N

N

Homogenization-based constitutive models for porous
elastomers and implications for macroscopic instabilities:
I- Analysis

Oscar Lopez-Pamies, Pedro Ponte Castaneda

» To cite this version:

Oscar Lopez-Pamies, Pedro Ponte Castafieda. Homogenization-based constitutive models for porous
elastomers and implications for macroscopic instabilities: I-Analysis. Journal of the Mechanics and
Physics of Solids, 2007, 55 (8), pp.1677-1701. 10.1016/j.jmps.2007.01.007 . hal-00311891

HAL Id: hal-00311891
https://hal.science/hal-00311891
Submitted on 28 Aug 2018

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00311891
https://hal.archives-ouvertes.fr

Homogenization-based constitutive models for
porous elastomers and implications for
macroscopic instabilities: I—Analysis

O. Lopez-Pamies®®, P. Ponte Castafieda®®*

“Department of Mechanical Engineering and Applied Mechanics, University of Pennsylvania,
Philadelphia, PA 19104-6315, USA
I MS (CNRS UMR 7649 ), Département de Mécanique, Ecole Polytechnique, 91128 Palaiseau, France

The purpose of this paper is to provide homogenization-based constitutive models for the overall,
finite-deformation response of isotropic porous rubbers with random microstructures. The proposed
model is generated by means of the “second-order” homogenization method, which makes use of
suitably designed variational principles utilizing the idea of a “linear comparison composite.” The
constitutive model takes into account the evolution of the size, shape, orientation, and distribution of
the underlying pores in the material, resulting from the finite changes in geometry that are induced by
the applied loading. This point is key, as the evolution of the microstructure provides geometric
softening/stiffening mechanisms that can have a very significant effect on the overall behavior and
stability of porous rubbers. In this work, explicit results are generated for porous elastomers with
isotropic, (in)compressible, strongly elliptic matrix phases. In spite of the strong ellipticity of the
matrix phases, the derived constitutive model may lose strong ellipticity, indicating the possible
development of shear/compaction band-type instabilities. The general model developed in this paper
will be applied in Part II of this work to a special, but representative, class of isotropic porous
elastomers with the objective of exploring the complex interplay between geometric and constitutive
softening/stiffening in these materials.
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1. Introduction

Porous elastomers are of considerable technological interest. They enjoy a wide range of
applications which include packaging, cushioning, energy absorbtion, noise abatement,
etc. In numerous situations, these materials are subjected to large deformations. It is,
therefore, of practical interest to develop constitutive models for the mechanical behavior
of porous elastomers under such loading conditions. Ideally, these models should be
accurate and at the same time relatively simple, so that they are amenable to direct
implementation into standard finite element packages for solving structural problems of
interest. This presents a substantial challenge, as the mechanical behavior of porous
elastomers is known to depend critically on their underlying microstructure, which is by
and large rather complex. Indeed, more often than not, the distribution of pores in these
materials is random. Also, depending on the specific application, porous elastomers may be
open or closed cell, and may contain levels of porosity that range from very small to very
large. In this connection, ever since the pioneering work of Gent and Thomas (1959), there
have been numerous contributions concerning the modeling of the mechanical behavior of
high-porosity elastomers (or low-density foams) under large deformations (see, for
instance, the monograph by Gibson and Ashby, 1997). In contrast, the study of porous
elastomers with low to moderate levels of porosity has not been pursued to nearly the same
extent. The objective of this paper pertains precisely to the development of a constitutive
model for this latter class of materials. More specifically, attention will focused on porous
elastomers consisting of a random and isotropic distribution of polydisperse pores (in the
undeformed configuration) in an isotropic, elastomeric matrix phase.

In terms of prior work, various attempts have been made using different methods.
Phenomenological approaches include, for instance, the model of Blatz and Ko (1962),
which was motivated by experimental work on polyurethane rubber with a random and
isotropic distribution of pores of about 40 um in diameter and an approximate volume
fraction of about 50%. The predictive capabilities of this model for the response of actual
porous elastomers is limited. However, the Blatz—Ko material does have a very appealing
physical property: it loses strong ellipticity at sufficiently large compressive deformations
(Knowles and Sternberg, 1975). This property is in agreement with physical evidence
suggesting that porous elastomers can develop macroscopic bands of strain localization at
sufficiently large deformations, which could correspond, for example, to buckling of the
matrix ligaments at the micro-scale (see, e.g., Kinney et al., 2001; Gong and Kyriakides,
2005). Homogenization-based approaches include the microstructure-independent Voigt-
type bound (Ogden, 1978), some rigorous estimates for special microstructures and loading
conditions (Hashin, 1985), and various ad hoc approximations (Feng and Christensen,
1982). There is also a recently proposed estimate by Danielsson et al. (2004) for isotropic
porous elastomers with incompressible, isotropic matrix phases. In fact, this estimate—as
it will be discussed in Part II (Lopez-Pamies and Ponte Castafieda, 2007) of this work—can
be shown to be a rigorous upper bound for porous elastomers with incompressible matrix
phases and the composite sphere assemblage (CSA) microstructure (Hashin, 1962).
Admittedly a very special class of microstructure, the CSA can be considered as a fair
approximation to the type of microstructures of interest in this work, namely, random and
isotropic distribution of polydisperse pores in an elastomeric matrix phase.

In this work, we make use of the second-order homogenization theory, originally
developed by Ponte Castaneda (2002) for viscoplastic materials, and extended recently for



general hyperelastic composites by Lopez-Pamies and Ponte Castaneda (2006a). This
technique has the capability to incorporate statistical information about the micro-
structure beyond the volume fraction of the phases and can be applied to large classes of
elastomeric composites (Lopez-Pamies and Ponte Castafieda, 2006a, b). In particular,
Lopez-Pamies and Ponte Castafieda (2004) have previously developed second-order
estimates for the effective stored-energy function of two-dimensional (2D) model porous
systems consisting of elastomers weakened by an isotropic distribution (in the transverse
plane) of aligned cylindrical pores with initially circular cross section, and subjected to in-
plane loading. Interestingly, these estimates—which account approximately for the change
in size, shape, and orientation of the pores that are induced by the finite deformations—
admit loss of strong ellipticity at sufficiently large compressive deformations (even when
specialized to strongly elliptic matrix phases). Furthermore, these analytical results were
found to be in qualitative agreement with previous numerical results obtained by
Abeyaratne and Triantafyllidis (1984) for 2D porous materials consisting of periodically
arranged, aligned, cylindrical holes of initially circular cross section. Motivated by these
findings, Michel et al. (2007) have recently conducted a combined numerical and analytical
study of the influence of the underlying microstructure on the development of microscopic
and macroscopic instabilities in 2D porous elastomers under finite deformations. These
investigations have shown that the second-order theory can deliver accurate estimates not
only for the macroscopic constitutive behavior, but also for the more sensitive information
on the possible development of macroscopic instabilities in porous elastomers with
periodic microstructures. These encouraging results for 2D microstructures strongly
suggest that the second-order theory should also be able to deliver accurate estimates for
the effective behavior, as well as for the onset of macroscopic instabilities, of porous
elastomers with the three-dimensional (3D), random microstructures of interest in this
work. In this connection, it should be remarked that while for 3D periodic microstructures
estimates can be obtained numerically, for the random case this approach would be
exceedingly intensive from a computational point of view, and the analytical approach
proposed here—though approximate—is perhaps more appropriate.

This paper is organized as follows. Section 2 provides a review of basic results for the
macroscopic and microscopic response of porous hyperelastic composites. Section 3
presents the specialization of the second-order theory to the above-defined general class of
porous elastomers, including a subsection on evolution of microstructure for these systems.
Section 4 describes the further specialization to porous elastomers with “generalized Neo-
Hookean” behavior for the matrix phase, as defined by relation (22). The main results are
contained in Egs. (23) and (26) for compressible and incompressible matrix phases,
respectively. The derivation of these results is provided in Appendices B and C. Finally,
some general conclusions are drawn in Section 5.

2. Preliminaries on porous hyperelastic composites

Consider a porous material made up of initially spherical voids distributed randomly in
an elastomeric matrix." A specimen of this material is assumed to occupy a volume €,
with boundary 09, in the undeformed configuration and to be such that the characteristic

'These idealizations constitute a good approximation to the actual microstructures found in a wide range of
porous elastomeric systems.



length of the underlying pores is much smaller than the size of the specimen and the scale
of variation of the applied loading.

The constitutive behavior for the matrix phase is characterized by a stored-energy
function W that is a non-convex function of the deformation gradient tensor F. The
porous phase is characterized by the stored-energy function W = 0. Thus, the local
stored-energy function for the porous elastomer may be written as

WX F) = 7" OWOE) + 70 X WOF) = 1 X)w D), (1)

where the characteristic function Xf)l) (}(f)z)), which takes the value of one if the position

vector X is inside the matrix (porous) phase and zero otherwise, serves to characterize the
microstructure of the material in the undeformed configuration. Note that, in view of the
assumed random distribution of the pores, the dependence of Xf)l) on X is not known
precisely, and the microstructure is only partially defined in terms of its n-point statistics.
In this work, use will be made of one- and two-point statistics, as detailed further below.
The stored-energy function w is, of course, taken to be objective, in the sense that
WD(QF) = WWD(F) for all proper orthogonal, second-order tensors Q and all deforma-
tion gradients F. Making use of the right polar decomposition F = RU, where R is the
macroscopic rotation tensor and U denotes the right stretch tensor, it follows, in
particular, that W(F) = W)(U). Moreover, to try to ensure material impenetrability,
W is assumed to satisfy the condition: WU(F) — oo as detF — 0+. The local
constitutive relation for the porous elastomer is given by

_
" OF

where S denotes the first Piola—Kirchhoff stress tensor and sufficient smoothness has been
assumed for W on F.

Under the hypotheses of statistical uniformity, and the above-mentioned separation of
length scales, it follows (Hill, 1972) that the global constitutive relation for the porous
elastomer is given by

S (X;F), 2

§=T’ 3
OF ®)
where S =(S), F = (F) are the average stress and average deformation gradient,
respectively, and

W(F) = min (W(X;F)) = min ) (wOE)® (4)
Fex (F) Fex'(F)

is the effective stored-energy function of the composite. In the above expressions the
triangular brackets (-) and (-)" denote, respectively, volume averages—in the undeformed
configuration—over the specimen (£y) and the matrix phase (le)), so that the scalar
cgl) = (xg”) corresponds to the volume fraction of the elastomeric phase in the undeformed
configuration. Furthermore, #° denotes the set of kinematically admissible deformation
gradients:

A (F) = {F|3x = x(X) with F = Grad x in Q;, x = FX on 0Q}. ®)

Note that W represents the average elastic energy stored in the porous elastomer when
subjected to an affine displacement boundary condition that is consistent with (F) =F.



Moreover, from definition (4) and the objectivity of W(l),~ it can be shown that W is an
objective scalar function of F, and hence such that W(F)= W(U). Here, U is the
macroscopic right stretch tensor associated with the right polar decomposition F = RU,
with R denoting the macroscopic rotation tensor. (Note that U+ (U) and R+ (R).) In turn,
the objectivity of W guarantees the macroscopic rotational equilibrium: SF =FS
(Hill, 1972).

Because of the non-convexity of W on F, the solution (assuming that it exists) of the
Euler—Lagrange equations associated with the variational problem (4) need not be unique.
Physically, this corresponds to the possible development of instabilities in the porous
elastomer under sufficiently large deformations. At this stage, following Triantafyllidis and
coworkers (see, e.g., Geymonat et al., 1993; Triantafyllidis et al., 2006; Michel et al., 2007),
it is useful to make the distinction between ““microscopic’ instabilities, that is, instabilities
with wavelengths that are small compared to the size of the specimen, and “macroscopic”
instabilities, that is, instabilities with wavelengths comparable to the size of the specimen.
The computation of “microscopic’ instabilities is a very difficult problem, especially for
the type of porous elastomers with random microstructures of interest in this work. On the
other hand, as explained in more detail further below, the computation of ““macroscopic”
instabilities is relatively simple, since it amounts to detecting the loss of strong ellipticity of
the effective stored-energy function of the composite (Geymonat et al., 1993). Hence, in
view of the difficulties associated with the computation of “microscopic™ instabilities, we
do not attempt here to solve the minimization problem (4), but instead, we adopt a more
pragmatic approach. By assuming—for consistency with the classical theory of linear
elasticity—that w) = %s - Liing + o(¢%) as F — I, where ¢ denotes the infinitesimal strain
tensor and Ly, is a positive-definite, constant, fourth-order tensor, it is expected that, at
least in a neighborhood of F = I, the solution of the Euler-Lagrange equations associated
with the variational problem (4) is unique, and gives the minimum energy. As the
deformation progresses into the finite deformation regime, the composite may reach a
point at which this “principal” solution bifurcates into lower energy solutions. This point
corresponds to the onset of an instability, beyond which the applicability of the “principal”
solution becomes questionable. However, it is still possible to extract useful information
from the principal solution by computing the associated macroscopic instabilities from the
loss of strong ellipticity of the homogenized behavior. In practice, this means that we will
estimate the effective stored-energy function (4) by means of the stationary variational
statement:

WE) = stat ¢ (WOFE)D, (6)
Fex (F)

where it is emphasized that the energy is evaluated at the above-described ‘“principal”
solution of the relevant Euler-Lagrange equations. From its definition, it is clear that
W(F) = W(F) from F = I all the way up to_the onset of the first microscopic instability.
Beyond the first microscopic instability W(F)< W(F). The point is that, as already
mentioned, while the computation of microscopic instabilities is difficult, it is relatively
simple to estimate the onset of macroscopic instabilities from W (F). Furthermore, it is
often the case (Geymonat et al., 1993) that the first instability is indeed a long wavelength
instability, in which case, W(F)= W(F) all the way up to the development of a
macroscopic instability, as characterized by the loss of strong ellipticity of W(F). More
generally, the first instability is of finite wavelength (i.e., small compared to the size of the



specimen), but it so happens that the loss of strong ellipticity of W(F) defines a “failure
surface” that bounds all other types of instabilities (Geymonat et al., 1993). In this case,
the porous elastomer would become unstable before reaching the deformations at which
W (F) loses strong ellipticity. Finally, it is appropriate to mention that the recent work by
Michel et al. (2007) suggests that the macroscopic instabilities may be the more relevant
ones for random, porous systems, since many of the microscopic instabilities in periodic
systems tend to disappear as the periodicity of the microstructure is broken down.

We conclude this section by spelling out the condition of strong ellipticity for the
effective stored-energy function (6), which will be used in the sequel to detect the
development of macroscopic instabilities in porous elastomers. Thus, the homogenized
porous elastomer characterized by W is said to be strongly elliptic if and only if its
associated acoustic tensor is positive definite, namely, if and only if

I?-km-mk = @,-jk/N-Nlm-mk >0 (7)

is satlsﬁed for all m ® N#0. Here, K,k = EWN N, is the effective acoustic tensor, and
=0 W/@F is the effective incremental elastic modulus characterizing the overall
1ncrementdl response of the porous elastomer.

Note that, in general, the detection of loss of strong ellipticity requires a tedious, but
straightforward, scanning process (i.c., a numerical search of unit vectors N and m for
which condition (7) ceases to hold true). However, for certain special cases, it is possible to
write necessary and sufficient conditions for the strong ellipticity of W exclusively in terms
of the material properties (i.e., in terms of the components of ). This is the case, for
instance, for the isotropic materials of interest in this paper. The corresponding conditions,
first provided in three dimensions by Simpson and Spector (1983) (see also Zee and
Sternberg, 1983; Dacorogna, 2001) are recalled in Appendix A for completeness.

3. Second-order estimates for isotropic porous elastomers

Following up on the preceding formulation, the main purpose of the present work is to
generate an estimate for the effective stored-energy function (6) for isotropic porous
elastomers consisting of a random and isotropic distribution of initially spherical pores in
an isotropic, elastomeric matrix phase. A second aim is to provide estimates for the
evolution of suitably identified microstructural variables, as well as to establish the
development of macroscopic instabilities in these materials. This is accomplished here by
means of the second-order homogenization method (Lopez-Pamies and Ponte Castafieda,
2006a). The main concept behind this method is the construction of suitable variational
principles making use of the idea of a “linear comparison composite” (LCC) with the same
microstructure as the hyperelastic composite (i.e., the same }58)). This homogenization
technique has the distinguishing feature of being exact to second order in the heterogeneity
contrast, and, as already remarked, can be applied to a large class of hyperelastic
composites. In this section, we provide the key components of the theory needed to
generate estimates for the type of porous elastomers of interest in this work. Furthermore,
we identify the relevant microstructural variables and write down their evolution laws.

Thus, making use of the general results of Lopez-Pamies and Ponte Castafieda (2006a)
for two-phase composites, an estimate for the effective stored-energy function W for
porous elastomers consisting of vacuous inclusions (i.e., W =0), with given initial



porosity fo(=1— col)) in a compressible isotropic matrix with stored-energy function
W = W, may be generated in terms of a porous LCC with matrix phase characterized by

Wr(F) = W(F)+ %(F) - (F—F)+4F -F)-LF - F), (®)

and the same microstructure as the actual porous elastomer. In expression (8), &(:) =
OW(-)/OF and L is a constant, fourth-order tensor with major symmetry (but with no
minor symmetry) to be specified further below. The corresponding effective stored-energy
function for such LCC is given by (see, e.g., Lopez-Pamies and Ponte Castafieda, 2004):

Wr(F) = (1 —fo)W(F) + 1 (F) - M[L — (1 — /) )LIMZ(F), )

where M =L~!, and L is the effective modulus tensor of the LCC. AfterA some
simplification, the second-order estimate for the effective stored-energy function W may
finally be written as

W(E) = (1 —f)[W(ED) — #(F) - (FV —FDy), (10)

where the variables F and F) are functions—of the applied loading F, the material
properties of the matrix phase, and the initial microstructure—that must be determined
from the above-defined LCC. More specifically, F' corresponds to the average
deformation gradient in the matrix phase of the LCC, and is given explicitly in terms of
L by the expression:

M(L — (1 — /) LMZ(F). (11)

_ _ 1
FO = FD =F+
-7,

On the other hand, the variable F(" is defined by the “generalized secant” condition:
FED) - P (F) = LFY —F). (12)

Note that estimate (10) for W is now completely specified in terms of the modulus tensor
L of the matrix phase of the LCC. From the general theory, this modulus tensor is
obtained from a variational approximation for W, where the tensor L plays the role of trial
field. The corresponding optimization with respect to L leads to conditions that involve the
covariance tensor C(l) (F— (FYM)® (F — (FYM)M of the deformation field in the
matrix phase of the LCC as outlined next.

Following Lopez-Pamies and Ponte Castafieda (2006a), L. can be shown to be of the form:

l]kl sz Q]n Qsp querRkAL;nnpq? (] 3)

where indicial notation has been used for clarity. (In the absence of explicit statements to
the contrary, Latin indices range from 1 to 3, and the usual summation convention is
employed.) In expression (13), R is the rotation tensor in the polar decomposition of
F =RU, and Q is the proper-orthogonal, second-order tensor describing the orientation
of the macroscopic Lagrangian principal axes (i.e., the principal axes of U) via the relation
U=QDQ , where D = diag(/,, A», 43) relative to the frame of reference of choice and 4,
(i =1,2,3) denote the principal stretches of U. Assuming that L* is orthotropic relative
to the laboratory frame of reference with at most nine independent principal components,
denoted by ¢ (¢=1,2,...,9), the above-mentioned optimization procedure for

determining L leads (Lopez-Pamies and Ponte Castaneda, 2006a) to the following



conditions:

_ _ 2 oWy
~F F = — (x=1,2,...,9. 14
(F )aé,*( D=1 p =129 (14)
It is noted that this set of conditions for the parameters €, (« =1,2,...,9) involve the

fluctuations of the deformation-gradient fields in the matrix phase of the LCC, as discussed
in more detail in Lopez-Pamies and Ponte Castanieda (2006a).

In summary, Egs. (12) and (14) reduce to a system of 18 nonlinear, coupled, algebraic
equations for the 18 scalar unknowns formed by the nine components of FO and the nine
components of L (i.e., the nine independent components £;). Upon computing the values
of the variables £} and the components of FO for a given initial porosity f,, given stored-
energy function W and given applied loading F, the values of the components of F") can
be readily determined from (11). In turn, the second-order estimate (10) for the effective
stored-energy function of porous elastomers may be computed from these results.

To conclude this section, it is expedient to point out that the above-defined second-order

estimate (10) for the effective stored-energy function W can be shown to be an objective
and isotropic scalar function of the macroscopic deformation gradient F, in agreement with
the exact result (see Lopez-Pamies and Ponte Castafieda, 2006a, for details). To be precise,
estimate (10) is such that W(KFK') = W(F) for all proper orthogonal tensors K and K.
Making contact with the decompositions F = RU and U = QD Q  used in the context of
expression (13), this implies that:

W(F) = WRQDQ") = W(D) = d(i1, %2, %), (15)
where @ is symmetric. A practical implication of (15) is that it suffices to restrict attention
to diagonal pure stretch loadings in the above formulation. Namely, it suffices to consider:

F =D = diag(1;,4»,43) and R=Q=1L (16)

3.1. Estimates for the LCC

The above framework allows the determination of W in terms of the effective modulus
tensor L of the LCC with the same microstructure as the actual nonlinear composite. In
this work, as already stated, we are interested in porous elastomers where the pores are
assumed to be initially spherical in shape, polydisperse, and to be randomly distributed
with isotropic symmetry in the undeformed configuration. For this type of “particulate”
microstructure, we make use of the following isotropic Hashin—Shtrikman (HS) estimate
for the effective modulus tensor due to Willis (1977) (see also Walpole, 1966):

L=L+/f[(1—fo)P—M]", (17)

where the microstructural tensor P is given (in component form) by

2n
z]kl / / (leknimén) 5]51 sin®d d@ (18)

with &, = cos @ sin @, £, = sin O sin @, 3 = cos . It is important to recall that for the
special subclass of linear elastic composites with isotropic phases and the CSA
microstructure, the HS-type estimate (17) is very accurate for all values of initial porosity



fo- Further, for more general classes of microstructures, estimate (17) is known to be
accurate for small to moderate initial porosities, and it may become inaccurate for large
values of f,, when the interactions among the pores become especially strong. Since the
porosity, as well as the shape, orientation, and distribution of the voids, of a porous
material can evolve as a function of finite loading histories, this has the practical
implication that—in general—the second-order estimates of the HS type may become
inaccurate once the porosity, or other relevant microstructural variables reach values
approaching the percolation limit, as explained in detail in Lopez-Pamies (2006). However,
it should be emphasized that the second-order estimates (10) could still be used in the high-
porosity range, provided that a more refined estimate was used for the LCC.

3.2. The evolution of microstructure

The above-outlined characterization of the behavior of porous elastomers has been
carried out in the context of a Lagrangian description of the kinematics. This means that
the stationary solution in expression (6) for the effective stored-energy function of
porous clastomers contains implicitly all the necessary information to characterize how
every single material point in the specimen moves, and therefore, also how the
microstructure evolves, with the applied loading. In this subsection, we outline how to
extract information from the above formulation in order to characterize the evolution of
suitably selected microstructural variables. Knowledge of the evolution of such variables
will provide us with the means to develop a better understanding of the mechanical
behavior of porous elastomers.

First, there is the notion that the evolution of the size, shape, and orientation of the pores
should be governed—on average—by the average deformation gradient in the porous phase
F?. Thus, the relevant microstructural variables characterizing the size, shape, and
orientation of the pores are identified here as the volume fraction, f, the average aspect
ratios, wy, m,, and the average orientation of the pores, ¢, ¢,, ¢3, as determined by F®. In
this regard, it is important to note that within the context of the second-order estimates
(10), with the HS-type approximation (17) for the effective behavior of the associated LCC,
the deformation gradient field F(X) inside the pores turns out to be constant, and therefore,
such that F = (F)® =F® for X € Qg) (with (-)® denoting the volume average over the
porous phase Qf)z) in the reference configuration). As a result, a spherical pore of radius R’
centered at X' in the undeformed configuration, defined by

El = {X|(X = X') - (X = X)) <(R)?), (19)

will deform according to: x — x’ = F?(X — X/), with x’ denoting the center of the pore in
the deformed configuration. Thus, the spherical pore defined by (19) evolves into the
ellipsoid:

E' = {x|(x — x) - ZTZ(x — x')<(R)*}, (20)

in the deformed configuration, where Z = (F®)~". The eigenvalues 1/z2, 1/23, and 1/z3
of the symmetric second-order tensor Z'Z define the current aspect ratios w; = z /z3,
Wy = z/z3 of the pore in the deformed configuration. Similarly, the principal directions of
Z'7, denoted here by the rectangular Cartesian basis {e’}, characterize the principal
directions of the pore in the deformed configuration. Note that the orientation of {e}}
relative to the frame of reference of choice {e;} can be conveniently characterized by the



three Euler angles ¢,, ¢,, ¢;. Moreover, by making use of the fact that (det F)® = det F®
(recall that F is constant in the porous phase within the context of the HS-type
approximation), the current volume fraction of the pores in the deformed configuration may
be simply obtained via:

det F®
f= TotF fo- @21
In short, the evolution of the size, shape, and orientation of the pores is completely
characterized by F®, via expressions (20) and (21), which can be readily computed by
making use of the overall condition F = (1 — f, O)F“) +f OF(Z) together with estimate (11)
for the average deformation gradient F!) in the matrix phase of the LCC.

Concerning the evolution of the distribution of the pores (i.e., the relative motion of the
center of the underlying vacuous inclusions), it will be assumed here that center of the
pores evolve with the macroscopic deformation gradient F. That is, a pore centered at X' in
the undeformed configuration will move according to: x’ = FX'. This is known to be the
exact result for periodic microstructures with simple unit cells.

4. Overall behavior of isotropic porous elastomers

The results presented in the previous sections are valid for any choice of the isotropic,
elastomeric matrix phase. In this section, in an attempt to generate a constitutive model
that is sufficiently general but as simple as possible, we will restrict attention to isotropic
matrix phases characterized by stored-energy functions of the form:

WE) = D, Ao, 1) = o) + hJ) +5( = 1P, (22)

where /=1, =trC=F-F = i% + )é + /1_2, J = +/detC = detF = 14,25 are, respectively,
the first and third fundamental invariants of the right Cauchy—Green deformation tensor
C =F'F, with 4; (i =1,2,3) denoting the principal stretches associated with F. The
parameter k corresponds to the bulk modulus of the material at zero strain, and g and /4 are
twice-differentiable, material functions that satisfy the conditions: ¢(3) = /(1) =0,
9;(3) = 1/2, hy(1) = —u, and 4g,;(3) + hyy(1) = /3. Here, u denotes the shear modulus
of the material at zero strain, and the subscripts / and J indicate differentiation with
respect to these invariants. Note that when these conditions are satisfied
W(F) = (3)(k —2p)(tre)® + ptre? + o(e?), where e is the infinitesimal strain tensor, as
F — 1, so that the stored-energy function (22) linearizes properly. Furthermore, note that
to recover incompressible behavior in (22), it suffices to make the parameter x tend to
infinity (in which case W(F) = g(I) together with theincompressibility constraint J = 1).

Experience suggests that “neat’ (i.e., pure or unreinforced) elastomers normally do not
admit localized deformations. Within the context of the material model (22), this property
can be easily enforced by simply insisting that g(/) and A(J) + (x/2)(J — 1)* be strictly
convex functions of their arguments, which renders the stored-energy function (22)
strongly elliptic. Note also that the stored-energy function (22) is an extension of the so-
called generalized Neo-Hookean (or /,-based) materials to account for compressibility. It
includes constitutive models widely used in the literature such as the Neo-Hookean,
Arruda—Boyce 8-chain (Arruda and Boyce, 1993), Yeoh (Yeoh, 1993), and Gent (Gent,
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1996) models. The analysis to follow will be carried out for matrix phases of the general
form (22). Results for more specific forms will be presented in Part II.

4.1. Compressible matrix

In this subsection, we specialize the second-order estimate (10) for the effective stored-
energy function W to porous elastomers with initial porosity f, and compressible,
isotropic, elastomeric matrix phase characterized by the stored-energy function (22). In
addition, we spell out the expressions for the evolution of the associated microstructural
variables. The detailed derivation of the results is given in Appendix B, but the final
expression for the effective stored-energy function may be written as

W(F) = (41, 42, 43)
= (1= folgd®) + hJV) + 5V - 1)?

— (B = 7Qg, 21 + hyads + k(T — 1)Jais)

— (B = Qg7 + hyaTs + k(T — D)iyds)

— (P = T)2g,75 + hydida + 1T — Diada)], (23)
where g; = g;(I), hy = hy(J), T=F-F =1} + 23 + /3, and J = detF = 7,523 have been
introduced for convenience.

Further, in estimate (23), the variables 7., 1(21), 2(31), which correspond to the principal
stretches associated with the phase average deformation gradient F") defined by expression
(11), are given explicitly by expression (41) in Appendix B. They depend ultimately on the
applied loading, 4, 4>, 43, the initial porosity, /o, the constitutive functions, g, i, x,
characterizing the elastomeric matrix phase, as well as on the seven variables ¢ (a =
1,2,...,7) that are the solution of the nonlinear system of Eqgs. (46) in Appendix B.
Similarly, the variables F' (111), F glz) ,F (313), given explicitly by (43), as well as the variables /(")
and JO, given explicitly by (48), can be seen to depend ultimately on the applied loading,
A1, 22, A3, the initial porosity, [ the constitutive functions, g, &, x, and the seven variables
& (a=1,2,...,7).

Thus, in essence, the computation of the second-order estimate (23) amounts to solving
a system of seven nonlinear, algebraic equations—provided by relations (46). In general,
these equations must be solved numerically, but, depending on the functional character of
g and h, and the applied loading conditions, possible simplifications may be carried out.

Next, we spell out the expressions for the evolution of the relevant microstructural
variables associated with the second-order estimate (23). To this end, recall from Section
3.2 that the appropriate microstructural variables in the present context are the current
porosity, f, the current average aspect ratios, w;, m,, and the current orientation of the
underlying voids in the deformed configuration—as determined from the average
deformation gradient in the porous phase F®, by means of the tensor Z = FO (No
reference is made here to the evolution of the distribution of pores, since it is assumed to be
controlled by the applied macroscopic deformation F.) Recall as well that, by employing
overall objectivity and isotropy arguments, attention has been restricted (without loss of
generality) to diagonal loadings (16). It then follows that within the framework of the
second-order estimate (23), the current porosity and current average aspect ratios of the
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voids in the deformed configuration are given, respectively, by

}(2))(2)1(2)
24
f= v —==f0 (24)
and
70 70
o =L @y =22 (25)

«(2)’ :ﬁ’

where A =i—0=f 0)/1(1)) /fo (i = 1,2,3) denote the principal stretches associated with
F® and the variables /11. are given by expression (41) in Appendix B. In the context of

relations (24) and (295), it is important to recognize that IEZ) (i =1,2,3) depend ultimately
on the same variables that the stored-energy function (23).

Finally, it remains to point out that under the applied, diagonal, loading conditions (16),
the average orientation of the pores does not evolve with the deformation, but instead it
remains fixed. In this connection, it is important to remark that in the present context the
average deformation gradient in the pores, F?, can be shown to be an objective and
isotropic tensor function of the applied deformation gradient F (e, F(2)(KFK/) =
KFAF)K for all F, and all proper, orthogonal, second-order tensors K, K)). As a result,
from the general loading F RQDQ' used in the context of expression (13), it follows
that FO(F) = RQFP(D)Q" . In turn, it follows that the tensor Z'Z in (20) can be simply
written as Z'Z = HAH, where A = dlag(/l(lz) }(2) /1(2) ) in the frame of reference of
choice and H = R Q. In essence, this result reveals that for a general applied deformation F,
the current, average orientation of the pores is characterized explicitly by H = R Q, where it
is recalled that R is the macroscopic rotation tensor in the polar decomposition of F, and Q
is the proper-orthogonal, second-order tensor describing the orientation of the macroscopic
Lagrangian principal axes. The above expressions for f, w;, and w, are not affected, of
course, since they depend exclusively on the principal stretches associated with F®.

4.2. Incompressible matrix

Elastomers are known to be essentially incompressible, since they usually exhibit a ratio
between the bulk and shear moduli of the order of 10*. Accordingly, it is of practical
interest to generate estimates for the effective behavior of porous elastomers with
incompressible matrix phases. This can be efficiently accomplished by taking the limit
Kk — 00 in the second-order estimate (23). The corresponding asymptotic analysis has been
included in Appendix C, but the final result for the effective stored-energy function W7 for
the class of porous elastomers considered in this work, with elastomeric matrix phase
characterized by the stored-energy function (22) (with k = o0), reduces to the form:

WI(F) = @' (41,12, 23) = (1 = f)g(0"), (26)
where /(" is given by expression (62) in Appendix C. Here, it should be emphasized that
I™ depends ultimately on the applied loading, 4, 5, 43, the initial porosity, f,, the
constitutive function, g, as well as on the seven variables u, («x = 1,2,...,7) defined by
(60), that are the solution of the system of seven nonlinear equations formed by relations
(57) and (58) in Appendix C. Thus, similar to its compressible counterpart (23), the
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computation of the second-order estimate (26) for the effective stored-energy function of
porous elastomers with incompressible matrix phases amounts to solving a system of seven
nonlinear, algebraic equations.

In general, it is not possible to solve these equations in closed form. However, for certain
applied deformations, estimate (26) may be written down more explicitly. For instance, for
the case of hydrostatic loading 4; = /, = 43 = 4, expression (62) for IV can be shown to
simplify to

P2[9uPf g — 6uf (2 — 1) + 2+ f )22 — 1)]
3uf ’

where the variable u satisfies the following condition:

27128 — 2737 4 9(fy — DB — Diu
~ (Vo= D’'Q+ V)@ =17 =0. (28)

Of course, the solution to the cubic equation (28) may be worked out in closed form.
However, for all practical purposes, it is simpler to solve (28) numerically. In this regard, it
is emphasized that only 1 of the 3 roots® of (28) leads to the correct linearized behavior;
hence, this is the root that should be selected.

We conclude this subsection by noticing that expressions (24) and (25) continue to apply
for determining the current porosity, f, and the current aspect ratios, w;, w;, of the
underlying voids in porous elastomers with incompressible matrix phases, provided that the
leading-order terms in expression (52) in Appendix C be used for the stretches 7,
(i=1,2,3). In this light, f, w;, w,, are seen to depend ultimately on the same variables as
the effective stored-energy function (26).

0 = (27)

4.3. Small-strain elastic moduli

In the limit of small strains, estimates (23) and (26) linearize properly, and therefore
recover the classical HS upper bounds for the effective shear and bulk moduli of the
composite. To be precise, the estimate (23) with compressible matrixT phases linearizes to
W(F) =& - J)(tre)’ + itr& + o(8Y), as F — I, where 8 = J(F+F — 2I) is the macro-
scopic, infinitesimal strain tensor, and

= (1 =f0)Ox + 8u)u = _ =Sk (29)
9+ 6f )k +4Q2+3fu’ 3f o +4p
are the effective shear and bulk moduli, respectively. Similarly, the estimate (26) with
incompressible matrix phases linearizes to W/(F) = 1/2(&" — 2/30") (trg)* + @/'tr & + o(&),
as F — I, where
- 31— - 40 -
U I (e Y
3+2/ 3o
It should be recalled that the HS effective moduli (29) and (30) are actually exact results in

the limit of dilute concentration of spherical voids (i.e., for f, — 0). Moreover, the
effective moduli (29) and (30) are known to correlate well with experimental results for the

(30)

>The correct root linearizes as u = 1 + (1 4 3f)/fo(2 — 1) + O(h — 1)*,
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elastic constants of isotropic porous rubbers with small to moderate initial porosities (see,
e.g., O’'Rourke et al., 1997).

4.4. Exact evolution of porosity

To conclude this section, we recall that for porous elastomers with incompressible matrix
phase, it is possible to compute—f{rom a simple kinematical argument—the exact evolution
of the porosity in terms of the applied macroscopic deformation. The result is

1—fo
detF
In general, the specialization of the second-order estimate (24) for f to porous elastomers
with incompressible matrix phases does not recover the exact result (31). Nonetheless,
expression (24), when specialized to incompressible matrix phases, can be shown to be
exact up to second order in the strain (i.e., up to O(z*)). For larger finite deformations, as
shown in Part II, relation (24) provides estimates that are in very good agreement with the
exact result (31), except for the limiting case of large hydrostatic tension together with
small initial porosities.

f=1- 31)

5. Concluding remarks

In this paper, homogenization-based constitutive models have been derived for the
effective mechanical behavior of isotropic porous elastomers subjected to large
deformations, by means of the second-order homogenization theory (Lopez-Pamies and
Ponte Castafieda, 2006a). The model applies to materials consisting of a random and
isotropic distribution of initially spherical pores in compressible and incompressible
isotropic matrix phases. A very important feature of the proposed constitutive model is
that it accounts for the evolution of the size, shape, orientation, and distribution of the
underlying pores in the material, which result from the finite changes in geometry that are
induced by the imposed large deformations. This point is essential, since the evolution of
the microstructure is known to induce significant geometric softening and stiffening effects
on the overall behavior and stability of porous elastomers. A further strength of the model
is that—in spite of incorporating fine microstructural details—it is relatively simple, as it
amounts to solving a system of seven nonlinear, algebraic equations. For convenience, a
Fortran program has been written and is available from the authors upon request.

In Part II of this work, the model developed in this paper will be used to generate
estimates for the effective behavior of porous elastomers with specific (compressible and
incompressible) strongly elliptic matrix phases under a wide range of loading conditions
and levels of initial porosity. The estimates will be shown to be in good agreement with
exact and numerical results available from the literature for special loading conditions. For
more general conditions, the proposed estimates will be shown to be drastically different
from existing models. In particular, the new models proposed in this work predict the
development of macroscopic instabilities for loading conditions where such instabilities are
expected to occur from physical experience. This is in contrast with existing models that
fail to predict the development of such instabilities. The reasons for this result will be
linked to the ability of the models proposed in this paper to capture more accurately the
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subtle influence of the evolution of the microstructure on the mechanical response of
porous elastomers.
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Appendix A. Necessary and sufficient conditions for strong ellipticity of isotropic stored-
energy functions in 3D

In this appendix, we recall necessary and sufficient conditions for the strong ellipticity of
isotropic stored-energy functions WA(F)_:2 D(Ay, 22,23), exclusively in terms of the
incremental modulus tensor &£ = 0° W /OF . Following Dacorogna (2001) (with some

minor changes), the conditions read as follows™:

Lii>0, i=1,23, (32)

Li>0, 1<i<j<3, (33)

o~~~

2

LiiLji+ Ly — Lig+ LV + 2% i\| L L >0, 1<i<j<3, (34)
and either
m?z §3333 + m?} :?2222 + m§3 \/:621111 + \/§1111§2222§3333 =0 (35
or
det M° >0, (36)
where M° = (mg-) is symmetric and
s | Ziii if i =},
I B (37)
L + 0:0{( Ly + L) if i#]
for any choice of §; € {£1}.
Here,
—~ o’0
Liij = =—=>
6/1,-6Aj
—~ 1 -39 - 00
Lijj === i =1, i#/,
ijij lz _ ;ng on 6);,-) J
_ L 00 - 0d
D= J 72 in 38
TEEZR Ve e ,_,-> / %)

3In this appendix, repeated Latin indices do not imply summation.
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(7,j = 1,2,3) are the components of the effective incremental elastic modulus <z wrltten
with respect to the macroscopic Lagrangian principal axis (i.e., the principal axis of F'F ).
Note that for loadings with 4; = /1 (i#j), suitable limits must be taken for the shear
components in (38), namely, Eqs. (38)2—(38)3 reduce to

—~ 1 = = 130\ ..
Lijij =5 giiii_giijj‘i‘?T), I#],

2 Aj 61,
—~ 1 = = 1\ .
Lyjji = 3 Liii — Lijjj — 75) , 1#], (39)

respectively. Furthermore, note that there are three conditions in (32), three in (33), three
in (34), and, due to all possible signs, four in (35) or in (36). Thus, there is a total of 13
conditions.

Appendix B. Second-order estimates for isotropic porous elastomers with compressible
matrix phases

In this appendix, we spell out the analysis corresponding to the computation of the
second-order estimate (23) for the effective stored-energy function W of porous elastomers
consisting of initially spherical, polydisperse, vacuous inclusions distributed randomly and
isotropically (in the undeformed configuration) in a compressible, isotropic matrix phase
characterized by the stored-energy function (22).

As a result of the restriction to pure stretch loadings (16), the modulus L defined by
expression (13) of the matrix phase in the linear comparison composite (LCC) reduces to
L = L*, where it is recalled that L* is orthotropic with respect to the frame of reference
of choice and possesses, at most, nine independent components. In this work, for
simplicity, we introduce further constraints among the components of L* in order to
reduce them to seven independent components, denoted by the parameters ¢
(x=1,2,...,7). Thus, the independent principal components of L* are chosen to be
Ling =8, Loy =6, Lygzs = 6, Ly = 6, Lijz3 = 65, Laygs = {5, Liyyy = €7, while the
other non-zero components

* o r* % % % __ px
L2121 - L1313 - L3131 - L2323 - L3232 =t s

Li = /(6 - )& — ) 63,

Liy = \/(fT — )3 — 7) — L5,

Ly, = /(65 - )& — ) - €, (40)

are dependent. The motivation for the constraints (40) is twofold: (i) relations (40) are
consistent with the tangent modulus of Neo-Hookean materials; and (ii) conditions (40)
simplify considerably the computations involved. It should be emphasized, however, that
other choices are possible in principle.

Now, using the facts that F = diag(4y, Z», 23) and L = L*, together with Eq. (17) for the
HS estimate for L, it follows from (11) that the average deformation gradient in the matrix
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phase of the LCC, needed in the computation of W, is of the form

- . =) =) =(1 o =) . .
F =d1ag(/u(1 ),Ag),ig )), where the average principal stretches 25-) (i=1,2,3) in the

matrix phase are given by
Zﬁ” =1 —foEnn[2g;21 + (hy 4+ k(T — 1))2223]
— foEnnl2g;22 + (hy + k(J — 1))A1723]
— fo Enl2g,23 + (hy + k(T — 1)1 2],
- . e
A(z) =l — foEn22g;4 + (hy + k(J — 1))1273]
— f0E2202G;72 + (hy + k(J — 1)A1 73]
— foE23312,23 + (hy + k(T — 1)1 2],

) = e - _—
/»g) =3 —foEunl2g;41 + (hy + k(J — 1))i243]
— [0E23312,72 + (hy + k(J — 1)A13]
— foE3333129,23 + (hy + k(J — 1)1 22). (41)

In these expressions, E = (P~' — (1 — f, O)L)_1 has been introduced for convenience, and it is
recalled that g; = g,(T), hy = h;(J), with T =73 + 25 + 43, J = /1 /2/3. Note that relations
(41) provide explicit expressions for the non-zero components of F) in terms of the applied
loading, F, the initial porosity, 1, the constitutive functions, g, 4, k, of the elastomeric matrix
phase, as well as of the independent components of L, i.e., £} (x =1,2,...,7).

Having determined F", we proceed next to compute the variable F"), also needed in the
computation of w. By again making use of the identity L = L*, together with conditions
(40) and Eq. (17) for the HS estimate for L, Eq. (14) can be seen to reduce to seven
nonlinear, algebraic equations for seven combinations of the components of FO, namely:

(F(lll) -7+ Zflﬁglz)ﬁ(;]) + 2f2ﬁ(113)13“(311) -1 —2fo aaIZT k.
A RN T L
B 77 + o R+ R =
L
A T B = L
R T T - Ry = Sk
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(FRY + (FSY + (FRY + (FY)Y + (FRY + (FRY + 2f 4 F {3 FY)
2 oWr
1 —f, of;

Here, fl :aLTZZI/afT’ f2=aL’;33|/az’;, J3=0L333, /085, f4=0L7yy, /083, fs=0Lis53/0L3, f(’ = aL§332/a€*’
while ki, k», k3, k4, ks, ke, k7 are functions of the independent components of L, i.e., £}

(x=1,2,...,7), as well as of the macroscopic deformation F, the initial porosity f,,, and
the constitutive functions g, 4, and « that characterize the elastomeric matrix phase. It is
not difficult to check that the nonlinear system of Eqs. (42) may be solved explicitly to yield

two distinct solutions for Y =(F\) = 7)), Y,=(F{) —7,), Y3=(F{) —73) in terms of
which the combinations p,=F{)F{), pziﬁ(l?l:“gll), p3ﬁﬁ‘gl3)f7(312), and s=(F\))* 4+ (F3))? +
(F(l)) + (F(l)) + (F(l))2 + (FgIQ))2 may be uniquely determined. The two solutions for Y,
Y,, and Y3 are as follows:

Lo FURY 4 of PR = ko, )

(kl + fika+f2ks)V/C1Ca

Y, =@FY -7
1= —A)= o/ Cs s
~ < ka +4f (ko + [ 3k6)) Ca
Vo — (O _ 7y — o ke I 3
=) WCCVT
~ = ks +f2(4f 3k3 + ke))v/ C3
Yy = (B — 7y = + L3 ks 7035 43
3= 33 A3) e 5 (43)

with  Ci = [5(4f 1 ka + ka) + 41 1f3(4f 2ks + ks) + 2f 3(k1 + f 1ka + [oks + 4f 1 f ko), Co =
So8f 1y + kg + 2f yke) + 2f 3(kt + frka + 21, (2f 1ks + ks + f1ke)),  Cs = ki + frks +2f
(Af of 3ks + ka + f3ks + frke) + 4f%(k2 + f3ke), where it must be emphasized that the
positive (and negative) signs must be chosen to go together in the roots for Y, Y, and Y3.
The corresponding final expressions for the remaining combinations read as

p1=Y1Y2—k4/2, p2=Y1Y3—k5/2, P3z = Y2Y3—k6/2 and

s=ky =2(f4p) + P2 +f6p3)- (44)
At this point, it is expedient to make a few remarks regarding expressions (43) and (44).
From a computational point of view, the variables k, (¢« = 1,2,...,7) are determined by

performing the indicated derivatives of Wr, given by (9) in the main body of the text, with
respect to the moduli £;. The resulting expressions, which involve suitable traces of the field

fluctuations C(Fl) , are rather complicated, but can be simplified in the manner detailed in
(Lopez-Pamies and Ponte Castafneda, 2006a) to render:

f—(F F). aE F-FY) (@=1,2,...,7), (45)

&,
where E= (P! — (1 —f O)L)_ has already been introduced in the context of expressions
(41). Moreover, it is important to emphasize that relations (43) and (44) provide explicit
expressions for seven combinations of the components of FO in terms of the applied
loading F, the initial porosity f, the constitutive functions g, A, k of the elastomeric matrix
phase, and the moduli £ (« =1,2,...,7). Note, however, that the variable FO has nine
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components, so that two more relations would be needed to entirely characterize F(V, as it
will be seen further below.

Each of the two distinct roots (43) for the combinations Y, Y2, Y3, p;, p», p3, s may be
substituted in the generalized secant condition (12) to yield a system of nine scalar
equations for the nine variables constituted by the two combinations of F®:
pa=F (213)13“ gll)ﬁ (112), ps=F (312)13 513)13 gll), and the seven moduli £;. Algebraic manipulation of
the resulting system reveals that one equation is satisfied trivially, and the remaining eight
equations may be cast in the following form:

CY +0Y o+ 0Y3 =24,(Y1 + 70) + [hy + k(JV = D)(Y2 + 72)
X (Y3 +73) — p3) — 2g,;1 — (hy +x(J — 1))2273,

CY + Y24+ CY5 =24,(Ya 4 X)) + [hy + (D = DY) + 41)
X (Y34 23) — py) — 2,22 — (hy + (T — 1)1 23,

CY 4 Y+ 8Y5 =253+ 73) + [hy + k(O = DY) + 7))
x (Y2 + 72) —p1)— 25123 — (hy + x(J = 1)) A1 42,

Liyypy = [hy + k(Y = D)(py — p(Y3 + 23)),
L0, = [};J + 1D — DI(ps — po(Y2 + 42)),

Lysops = [hy + k(TN = Dl(py — p3(Y1 + 1)),

6 =24, (46)
and

P4 =Ds- (47)
In these relations, §; = g,(f(l)), hy = 1y (D), with

IW=FDFV = (Y + 1)+ (Vo + 0 + (Y3 + 1) +.

JO = detF"
= (Y1 4+72)(Ya + 22)(Y3 + 73) = p1(Y3 + 23) = po( Y2 + 1)
—p3(Y1 +71) + 2py, (48)
and it is recalled that L},,,, L33, L3353, are given, respectively, by expressions (40),, (40)s,

(40)4. The fact that one of the generalized secant equation (12) is satisfied trivially has the

direct implication that FO enters the above equations only through eight (instead of nine)
independent combinations, namely, Y, Y2, Y3, p, P2, P3, S, P4- As described below, these
are the only combinations needed in the computation of the second-order estimate (10) for

W. Now, by recalling the definitions p, = Ia(llz)ﬁ(zll), Dy = ﬁ‘(]g)ﬁgll), Py = 13(213)1‘7“(312), and
Py = F%)F(;l)F(llz), Ds = F(312)F(]13)F(21]), it is seen that Eq. (47) can be solved in closed form to
render

P4 = £/P1P2D3- (49)
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Each of the two distinct roots (49) for p, may be substituted back in Eqs. (46) to finally
generate a closed system of seven nonlinear, algebraic equations for the seven independent
moduli £;. These equations must be solved numerically.

Having computed from (46) the values of all seven independent components of L
(i.e., £;) for a given initial porosity (f), given material behavior (g, &, k), and given loading

-7 57 o : (1) 7 (D)
(A1, 22, 23), the values of the non-zero components of F" (i.e., 2;”, 4, ", 43 ') and the

relevant combinations of F (i.e., Y1, Y3, Y3, py, Py, p3. 5, p) may be readily determined
using relations (41), (43), (44), and(49). In turn, these results can be used to compute the
second-order estimate (10) for the effective stored-energy function W of isotropic porous
elastomers. The final expression for W is given by (23) in the text.

In connection with these results, it is important to remark that there are four possible
combinations of the roots introduced in (43) and (49), which lead to four different
estimates for . In the case when the bulk modulus of the material (at zero strain) x is of
the order of the shear modulus (at zero strain) u, all four root combinations lead to very
similar results for the effective stored-energy function W. However, when the bulk
modulus is significantly larger than the shear modulus, i.e., k> u, the estimates produced
by the four distinct combinations are very different. In fact, for k> pu, it will be shown in
the next appendix that only one root combination generates physically meaningful
estimates that are superior to the other three possibilities.

Appendix C. Second-order estimates for isotropic porous elastomers with incompressible
matrix phases

In this appendix, we outline the derivation of the second-order estimate (26) for the
effective stored-energy function W/ of porous elastomers consisting of initially spherical,
polydisperse, vacuous inclusions distributed randomly and isotropically (in the un-
deformed configuration) in an incompressible matrix phase (22) with x = co.

In the approach that follows, we start out with the results presented in Appendix B for
the second-order estimate (23) for porous elastomers with compressible matrix phases and
carry out the asymptotic analysis corresponding to the incompressible limit k — co. In this
context, it is important to realize that two root combinations among the four possible ones
described in Appendix B lead to estimates for W that become unbounded in the limit as
Kk — 00. More precisely, for J>1 (J<1) the “positive” (+) (“negative” (—)) root in (43)
results in estimates for W that blow up as k — oo, regardless of the choice of roots for p,
in expression (49). (For J = 1 the asymptotic behavior of the roots is different and it will
be addressed below.) These estimates suggest that a porous elastomer with an
incompressible matrix phase would be itself incompressible, which is in contradiction
with experimental evidence. Moreover, the two estimates associated with each of the roots
in (49) for W that remain finite in the limit of incompressibility of the matrix phase are
considerably different, in general. In order to discern which one of them is the better
estimate, we make contact with the evolution of the microstructure. First, we recall that the
evolution of porosity in porous elastomers with incompressible matrix phases can be
computed exactly and the result is given by (31) in the text. In this regard, we note that the
evolution of porosity associated with the two above finite estimates can be shown to be
exact up to second order in the strain (i.e., up to (4; — 1)%). However, for larger
deformations, the porosities associated with these two roots differ significantly from each
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other with the choice p, = sign((2\" — Il)(z(zl) — 22)(2(3” — 73))/P1P2Ps in (49) leading to a
better approximation to the exact result (31) than the alternative root. Thus, based on the
above-presented physical arguments, there is only one root combination among the four
possible choices that lead to physically meaningful, superior estimates in the limit as
K — oo, namely, for J<1 (for J> 1), the “positive” (+) (‘“negative” (—)) root in (43) with
the choice p, = sign((Z\" — Il)(z(zl) — 22)@2” — 73))/P1PoPs in (49). Regarding these
combinations, it is important to make the following two remarks. First, both these
combinations can be shown to generate estimates for deformations with J = 1 that are

superior to the other two alternatives. Moreover, the full numerical solution suggests that

these two superior choices, (+) and (—) in (43) with the p, = sign((Z\" —Il)(z(zl) —

12)(1(31) —73))/P1PaPs in (49), lead in fact to the same estimate for # when J = 1. This is
difficult to verify analytically, however, since the equations associated with the (+) root
develop a singularity as k — oo when approaching J = 1. Second, the asymptotic analysis
associated with the superior root for deformations with J<1 leads exactly to the same
expression for the effective stored-energy function W' as the one obtained from the
analysis associated with the superior root for deformations with J> 1. In conclusion, the
stored-energy function W’ can be written as a single expression valid for all values of
J(>0). Next, we sketch out the derivation of such expression.

Based on numerical evidence from the results for finite x, an expansion for the
unknowns in this problem, i.e., £; (x =1,2,...,7), is attempted in the limit as xk — oo of
the following form:

6 =47 + ay + a3 A + O(47),
6 = b1 47" + by + bsd + O(4°),
G =47 4o+ 4+ 04,
6 =d\ A7 + dy + dy 4+ O(42),
i = e 47 4+ ey + e34 + O(47),
;= mA™" +my +m3d + 0(4%),

03 = my + nyd + O(4?), (50)

where A=1/k is a small parameter and a,, ay, a3, b1, b, b3, 1, ¢2, ¢3, d1, da, d3, €1, €2, €3,
my, my, ms, np, and n3 are unknown coefficients to be determined from the asymptotic
analysis that follows. It proves useful to spell out the corresponding expansions of the
constrained moduli L}y, Li33;, L3335, as well as those for (the non-zero components of

—s () (D) =0 .. ~
F) )L(ll), X(z ), )v;) and the combinations (of the components of FV) Y1, Y5, Y3, py, ps. P3s
D4, and s, in the limit as k — oo. Thus, substituting expressions (50) in relations (40) for the
components L}y, Lis3, L33, can be shown to lead to the following expansions:

b by — b
Liy = (Vaib) —d)4™! L& 1 +aiby — (a1 +bimy

—d, + 0(4),
2Jab >+ 0(4)
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@c+aie; — (a1 +c)n

Ly, = (Varer —end™ + 2 Jae e2 + 0(4),
1 ber +bicr — (b1 + )y
Ly, = (Vbiey —mpa™ + N —my + O(4). (51)

Similarly, substituting (50) in relations (41) leads to

_ = 2 —1 = o

I =70 1704 4 o), 7 =70+ 904+ 042,

= S0

7y =2+ 704+ 042 (52)
The explicit form of the coefficients Iﬁl), If-l) (i=1,2,3) in these last expressions is too
cumbersome to be included here. In any case, at this stage, it suffices to remark that they
are known in terms of the coefficients ay, ay, as, by, by, b3, c1, ¢2, ¢3, dy, da, d3, ey, e>, e3, my,

my, ms, np, and n3 introduced in (50). Finally, substituting (50) in relations (43), (44), and
(in the appropriate root of) (49) leads to:

Y=Y+ Y4+ 047,
Yy =Yr+ Yod + O(4%),
Y= Y3+ Y34+ 0(4%),
p1 =11 +04+ 04,
P2 =2+ P4+ 04,

p3 =15+ P34+ O(42),

pa = pa+ O(4) = sign[(ZV = 2 = )Y = Z3)Vpipars + 0(4),
s =51 4+ 0(4), (53)

where, similar to (52), the coefficients in these expressions are (known functions of the
coefficients defined in (50)) too cumbersome to be included here. For later use, it is

convenient to introduce the expansion of J!) = det FO:
JO =70+ 704+ o4, (54)

where, making contact with (53), we note that j(ll) = (Y1 4+ )Yy 4 ) (Y3 + 23)—
P1(Y3+73) — p5(Ya + 7o) — p5(Y1 4+ 71) + 2p;,. In addition, it will also prove useful to
introduce the following notation for the expansions of the derivatives of the constitutive
functions g and / characterizing the elastomeric matrix phase in the limit as k — co:

g1 =9y + g4 + O(4%),

hy = I, + hyA + O(4%), (55)

where it is recalled that §; = g,(f(l)), hy = hj(j(l)), and /O and JO are given by (48).
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Next, by making use of expressions (50)—(55) in (46), a hierarchical system of equations
is obtained for the unknown coefficients introduced in (50). The first set of equations, of
order O(4™"), can be shown to yield the following non-trivial relations:

- - - - -2
A A /11 21 A
by ==ta;, e=Za, d=%a, e=%a, m==2a, (56)
72 "2 ] ]
3 75 W5 13 273

and
(Y1 + (Y2 + )(Y3 +73) — py (Y3 + 723) — po (Y2 + 4)
(Y147 +2p, = 1. (57)

Note that Egs. (56) correspond actually to explicit expressions for the unknowns by, ¢;, dj,
e1, and m in terms of the coefficient a;. Interestingly, relations (56) make the leading order
terms in the shear moduli (51) vanish identically, so that, in the limit of incompressibility,
these moduli remain finite, as it would normally be expected on physical grounds. On the
other hand, Eq. (57)—which can also be written as j(ll) = 1—is an implicit equation that
ultimately involves the coefficients ay, az, bs, 2, d2, €2, my, and ny. Now, by making use of
(56) and (57), the second hierarchy of equations, of order O(4°), can be shown to
ultimately yield the following relations:

o o N . .
Y1 +drYr+eYs+a <Y1 += Yz—l-)l Y3)
3
= 2§\ (Y1 + 70) + (B + T2 + Do) (Vs + 73) — ] — 29,71 — hyTaTa,

i )
Y14+ b Yy +mYs4a = <Y1+ Y, + 1Y3)
P 2 3

=2, (Ya+ Zo) + (B, + J(Y 1 + 70)(Ys + 73) — pi] — 29,72 — hydu s,

A X
Y +mYr4+ Vs +a = <Y1+ Y, += Y3>
/L’; Az )v3

= 2§(Y3 + 73) + (B + I(Y1 + (Y + 72) — pi] — 29,75 — hyTa T,

7 7 242 e B s
(.—laz + 2b2) AT, dy = 4+ T |2 - (Y, m)},
%) il 21112 1

N =

1 /7 ) 2473 © ; ,
(-102 +—362> — ny, — ey = (I +J§”) p—:‘—(Y2+/12)},
>

E /11 2A1}3
and
~oa) | Py s - 2 )u3 73473
h+J5y = T_(Y1+/11) =b + ———==—m-m|. (59)
3 }3 ;Lz 2/12/@

Solving (59) for j(zl), the second term in the expansion (54), and substituting the result in
Eqgs. (58), can be shown to ultimately lead to a system of seven nonlinear equations—
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formed by Eqgs. (57) and (58)—for the seven unknowns:

. . .52 -2 ) 72
ur=ai, w=ny, w=Aby—2Ajar, w=A3c — Ajas,

us=lodr — hiaa, Us=Azey — A, ur=Aomy — A3ca. (60)

Here, the primitive coefficients a; and n, have been relabeled as u; and u,, respectively, for
consistency of notation.

At this point, it is important to recognize that knowledge of the seven variables (60), as
determined by the system of seven equations (57)—(58), suffices to determine the leading-

order terms (of the components of FV) 7P, 21 7% in (52) and (of the combinations of
the components of FV) Y1, Y5, Y3, B\, Ba. B3.P4, and sy, in (53), as well as the second-order
traces Zﬁ”mg +I(21)le3 + 772 and Y12oA; + Yol 43 + Y341 40. The corresponding
final expressions are too cumbersome to be written down here, however, they do satisfy
certain interesting, simple relations which worth recording, namely

°

= I(ll) + 21, Yoz = Ig” + 12, Y03 = Zg” + 23,
N SO 1=y s
pi==0 = =), py=—0 =Gy = %3),
So fo
. 1 = -
7 =f_(;f21> T = 73),
0

1(11)1223 + 121)1113 + 1(31);112 = Y11213 + Y21123 + Yv31122. (61)
Finally, by making use of the above results, it can be shown that the leading-order term

of the second-order estimate (23) in the limit of incompressibility is given by (26) in the
text, where

IV = (Y1 + 70 + (Y2 + 20 + (Y3 + 23)° + 5. (62)

In this relation, it should be emphasized again that the expressions for Y, Y5, Y3, and
51 are known—but not shown here for their bulkiness—explicitly in terms of the applied

loading, 41, 4>, 43, the initial porosity, fo, the constitutive function, g, and the seven
variables u,, defined by (60), that are the solutions to the system of the seven nonlinear,
algebraic equations formed by (57) and (58).
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