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UNIQUENESS OF THE SOLUTION TO QUASILINEAR ELLIPTIC EQUATIONS
UNDER A LOCAL CONDITION ON THE DIFFUSION MATRIX

OLIVIER GUIBE

ABSTRACT. We prove the uniqueness of the renormalized solution to the elliptic equa-
tion —div(A(x, u)Du) = f +div(g). The data f + div(g) belongs to L' + H~! and we as-
sume a local condition on the diffusion matrix A(x, s) with respect to s.

1. INTRODUCTION

The present paper is concerned with the uniqueness of the solution to the quasilin-
ear elliptic boundary-value problem on Q

{ —div(A(x, u)Du) = f +div(g) in Q,

(1.1 u=0 on 09,

where Q is a bounded open subset of RN, f e L'(Q), g € (L>(Q))" and A(x,s) is a
Carathéodory function with matrix values.

When f belongs to L?(Q) (i.e. the right-hand side of (1.1) lies in H~!(Q)) the vari-
ational solution of (1.1) is unique under a global Lipschitz condition on the function
A(x, s) with respect to the variable s (or a global and strong control of the modulus
of continuity), see Artola [1986], Carrillo and Chipot [1985] and for more general and
nonlinear operators Boccardo et al. [1992], Chipot and Michaille [1989]. Moreover in
Carrillo and Chipot [1985], Chipot and Michaille [1989] the authors show that if A(x, s)
is Holder continuous in s with a Holder exponent greater of equal to 1/2 and if A(x, s) is
Lipschitz continuous in x then the solution is unique. For this last result the quasilinear
character of the equation and the regularity of A(x, s) in x are crucial.

In the case where f lies in LY(Q) and if A is uniformly coercive we cannot expect
to have a solution of (1.1) in the sense of distributions without any growth condition
on A(x, s) with respect to s. Moreover it is well know that, in the simple case where A
does not depend on s, a solution in the sense of distribution exists (see e.g. Boccardo
and Gallouét [1989]) but it is not unique in general (see the counter example in Ser-
rin [1964]). In the present paper we use the framework of renormalized solution (see
Dal Maso et al. [1999], Murat [1993, 1994]) which insures the existence of such a solu-
tion when f belongs to LYQ), Ais uniformly coercive and A € L*(Qx] - K,K DNV*N for
any K > 0.

Uniqueness results have been recently obtained in Blanchard et al. [2005] in the
framework of renormalized solutions and in Porretta [2004] in the very close frame-
work of entropy solutions for equations (1.1) with f belonging to L' with very general
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2 0. GUIBE

and global conditions on the matrix field A. Roughly speaking the modulus of continu-
ity of A with respect to s has to be controlled by exp(c|s|) (¢ > 0) in Porretta [2004] and
by a function which satisfies an appropriate differential inequality in Blanchard et al.
[2005].

In the present paper we state in Theorem 3.2 that the renormalized solution of (1.1)
is unique if A is locally Holder continuous in s with a Holder exponent greater or equal
to 1/2 and under a global control of the modulus of continuity of A with respect to the
space variable x. The main novelty between our and known uniqueness results is the
very local condition on A, i.e. we do not assume any control on the growth of the mod-
ulus of continuity of A in s as in the above cited papers. The price to pay to get rid of
this global behavior is to assume a regularity with respect to x. The results obtained in
the present paper rely on the mixing of the assumptions and the techniques developed
in Carrillo and Chipot [1985] (see also Chipot and Michaille [1989]) with those used to
study L'-problems with the help of renormalized solutions (see Lemma 3.3 and Remark
3.4).

At last the question of the uniqueness under a local condition is s remains still open
in general.

The paper is organized as follows. In Section 2 we give the assumptions on the data
and we recall the definition of a renormalized solution of (1.1). Section 3 is devoted to a
comparison result stated in Theorem 3.1 which implies the uniqueness of the solution
given in Theorem 3.2.

2. ASSUMPTIONS AND DEFINITIONS

In the whole paper we assume that A : QxR — RV*N

A(x, s) = (a;j(x, $))1<i,j<n and such that

is a Carathéodory function with

2.1) Ja>0, A(x,s)E-E=>alél?, VEERYN, VseR, ae. in Q;
(2.2) VK>0, JCx>0 |A(x,s8)|<Ck, Vse[-K,K], a.e.in Q;

for any r in R and any 1 <, j < N, the function a;;(r,-) belongs to WbH*(Q) and there
exists M > 0 such that
‘ aai i

Lwn|<M Y ajn, ¥reR ¥isijsNaeinQ.
0xp 1<i,j<N

(2.3)
Moreover we assume that for any K > 0 there exists a nonnegative, non decreasing con-
tinuous function wg such that

(2.4) [A(x,s) —A(x, )| <wg(s—r]) VrseRwith|s|<K, |r|<K, a.e. in Q;

2.5) / ds N
. = T0OQ.
0r W% (s)

The data f and g are such that
(2.6) feL;
2.7) ge L)V,
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Remark 2.1. Assumptions (2.1) and (2.2) are classical in the framework of renormalized
solutions and allow to obtain the existence of such a solution with a data belonging to
L'+ H™'. Conditions (2.4) and (2.5) concern a local condition on the modulus of con-
tinuity of the matrix field A(x, s) in s. If the matrix field A(x,s) does not depend on
x and is locally Holder continuous with an exponent greater or equal to 1/2 then as-
sumptions (2.3), (2.4) and (2.5) are satisfied. Assumption (2.3) is crucial when A(x, s)
depends on x. As an example, if b is an element of W*°(Q) and & is a non nega-
tive locally Hélder continuous function with an exponent greater or equal to 1/2, then
A(x, 5) = (exp(s?) + b(x) h(s))I verifies (2.1)—(2.5).

Remark 2.2. Since wg is a nonnegative, non decreasing continuous function satisfying
(2.5) we can assume without loss of generality that there exists Cx such that

(2.8) Vo<r<l, < Ck.

w4 (1)

Indeed it is sufficient to take wg (r) + /7 in place of wk in (2.4) which also verifies con-
dition (2.5).

For any K > 0 we denote by Tg the truncation function at height *K,
Tk (s) = max(—K,min(K, s)) for any s € R and we define the continuous function h, by

2.9) hy(s) =1 — | 1208 = Tn®))

We now recall the definition of the gradient of functions whose truncates belong to
H}(Q) (see Bénilan et al. [1995]).

Definition 2.3. Let u : Q — R be a measurable function, finite almost everywhere in Q,
such that Tg(u) € Hé (Q) for any K > 0. Then there exists a unique measurable vector
field v : Q— RY such that

DTk (u) =lyy<xyv a.e.in Q.
This function v is called the gradient of u and is denoted by Du.

Following Dal Maso et al. [1999] (see also Murat [1993, 1994]) we now recall the defi-
nition of a renormalized solution to (1.1).

Definition 2.4. A measurable function u defined from Q into R is called a renormalized
solution of (1.1) if

(2.10) VK >0, Tx(w) e Hy(Q);

if for any function h € WH®(R) such that supp & is compact, u satisfies the equation

(2.11) —div[h(wA(x, w)Du| + h'(WA(x,u)Du-Du
= fh(u) +div(gh(w) - h'(ug-Du in 2'(Q),

1
(2.12) lim —f A(x,u)Du-Dudx =0
n<|u|<2n

n—+oon
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Remark 2.5. Condition (2.10) and Definition 2.3 allow to define Du almost everywhere
in Q. In (2.11) which is formally obtained by the point-wise multiplication of (1.1) by
h(u) every terms are well defined. Indeed since supp(h) is compact, we have supp(h)
[-K, K] for K > 0 sufficiently large. It follows that h(u)A(x, u) Du = h(u)A(x, Tx (1)) D Tg (1)
almost everywhere in Q and then it belongs to (L?(Q))N. Similarly ' ()A(x, u) Du-Du is
identified to h'(u)A(x, Tx (1)) D Tx (1) - D Tk (1) which belongs to LY(Q). The same argu-
ments imply that the right hand side of (2.11) lies in L' (Q) + H~!(Q). Condition (2.12) is
classical in the framework of renormalized solutions and gives additional information
on Du for large value of |u|.

It is well know that under assumptions (2.1), (2.2), (2.6) and (2.7) there exists at least
one renormalized solution to equation (1.1), see e.g. Blanchard et al. [2005], Lions and
Murat, Murat [1993, 1994].

3. MAIN RESULT

In Theorem 3.1 below we give a comparison result from which it follows a unique-
ness result.

Theorem 3.1. Assume that (2.1)—(2.5) hold true. Let f; and f> belong to LY(Q) and let
g1 and g, belong to (L2 Q)N such that

3.1) fi+div(g)) < fo+div(ge) in2'(Q)

Let u; be a renormalized solution of (1.1) with (f1, g1) in place of (f,g) and let u, be
a renormalized solution of (1.1) with (f>, g») in place of (f,g). Then u; < u, almost
everywhere in Q.

An immediate consequence is the uniqueness of the solution for a fixed data f +
div(g) e L'(Q) + H 1(Q).

Theorem 3.2. Assume that (2.1)—(2.7) hold true. Then the renormalized solution of
(1.1) is unique.

To prove Theorem 3.1 we mix the methods developed by Chipot and Carillo in Car-
rillo and Chipot [1985] (see also Chipot and Michaille [1989]) together with the tech-
niques of renormalized solutions. The main tool is the following lemma which is a
truncated version to Theorem 4 in Carrillo and Chipot [1985].

Lemma 3.3. For any ¢ belonging to €' (Q)

(3.2) lim (hp(u)A(X, u1) Dug — hy(u2)A(X, uz) Duy) - Dgpdx = 0.

n—+oo {u —up, >0}
Remark 3.4. In Carrillo and Chipot [1985] (see also Chipot and Michaille [1989]) when
f +div(g) belongs to H~'(Q) and under more restrictive conditions on the matrix field
A(x, s) (roughly speaking A(x, s) is bounded) the authors state that

f (A(x, u1)Duy —A(x, u) Duy) - Dpdx = 0.
{u1—uy>0}

In the L} (Q)+ H1(Q) case, since we do not have any growth assumption on A(x, s) with
respect to s, we cannot expect to have A(x, u;)Du; in LIIOC(Q). It follows that the above
equality does not have any sense or equivalently that the limit in (3.2) cannot be written
in terms of u; and uy.
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Proof of Lemma 3.3. Let ¢ belong to €¢'(Q) with ¢ =0 on Q and let n be a positive
integer. Assume without loss of generality that w2,4+1(r) >0 Vr > 0. Following Chipot
and Michaille [1989] let us define for any 0 <e < 1

1 1
(3.3) I,(¢) =f —ds,

w§n+1(s)
1 ifr=1,

(3.4) Fi(r) = ds ifl>r>g,

1 j‘r 1
L) Je w3, ,(s)
0 ifr=e.

From the definition of F}, and the regularity of w,,+ it follows that F;, is a nonnegative
Lipschitz continuous function such that F;(s) =0 Vs <e.

Let us consider the test function Wy = F5(T1(T2p+1(u1) — Ton+1(u2))) which belongs
to L*®(Q)n H& (Q) due to (2.10) and the regularities of F;, and ¢. Moreover we have

DWy, = Fa(Ti(Tan+1 (1) — Tons1(42)) D@ + @ Ty (Top+1 (1) — Tops1 (U2))
x (F5)' (T (Ton+1 (1) = Tons1 (W) (D Tops1 (1) = DTops1 (U2))

almost everywhere in Q.
Choosing i = h, in (2.11) written in u; yields

(3.5) fhn(ul)A(x,ul)Dul-DW,fdx+f I, (u1)A(x, u) Dug - Duy W5 dx
Q Q

=f hn(ul)fIW,fdx—f hn(ul)gl-DW,idx—f h,(u1)g1 - Duy W) dx.
Q Q Q

Since supp(h,) = [-2n,2n] we have hy, (1) F5(T1 (T2p+1(w1) = Tops1 (42))) = hp(un) F5 (T (g —
up)) almost everywhere in Q and

Ry (U)W Ty, )= Tonsy ()1 <1} (D Tons1 (U1) = DTop41 (12)) = By (U1) Vo — up) <13 (D1 — D)

almost everywhere in Q. It follows that (3.5) can be rewritten as

f hy(u1)A(x, u1) Duy - (Duy — Dup) (F5) (Th (uy — up))pdx
{lur—up|<1}
+fQ hy(u1)A(x, ul)Dul-Dthﬁ(Tl(ul—uz))dX+fQ h),(u)A(x, uy) Duy-Duy Fo (Th (ug — up)) pd x

:Lhn(ul)flw,idx—fﬂhn(ul)gl-Dandx—th’n(ul)gl-DulFf,(Tl(ul—ug))(pdx.
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Subtracting the equivalent equality written in u, gives
f{lul_u2<1}(hn(u1)A(x, uy) Duy — hy (u2)A(xX, ug) Dup) - (Duy — Dup) (Fy,) (T (uy — uz))pdx
[ oA 1) Dit = o () AC, 1) D) - D Ty = )
+fQ(h;1(u1)A(x, u1)Duy - Duy — hl,(up)A(x, up) wDuy - Dup) F5(Ty (uy — u))pdx
= | thataw) =t Wi~ [ (g - haug)- W dx

—fg(h;(ul)gl -Duy — hl,(up) g2 - Dup) Fo(Ty (11 — up)) pdx,
which reads as
(3.6) Ane+Bne+Cne=Dpe+Epe+Fpe.

In the following we pass to the limit in (3.6) as € tends to 0, and then as n tends to +oco.
We claim that

(3.7) limiglfAn,E >0,
8—»
(3.8) nlgrpmllr?jélp |Crel =0,
(3.9) limsuplimsup(Dy,¢ + Ep¢) <0,
n—+oo e—0
(3.10) lim limsup|Fy¢|=0.
n—+oo  ._

Proof of (3.7). We split A, into

1 2 3
(3.11) Ape= An,g + An,e + An,e
with

Ay, =f hy(u1)A(X, u1)(Duy — Dug) - (Duy — Dup) (F)' (Th (uy — up)) pdx,
{lug—up|<1}
A =f iy (u1) (A(X, u1) —A(x, u2)) Duy - (Duy — Dup) () (Th (ur — up))pdx,
{lur—up|<1}

Ai'g = f{l ‘ 1}(hn(u1) — hn(U2))A(x, up) Duy - (Duy — Dup) (Fyy)'(Th (uq — up)) pd x.

Since h,, ¢ and (F%)" are nonnegative functions the coercivity of the matrix field A(x, )
yields that

ne =
! e—0

(3.12) liminf Al >liminfaf hy,(u)|Duy — Duy|?dx = 0.
€=0 {lun —up|<1}

Recalling that supp(h,) = [-2n,2n], assumption (2.4) implies that

Tguy -yl <13 A (W) IA(X, ur) = A, )| < Vo, —uyt<13 P (U1) Ty |<2n413
X Tguy<2n+13 [A(X, U1) — A(x, up)|
(3.13)
= Tguy - o)<y P (U) Vo <2041

X Tyl <2n+1y@W2n+1 (UL — Ua]),
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almost everywhere in Q. Young’s inequality and (3.13) then lead to

a
A2 (| < Ef“ - hp(u1)|Duy — Dup|* (F5)' (Ty (ur — uz))pdx
ur—uxl<

1 2, 2 N/
# 5 e DU P03 (a1 = 1) (FE) (T (g = 02)) pel.
{lug|<2n+1influz|<2n+1}
Assumption (2.1), the definition (3.4) of F;, and (3.12) give that
1 ol 2o
|A§l£| S_Abg_,_u
’ 2 " 2al,(e)

Since lim;_.o I, () = +o00, from (3.12) and the above inequality we get

fQ ID Ty (1)1 dx.

1
(3.14) liminf(Al . + A% ) = ~liminf Al , > 0.
e—0 ’ ’ 2 &—0

n,e =
As far as Aflyg is concerned, due to Remark 2.2 we can choose ws;.+1 such that

r
Vo<r<l ——=<C, withC>0.
W2n+1(7)
Because the function h;, is Lipschitz continuous we deduce that
C

nly(e) {lurl<2n+1in{luz|<2n+1}

143, Il < |A(x, u2) Du|(|Dus | + | Dup ) pdx

from which it follows that

(3.15) lim |AS 1 =0.

From (3.11), (3.12), (3.14) and (3.15) we conclude that (3.7) holds.

Proof of (3.8). Due to the definitions of I,,(¢) and F;, we have 0 < F5(T1(u; —up)) < 1
almost everywhere in Q. Therefore we have

f K. (u)A(x, u1) Duy - Duy FE(Ty (ug — up))pdx| < ”(””ﬂf A(x, uy) Duy-Duy dx
Q {n<|u;|<2n}

n

and condition (2.12) allows to obtain (3.8).

Proof of (3.9). Since W belongs to H& (Q)n L*®(Q) and since h;(u;) belongs to H Lay)n
L°°(Q) we have

(3.16) fQ(hn(ul)fl—hn(uz)fz)andX—fQ(glhn(ul)—gzhn(uz))'Dandx
=fQ(f1—f2)hn(u1)W,fdx—fQ(g1—gz)'D(hn(ul)W,f)dx

JF[Qfz(hn(ul)—hn(uz))W,fdx—fﬂ(hn(ul)—hn(uz))gz'DW,fderj;2 h,,(u) Wy (g1-82)-Duy dx.

Due to the definitions of h, and W[, the field h,(u;) WS is a non negative element of
H& (Q) N L>*(Q). Assumption (3.1) on f; +div(g;) and f> +div(g») leads to

(3.17) ‘/Q(fl—fg)hn(ul)W,fdx—fQ(gl—gg)'D(hn(ul)Wg)deO.

We now prove that the third, forth and fifth terms of (3.16) tend to zero as € goes to zero
and then as n goes to infinity.
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Recalling the definition of W we have

< ol e | FE e fQ ol (161) = Fon 02) .

(3.18) ‘fgfz(hn(lh) —hp(u))Widx
Since h;, — 1 in L*™ weak-* and almost everywhere in Q as n goes to infinity and since
f> € L}(Q) the Lebesgue convergence theorem and the fact that |F| < 1 uniformly with

respect to € and n imply that

=0.

sz(hn(ul) —hp(u))Widx

(3.19) lim limsup

n—+co  ._

We now turn to the forth term of (3.16). Since h;, is a Lipschitz continuous function
we obtain (recalling the definition of W})

(3.20) ’fg(hn(uﬂ—hn(uz))gz'DW,fdx

1

< —

f lur — sl &1 (Fy) (Ti (u1 — u2))|Duy — Dug|pdx
n J{juy|<2n+1in{luz|<2n+1}

+fQ | (1) = B (u2)11 21| Dl | Fyy (T1 (1 — up))ldx.
On the one hand, due to arguments already used we know that

3.21) lim limsup A | (1) — b (u2) || 21 I DI | Fy, (T (11 — up))|dx = 0.

e—0

On the other hand, Remark 2.2 yields that

1 |Duy — Dusl| gl
= [ur — uzll g2l
In(&)won1(lug — u2)

n Jlui—uz1<1in
{lun|<2n+1In{luz|<2n+1}

= I 821l 2~ [||DT2n+1(u1)||(L2(Q))N + 1D Tapn+1(u2) ||(L2(Q))N]-
nily(e)

Because I, (¢) — 400 as € goes to zero, from (3.20), (3.21) and the above inequality it

follows that

(3.22) lim limsup =0.

n—+ £—0

L(hn(ul)—hn(uz))gz-DW,fdx

For the last term in the right-hand side of (3.16), Holder’s inequality gives

1/2
UQ hy, () Wy (g1 — 82) - Durdx

€ 1 2
=Wyl ll g1 —g2||(L2(Q))N - |Duy|“dx
n® Hul<2n
and condition (2.12) then implies

=0.

(3.23) lim limsup

n—+oo  ._,o

thIn(ul)an(gl—gz)'Duldx

Gathering (3.16), (3.17), (3.19), (3.22) and (3.23) we conclude that (3.9) holds true.
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Proof of (3.10). We have
Ug(h;@(ul)gl -Duy — h), (uz) g2 - Dup) Widx

1 1
< IWil=@ (||g1 ”(LZ(Q))N%”DTZn(ul)”(LZ(Q))N + ||gz||(L2(Q))N% I DT2p(u2)ll (r2 ) |-

Recalling that W is bounded in L*(Q2) uniformly with respect to n and ¢, condition
(2.12) implies (3.10).

We are now in a position to prove Lemma 3.3. With arguments already used we know
that

(3.24) limB,, = f (hn(u)A(x, up)Duy — hy (u2)A(x, up) Dup) - Ddx.
e—0 {1 — 12 >0}
From equality (3.6) together with (3.7)—(3.10) and (3.24) it follows that

(3.25) limsup (hn(up)A(x, u)Duy — hy (u2)A(x, up) Dup) - Ddx < 0.

n—+oo J{u;—u,>0}

Taking M — ¢ in place of ¢ in (3.25), with M sufficiently large so that M —¢ = 0, gives

(3.26) liminf (hy(u)A(x, uy) Duy — hy (u2)A(x, up) Dup) - Ddx = 0.

n—=+00 Jiy, —u,>0}
At last (3.25) and (3.26) allow to conclude that (3.2) holds true. The proof of Lemma 3.3
is complete. ([l

With the help of Lemma 3.3 we now turn to Theorem 3.1.

Proof of Theorem 3.1. We use Lemma 3.3 with ¢(x) = exp(chi1 x;), where ¢ > 0.
Since h,(s) =0, V|s| = 2n, we have

By (u)A(x, ur) Duy Yy —uy>0p = B (Ton (U1)A(X, Ton (11)) D Top (1) U1y, (1)) - Top (un) >0}
almost everywhere in Q. To shorten the notations we denote by u?" the field T»,(u1)

and by u%” the field T»,(uy). It follows that (3.2) can be rewritten as

3.27)  lim (hn@2MACx, 2™ Dut™ — by (u5™MA(x, u3™) Dus™) - Dpdx = 0.

n—+oo {u%n_u§n>0}
Let us define
;
a?j(x, r) :f ai,j(x,8)hp(s)ds.
’ 0

Due to the regularity (2.10) of Tx(u;) and Tk (uy), assumption (2.3) implies that both
Et?j(uf") and dlflj(ugn) belong to Hé (@) andforl=1,2

aar . (usm
(3.28) Ll
axk

uln u?" oa: :
= hn(u%”)ai,j(ufn)—l +f l hin(s)—=L (x, s)ds.
ox Jo Xk

0
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O0p _

Since 7 = CP using (3.28) we have

f{z ) 0}(hn(uf”)A(x, WM DUE" — hy (u3™A(x, uz™) Dus™) - Dpdx
u"—us">

~n 2n ~n 2n
oa; ;(uy™)  0a;(u3")

= cf ( )(pdx
W -13">00 1 <fjen 0% 0x;
uy" oa; ;
+ cf Z hy,(s) LJ (x,s)dspdx.
" —u3">0} 1<, j<NJ ui" 0x;

Let us define w»,, = (uf” - u%")+ which belongs to L*°(Q)n Hé (Q) and is such that uf” =
wap + u3" almost everywhere on {u2" — u3" > 0}. Since Ez:?j(ug” + Woy) — Zz:?j(ug”) lies in
L*(Q)n H(} (Q), a few computations and the integration by part formula give

fmz” 2150, (hn WA, uf") DU"™ = by (u3™A(x, u3™) Dus") - Dpd x
1 %2

aar j(ugn +woy) 0al j(ugn)
—c [ , 7%
Q1<i,j=N

d
ax]' ax]' )(P .

u2n oa; ;
+c[ Z fz hy(s) LJ (x,8)pdx
Q1<ij=N U+ woy, ax]'
=_c2f Y (@ a8+ wan - @M pdix
Q1<i,jsN
un da;
+cf Z fz hy(s) LJ (x,8)pdx
Q1<i,j=NJ U +wan 0x;

u§"+wz,, aai,j
:_Cfgfugn hn(s)(c Y oaijx )+ ). W(x,s))dsgodx.

1=<i,jsN 1<i,jsN J

Because ¢ =0 in Q, from assumption (2.3) and the coercivity (2.1) of the matrix field A
we obtain for ¢ sufficiently large independently of 7 (¢ > 2N?M for example) that

(3.29) f{uzn 2l (hn(ufn)A(x, uf’@Du?” _ hn(ugn)A(x, ugn)Dugn) -Dpdx
1 %2

W2+ wsy,
S—Ef/ ’ hn(s)dspdx.
2 JaJu

2n
2
Since u; and uy are finite almost everywhere in Q while &, converges to 1 almost ev-
erywhere in R and is bounded by 1 we obtain
U3+ W, Up+w

(3.30) lim h,(s)ds = f ds=w almost everywhere in Q,
u

n—-+oo 2n
ll2 2

where w = (u; — u») ™.
Finally from (3.27), (3.29), (3.30) and Fatou lemma it follows that

f wdx <0,
Q
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which leads to u; < uy almost everywhere in Q.
The proof of Theorem 3.1 is complete. O

Acknowledgments. The author thanks the referee for his comments.
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