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Using a graph-theoretic approach, we address in this paper some issues related to the fault detection and isolation for structured bilinear systems. Considering
a structured bilinear system submitted to faults and disturbances, we give necessary and sufficient conditions to the solvability of the so-called bilinear
fundamental problem of residual generation. We treat as well the cases where the system is submitted to multiple failures occurring simultaneously or only
one at a time. One of the main advantages of the proposed analysis tool is that all the given conditions are easy to check because they deal with finding paths

in a digraph. This makes our approach well suited to study large scale systems.

1 Introduction

The fault detection and isolation (FDI) problem has received considerable attention in the two last decades (Blanke
et al. 2003, Gertler 1998). In fact, the detection and the location of incipient faults is important for safety critical
systems where a malfunction can cause human and material damages. An FDI system is mainly made of two parts.
The first one is related to the generation and the evaluation of some signals called residuals which must be sensitive
to faults occurring on the system. The second part concerns the decision-making part on the basis of these residuals.
In this paper, we concentrate on the residual generation part in the particular case of bilinear systems.

The class of bilinear systems (BLS), representing the particular nonlinear systems whose dynamics are jointly linear
in the state and the input variables, was introduced in control theory in the 1960’s. Industrial process control, eco-
nomics and biology (switched circuits, mechanical brakes, controlled suspension systems, immunological systems,
population growth, enzyme kinetics, .. .) provide examples of BLS. For these reasons, many works deal with BLS.
The problem of FDI for BLS has been tackled mainly since the works of (Yu and Shields 1996, Yang and Saif
1995). Authors of (Yang and Saif 1995) explore the design of a reduced order observer with unknown inputs for
estimating the fault values. Results of (Yu and Shields 1996, Yu et al. 1996) are based on unknown input observers
and sufficient conditions for the existence of bilinear FDI observers are given. In (Kinnaert 1999), the author pro-
poses two robust FDI schemes for BLS which are not necessarily affine in the failure modes. Finally, one of the most
important results is given in (Hammouri et al. 2001). Using a geometric approach, the authors provide necessary
and sufficient conditions for the solvability of the so-called bilinear fundamental problem of residual generation
(BFPRG). This problem extends the fundamental problem of residual generation (FPRG) defined and solved for
linear systems in (Massoumnia et al. 1989). The solvability conditions of such a problem for nonlinear systems,
which are affine in the control inputs and in the failure modes, have been also given in (Hammouri et al. 1999,
De Persis and Isidori 2001) using the concept of observability codistributions (De Persis and Isidori 2000).
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Up to now, the solvability conditions of the BFPRG are mainly based on algebraic or geometric tools. Neverthe-
less, the use of such methods assumes the exact knowledge of the state space matrices characterizing the system’s
model. In many modeling problems, these matrices have a number of fixed zero entries determined by the physical
structure while the remaining entries are not precisely known. To study the properties of the systems for which we
have a poor knowledge, the idea is that we only keep the zero/nonzero entries in the state space matrices. Thus,
we consider models where the fixed zeros are conserved while the nonzero entries are replaced by free parameters.
There is a huge amount of interesting works using this kind of models called structured models because their study
requires a low computational burden which allows to deal with large scale systems.

Many studies on structured systems are related to the graph-theoretic approach. Until now, this approach is princi-
pally dedicated to linear systems for which structural properties, such as controllability, observability, solvability
of several classical control problems including disturbance rejection, input-output decoupling, fault detection and
isolation, are studied. Survey paper (Dion et al. 2003) reviews the most significant results in this area. From these
works, it results that the graph-theoretic approach provides simple and elegant solutions and so is very well suited
to analyse large scale systems. Unfortunately, few works based on graph-theoretic methods deal with nonlinear
systems.

Among these works, we can cite (Diistgor et al. 2004, Staroswiecki 2002) where the authors use bipartite graphs
to analyse the structural fault detectability and isolability for linear and nonlinear systems. Nevertheless, in this
approach, the graphic representation of the following linear system (X;) and bilinear one (X,) are similar.

X1 =Ah X =Afi
Xy = Apxy + Asuy + Aafo Xy = duxy + B3 f2
X9 X3 = Asx; 2ot { X3 = Agxg =Apx+uAix+ Eifi + Exfo
Y1 = Aex3, y1 = Asx3
Y2 = A1xz y2 = Adexa

Therefore, the conditions provided in (Diistgor et al. 2004) lead to the same conclusion: for both systems (X;) and
(Z5) the faults are detectable and isolable. Nevertheless, using the results of (Hammouri et al. 2001, De Persis and
Isidori 2001), we can prove that for almost all the values of A; the BFPRG is not solvable for bilinear system (X,).
Indeed, the bipartite graphs used in (Diistgor et al. 2004, Staroswiecki 2002) are not so complete to express all the
nonlinearities particularly the product u - x.

The purpose of this paper is to determine the conditions for the solvability of some residual generation problems
for structured bilinear systems (SBLS) using a graph-theoretic approach. More precisely, we study the BFPRG with
multiple failure events. We consider the case where the system is submitted to multiple and possibly simultaneous
failures events and the case where only one failure can occur at a time on the system.

The paper is organised as follows: after Section 2, which is devoted to the problem formulation, a digraph repre-
sentation of SBLS is defined in Section 3. The necessary and sufficient conditions for the solvability of BFPRG are

enounced in Section 4. Finally, some concluding remarks are made.
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2 Problem statement

In this paper, we address the generic solvability of the Bilinear Fundamental Problem of Residual Generation
(BFPRG) for SBLS:

m
X =Apx + wAix+ Ef + Hw
(Zp) : ; (1

y=Cx

where x e R", u e R, f e R%, w € R? and y € R? are respectively the state, the input, the fault, the disturbance
and the output vectors. A;, for i = 0,..., m, C, E, and H represent matrices of appropriate dimensions, which
elements are either fixed to zero or assumed free nonzero parameters. We can parameterize these nonzero entries by
scalar real (nonzero) parameters A;, i = 1, ..., h forming a parameter vector A = (4, 4y, ..., )7 € R If all the
nonzero parameters A; are fixed, we obtain an admissible realization of structured system (X, ). Theoretic properties
of each realization can be studied according to the values of ;. We say that a property is true generically if it is true
for almost all the realizations of structured system (X ). Here, ““for almost all the realizations ” is to be understood
(Dion et al. 2003, van der Woude 2000) as “for all parameter values (A € R) except for those in some proper
algebraic variety in the parameter space ”. The proper algebraic variety for which the property is not true is the zero
set of some nontrivial polynomial with real coefficients in the system parameters 4;, Ap, ..., 4; or, equivalently, it
is an algebraic variety, which has Lebesgue measure zero.

Consider SBLS (Z4), we define the BFPRG as the problem of finding filter of the form (2):

2=¢(z,y) + Yz, y)u
r=h(zy)

)

where residual r € R is such that, foralli € {1, 2, ..., g}

i. when f; = 0, r; is insensitive to w and to all f; for j # i. It must decay to zero for all admissible inputs « and
whatever x(0), z(0);

ii. r; is affected by f; i.e. it takes a non-zero value for at least some ¢ > 0 whatever x(0) and z(0).

We can relax the constraints on the residual generation problem solvability in the case of multiple failure modes by
assuming that there is only one failure present at a time. We define the Problem of Residual Generation with No

Simultaneous Faults as the problem of finding filter (2), where residual € R¥, (with 2 — 1 > ¢), is such that

i. when no failure is present (and only in this case), all the residual components r; decay asymptotically to zero
whatever the value of w, for all admissible inputs # and for all initial conditions x(0) and z(0);

ii. in the i failure mode (i.e. f; # 0 and f; = 0, V¢ # i), residual rjfor j € Y; € {1, 2, ..., k} are nonzero while
other residuals r; for j € {1, 2, ..., k}\ (; decay to zero for all admissible inputs u, for all initial conditions x(0),
z(0) and for all w(z). Here, the prespecified family of coding sets Y’; is chosen such that Vi # j, T; # ; in order

to uniquely identify each failure.
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The BFPRG has been treated and solved in (Hammouri et al. 2001) for non structured systems using a geometric
approach. By a straightforward extension of the results enounced in (Hammouri et al. 2001) to SBLS, we can
deduce that, in the single fault case (¢ = 1), the BFPRG has generically a solution iff for almost all the realizations
of system (1), E ¢ Op, where Oy is the minimal unobservability subspace containing Im(H). The objective of
this paper is to find graphic conditions equivalent to the previous one. It turns out that these graphic conditions
are easier to check and so more adapted to tackle large scale systems with unknown parameters. Indeed, the
computation of Oy is quite complicated in the case where we deal with large scale systems: Oy is the limit of the
To= Ry+kerC

Tii =R + ﬂ(AJ‘.lT,»)) NkerC
J=0
where Ry represents the minimum invariant (C — (Ao, ..., A,,)) subspace including Im(H). More precisely, Ry is

sequence

the limit of the following non-decreasing sequence:

Ro = Im(H),

P 3)
Rict = Ri+ Y Aj(Ri Nker C)
=0

The computation of these sequences is characterized by a high computational burden, particularly concerning

m

the term (ﬂ(Aj_-lT i)) N ker C when the parameters of the system are not fixed. One of the main objectives of
J=0

our method is to provide simpler conditions from a computational point of view. Indeed, one of the advantages of

graph-theoretic approach is precisely the computational simplicity of the obtained results. Indeed, we recall that for
linear systems, the graphic solvability conditions of the FPRG are quite simple and are given in (Commault ef al.
2002).

Our aim is to obtain a solvability criterion for the BFPRG as simple as the one described above for linear systems.
To do so, we focus on the minimum invariant (C — (Ao, ..., A,)) subspace including Im(H) noted above by Ry.
More precisely, our aim is to quantify the generic dimension of CRy noted g_dim(CRp) and not to characterize
Ry since the latter varies with the specific values of parameters A;.

The importance of g_ dim(CRy) for BFPRG solvability is highlighted in the following lemma:

Lemma 2.1 Consider structured bilinear system (X,), in the single fault case i.e. g = 1, the BFPRG has generically

a solution iff
g_dim(CRy k) > g_dim(CRpy) 4

where Ry g represents the minimum invariant (C — (Ao, ..., Am)) subspace including Im(H) + Im(E).

Proof:
Sufficiency: Relation (4) implies that Ry g € Ry and particularly that there exists generically a vector u ¢ ker C
such that u € Ry g and Cu ¢ CRy. Thus, u ¢ Ry + ker C and so, as Oy C Ry + kerC, u ¢ Op. Nevertheless,
since u € Ry g, we have that u € OH,E and so OH,E ¢ Oy = E ¢ Oy, which means that the BFPRG is generically
solvable.
Necessity: If the BFPRG has not generically a solution then E € Op. This implies that Oy = Oy and so
C(jH,E = COy. Nevertheless, since Rue € (jH,E C Rp.e + ker C, we have that CRy g C C(jH,E C C(Rpyg + kerO).
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Thus, C(jH,E = CRyr and similarly COy = CRy. Therefore, we have that C(jH,E = COy = g_dim(CRyg) =
g_dim(CRp). O

The approach we propose is based on the previous Lemma and so a great part of the paper deal with the computation
of the generic dimension of the subspace CRy using a graph approach. In the next section, we introduce the main

graphic tools which allow us to analyse the BFPRG solvability.

3 Graphic representation of structured bilinear systems

In this section, we firstly define the digraph, which can be associated to SBLS (Z,) in order to study the BFPRG

generic solvability. Next, we give some useful notations and definitions.

3.1 Digraph definition for structured bilinear systems

The digraph associated to (X,) is noted G(X,) and is constituted by a vertex set V and an edge set &: G(Zp) =
(V, E). The vertices are associated to the state, output, disturbance and fault components of (£,) and the directed
edges represent links between these variables.

More precisely, V = XUYUFUW, where X = {x3, ..., Xp} is the set of state vertices, Y = {yl, e, yp} is the set of

output vertices, F = {fl, e, fq} is the set of fault vertices and W = {wq, ..., wq} is the set of disturbance vertices.

The edge set is & = UAk—edges U C-edges U E-edges U H-edges, where for k = 0, ..., m, Ay-edges =
k=0

[ %)) | Ac(jii) # 0}, C-edges = {(x1,y)|C(ji) # 0}, E-edges = {(f,x))| E(j.i)# 0} and H-edges =

{owi, x)) | H(j, i) # 0},

Here, (vq, V) denotes a directed edge from vertex vi € V to vertex v, € V. We indicate the indice u; over
each A;-edges and ug also under C-edges, E-edges and H-edges. Moreover, we take the following notations:
Ag-edges = Ag-edges U C-edges U E-edges U H-edges and fori = 1,..., m, A;-edges = A;-edges.

Hereafter, we illustrate our proposed digraph representation with a simple example.

Example 3.1 Consider a structured bilinear system defined by:

000000 0 A 00000000 00 0
000000 0 0 00000000 A A 0
000004 0 0 00000500 00 0 462/1?3 8 8 8888

“looo0000a 0|, |oooooooo|l., [oo|. |o B

A=1000001 0 0 A =|o0000000[H=| 0 oE=]| o [mdC= 8 8/16410 8888
000000 0 O 00000000 0 A 0 0 0 0 (')51 000
0000045 0 0 00000000 00 A 16
000000 0 0 00000000 Ao 0 0

This model is associated to the digraph of Figure 1.

Remark 1 For the sake of simplicity in the presentation, we will assume that matrix C is on the form C =
(diag(/l,-l, Aiys -5 Ai)| 0). The notations used in this paper can be easily modified to take any matrix C into ac-

count.
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Figure 1.: Digraph associated to system of Example 3.1

3.2 Definitions and notations

Ui Ui Uig . . .
e P = vy —> vi —> ... —> Vg denotes a path P, which contains vertices vg, Vi, ..., Vs and where

(Vj-1,Vj) € A,-J.—edges, for j = 1,...,s. The length of a path is the number of edges that the path uses, counting
multiple edges multiple times. For each path P, we denote by a(P) the end vertex of P. P is said an Y-fopped path
iff o(P) €Y.

e Some paths are disjoint if they have no common vertex.

o Let V) be a vertex subset, card(‘V;) represents the cardinality of V.

o Let V| and V, denote two vertex subsets. Path P is said a V-V, path if its begin vertex belongs to V and its
end vertex belongs to V,.

o A set of [ disjoint V-V, paths is called a V-V, linking of size /. The linkings, which consist of a maximal
number of disjoint V-V, paths are called maximal V-V, linkings. We define p (V{, V;) as the maximal number

of disjoint V-V, paths. Consider a V-V, linking noted L, we define a(Ly) o U {a(P)}. Finally, we denote

Pely
by u (V1,V;) the minimal number of vertices of X U Y belonging to a maximal V-V, linking.

In example 3.1, o(W U F,Y) = 3. There exist seven maximal W U F-Y linkings: £; = {fl Dy xy; 2 xy —
Yo Wi =5 xXg =5 x1 =5y, wa =5 X —5 vl £ = {f =5 x5 xg =D yg, Wi =5 xg —5 xg 2
Y1, W2 —5 Xg —> X5 — YS}, L3 = {fl s X7 — Xg4 — Y4, W] —> Xg —> X — Y1, W2 — > Xg — >
X3 —5 Y3}, Ly = {fl D X7 — Xy — Y4 Wi — X — X] — Y1, W — Xg — X3 — Y3},

upy up up Uupy up ugy Uy up ugy Uy up
Ls = {f1 X7 X4 V4, W1 X2 ¥2, W2 X6 X5 YS}, Ls = {fl X7 X4

up

uop up upy upy upy ugy uop
Y4, W1 X2 y2, W2 X6 X3 Y3}, L7 = {fl X7 X4

uo upy up
Y4, W1 — X3 — Y2, W2 —

X6 — X3 —2s y3}. Moreover, u(W UF,Y) = 8.
. Ui Ui is .. . .
e Consider a vertex subset Vy, we say that path P = vy 5 vy e — vs 1s included in Vy if

{Vla R VS—I} g (VO

Uiy Uiy Ui

e To any path P = vy Vi ... —> Vg, we associate an unique indice noted o (P) and defined by the
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ordered monomial u;, - u;, - ..

, - ...-u; . A path P is uniquely characterized by its indice and the vertices it covers. Note

that, two paths are distinct when they have distinct indices, even if they cover the same vertices.

In Example 3.1, paths P; = w; 25 x¢ — x3 and P, = Wy —5 X6 — X3, which include the same vertices, are
distinct because they have distinct indices. Indeed, o-(P1) = ug - up and o (P2) = up - uy.

e The indices are ordered monomials in ug, uy, ..., u,, of the form u;, -u;, -. . .-u;,, where {iy, i, ..., ig} €{0,..., m}
are not necessarily distinct. The set of all possible ordered monomials is noted g(u). To present the properties of p(u)
provided with a binary noncommutative operation noted "-", let us consider three indices oy = u;, -u;,-...-u;, € p(u),
02 =uj ~Uj, ... uj €9 and oz € p(u), we have:

ooy =0 iff € =kand i = ji,i» = jo,...,0¢ = je;

OO O = Ujy *Ujy * v Uiy Ujy Uy + o Ujys
o0y (02-03)=(01-02) 03 =01-02-03;

o For operation "-", 1 represents the indice of the zero length path. It is the identity element and for any indice o,
wehave l o =0-1=o0;

¢ The length of an indice consists in the number of terms u; it contains, counting multiple terms u; multiple times.

e Paths P, = vl 0, y1 2, .. My vl and Py = v2 20, 2 2, Py v2
1=V 1 ki 2= Y 1 k;

are A-disjoint iff the following

conditions hold

1 2.
Condl1- Vi, # Vi
u; . Ui
A . 1 _ 2 ~ 1 ky—j+1 . Uky 1
Cond2- Vj = 1, 2, ..., min(ky, ky) such that Visi = Viaj sub-paths Vi — Yy, and
2 u.ikz_j+1 ujkz 2 .. . .
Vie-i s+r = Vi, must have distinct indices.

In Example 3.1, P; = wp — X4 —— x3 and P, = W3 —= X¢ — Xy are A-disjoint whereas neither P; and
Py = Wy — x6 — x3 nor P, and P5 are A-disjoint.

e Some paths are A-disjoint if they are mutually A-disjoint. Note that two disjoint paths are naturally A-disjoint.

e A set of [ A-disjoint V-V, paths is called a V-V, A-disjoint linking of size /. The linkings, which consist on a

maximal number of A-disjoint paths, are called maximal V-V, A-disjoint linkings.

i

. u; u; u u;j uj Ujy,
e Consider two V-X paths P; = vy —> v} —> --- u Vll(1 and P, = vj —5 v§ —5 -+ i Vﬁz. We say
EOT IR . . . u; u; Ui o
that Py is "multiple" of P,, if there exists j < k; such that vg —> vi —> ... — le and P, are not A-disjoint.
. e - .. . u; u; Ui; C ..
In this case, if jj is the minimal value of j > O such that V(I) ‘ V} 2y e —2 le and P, are not A-disjoint,
U + 175 .
then we denote by o(P;/P>) the indice 0'(vj10 AN Vll(l) = ui,,, - ...~ and we use the notation
P =P, 0u,, - ui ., ... u . If Py and P, are not A-disjoint then we note (P, /P>) = 1 and P, = P».

We say that Py is a "strict multiple”" of P, when Py is a "multiple" of P, and o(P;/P;) # 1.

In Example 1, P4y = w; SN Xg —2> X iS multiple of Ps = wy —5 x, and we write Py = Ps © uy.
Note that if P;
P, =P;00;.

P, ®0y, P, = P; and P4 = P3; © o then we do not have necessarily that P; = P, neither that

. d
e Consider vertex subsets Wy C W U F and I'js € X¢ o {xl, X2,..., Xp}. Due to Remark 7, X represents the set

of all state vertices, which have edges towards Y and are such that x; is linked toy; fori = 1,..., p.

A path Q; is said prime Wy-L'jy¢ path if Q; is a Wy-I'jpe path and there does not exist a Wy-I'jy¢ path P such that O,
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is a strict multiple of P.

In Example 3.1, Q1 = wy —5 x5 and 0) = Wp —5 X, are prime W — X¢ paths, whereas w» 5 x¢ — x3 and
W1 — Xg —> X are not prime W — X¢ paths.

e To each structured matrix B € R®", we can associate a bipartite graph By = (V*;V";Ep), where
% = X1, x5, ..., x; L,V =4 X and Ep = {(X;r,xj), B(j,i) # 0}. Let 6(V,V,) denote the maximal number
of disjoint edges from V| C V* to V, C V. We define the notion of maximal matching partition of matrix B as
M(B) = {y € X, card(y) = 0(V*,X) = 6(V*,y)}. Note that 6(V*,X) represents the maximal matching of matrix
B and it is equal to the generic rank of matrix B, noted g_rank(B)(Murota 1987).

In Example 3.1, M4y = {{Xl,X3,X4}, {X1, X5, X4}, {Xl,X7,X4}}, MA) = {{X3}}, MHA) =

{{x2, X8, (%2, %6}, (X6, Xs}} and M(C) = {{x1, x2, X3, X4, Xs}}.

4 Main results

First, we recall the result obtained for linear systems in (Commault et al. 2002), in order to highlight the simplicity

of the conditions obtained using graphic tools:

TuEOREM 4.1 Consider a structured linear system (i.e. (X ), with matrices A; = 0, ¥i > 1) represented by digraph

G(Zp). The FPRG is generically solvable iff oW UF,Y) = card(F) + p(W,Y)

Our aim is to obtain, for the BFPRG generic solvability, graphic conditions which are as simple as the one given
in Theorem 4.1. First, let us do the following assumption on the system:
A1: Every vertex in X U F U W is the begin vertex of an Y-topped path.
We can motivate assumption A1 by the fact that if a vertex of F does not satisfy A1, then this fault component is
obviously not detectable and we can conclude immediately that the BFPRG is not solvable. So, we are interested
only in the cases where whole elements of F satisfy A1. Moreover, if there exist elements of X U W which do not

verify A1, we can, without loss of generality, remove these vertices as they have no effect on the BFPRG solvability.

4.1 Bilinear Fundamental Problem of Residual Generation with a single fault

For the sake of simplicity, we begin in this subsection by the single fault case i.e. ¢ = 1, and so E € R™! and

F = {f1}. Hereafter, we give some definitions useful to the graphical characterization of g_ dim(CRp) for bilinear

systems.
def
o J; < {Xj e X, p(W,Y U {x;}) = p(W,Y) and u(W, Y U {x5}) = u(W, Y)}.
It is obvious that, for a structured system which is parameterized by A = (1,4, ..., )7 e R, Ry varies with

the specific values of the parameters A;, but there exists a constant subspace that includes Ry for almost any value
of the parameters(Commault ez al. 1997). This subspace is called the minimal structured fixed subspace containing
Ry and is noted Rfl. For structured linear systems (Ay, ..., A, = 0), when Assumption A1 is satisfied, it is shown

that(Commault et al. 1997)

R/, = span {ej, xj € X'\ Jl} (%)
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where e, is the j Euclidean vector.
It is important to note that, including the eventual zero length paths in the linkings, we can rewrite relation (5)

using the maximal matching partition of matrix H:

def .
Ji1 = <{x; € X, max Y U {xi}) = po and min ,YU{X:D = ,
‘ { j€ X, maxp(r, YU ) =poand min YU ) uo}
where Q¢ = M(H), po = maxp (y,Y) and yy = min  u(y,Y).
Y€ Y€Q0.p(.Y)=po
* Ay = {xj € X | max p(y, Y U {xj}) > pg or min 1y, Y U{x5)) < o — 1}. Obviously, Ay € X'\ J;.
Y€Qo Y€, p(y,YU{x;H=po

de
oIy ZfX\(J1 U Ap).
We have partitioned X \ J; into two subsets A; and I';. Aj does not contain any vertex of Xc¢. Thus, due to the

particular structure of matrix C, p(W,Y) = p(W, X.) = p(W,I'1) and Cep = 0 where e, is a diagonal n X n matrix

such that ex(i, i) = L ifx e _AI . Consequently and according to (5), for linear systems, we can easily prove that
0 otherwise

CRy = CerRy and g_dim(CRy) = g_dim(CerRy) = g_dim(erRy) where er is a diagonal n X n matrix such that

1 ifx; el

0 otherwise

e We can subdivise I'; into two subsets:

int = {Xi € I';, 3 W — T’y paths P and Q included in A such that «(Q) = x; and P is a strict multiple of Q},
Lext = I'1 \ I'ine. Obviously iy € Xc.

In Example 3.1, we have that o(W,Y) = 2 = pg, u(W,Y) = 5 = . On the one hand, Vx; € X, po(W,Y U {x3}) = 2.
On the other hand, ¥x; € X'\ {x4}, (W, Y U {xi}) < 5 and only (W, Y U {x4}) = 5. That implies J1 = {x4}. Since,

X¢ and xg are the only state vertices which satisfy u(W,Y U {x;}) = 3 < 5 — 1, then Ay = {xe, xg}. Therefore,

er(i,i) =

I'1 = {X1,X2, X3, X5, X7}. Since there exists one W-I'y path P; = w; —> Xg —> X; included in Ay, which is strict

multiple of the W-T'; path Q; = w; —5 X, we have that T, = {X}.

e Let us consider a W-I'ey¢ path P,, a prime W-I'jy path Q; and a monomial 0. We say that Q; © o is a strict
multiple of path P; if P, is multiple of Oy and if there exists a monomial o} # 1 such that oy = o°(P2/ Q1) - 7.

To introduce the next definitions, let us now compute Ry for Example 3.1:
0 0

7 Ag

0

g 618, g_dim(Ry) = 2 and g_dim(Ry N ker C) = 1. Indeed, a combination of the two vectors
A

&

A
0
- Ry = span 8
0
0

0
Ao 0
0
0
0
constituting Ry is included in ker C: Ry Nker C = span{| §
7/15/19
Azdio
0 0 0 i s
P8 X 0 0
A .
- R] = Span olslol> 0 — A7 Ao .8 dlm(Rl) =4
0 Ao 0 0
0 0 0 —As5A79
Ao 0 0 0
and g_dim(R; N kerC) = 1 = g dim(Ry N kerC). Thus, Ry = R;. Consequently, CRy =
0 0 0 A1 4310
Aisdy Aiads 0 0 .
span{( 8 ],( 8 ,(—AmosmeJ( 8 )} and g_dim(CRy) = 3.
0 0 0 —A164447 49

There exists obviously a matrix B such that CRy = Im(B). Generically, M(B) = {{x1, Xz, X3}, {X2, X3, X5}}. Graphi-
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Uo

cally, Ry can be traduced using W-I'y A-disjoint linkings: £; = {wl X3 —25 X1, W2 —2 X5, Wa — X —> X3}

and £, = {w2 0 Xe —25 X5, W2 —25 Xp, W2 —25 Xg — X3}. Nevertheless, linking £3 = {wl 5 xg —2
X1, W2 —2 Xg —25 X5, W2 — X2, W2 — Xg —b X3} is also an A-disjoint linking but cannot be associated to
Ry. Indeed, even if P = w; —— xg —= x; and P’ = Wy — X¢ —— Xs are A-disjoint, they are "linked" by the
fact that P = O O ug and P’ = Q) © uy where Q1 = wy 5 x, and O =Wy 5 x, are prime W-I'j,¢ paths which
have same end vertex X,.

To take into account the link between P and P’, which is not explicitly apparent in the digraph associated to the

system, we define the notion of complete family. Intuitively, a W-T'; path w; — X;j, IR Xj,,, can be

associated to a vector A;, ...A; H; and, as we will see later, a complete family traduces the linear combinations of
elements A;, ...A; H;, Ai}c .. -Ai’l Hy,...which, under some conditions, belongs to Ry. More precisely, we have for
the present example P = Q, Ouy = Py ©uy where P is a W-I'yy¢ path. To constitute a complete family associated to
P, we must add to element Q1 © ug another one of the form P} ® ug such that a(P}) = a(Py) and {Py, P|} constitutes
a W-TI'; linking of size ¢t = 1. Since the unique path which attains x; is w» 25 x, = 0>, we have that P} = 0,.
Hence, we call the set {Q; © ug, O © up} a complete W-I'yye family. Similarly, {Q) © u;, Q> © u;} is a complete
W-I';y¢ family. Naturally, the complete family associated to P includes P’ and vice-versa.

Now, we give the rigorous definition of a complete family:

e Consider vertex subsets Wo C WUF and Iy C Xcandlet S = {Q1 001, Q2 007, Q3003..., Qr © oy},

where 07, 03,. .., oy belong to p(u) and Q.. .., O are prime Wy-L'jy¢ paths which satisfy

-Yi# j,a(Q;) = a(Q)) or Q; and Q; are A-disjoint.

$ is said a complete Wo-I'iy¢ family when V¢ =1, ...k, if 0,00, = P100"| = P,O0), = ... = P;00, where fori =
1,...,s, P;is Wy-I'in¢ paths and o} # 1, then there exist S = {Q,-l O oy, '0';.1, Qi, © oy, -0';2, ..., Qi 00y -0';.’} -
S\ {Qr© 0y}, with {0';.1, 0';.2, el O';t} C {0’], O ooy 0':} and paths P} = Q; © oy, P, = Q;, © 0%y -+

P; = Q;, © 0, such that

Cond3. {P{, P}, ..., P} constitutes a Wo-{a(P1), ..., a(Py)} A-disjoint linking of size ¢.

Cond4. the size of the maximal Wgy-{a(Py),...,a(Py)} A-disjoint linking included in
{P1, Py, ..., Ps, P}, P}, ..., Pi}isequaltor.

By definition, empty set @) is a complete family. An illustration of the notion of complete family is given in Example
4.6.

e Consider vertex subsets Wo € W U F and I'jp € Xc. S is a minimal complete Wy-I'yy¢ family if it does not exist
a nonempty complete Wy-I'iy family S’ C S'.

To compute g_ dim(CRy) using this notion of complete family, we need a last definition:

Definition 4.2 Let us denote by N(W, I'y, Ay) the set of all A-disjoint W-I'; linkings included in Ay. For each W-I'y
path P included in A;, we can associate a minimal complete W-I'y, family S (P) such that

- S(P) = 0 when P is not a strict multiple of any prime W-I'jy¢ path.

- ¥Q; prime W-T'jy path and Yo; € p(u), if P = Q; © 07, then either Q; © o; € S(P) or Q) © o; € §(P) such that
a(Q) # a(Q)) and Q; = Q%

-YQ,00; € S(P), length(Q,) + length(o;) < card(Ay) + card(Ay).
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e For each y C I'1, we define the number ps (W, y,A1,T'1) = max [card(Lo)] under the constraints:
LoeX(W,y,A1)

Ca: VP, € Ly, if Py = Qp © o then Qp © o7y ¢ U S(P),

PeLo\{Po}
Cb: either no element of S (P) is strict multiple of any W-I'ey¢ path

or if an element of S (P) is a strict multiple of a W-I'ex path P’, then

max card(L) = max  card(L)) -1
LeN(W.Lext\{a(P)},A1) L'eRX(W Text,A1)
where L and L’ contain only paths P which satisfy S (P) = 0.

o Finally, we define @ < {y € Ty, card (y) = pa(W, 7, A1, T1) = pa(W, Ty, A, T}

Using the previous definitions and settings, we can state the following lemma:

Lemma 4.3 Consider structured bilinear system () represented by digraph G(Z ). Let us denote by e, er and e,

the diagonal n X n matrices such that

ej(i,i)z{l l'inEJl el"(i,i):{l iinGFI eA(i,i)z{l iinEAl

0 otherwise 0 otherwise 0 otherwise

let R; denote the i term of sequence (3), we have generically:

Vi >0, if e;R; = 0, then for almost all realizations of (X5), there exists a matrix By such that
- M(erBy) = £y,

-e;B; =0,

- g_rank(By) = g_rank(erB) = pa(W,I't, A1, IT'y),

- Im(B,) € Ru,

-Ri \ (Ri NIm(ep)) € Im(By).

Proof:

We first comment the elements of Definition 4.2 as the proof concerns this definition.

Foremost, it is easy to see that if there exist t A-disjoint paths noted Py, P»,..., P; between {wj,, wj,, ..., Wj,} and
t
{Xiy, Xiy, .., Xi ) With o(P) = uo - sy, - ... - up,, ,fork =1,....¢ then g_ dim(Z span(A, ...Ar“ij)) =1.
k=1
Moreover, for each {w;j}-I'y path P included in Ay with o(P) = ug - u,, - “ Uy, S(P) = 0 implies that

A, ...A, H; € Ry. Indeed, S(P) = 0 is equivalent to say that P is not a strict multiple of a path leading to I'jy.
This implies H; € kerC, A, Hj € kerC,...,and A,,, ... A, H; € ker C. Therefore, A,, ... A, H; € Ry.
In contrary, the same {w;}-I'; path P included in Ay is such that P = Q| © oy, where Q; is a prime W-Ijy¢ path

Fe-1

implies that A,, ... A, H; & ker C, where o(P) = ug “ ty, = ...~ Uy, ~ Uy, * ... U, aDd Op = Uy, - oo Uy,

Consider now an W-I'; path P included in Ay and its associated complete W-I'y¢ family S(P) =
k

{01001, 02007, ..., Or 0oy} satisfying condition Cb. We show hereafter that Z span(A,, ... A, H;)| N

s=1
Ry # 0, where for s = 1,...,k, 0(Qy) - 075y = uo -y, - ... u,, and wj, is the begin vertex of Q:

At first, due to constraint length(Q;) + length(os) < card(A;) + card(I'1), S (P) has a finite number of elements.

Moreover, let us consider in S(P) an element noted Q; © o, where Q; is a prime W-I'jy¢ path and such that
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length(oy) is maximal in S(P). Even if this element is not unique, it exists since S(P) has a finite number of
elements. We denote this element Q; © o} only for the sake of simplicity and in order to avoid an additional index.
To do so, an eventual reordering of S (P) may be necessary.

Let us take the following notations, 07(Q1) = uo “ r, = ... Uy, s O1 = Upyy .. Upy and vy = Ay oA Hj,
where wj, is the begin vertex of Q;. Obviously, vi NkerC = 0 and v; € Ry.

As S (P) is complete, there exist some elements denoted, for the sake of simplicity, Q> ©0, Q30073,..., Q1 O 0141

which satisfy conditions Cond3 and Cond4. Let us note for s = 2, ..., ¢t + 1, 0(Qs) = ug - u,, -

ur&px >

Os = Uy on U, andvg = A, A

Vst M Fstg—1

...A, Hj, where wj, is the begin vertex of Qy. Note that as they are
prime W-I'yy¢ paths, Oy, for s =1, ..., # + 1 can not be strict multiple of W-I'ex paths.

Moreover, we have for elements Q, s = 1, ..., r + 1, only two possible cases:

-case 1: Vs =1, ..., t+1, Oy is not a multiple of any W-I'¢y path. In this case, all vectors A,mvs, s=1,...,t+1,
associated to Qs © uy, , ,, are such that e;v, = 0.

Moreover, since, Vs = 2,...,t + 1, length(os) < length(o;) and due to conditions Cond3 and Cond4,

we have that vi € Ry and oy = 0. Furthermore, these conditions Cond3 and Cond4 imply also that
t+1 t+1 t+1

g_dim ( Z span(vs)) = t+ 1, g_dim (C Z span(vs)) = t and g_dim (C Z span(vs)) = t. Therefore,
s=1 s=1 s=2
t+1 t+1 +1

Zspan(vs) N kerC # 0. Since Zspan(vs) C Ru, there exists v| € Zspan(vs) such that A, Vi € Ry

+1

s=1 s=1 s=1
-

and ejA,,, V| = 0.

- case 2: ds such that Q; is a multiple of a W-I'¢xt path P’. Due to constraint Cb, ¢;, € Ry, where x;, = a(P’) and
e;, is the i’]h Euclidean vector. Obviously, e;, € Im(er).

For all the Q; ® o which are multiple of W-I'¢x¢ paths, we join to {Q; © Ur g, s 0,0 Ury g oo [0)%0)} um,lﬂ},
the path subset {P\u,,, _,,..., Pruy,, .} where L = {Py,..., Py} is the linking described in Cb. Let us denote by

vy the vector associated to each Py, s’ = 1,...,¢. We can deduce from Cb, conditions Cond3 and Cond4 that,
t+1 t t+1 /

vy € Ry N Im(er), g_dim ( Z span(vy) + Z span(\"/y)) =1 +t+1,g_dime j( Z span(vy) + 2 span(\"/s/)) =0
s'=1

s=1 s'=1 s=1
t+1 4

and g_ dim(f )(Z span(vy) + Z span(fzs/)) = t + 1'. Using similar arguments than previously, we have that

s=1 s'=1
t+1 t

(Z span(vy) + Z span(vsl)) N (ker C N Im(ey)) # 0.

s=1 s'=1
t+1 t t+1 4

Since Z span(vy) + Z span(Vy) C Ry, there exists v € Z span(vy) + Z span()’,) such that Aml“v’1 € Ry and
s=1 s’'=1 s=1 s'=1

v) € Im(e,) which implies that e;A,,, v} =0.
To summarize, in the two previous cases, we have that we can extract from the vectors associated to
{Q1Ou, Q2O Uy, s, O Ouy, ,}avector v such that A, , ,vi € Ry and ¢jA,,, v} = 0.

In fact, in S(P), the presence of elements Q, © o5, s = 1,...,¢t + 1, satisfying Ca and Cb, is equivalent to

the presence of Q) © o7, where o} = uy,,, - ... - Uy, is "shorter” than oy and Q} could be represented by
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t+1
. . ,
{Q10uy, Q2 Our, ..., O Ouy, ,} which traduces the existence of a nonzero vector v € Z span(vs) N Ry

s=1
satisfying e;v] = 0 since v| € Im(e,,).

We can repeat this reasoning, until obtaining a final element Q*)o”;, where o’ = 1 and Q%" traduces the
k

fact that there exists a nonzero vector v, € Z span(A,, ... A, ,A, H;)|NRy withe;v, = 0.

rs2
s=1

Therefore, for each path P such that either S (P) = () or S (P) verifies constraint Cb, we can associate a vector v € Ry

satisfying e;v" = 0. In this case, we have obviously, M(erv') = {{a(Pi)}, P, = Q;00; € S(P)and a(P;) € Fl}.

Since P is an W-I' path and as S (P) is minimal, we have necessarily erv’ # 0.

Consider now any set S = U{S (P)} of complete families S(P). If S(P), VP € Ly, is minimal and satisfies
Pely
constraint Ca and since all the paths P € L are A-disjoint, then all vectors v associated to each subset S (P) are

generically linearly independent. Moreover, as we have shown it above, if S(P), VP € Ly, is minimal and satisfies
constraint Cb, then all vectors v associated to each subset S (P) are generically such that v/ € Ry, e;v' = 0 and
erv' #0.

Hence, if we consider matrix B; defined by the concatenation of all these independent vectors v/, then we have
obviously that M(erB;) = Q4, g_rank(B)) is equal to the number of vectors associated to paths P € Ly and since all
these vectors are such that epv’ # 0 so g_rank(erB1) = g_rank(B1) = pa(W,I'1, A1,T'1). Moreover, Im(B;) C Ry

and e;B; = 0 and so the first four points of Lemma 4.3 are proved.

To prove the last point of Lemma 4.3, we use a proof by contradiction in assuming that for some i > 0, ¢;R; = 0
and R; \ (R; N Im(ep)) ¢ Im(B). This means obviously that dvy € R; such that ervg ¢ Im(erB;). Let B]
be the matrix obtained by the concatenation of By and vg i.e. B] = (Bi|vp). Obviously, there exists a subset
Y =y U{xj} € M(erB)), where y € M(erB)), x;, € I't and {x;,} € M(vp). Recall that y € M(erB) is equivalent
to say that ps(W,y,A1,T1) = pa(W,T'1, A1, T).

Let Py, Pop,..., Pog, all the W-{x;,} paths included in A; and such that length(Py;) < i, Vj = 1,..., ko.
Obviously, since v, € R; and e,;R; = 0, there exists at least a path satisfying conditions above.

Let 81, Sy.. .., Si be all the sets of minimal complete families S, = U {S (P)}, satisfying constraints Ca and Cb

PeLy
with a(Ly) = . In fact, since there can exist many A-disjoint linkings Ly with a(Ly) = y and as for one path P we

can associate different S (P), there can exist many sets Sg.

Only three cases have to be distinguished:

- case 1: there exists a path Py ; associated to a minimal complete family S (Po,;) = 0 and such that Lj = Lo U {Po,;}
is A-disjoint.

- case 2: there exists a path Py ; associated to a minimal complete family S(Pg ;) # 0 (i.e. Xj, € I'ext) satisfying
constraint Cb, a set of complete family S, such that, VS(P) € S; and VQ; © 0 € S(P), Py; # Q; © 0; and
Ly = Lo U {Py ;} is A-disjoint.

In the two first cases, S’ = U S (P) satisfies constraints of linear independence Ca. Thus, linking L satisfies
PEL&U{P()J}
constraints of Definition 4.2 and ps(W,I'1,A1,T'1) = pa(W,y,A1,T1) < card(Ly) = pa(W,y’,A1,T), with
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v’ € Tq. This is in contradiction with Definition 4.2. Indeed, p4(W,T'1, A1, I'1) is the cardinality of the biggest
A-disjoint linking which satisfies all constraints of Definition 4.2. Therefore, for these two first cases, we cannot
have ervy ¢ Im(erB;) and so R; \ (R; N Im(ep)) C Im(By).

- case 3: Vj, V€, S(Po;) # 0 and IS (P) € S, such that AQ; © o € S(P), Pyj = Ok © 0. This implies, according
to the fact that S (P) satisfies constraint Ca and due to the minimality of S(P) € S, that vector vy ; associated to
Py ; belongs generically to Im(By). Indeed, in this case S (P) can also be associated to Py ;. This is true for all paths
Poj, j = 1,...ky i.e. all W-{x;,} paths included in A;. Therefore, ¥Yv € R; such that {x;,} € M(v), we have that
v € Im(By). In particular vy € Im(B).

Therefore, all the possible three cases lead to R; \ (R; N Im(es)) C Im(B;) and the lemma follows. O

Roughly speaking, the object of Lemma 4.3 is to establish that the obtained set €2y can be generically associated
to a structured matrix denoted B; which summarizes the influence of the propagation of the perturbation w until it
reaches the state components in J;. Defining B, on the basis of € such that M(erB;) = 1, ¢e;B; = 0and erB; ; # 0
¥ j, where By j is the j’h column of By, implies necessarily that g_rank(B)) = g_rank(erB;) = pa(W,I'1, A1, Tp).
Moreover, Im(B;) C Ry, implies that structured matrix B; does not contain any new directions w.r.t. Ry. Finally,
as long as e;R; = 0, R; \ (R; N Im(en)) € Im(By) implies that as long as e;R; = 0, By represents all the influence of
the perturbation w on I'; and so on the outputs since X, C I'y U J;. Thus, as long as e¢;R; = 0, we obtain the same
generic dimensions of subspaces erR; and CR; if we replace virtually matrix H by matrix B;.

We can deduce from the previous lemma:

Lemma 4.4 Consider structured bilinear system (X,) represented by digraph G(X,). We have generically :

Vi > 0, if eyR; = 0, then there exist generically a subspace U, C Im(ep) C kerC and a matrix By satisfying
conditions of Lemma 4.3 (i.e. M(erB;) = Q1, e;B1 = 0, g_rank(B;) = pa(W,I'1,A1,I'1), Im(B;) C Ry) and such
that

- D AU S UL+ Im(By),
j=0
-R; C Uy +Im(By)

Proof:
e;R; = 0 implies that R; = (R; N Im(ep)) + Rr where, from Lemma 4.3, there exists a matrix B; satisfying

conditions of Lemma 4.3 such that Rr C Im(B;). Let us denote R; N Im(ep) by Dy and let us define D, =

D; + Z A;(D; N Im(ey)). The non-decreasing sequence D; has a unique limit noted D,.
j=0
By construction Vi > 0, e¢;D; = 0 and using similar arguments to the ones of Lemma 4.3, D; \ (D; N Im(ep)) C

Im(By). Indeed, sequence D; is equivalent to sequence R; in the specific case where all the A;-edges, i = 0,...,m,
starting from the elements of I'y, are removed. As we have proved that ¢;R; = 0 = R; \ (R; N Im(ep)) C Im(By)
in the general case, then it is also true in the specific case where all the A;-edges, i = 0,. .., m, starting from vertex
subset I'y ari removed and so ¢;D; = 0 = D; \ (D; NIm(ep)) € Im(B)). Therefore, D, \ (D, N II,Inl(eA)) C Im(By).

Moreover, ZAj(D* N Im(ep)) € D.. So, if we denote D, N Im(ep) by Uj, then we have that ZAle cD, C
J=0 j=0
U + Im(Bl)
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Moreover, since R; N Im(ep) = Dy € D.., and since Ry C Im(B;), we also have R; C U; + Im(B;) and the lemma
follows. =

We can deduce from the last lemma, the following corollary, which allows to characterize Ry:

CorOLLARY 4.5 Consider SBLS (X)) represented by digraph G(Z ).

Stl. for almost all structured matrices B such that M(erB) = Q4, we have that g_dim(CRy) = g_dim(CRp), where
R, is the minimum invariant (C — (Ao, ..., Ap)) subspace including Im(B).

S2. if pa(W,I'1,A1,T1) = p(W,Y) then g_dim(CRy) = pa(W,I'1, A1, T'y).

Proof:
Stl. This statement can be proved using mathematical induction. According to Lemma 4.4 and to the fact that
e;Ro = 0, we have obviously that there exists a structured matrix B; such that Ry € U; +Im(B;) € U; +Rp,, where

Rp, 1s the minimum invariant (C — (Ay, ..., A,;)) subspace including Im(B;). Assume that R;, € U; +Rp,. From se-

quence (3), we have that R; .1 = R;, + Z Aj(Ri,NkerC). As U; C ker C and Z A;U; € Uy +Im(By), we can write
j=0 Jj=0

that R;+1 € Uy +Rp, + Uy +Im(By) + ZAj(RBl NkerC) C U; + Rp,. Therefore, Ry € U; + Rp,. Furthermore, as
=0
Im(B;) € Ry, which implies that Rg, € Ry, we have that Rg, € Ry € U; +Rp,. Thus CRp, € CRy S C(U; +Rp,)

and as U; C ker C, we obtain CRy = CRp,. Then, g_dim(CRy) = g_dim(CRp,). Since this equality is true for at

least one structured matrix By, it is also true for almost all structured matrices B such that M(erB) = €.

St2. pa(W,I'1,A1,T1) = p(W,Y) is equivalent to the fact that there exists a structured matrix By satisfying condi-
tions of Lemma 4.4 such that g_rank(B;) = g_rank(erB1) = pa(W,I'1,A1,T'1) = p(W,Y).

On the one hand, from definition of I'y and Ay, (I'y U A1) N X, = I'1 N X¢. Moreover, due to the structure of matrix
C, we have that p(W,Y) = p(W, X, NT'1). On the other hand, every maximal W-I'y N X¢ linking can be associated
to complete families such that constraint Ca is satisfied. Therefore, for each maximal W-I'y N X¢ linking £, there
exists y € Qq, such that a(L) C y. Yet, o(W,Y) < g_rank(CB;) = e (glay)é Xe card (y) < 52?1)1( card (y). Consequently,
we have in general that p(W,Y) < g_rank(CB,) < g_rank(B).

Thus, if equality of St2 is satisfied i.e. pa(W,I'1,A1,T1) = p(W,Y), then it means that pa(W,I'1,A1,I'7) <
g_rank(CBj). As, by definition, ps(W,I'1,A1,I'1) = g_rank(B,) we have g_rank(By) < g_rank(CBy), which im-
plies that g_rank(B,) = g_rank(CB;). So, g_dim(Im(B;) N ker C) = 0 and consequently Rp, = Im(B;). Using
Statement Stl. proved above, we have then that g dim(CRy) = g_dim(CRp,) = g_rank(CB;) = g_rank(B;) =
Pa(W.T'1,A1,T1) = p(W, Y). m

Statement St2 of the previous lemma allows to compute g_ dim(CRp) in the specific case where pa(W,I'1, A1, T'y) =
p(W,Y). Knowing that, by construction, ps(W,T'1,A1,T'1) > p(W,Y), we are interested, in the following para-
graph, in the determination of g_ dim(CRp) in the case where p4(W,T'1,A1,T1) > p(W,Y).

In order to compute exactly g_dim(CRy), we introduce now following subsets I';, A; and €4, i > 1, which are the
generalisation of I'y, A; and Q; introduced above. More precisely, the latter is quite general in order to be applied

also in the multiple fault case. It allows us to characterize g_dim(CRp,), where matrix Hy is constituted by any
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columns of H and E i.e. Hy = (H;,,H,,,...,H;,Ej,E},,...,E;), where H; and E; represent respectively the i"

1°
column of matrix A and the j column of matrix E. To such matrix, we associate vertex subset Vo € W U F such

f,

i)

Algorithm I Consider any Vo € W UF.

that Vg = {Wil,wiz, .. ,Wik,fjl,sz, e,

Initialisation:
= Q)= M(Hp),Jo=X,i=0
Step i:
o, =maxp(y,Y), yu; = min ,Y),
pi = max (. Y), Seas (%Y):p[ﬂ(y )
def .
> Jiz1 = (x5 € J;, maxp(y, Y U {x;}) = p; and min YU XD =u;e,
i1 { j € Ji, max ply xjh=p 769i’p(ﬂu{xjnzpi#(7 {x;}) #}
def .
= Ay < AjU {Xj € X\ Ji+1, maxp(y, Y U {x;}) > p; or min uCy, Y U{xj}) < p; — 1},
YEQ; YEQi, p(y, YU(X;})=p;

© i Y X\ (it U Av),

- Lint o {Xi € I'i;1, AW —Tj,1 paths P and Q included in Aj;1 such that a(Q) = X; and P is a strict multiple of Q},
Fext = I't \ Tint,

> Compute p4(Vy, I'is1, Ajr1, [ir1) by substituting Ay and I'y in Definition 4.2 by A;4; and I'y,q respectively,
o If pa(Vo, i1, Ajy1, Ticr) > pi, then

de .. .
Qi < {y I, card (y) = pa(Vo, Y, Ais1, Tiv1) = pa(Vo, L1, Ai1, Tivp)}, i=i+1, go to Step i
o> Else I'.(Vo) = T, Ac(Vo) = Aji1, p(Vo) = pi, L.(Vo) = Q;.

Example 4.6 Let us illustrate Algorithm / and Definition 4.2 and compute p.(W) for the structured system asso-
ciated to the digraph of Figure 2.

Initialisation:

LSTRRIERS V)

X u uy
W w X0
2 Y3

Y2

Figure 2.: Example 4.6

‘HQO:{{Xs,Xg}},JOZX,iZO
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Step 0:

+ po = p({Xs, X9}, Y) = 2, io = u({Xs, X9}, Y) = 9,

w J1 = {X16}

+ A1 = {Xs, X¢, X7, X3, X9, X10, X11, X12, X13, X14, X15},

w I't = {x1, X2, X3, X4},

‘We have also that I'jys = {x1}.

> Computation of pa(W,I'1, Ay, I'y): First note that ps(W,I'1,A1,I'1) = 4. Indeed, there exist three A-disjoint
linkings of size 4: L = {Py, P», P3, P4} and L, = {Ps, Py, P3, P4}, L3 = {Pg, Py, P3, P4}, where: P; = wy SN

uo def 20] uo uj up uj uo uo ui
Xs — X1 = 01, P, =w X5 X6 X7 Xg X4, P3 = Wy X9 X10
def
ugy uy Uup uoy up up up uoy uo .
X1 — X2 — X3, Py = W2 X9 X13 X14 X15 X2, Ps = Wy — X9 — X1 = (O,
U U u
P6 = W1 0 X5 0 X6 ! X1.

All paths P,, P3 and P, are multiple of some prime W-I'jy¢ paths i.e. P = Q0uy, P> = Q10(u;-uz-u;) = PeO(uz-uy),
Py = 0,0y -up-up) and Py = O, © (ug - up - up). To these paths we can associate the following complete families:
S(P) = 0, S(P2) = {010 @ -uy-wr), Q1O (wr -y - uz - wy), Q2 @ Gy -y - 1y - w), Q1 © (1 - w),
S(P3) = {Q2®(M1 ‘U -uz), Q1O - up-uz), Q1®(M0'M2)},S(P4) = {Q2®(M1'M2'M1), 010(u; -up - uy), Q1®(M2'M1)}
or S (Ps) = {02 ® (ur - uz - ur), Q1 © (uy -1y - 1), Q2 © (uy -ty -1z - wy), Q1 © (uy - uy)}. This Tast family is more
suitable because it allows to obtain a set satisfying constraint Ca of Definition 4.2 (because P, = Q1 © (uy - up - uy) ).
Therefore, p4(W,I'1,A1,I'1) =4 and so Q; = {{xl, X2, X3, X4} }

i=1.

Step 1:

© p1 = p({X1, X2, X3, X4}, Y) = 4, iy = p({x1, X2, X3, X4}, Y) = 8,

w Ja = {x16}

+ Az = {Xs, X¢, X7, X3, X9, X10, X11, X12, X13, X14, X15},

w Iy = {x1, X2, X3, X4},

We have also that T'jp¢ = {x1}.

> Since Ay = Ay and I'p =T’y then ps(W, I3, A2, 1) = p4(W,I'1, A1, T'7) = 4.

As, pa(W,I'2, A2, T'2) = p1, we have that I'.(W) = I'z, A.(W) = Az, p.(W) =4, Q. (W) = Q.

If the edge (x11,X12) was included in Aj-edges and not in Ap-edges, neither S(P;) = {Ql O]
ur - up - w), Q1 © (1 - wy - up - w), @2 © (uy - uyp - up - ouy), Q1 © (up - Ml)} nor S(Ps) =
{020 (uy ~up - uy), Q1O (uy ~uy - uy-uy), Q2O (uy -uy -uy - uy), Q1 © (uy-up)} are permitted since they contain
an element O, © (u; - u; - up - uy) which is multiple of P3 i.e. Qr © (u; - uy - up - u;) = P3 © u; and so con-
straint Cb is not satisfied. In this case, we must take other families: S (P,) = {Q1 Oy -uy-uy), Q10 (uy - uy - up -
u), Q1O @y -uy - uy - up-ur), Q2O (uy - uy - uy - up - uy), Q10 uz- Ml)} and S (Pg) = {Qz Oy - uz-ur), Q1O (ug -
up-up-ur), Q1O (uy - uy - uy - up - uy), Q2O (uy - uy - uy - up - uy), Oy ®(u2'ul)}-

pa(W,I'1,A1,T)) =4 and Q; = {{xl, X2, X3, X4} } Consequently, also in this case, p.(W) = 4.

The following lemma characterizes the value of g_ dim(CRy):

Lemma 4.7 Consider SBLS (Z5) represented by digraph G(X5). We have
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g_dim(CRy) = p.(W)

Proof:

Let « be the first integer such that pa(W, L'yi1, Ace1, Lii1) = o = I;é%x p(y,Y).

From Statement St1 of Corollary 4.5, we can write that g_dim(CRy) = g_dim(CRp,) for almost all struc-
tured matrix B; such that M(B;) is equal to Q;. Moreover, if we denote W' = {w’l,...,w&,}, with d' =
pa(W,Ti_1,Ai-1,T-1), a virtual vertex subset connected to vertex subset X through the virtual edges noted
Bi-edges = {(w{(,xj) | Bi(j, k) # 0}, we have that pga(W, T, A, 1) = pa(W’, T, A;, I;). Thus, we can generalize
Statement St1 of Corollary 4.5, and so we have iteratively, g dim(CRy) = g_dim(CRp,) = g_dim(CRp,) = ... =
g_dim(CRp,), for almost all structured matrix B; , 1 <i <« + 1, such that M(er,B;) is equal to €;.

Moreover, as pa(W, i1, Avs1,Tis1) = px = m?zx (p(y, Y)), statement St2 applied to £, gives g_dim(CRp, )
yeQ,
AW, Li1, Ari1, Lii1) = p«(W). Thus, g_dim(CRp) = p.(W) and the Lemma is proved. O

ProposiTioN 4.8 Consider structured system (X ) represented by digraph G(Z ). In the single fault case, the BFPRG
has generically a solution iff p.(W U F) > p,.(W).

Proof:

The proof is immediate according to Lemma 4.7 and to Lemma 2.1. O

Note, finally, that for SBLS (Z,), it is quite easy to prove that 72{{ = span {ej, x; € T,(W) UA, (W)}, where ¢; is the
j™ Euclidean vector.

For the system described in Example 4.6, p.(W U {f1}) = 4 = p.(W) and so the BFPRG is not generically solvable.

4.2  Problem of Residual Generation: Multiple fault case

4.2.1 Bilinear Fundamental Problem of Residual Generation with eventually simultaneous failures events. In the case
of multiple and possibly simultaneous failure events we must solve the BFPRG for each failure component f; for

i=1, ..., q. Thus, directly from Proposition 4.8 we can enounce:
CoroLLARY 4.9 Consider structured system (X,) represented by digraph G(Xp). The BFPRG with multiple and

simultaneous failure events has generically a solution iff

Vie{l,2, ...,q}, ps(WUF)>p (WUF\ {fi})

4.2.2  Problem of Residual Generation with no simultaneous faults . In the case where only one failure can occur at a

time on the system, we have:

CoroLLARY 4.10 Consider structured system (X5) represented by digraph G(Za) and assume that only one failure

event can occur at a time on the system. The BFPRG has generically a solution iff

Vi, je (L ..., qh, withi# j,  p(WU{fTj})>p.(WU{f})
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5 Computational aspects and concluding remarks

Let us analyse briefly the computational aspects of the proposed method. Mainly, according to Algorithm /, there
are three stages in the computation of p.(Vy), Vo € W U F:

- Computation of p(y,Y) and u(y,Y) : we use classical algorithms of maximum flow calculation, the overall
complexity is equal to O(N* VM), where M = (m + 1)n* + n(q+d) + p is the number of edges and N = n+g+p+d
is the number of vertices in the digraph.

- Extraction of the maximal A-disjoint linkings: on the basis of the precedent computation, we add to the disjoint
paths (which are A-disjoint) other paths to complete the linking. There are two stages: path extraction and
verification of conditions Cond1 and Cond2. The overall complexity is equal to O(N>M VM).

- Association of complete families to each path and computation of €2;: these two calculations are made simulta-
neously, using logical expressions to characterize €2;. The construction of complete families is done according to
constraints Ca and Cb of Definition 4.2. The overall complexity of this step is estimated equal to O(N>M).

Note that at step i + 1, we use results of step i, the definition of A; and I'; is very useful to reduce the number of paths
to be tested in the algorithm. Moreover, at each step, we construct a structured matrix B; such that M(B;) = ;,
this allows also to reduce considerably the number of paths to be tested in the algorithm.

Consequently, if we assume, without loss of generality, that p < n, ¢ < n and d < n the overall complexity of

Algorithm / is then O(mn® \nm).

To summarize, in this paper, we propose a graph-theoretic approach to provide necessary and sufficient
condition for the generic solvability of BFPRG for structured bilinear systems. The proposed method needs few
information about the system and is free from numerical difficulties. This makes it well-suited for large scale and
uncertain systems and also in conception stages.

Finally, the use of graph-theoretic tools makes easy the visualization of the system structure. This may be helpful
for the optimisation of sensor placement to fulfill the solvability of residual generation problems as it is done in

(Commault and Dion 2003) for structured linear systems.
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