﬁe—@
X X

_ / 90/ (e|o2)? |02 e PdVi... .
X

On the other hand

lim J; = lim a(z) / B(y)e W) = / a- / Be ? =TIy .
e—0 =0/ ecr y€s~1(ez) T s~1(0)

This is obvious in the case ¢ is continuous. In the case ¢ is Y-admissible it
follows directly from the definition. (]

We prove now the estimate (3.16) needed in steps (B) and (C). We observe
first the inequality

S. <log(e™® +€?) < -2+ 0(?).

By multiplying both sides of this inequality by Se (respectively 3S:) we
obtain

S2 > (=24 0(%)8. > (=2 +0(£?))2 =4 — O(£?) (3.23)

S2 > —6S.+0(e?)S. (3.24)

Combining the identity (x')?/x” = (2 — t)? with the inequality 7. < ¢ — 25
we infer

Ne+ A <4+ 82 -65.+¢. (3.25)

We estimate the therms 4 and —6S; in (3.25) respectively by means of the
inequalities (3.23) and (3.24). We obtain

e + A 582 — 0(e%)S: + O(e) < (5+ 0(e%)) 52 + O(e)
since S2 > —S. > 2 — O(e?). We deduce the estimate (3.16). O
3.1 Simplifications of the proof in the local or projective

case.

We explain now how our general positivity estimate of step (A) simplifies
in the local or projective case. In this setting we can assume that X, is a
bounded pseudoconvex domain in C”. We will keep in part the notations
introduced in the step (A) of the general proof. We set

Osr :=iCp(L) +i00(¢ + T + 1S5) .
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We let K > 1 such that i Cp,(L) + i00¢ > —Kw and (:)&T > — K w, over X,.
The same type of computation done in step (A) shows

_ 2K 2
N - = JLR= =L

o2+ 02 0|2 + 62
2.1
~ 5 al*x'(S _
77666,7 > Tesw + ";’2_:;2 e > TesWwW + X/(SE)(I)Ea

for all § € (0,¢) and with

. 5 5K,

Tes =2T — ——— .
=0 o] + 02

We define éf;mt by formally replacing ¢ with ¢¢ in the definition of ©fF

given in step (A) and we set

Vsi=X.N{fs<7}=XcN {lof? < *(K./7—1)} .

The same type of argument explained in step (A) implies that by means of
usual regularising kernels we can construct a family (p;)is0 C C°(X¢, R)
such that ¢; | ¢ ast — 0 over X, and

2

~ € . 3 -
eg,r,t > W i0n: NOne + (1 — fu) w, (3.26)

over the interior Us of X, ~ f/g, with (fit)¢s0 = ([Li’é’T)bo C Rsg a family of
constants such that iy | 0 as t — 0.

The rest of the proof in the local or projective case follows, with the ob-
vious simplifications, the lines of steps (B), (C) and (D).

The case rk. £ = 1. In the case X projective (or bounded pseudoconvex
domain) and rk. £ = 1, the Lelong-Poincaré formula allows to regularise
with arbitrary small lost of positivity over X.. More precisely by using this
formula we deduce that the positivity condition © > 0 is equivalent to the
condition

iCh(L) +1i00p —iCy(E) > 0.
In particular © > iCp,(L) +i00 — iCy(E) > 0. By using again the Lelong-
Poincaré formula we infer that the curvature condition © > a~'iCy(E) is

equivalent to the condition

iCh(L) 4+ iddp —iCx(E) > a tiCy(E).
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So by means of usual regularising kernels we can construct a family (pt)e=0 C
C®(X.,R) such that ¢; | p ast — 0 over X, a family of constants (u})¢>0 C
R~ such that g} | 0 as t — 0 and.

iCh(L) +i00p; — iCu(E) > —pw,

iCh(L) 4+ i0dp; —iCy(E) > a tiCy(E) - pw.
So if we set R B
O :=1iCy(L) +1i00 (¢r + T¢ + log |o]?) ,
we infer once again by the Lelong-Poincaré formula the inequalities
Ori > (7 — pp)w and O6.;>a Vicy(BE)+ (r—pw, (3.27)
which in their turn imply

R lo|? ax/(S:) A
O, > =210
776 ,t - ’0_|2 62 ,t

v

X/(SE)(I)Ea

for pj < 7. The fact that the extension F, constructed in step (B) of the
general proof satisfies |0 Fo|? ;, < C|o|? over the set X.N{|o| < £} allows us
to construct a holomorphic extension over X.. In fact by applying standard
L?-methods one can solve the J-equation Ou. = OFs with respect to the
weight |o|~2"h e~ ™% and with 7 >> 0 sufficiently big to inshur

iCh(L) +i00(7 +1S5) > w,
over X, for all § € (0,1). So we obtain an extension H. := F, — u. and we

set H,,_ = 0(e || H..

By using the corollary 1 with respect to the complete Kahler metric of X.\Y,
(see [Dem3]) and with hermitian metric |o|~2"he~%*""%, we infer the exis-
tence of a solution of the d-problem

OLUs, = 0rH,

over X, with the adequate L2-estimate. (The solution Us, extends over X,
thanks to a standard lemma in [Dem3]).

The argument at the end of step (B) implies the existence of a holomorphic
extension F} r with the uniform L?-estimate

JXC(Ft,Ta 0, Pt + Tw) S C""ch(f7 g, th) .

By claim 2 (A) we can extract a weak limit in the ¢-parameter so as to drop
it. The fact that 1 is uniformly bounded from above over X, allow us to
extract again a weak limit in the 7-parameter.
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Further developments. We learn from J.-P. Demailly that his regular-
ising technique [Dem2| my admit the following more geometric version. One
can expect the existence of holomorphic hermitian vector bundles (Fj, hy)
and holomorphic sections f, € H°(X, Fy) such that the approximations in
[Dem?2] could be written in the form

or = k" log | frlf, + uk,

with ug smooth. By assuming this, one could drop the Y-admissibility con-
dition on the weight ¢ in the more general situation X almost Stein and
rk. ' = 1. In fact in this more general framework the extension result will
follow by replacing the standard regularisations ¢; with Demailly’s approx-
imations @y in the positivity estimates (3.27). Then the conclusion will
follow by applying the corollary 1 as just explained, to the extension H.
constructed in step (B) of the general proof with respect to the complete
Kahler metric of the manifold

X~ (YU (—o0)).

This is possible thanks to the inequality (2.20).

Remark. As observed before, in the case rk. £ = 1 the curvature con-
ditions (3.1) are equivalent to the condition

iCh(L) +i00p > (1+ka ) iCh(E),
for all £ =0, 1. In the case rk, E = r arbitrary, the curvature conditions 3.1

can be replaced by a much less sharp condition.

Theorem 5 Let (L, h) and (E, H) be two holomorphic hermitian vector bun-
dles of rank rk. L =1, rk. E' = r over a projective variety X of complez di-
mension n, let w > 0 be a hermitian form over X, let A\ = X% ;7 € CY(X,R)
such that ,

ZCH(E) < AMgRw,

let o € HY(X, E) such that |o|, <e™®, a € R>1 on X and set
Y=Yy, Yo:={z € X|o(x)=0,A"do(x) # 0} .

Consider also a quasi-plurisubharmonic function ¢ € L'(X,R) such that the
restriction @y is not identically —oo on any connected component of Y and

iCh(L) +i0dp > Nr+ka w, (3.28)

for all k = 0,1. Then there exist a uniform constant C, > 0 depending
only on r and on a fized cut off function such that for any section f €
HY(Y,Kx ® L) with Iy (f,0,¢) < +oo there exist F € H(X, Kx ® L) such
that F = f over Y and Jx(F,o0,¢) < C.Iy(f,0,¢).

32



Proof. The curvature condition (4.5) allow to regularise ¢ with arbitrary
small lost of positivity over X.. Then the curvature conditions (3.1) hold for

O ;. This follows from the inequality
i@élog\a@ > —H (iCy(F)o,0) |a|;2.

The rest of the proof follows precisely the same lines of the case rk. I =1
previously explained. U

4 Singular pluri-extension results.

In this section we combine the previous singular versions of the Ohsawa-
Takegoshi-Manivel L?-extension theorem with an invariance of plurigenera
technique invented by Siu [Siul], [Siu2] and drastically simplified in [Pal].
To be more precise we will use this technique in a form due to [Dem4| which
in its turn is based on the works [Siul], [Siu2], [Pal].

Theorem 6 (The codimension one case). Let (Lj,hr;), j = 1,...,m
and (E, hg) be holomorphic line bundles over a polarised projective manifold
(X,w) of complex dimension n. Let o € H*(X,E) and ¢; € L'(X,R), j =
1,...,m be quasi-plurisubharmonic functions such that for all j =1,....m—1

hold

6_90]' wn_l
— < , 4.1
J e <o 41

w,hE
with Y :=Yq, Yy :={z € X |o(z) =0,do(z) # 0} and
iChy,(Lj) +1i00p; > (1 +ka™")iChy(E), (4.2)

forallj =1,....m, k = 0,1 and for some o € R>1. Assume also that the
restriction @, |y 15 not identically —oco on any connected component of Y
and set F:=Li+ -+ Ly, hyp = Q" @b, ®---®@hp,,, Qx :=w"/(n!).
Then for any u € H(Y,mKx + F) such that

|u’}21m —p n—1

—st—e mw < +o0 (4.3)
Y ‘do—‘szE

there exist a section U € HY (X, mKyx + F) such that U = u over Y and

/ U7 e Pw™ < 400,
X

with ® := %(gpl + ot om).
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Theorem 7 (The arbitrary codimension case). Let (Lj,hr;), j =
1,...,m and (E, hg) be holomorphic hermitian vector bundles of rank k. L; =
1, tk. E = r over a polarised projective manifold (X,w), let X\ = )\%th
CY%(X,R) such that

m

iChE (E) < AMg®w.

Consider also 0 € H°(X,E) and quasi-plurisubharmonic functions v €
LY(X,R), j =1,...,m such that for all j =1,....,m — 1 hold

e ¥i "
—_—— < 4.4

w,hE
with Y :=Yq, Yy :={z € X |o(z) =0,A"do(x) # 0} and
iChL]_ (Lj) + iaé(p]‘ > /\(7“ + ka_l)w , (45)

forallj =1,...,m, k = 0,1 and for some o € R>1. Assume also that the
restriction @, |y 15 not identically —oco on any connected component of Y
and set F:= Ly + -+ Ly, hy := Q" @b, @--- @ hp,,, Qx :=w"/(n!).
Then for any u € H'(Y,mKx + F) such that

‘u|%bm —®m n—r 4 6

w,hg

there exist U € HY(X, mKyx + F) such that U = u over Y and
/ U[} e ®w" < +o0,
X

with ® := L (o1 + -+ + o).

In the case the quasi-plurisubharmonic function ¢ is with complex analytic
singularities we can assume much sharp curvature conditions thanks to the
main L?-extension result 4. In fact hold the following result.

Theorem 8 (The analytic singularities case). Let (Lj,hy;), j =1,...,m
and (E,hg) be holomorphic hermitian vector bundles of rank rk. L; = 1,
tk. E = r over a polarised projective manifold (X,w). Consider also o €
HY(X, E) and quasi-plurisubharmonic functions ¢; € LY(X,R), j=1,...,m
with complex analytic singularities such that (4.4) hold over Y for all j =
1,....,m—1 as in theorem 7. and

0< iCth (L;) +1i00 (pj + rlog \JI%E) > a 'hg (iCh,(F)o, o) |J\g§ ,(4.7)

hold for all 5 = 1,....,m and for some o € R>q1. Assume also that the
restriction o, |y s not identically —oo on any connected component of Y.
Then hold the conclusion of theorem 7.
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Proof. We will prove all this results at the same time. We can assume
supx ¢; = 0. For all v € Nlet k, := max{k € N : km < v}, ¢ =
v—km=0,..,m—1and F,, ;= mKx + F equipped with the hermitian
metric h,,. Let A be an ample line bundle over X and let define the line
bundle

qv
Ly =k, Fp+qKx +ZAjv
§=0
with Ag := A, Aj := L; for all j = 1,...,m — 1. We choose the ample line
bundle A such that

(A1) for all ¢ = 0,...,m—1 the line bundle (£,)y is base point free, globally
generated by some family (sqvj);-v:ql C H%Y, L,).

(A2) the restriction map H(X, F,, + A) — H°(Y, F,,, + A) is surjective.

Let Qy be the volume form over Y induced from the metric w. We fix
also a smooth hermitian metric hy on A and we note by | - |, the norm of
the induced hermitian metric

H,=hro0" @ha®@hy, @ @ hr,,

over the line bundle £,. The assumption (A1) implies

Ny 2
E -1 18g.9

A maxw = () < 400
0<p,g<m—1 Y Et:p1|5p,t|]%

With the notations introduced so far hold the following lemma.

Lemma 5 There exist a constant C > 0 such that for all v € N>, there
exist a family of sections

(SVyj)jA/iul - HO(Xv Ly),

M, = Ng, such that S, j|y = ubr ® Sq,,j forall j =1,...,M, and
/ Bl//BV—l QX S C,
X

with B, := Zj]\i"l 1Sy, , Bym—1:=1 by convention.

Proof. The proof goes by induction. The statement is obvious for v = m by
the assumption (A2). So we assume it true for v and we prove it for v + 1.
We have

q+1
Loyt = kPt (@+DEx+ Y Aj = Kx+L,+Lg41, (48)
j=0
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if ¢, <m — 2 and
Lyy1 = (ky+1)Fp+A = Kx+L,+ L, (4.9)

if g, = m—1. So in all cases hold the formulas £, 11 = Kx +£L, 4+ Lg,+1 and

H,1 = Q)_(l ® Hy, ® hr,,.,. Moreover the singular hermitian line bundle

(Lo + Lg,+1, HI,B,jl ® hp, e~ Patl)

qu+1
satisfies the analogue of the curvature conditions (4.2), (4.5) and (4.7) re-
quired to apply the singular versions of the L2-extension theorem stated in
the section 3. We infer that any section s € H°(Y, £,41) such that

|8’3+1 67@511/4’1 QY
I = < + 9
Y, I/+1(S) /Y ‘Ard0'|2 B o0

w,hg TV

admits an extension S € H(X, L, 1) satisfying the estimates

|S|l2/+1 Q < ’S|12/+1 —Pgp+1 Q < C I
Bi X = XTye x = Op Y,V+1(5)7
X v

where Cy > 0 is a uniform constant. We distinguish again two cases.

Case I. In the case ¢, < m —2 hold L,41 = k,Fyyy + Lg,+1 by (4.8). We
infer

s:=uM @ sq,41,5 € H(Y, Ly1),

j=1,...,M,11, (notice that in case I hold ¢,4+1 = ¢, + 1). This combined
with the fact that

M,
_ k 2
BV\Y - E |u ' ® SQVat’I/7
t=1

with the definition of the constant C and with the assumptions (4.1), (4.4),
allow us to apply the previous version of the Ohsawa-Takegoshi-Manivel ex-
tension theorem in order to obtain the required extensions S,1 ;.

Case II. In the case ¢, = m — 1 the first identity in (4.9) implies s :=
ub* Tt @ 5o ; € HO(Y,L,41). This combined with the fact that

Nmfl
E k 2
BV|Y = ’u = Sm*17t|ya
t=1

with the definition of the constant C; and with the assumptions (4.3), (4.6),
allow us to apply the previous version of the Ohsawa-Takegoshi extension
theorem in order to obtain the required extensions S,1 ;. U
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Let { be the integral mean value operator. By lemma 5 and Jensen in-
equality we infer

][ (log B, — log Bufl) QX < log ][ Bl//Bllfl QX < c'.
X X
Moreover the singular hermitian line bundle

(Chom s HimBioh) = (KF + A, B @ ha Bil)

is pseudoeffective. So in conclusion we got the following.

1
1 / log B Ox < mC"
.

1 = 1
iChm(Fm) + %zﬂﬁlogBkm > —%iChA(A),

1 1, &
2 1og By = loglulf, + - log D lsolh, -
j=0

By well known elementary properties of quasi-plurisubharmonic functions
we infer that the L'-norm of the functions vy := %log By, is uniformly
bounded. By the L'-compactness of quasi-plurisubharmonic functions we
infer the existence of a subsequence 1y, convergent in the L'-norm and a.e
to a quasi-plurisubharmonic function % such that

i Ch,, (Fin) +100% >0,

and ¢y > log ]u\%m This last inequality follows from the mean value in-
equality for plurisubharmonic functions. Thus the decomposition

Fm:Kx—l-(m—l)Kx—i-F
shows that the singular hermitian line bundle
—(m—1 _
((m— DEx +F, 03" Vean, e 9)

with 1
m—
hl =hp, ® --®hg,, , and G:Zsz—i—CI),
satisfies the analogue of the curvature conditions (4.2), (4.5) and (4.7) re-
quired to apply the singular versions of the Ohsawa-Takegoshi-Manivel ex-

tension theorem stated in the section 3. Moreover the L? condition
1

/ ‘u|%L 679 Oy < / | ’2 ﬁ —Qj " QY
-_m y < u hm e J - -
Y |A7’d0-|2 Y |Ard0'|z}’hE

w,hE j=1
1 1
1 1 _ 1
Qy " e e ¥ Qy "
< ulp emvm X / _ < 400
</Y| G |Ard0‘i,hE> ]1:11 ( y |Ardoll,, ’
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follows from an inductive application of the Hélder inequality and the as-
sumptions (4.1), (4.4), (4.3), (4.6). Thus we apply the singular versions of
the L?-extension theorem of the section 3 in order to get the required exten-
sion U. U

We infer the following immediate consequences of the theorem 6.

Corollary 2 Let (Lj,th e~%i), j =1,....,m be pseudoeffective line bundles
over a projective manifold X and let Z C X be a hypersurface such the
divisor —Z 1is semi-ample (i.e its stable base locus is empty) and

e_QOj
[
Z \daz\hz
forall j =1,...m—1, with 0, € H*(X,0(2)) such that dive, = Z and
with h, an arbitrary smooth hermitian metric on O(Z). Assume also that

the restriction @y, |z is not identically —oo on any connected component of
Z and set F:= Li+---+ Ly,. Then for any u € HO(Z,mKX+F) such that

2
/ 7‘7”2 e ¥ < 400,
Z \daz\hz

there exist U € HY(X,mKx + F) such that U = u over Z and
/ UP2e™® < 400,
X

with ® := %(gol + o om).

Corollary 3 Let Z C X be a hypersurface inside a projective manifold X,
let Lj, j =1,...,m be some line bundles over X and let A be a semi-ample
line bundle over X such that;
I) the cohomology classes c1(Lj) —p~tei(A), j = 1,...,m are pseudoeffective
for some p € N>q,
IT) the line bundle A — pZ is also semi-ample for some o € N>,
II1) there exist closed positive currents 2m(0; +i00p;) € c1(Lj) — p~tei(A)
such that for all j =1,....m — 1 hold
e—%i
——— < 400,
Z \daz\hz

with o, € H*(X,0(Z2)) such that divo, = Z, with h, an arbitrary smooth
hermitian metric on O(Z) and the restriction ¢, |z is not identically —oo
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on any connected component of Z.
Let F:= Ly +--++4 Ly,. Then for anyu € H*(Z,m(Kx + Z)+F) such that

2
/|u|2 e ™ < 400,
zZ |daz|hz

there exist U € HY(X,m(Kx + Z) + F) such that U = u over Z and
/ UP2e™® < 400,
b'e

with ® := L(p1 + -+ + o).

Proof. We choose smooth metrics hyg and hoa—pz on A and aA—pZ respec-
tively with semipositive curvature. We equip O(Z) with the smooth metric
induced by hs and hqa—pz and we apply in this setting the theorem 6 with
respect to L) := Z + Lj. O

This last result should be compared with the proofs and results obtained
in [Pal], [Dem4]|, [Tak|, [Ha-Mc|, [Var|, [Be-Pal], [Be-Pa2].

5 Appendix

5.1 Proof of the classic L?-extension result.

We give an essentially section 3 self independent prove of the extension result
in the case X C C" is a bounded pseudoconvex domain and Y := Yp. The
hermitian vector bundles (L, h) and (E, H) are assumed to be trivial (rk. £
arbitrary) and ¢ € Psh(U), whith U DD X an open set. Let (¢¢)i>0 be a
smooth family of plurisubharmonic functions such that ¢; | ¢ as t — 0. By
(3.3) and (3.7) we infer

2

O; 5 := 11 100y + S5) — 10N — A" idne A e > ﬁ i A\ One .

The canonical section f admits a holomorphic extension F,, which can be
constructed by classic L2-theory methods. Consider now F. := (¢~ 2|0|?) Fx
and the expression

OF. = (1+e7%[o?) 0'(e?|of*) X/ (Se) ™! One A Fis

Combining the lemma 1 with the corollary 1 (with p = 0) as we did in step
(_B) of the general pr_oof, we infer the existence of a solution U, ;s of the
0-equation OU, ;s = OF;, with the L?-estimate

n!/ (e + A) i Us s AUz 5 (|0 + 82) 7 e

X

< 8n!/ 0 (e 2|0 [2)2 i Fog A Fog (J0|? + 62) " %1
X
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By the claim (2) (A) we can extract a weak limit solution U.; as § — 0,
with the L2-estimate

n! / (ne + )\g)_l Z'HQUE,t A Ug,t |0’|_2T e ¥t
X

< ::8n!/ 0 (e 2)2 i g A Fog |02 %" |
X

We infer U, ;|y = 0 since the complex codimension of Y is r. In this way
we obtain a holomorphic canonical section F;; := F; — U ; which coincides
with f over Y for all £,¢ > 0. Combining (3.16) with the previous inequality
we infer

n!/ ST U ATt (jo2 +e2) " e < (5+0() Cox. (5.1)
X

Moreover the fact that F; is bounded and has support contained in {|o| < €}
implies the estimate

n!/ S;Qi"QFg/\FE(|0\2+€2)467‘“ < C(log2€2)2/ 72 AV
X

lo|<e

IN

C’(log 26*) 72,

for some uniform constants C,C" > 0. Combining this with (5.1) we infer
the last of the following inequalities

aun!/ i”QFE’t ANF.pe ¥ < p2n!/ i"QFS,t AFey (|0|2 + 62)_(T_2“)e_50t
X X

A

n! / ST2i FL g ATy (|02 +82) " e
X

< (5+0(€)) 0oy + C'(log 26?) 72, (5.2)

with o, > 0 a constant depending on p € (0,7/2) and a. By lemma 4 we
infer the convergence

liII(l) Cer =nl8K, Iy(f,0,01) < +00 (5.3)
E—

By weak compactness we can extract a weakly convergent sequence Fr, ;
with limit F* as e, — 0. Moreover F! = f over Y as follows directly from
the definition of Bergman Kernel of the domain X. The fact that (—S.)™*
is uniformly bounded implies by claim 1

(_Sak)ilFak,t - (_210g ’UDilFt

weakly as g, — 0. By claim 2 (A), (5.2) and (5.3) we infer F* is the required
L?-extension with respect to ¢;. The conclusion follows by extracting a weak
limit in the ¢-parameter as permitted by claim 2 (A). Notice that in this very
particular case we obtain a constant C, = 160K, in the L?-estimate. O
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