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SATURATED FUSION SYSTEMS OVER 2-GROUPS

BOB OLIVER AND JOANA VENTURA

ABSTRACT. We develop methods for listing, for a given 2-group .S, all nonconstrained
centerfree saturated fusion systems over S. These are the saturated fusion systems
which could, potentially, include minimal examples of exotic fusion systems: fusion
systems not arising from any finite group. To test our methods, we carry out this
program over four concrete examples: two of order 27 and two of order 2'°. Our long
term goal is to make a wider, more systematic search for exotic fusion systems over
2-groups of small order.

For any prime p and any finite p-group S, a saturated fusion system over S is a
category F whose objects are the subgroups of .S, whose morphisms are injective group
homomorphisms between the objects, and which satisfy certain axioms due to Puig
and described here in Section 2. Among the motivating examples are the categories
F = Fs(G) where G is a finite group with Sylow p-subgroup S: the morphisms in
Fs(G) are the group homomorphisms between subgroups of S which are induced by
conjugation by elements of G. A saturated fusion system F which does not arise in
this fashion from a group is called “exotic”.

When p is odd, it seems to be fairly easy to construct exotic fusion systems over
p-groups (see, e.g., [BLO2, §9], [RV], and [Rz]), although we are still very far from
having any systematic understanding of how they arise. But when p = 2, the only
examples we know are those constructed by Levi and Oliver [LO], based on earlier
work by Solomon [Sol] and Benson [Bs]. The smallest such example known is over a
group of order 2! and it is possible that there are no exotic examples over smaller
groups. Our goal in this paper is to take a first step towards developing techniques for
systematically searching for exotic fusion systems, a search which eventually can be
carried out in part using a computer.

A fusion system F is constrained (Definition 2.3) if it contains a normal p-subgroup
which contains its centralizer. Any constrained fusion system is the fusion system of
a unique finite group with analogous properties [BCGLO1, Proposition C|. A fusion
system F over S is centerfree (Definition 2.3) if there is no element 1 # z € Z(S) such
that each morphism in F extends to a morphism between subgroups containing z which
sends z to itself. By [BCGLO2, Corollary 6.14], if there is such a z, and if F is exotic,
then there is a smaller exotic fusion system F/(z) over S/(z). Thus all minimal exotic
fusion systems must be nonconstrained and centerfree, and these conditions provide a
convenient class of fusion systems to search for and list.

If F is a saturated fusion system over any p-group S, then the F-essential sub-
groups of S are the proper subgroups P < S which “contribute new morphisms” to
the category F: it is the smallest set of objects such that each morphism in S is a
composite of restrictions of automorphisms of essential subgroups and of S itself. We
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2 BOB OLIVER AND JOANA VENTURA

refer to Definition 2.3, Proposition 2.5, and Corollary 2.6 for more details. We define
a critical subgroup of S to be one which could, potentially, be essential in some fusion
system over F. The precise definition (Definition 3.1) is somewhat complicated (and
stated without reference to fusion systems), and involves the existence of subgroups of
Out(P) which contain strongly embedded subgroups. Thus Bender’s classification of
groups with strongly embedded subgroups (at the prime 2) plays a central role in our
work. In addition, one important thing about critical subgroups is that the 2-groups
we have studied contain very few of them (even those 2-groups which support many
“Interesting” saturated fusion systems), and we have developed some fairly efficient
techniques for listing them.

Thus, the first step when trying to find all saturated fusion systems over a 2-group S
is to list its critical subgroups. Afterwards, for each critical P (and for P = S), one com-
putes Out(P), and determines which subgroups of Out(P) can occur as Autz(P) if P
is F-essential. The last step is then to put this all together: to see which combinations
of essential subgroups and their automorphism groups can generate a nonconstrained
centerfree saturated fusion system F.

To illustrate how this procedure works in practice, we finish by listing all noncon-
strained centerfree saturated fusion systems over two groups of order 27 and two groups
of order 2!°. We chose them because each is the Sylow subgroup of several “interesting”
simple or almost simple groups; in fact, each is the Sylow 2-subgroup of at least one
sporadic simple group. The groups we chose are the Sylow 2-subgroups of Mass, Mos,
and McL; Jy and J3; He, My, and GL5(2); and Coz. The last case is particularly in-
teresting because it is also the Sylow subgroup of the only known exotic fusion system
over a 2-group of order < 219

Not surprisingly, we found no new exotic fusion systems over any of these four
groups, and a much wider and more systematic search will be needed to have much
hope of finding new exotic examples. For example, over the group S = UTs(2) of upper
triangular 5 x 5 matrices over Fy, we show (Theorem 6.10) that the only nonconstrained
centerfree saturated fusion systems are those of the simple groups He, My, and G L5(2).
Likewise, over the Sylow 2-subgroup of Coz, we show (Theorem 7.8) that each such
fusion system is either the fusion system of Cos, or that of the almost simple group
Aut(PSps(3)), or the exotic fusion system Sol(3) constructed in [LOJ]. Thus in these
cases, we repeat in part the well known results of Held [He] and Solomon [Sol], except
that we classify fusion systems over these 2-groups, and do not try to list all groups
which realize a given fusion system. But the techniques we use are somewhat different,
and we hope that they can eventually make possible a more systematic search for exotic
fusion systems.

This approach also makes it easy to determine all automorphisms of the fusion
systems we classify. We don’t state it here explicitly, but using the information given
about the fusion systems over the four 2-groups we study, one can easily determine
their automorphisms, and check they all extend to automorphisms of the associated
groups.

The paper is organized as follows. The first section contains background results on
finite groups, their automorphism groups, and strongly embedded subgroups, while
Section 2 contains background results on fusion systems. Then, in Section 3, critical
subgroups are defined, and techniques developed for determining the critical subgroups
of a given 2-group. Afterwards, in Sections 4-7, we present our examples, describing
the nonconstrained centerfree saturated fusion systems over four different 2-groups.
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We would like in particular to thank Kasper Andersen, who helped revive our interest
in this program by doing a computer search for some critical subgroups; and Andy
Chermak, for (among other things) suggesting we look at the Sylow subgroup of the
Janko groups J, and J3. We also give special thanks to the referee, whose many detailed
suggestions helped us to make considerable improvements in the paper.

Notation : Most of the time, when a € Aut(P) for some group P, we write [«]
for the class of a in Out(P). The one exception to this is the case of automorphisms
defined via conjugation: ¢, denotes conjugation by g, as an element of a group Aut(P)
or Out(P) (for some P normalized by ¢g) which will be specified each time. Occasionally,
the same letter will be used to describe a subgroup of Aut(P) and its image in Out(P),
but that will be stated explicitly in each case.

Since the two authors are topologists, some of our notation clashes with that usually
used by group theorists. Commutators are defined [g, h] = ghg *h™', and ¢, denotes
conjugation by ¢ in the sense ¢,(z) = grg~'. Homomorphisms are written on the
left and composed from right to left. When a matrix is used to describe a linear map
between vector spaces with respect to given bases, each column contains the coordinates
of the image of one basis element. Finally, in what is standard notation, we write Z,,(P)
for the n-th term in the upper central series of a p-group P; thus Z;(P) = Z(P) and

1. BACKGROUND RESULTS

We collect here some results about groups and their automorphisms which will be
needed later. Almost all of them are either well known, or follow from well known
constructions.

We first recall some standard notation. For any group G and any prime p, O,(G)
denotes the largest normal p-subgroup (the intersection of the Sylow p-subgroups of
(), and OP(G) denotes the smallest normal subgroup of p-power index. Also, Oy (G)
denotes the largest normal subgroup of order prime to p, and O”/(G) denotes the
smallest normal subgroup of index prime to p.

1.1 Automorphisms of p-groups and group cohomology

We first consider conditions which can be used to show that certain automorphisms
of a p-group P lie in O,(Aut(P)). Recall that the Frattini subgroup Fr(P) of a p-
group P is the subgroup generated by commutators and p-th powers; i.e., the smallest
normal subgroup whose quotient is elementary abelian. It has the property that if
gi,--.,gx € P are elements whose classes generate P/Fr(P), then they generate P.

Lemma 1.1. Fix a prime p, a p-group P, and a sequence of subgroups
hi<h<---<P,=P
such that Py < Fr(P). Set
A={aecAut(P) |2 "a(z) € Py, allz € P alli=1,...,k} < Aut(P):

the group of automorphisms which leave each P; invariant and which induce the identity
on each quotient group P;/P,_y. Then A is a p-group. If the P, are all characteristic
in P, then A < Aut(P), and hence A < O,(Aut(P)).
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Proof. To prove that A is a p-group, it suffices to show that each element a € A has
p-power order. This follows, for example, from [G, Theorems 5.1.4 & 5.3.2]. The last
statement is then clear. O

We next turn to the problem of determining Out(P) for a p-group P. In the next
lemma, for any group G and any normal subgroup H <1 G, we let Aut(G, H) < Aut(G)
denote the group of automorphisms « of G such that «(H) = H, and set Out(G, H) =
Aut(G, H)/Inn(G).

Lemma 1.2. Fiz a group G and a normal subgroup H < G such that Cq(H) < H
(i.e., H is centric in G). Then there is an exact sequence

1 —— HY(G/H; Z(H)) —~— Out(G, H) —%—

Now(m (Outa(H)) /Oute(H) —— HX(G/H; Z(H)), (1)

where R is induced by restriction, and where all maps except (possibly) x are homo-
morphisms. If, furthermore, H is abelian and the extension of H by G/H is split, then
R s onto.

Proof. Throughout the proof, g = gH € G/H denotes the class of g € G.

We first prove that there is an exact sequence of the following form:

Res

1 —— ZNG/H; Z(H)) —— Awt(G, H) —2=,
Nawmn (Autg(H)) —— H*(G/H; Z(H)). (2)

Here, Z'(G/H;Z(H)) denotes the group of 1-cocycles for G/H with coefficients in
Z(H) (“crossed homomorphisms” in the terminology of [Mc, §IV.4]). Explicitly,

ZNG/H; Z(H)) = {w: G/H — Z(H) |w(g192) = w(51) - 1w(g2)91 " Y 91,92 € G}
For w € ZY(G/H; Z(H)), 1j(w) is defined by setting 7(w)(g) = w(g)-g for g € G. For
91,92 € G,

N(w)(9192) = w(3192) - 192 = w(G1) - G1w(g2)gr " - 9192 = N(w)(g1) - (w)(g2),

so 1(w) € Aut(G, H). To see that 7 is a homomorphism, fix wy,w, € ZY(G/H; Z(H));
then for ¢, g2 € G,

(71(w1) 0 77(w2)) (9) = (wi)(w2(9)g) = wi(g) - w2(g)g = (wiw2)(g) - g = N(wiw2)(g)

(since wa(g)g = g). Clearly, 7 is injective, and 7(w)|g = Idy for each w.

The map Res sends o € Aut(G, H) to a|g € Aut(H); this lies in the normalizer
of Autg(H) since for all g € G, (afg)cy(aly)™ = cay) € Autg(H). Assume a €
Ker(Res); we want to show that o € Im(7). Since o € Aut(G) and o]y = Idy, we
have ¢, = co(g) € Aut(H) for all g € G. Hence a(g) = g (mod Z(H)), and the element
a(g)-g~" depends only on g € G/H. So we can define w: G/H — Z(H) by setting
w(g) = a(g)-g~* for g € G, and « takes the form a(g) = w(g)-g. Also, for all g1, g» € G,

w(g192) = a(g192) - (9192) ™ = algn)(a(ge)gs gr " = w(3n) - g (G)gr
and hence w € Z'(G/H; Z(H)). This proves the exactness of (2) at Aut(G, H).

We next define Y and prove that Im(Res) = X*(0). Fix some ¢ € Nawm) (Aute(H)),
and let ¢ € Aut(G/Z(H)) be defined by ¢(gZ(H)) = ¢Z(H) if ¢c,p™' = ¢y in
Aut(H). This defines ¢ uniquely since Cq(H) = Z(H) (H is centric). Intuitively,
the obstruction to extending ¢ and v to an automorphism of GG is the same as the
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obstruction to two extensions of H by G/H (with the same outer action of G/H on
H) being isomorphic, and thus lies in H*(G/H; Z(H)) (cf. [Mc, Theorem IV.8.8]).

To show this explicitly, we first choose a map of sets ¢: G —— G such that for all
g€ Gand h e H,

pghg™") = Bl9)p(M)@(9)~",  (hg) = ¢(R)@(g), and &(gh) =B(g)e(h)  (3)

(any two of these imply the third). To construct @, let X = {g1,...,9x} be a set of
representatives for cosets in G/H. For each i, let ¥(g;) be any element of the coset
V(g Z(H)) € G/Z(H). Then ¢(g:hg; ") = #(g:)p(h)P(g;)~" for all h € H by definition
of ¢. So if we set p(hg;) = ¢(h)P(g;) for all h € H, then (3) holds for all g and h.

For all g1, 92 € G, ©(g192) = ©(91)P(g2) (mod Z(H)), since the two elements have the
same conjugation action on H by (3). So there is a function 7: G/HxG/H —— Z(H)
such that

P(9192) = @(7(91,92)) - £(91)@(g2)-

That 7(g1,92) depends only on the classes of g; and g, in G/H follows from the last
two identities in (3). For each triple of elements g1, g2, 93 € G,

©0(919293) = ©(7(9192, 93)) - P(9192)P(93) = ©(7(9192, 93) - T(1,
= ¢(7(g1,9293)) - P(91)P(9293) = ©(7(g1, G293)) - B(01
= o(7(g1,9293) - 17(G2, 93)91 ") - P(91)P(92)P(g3);

92)) - P(91)P(92)P(93)
)o(7(92, 93))P(92)P(g3)

and hence
(9192, 73) - (91, 92) = 7(91, 9295) - 917(82, G3) 91 - (4)
This is precisely the relation which implies 7 is a 2-cocycle (cf. [Mc, §1V.4, (4.8)]).
Assume ¢: G —— G is another map satisfying (3), and let 7 be the 2-cocycle

defined using . Then @(g) = ¢(g) (mod Z(H)) for each g. So using (3) again, we
define 0: G/H —— Z(H) so that ¢(g) = ¢(0(g))@(g) for all g. Then for gy, g2 € G,
(91, 02) = ¢ (95(9192)95(92)_195(91)_1)
= ¢ (p(0(9192)) 2(9192)8(g2) " p(0(92) ) B(91) (0 (31) 7))
= 0(G162) - 791, 32) - 910(32) g o (1) "
In the notation of [Mc, §IV.4], T = 7:6(0)~!, and thus 7 and 7 represent the same
element in H*(G/H; Z(H)). We now define Y by setting x(¢) = [7] € H*(G/H; Z(H)).
If ¢ € Im(Res), then @ can be chosen to be an automorphism of G, so 7 = 1, and
¢ € Ker(x). Conversely, if ¢ € Ker(x), then for any choice of ¢ (with 7 defined as
above), there is 0: G/H —— Z(H) such that 7 = 6(0). So if we define ¢ by setting
©(g9) = ¢(a(g))p(g) for all g, the above computations show that 7 = 1, and thus that
¢ € Aut(G, H) and ¢ € Im(Res).

This proves the exactness of (2). The following sequence is clearly exact:

1 —— Autzm)(G) incl Inn(G) /=% Autg(H) — 1.

So if we replace the first three terms in (2) by their quotients modulo these three
subgroups, the resulting sequence

1 —— ZYG/H; Z(H)) /i (Aut 2 (G)) —— Aut(G, H)/Inn(G)
— s Nawn(Autg(H))/Auta(H) —— H*(G/H; Z(H)). (5)

is still exact. For z € Z(H), c.(g) = (292~ tg~1)g for g € G, and hence c, = 7j(w.) where
w,(9) = (2927 1)g~!. The group of all such w, is precisely the group B*(G/H; Z(H))
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of all 1-coboundaries (cf. [Mc, §IV.2]), and hence the first term in (5) is equal to to
HY(G/H; Z(H)). This finishes the proof that (1) is defined and exact.

It remains to prove the last statement. Assume H is abelian, and G = HK where
HN K = 1. Thus K projects isomorphically onto G/H = Outs(H), and so we can
identify these groups. Fix 3 € Aut(H) = Out(H), and assume 3 € Nauym)(Autg(H)).
Let v € Aut(K) be the automorphism of K = Autg(H) induced by conjugation by £.
Then there is an automorphism o € Aut(G) such that a|y = 3 and a|x = v, and thus
R is surjective in this case. 0

Lemma 1.2 will frequently be applied in the following special case:

Corollary 1.3. Let G be a finite 2-group with centric characteristic subgroup H < G.
Assume Z(H) has exponent two, and has a basis over Fy which is permuted freely under
the conjugation action of G/H. Then there is an isomorphism

R: Out(G) —=—— Nowya)(Outa(H))/Oute(H)
which sends the class of a € Aut(G) to the class of a|g € Aut(H).

Proof. The condition on Z(H) implies that H(G/H; Z(H)) = 0 for all i > 0. Also,
Out(G) = Out(G, H) since H is characteristic in G, and so the result follows directly
from Lemma 1.2. O

The following slightly related lemma was suggested to us by the referee.

Lemma 1.4. Let G be a finite 2-group, with normal subgroup H <I G of index two.
Assume there is x € GNH of order two. Assume also there is a sequence

l=Hy<H,<---<H,=H

of subgroups all normal in G, such that for each 1 < i <m, V; o H;/H; 4 is elementary

abelian and Cy,(z) = [x,V;] (equivalently, |V;| = |Cyv:.(z)|?). Then all involutions in
rH = G~ H are conjugate by elements of H.

Proof. We show this by induction on m. When m = 1, all involutions in xH are
conjugate since H'({x); H) = Cg(x)/[x, H] = 1 (cf. [A1, 17.7]).

If m > 1, then by the induction hypothesis applied to G/Hj, all involutions in xH
are conjugate modulo H;. Thus if y € zH is another involution, then y is H-conjugate
to some y' € xHy, and 3/ is Hy-conjugate to x by the first part of the proof. 0

1.2 Strongly embedded subgroups

Strongly embedded subgroups of a finite group play a central role in this paper. We
begin with the definition.

Definition 1.5. Fiz a prime p. For any finite group G, a subgroup Gy S G is called
strongly embedded at p pr| |Go|, and for all g € GNGy, Go N gGog™" has order prime
to p. A subgroup Gy S G is strongly embedded if it is strongly embedded at 2.

The classification of all finite groups with strongly embedded subgroups at 2 is due
to Bender.

Theorem 1.6 (Bender). Let G be a finite group with strongly embedded subgroup at the
prime 2. Fix a Sylow 2-subgroup S € Syl,(G). Then either S is cyclic or quaternion,
or O% (G /0 (G)) is isomorphic to one of the simple groups PSLy(2"), PSUs(2"), or
Sz(2") (where n > 2, and n is odd in the last case).
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Proof. See [Bd]. O

The following lemma about Fy-representations of groups with strongly embedded
subgroups (at the prime 2) will be needed in Section 3, and plays a key role in later
applications. When « is an automorphism of a vector space V', we write

[, V] = Im[V =24 v,

Lemma 1.7. Let G be a finite group with strongly embedded subgroup at the prime
2, and let V be an Fy-vector space on which G acts linearly and faithfully. Fiz some
S € Syly(G), and let 1 # s € S be any nonidentity element. Then the following hold.

(a) If|S| = 2%, then dimp, (V) > 2k.
(b) If Z(S) = C}, then dimg,([s,V]) > n.

(c) If S is cyclic of order 4, then dimg,([s,V]) > 2. If S is cyclic or quaternion of
order 2% > '8, then dimg, (V) > 3-2°72 and dimg, ([s, V]) > 2872

Proof. The result is clear when |S| = 2 (dim(V') > 2-dim([s, V]) > 2), so we assume
|S| > 4. If s € S has order > 4, then [s2, V] C [s, V] ((s* —1d)(v) = (s —Id)(v + s(v))),
so it suffices to prove (b) and the statements about [s, V] in (c) when s is an involution.
Also, since all involutions in G are conjugate by [Sz2, Lemma 6.4.4], it suffices to prove
(b) for just one involution s in S. We handle the case where Z(S) is noncyclic in Case
1, and the case where S is cyclic or quaternion in Case 2.

Case 1: Assume first that O¥ (G/Oy(G)) = L where L is simple. There are three
subcases to consider. In all cases, we set |S| = 2¥ and |Z(9)| = 2".

Case 1A: Assume L = PSLy(q), where ¢ = 2F. Then S = C§. Also, L contains
a dihedral subgroup D of order 2(¢ + 1). Let hy,hs € L be a pair of involutions
which generate D, and let hy, hy € G be a pair of liftings to involutions. Then (hq, hs)
is dihedral of order a multiple of 2(¢ + 1), and in particular, G also has a dihedral
subgroup D of order 2(q + 1). Write D = (g, h), where |g| = ¢+ 1 and |h| = 2.

By Zsigmondy’s theorem (see [Z] or [Ar, p.358]), there is a prime p such that
p|(2%—1) and pf(2°—1) for £ < 2k — unless 2k = 6 in which case we take p = 9.
Thus p|(¢ + 1). Since g acts faithfully and p is a prime power, there is at least one
eigenvalue A € Fy of g with order a multiple of p. Since the set of eigenvalues is stable
under (A — \?), the number of eigenvalues (hence the dimension of V) is at least equal
to the order of 2 modulo p; thus dim(V) > 2k. Furthermore, the 2k eigenvalues {\?'}
are permuted in pairs under the action of h, and so dim([h, V]) > k.

Case 1B: Next assume L 2 Sz(q) for ¢ = 2" > 8, where n is odd. Then |S| = ¢* = 2*"
and Z(S) = C¥. By Zsigmondy’s theorem again, there is a prime p such that 2 has
order 4n modulo p. Since

2" —1=q"—1=(q+V2¢+ (-2 +1)(¢" - 1),
p divides at least one of the factors m = ¢ + /2¢q + 1. By [HB3, Theorem XI.3.10], L
contains a dihedral subgroup of order 2m. Hence by the same argument as that used
in Case 1A, dim(V) > 4n, and dim([h, V]) < 2n for h € G of order 2.

Case 1C: Now assume L = PSUs(q) for ¢ = 2" with n > 2. Then |S| = ¢ = 2%"
and Z(S) = C%. Also, L contains a cyclic subgroup of order m = (¢> — g+ 1) or
m = (¢* — ¢+ 1)/3, which comes from regarding Fs as a 3-dimensional F,-vector
space with hermitian product (x,y) = zy?.
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Using Zsigmondy’s theorem, choose a prime p such that 2 has order 6n modulo p
(recall n > 2). Then p|m since ¢® —1 = (¢* — 1)(¢ + 1)(¢* — ¢+ 1). So by the same
arguments as used in Case 1A, dim(V) > 6n.

Let D < L be the dihedral subgroup of order 2(¢q+1) generated by diagonal matrices
diag(u,u™,1) for u € Fpe with u?! = 1, and by the permutation matrix (—21 é %).

Since 2 has order 2n modulo ¢ + 1, dim([h, V]) > n by the arguments used earlier.

Case 2: Now assume S is cyclic or quaternion of order 2¥ with & > 2, and set
H = Oy (G). Let s € S be the (unique) involution. Since sH € Z(G/H) by the Brauer-
Suzuki theorem [BS, Theorem 2], [s, H] # 1. For each prime p||H|, the number of Sylow
p-subgroups of H is odd, and hence there is at least one subgroup H,, € Syl,(H) which
is normalized by S. Since H is generated by these H),, at least one of them is not
centralized by s. So upon replacing H by some appropriate Sylow subgroup H, and G
by H,S, we can assume G = HS where H is a normal p-subgroup.

By a theorem of Thompson [G, Theorem 5.3.13], there is a characteristic subgroup
Q@ < H such that S still acts faithfully on @, Fr(Q) = [Q, Q] < Z(Q) is elementary
abelian, and @ has exponent p. Set Qg = [s, Q] # 1. Then Qg is S-invariant since s €
Z(S), and is generated by elements [s, g] (¢ € @) which are inverted under conjugation
by s. Upon replacing H by )y and GG by .S, we are reduced to the case where H has
exponent p, Z(H) > Fr(H), and s acts on H/Fr(H) via —Id.

Fix an irreducible Fy[H]-module W C V with nontrivial H-action. Let K < H be the
kernel of the action; thus H/K acts faithfully and irreducibly on W. Then Z(H/K) is
cyclic, since otherwise any faithful representation would split, and hence |Z(H/K)| = p
since H has exponent p. Set Sy = Ng(K), and set W* = (u(W)|u € Sy) C V. For
each u € S, u(W*) is a sum of faithful irreducible H/uKu'-modules. Hence the |S/Sy|
distinct submodules w(WW*) are linearly independent, and so rk(V) > |S/So|- rk(W™*).
Also, either Sy = 1 and tk([s, V]) > 3|S], or s € Sy and rk([s, V]) > [S/So|- rk([s, W*]).
So we are done if Sp = 1. Otherwise, upon replacing V' by W* and G by HSy/K,
we are reduced to the case where Z(H) = C, and V' is a sum of faithful, irreducible
Fy[H]-modules.

If H is abelian, then H = C), sgs™' = g~! for g € H, and thus S permutes freely
the nontrivial irreducible Fy[H|-representations. So rk(V) = dimg,_ (Fy ®p, V) > |S| in
this case, and rk([s, V]) > 3|5].

If H is nonabelian, then since Fr(H) < Z(H) = C,, H must be extraspecial of order
p'*? for some r > 1. All faithful irreducible Fy[H]-modules have the same rank ep”
for some e > 2 depending on p. By construction, s acts via —Id on H/Z(H). Hence
S acts freely on (H/Fr(H))\1, so |S| = 2¢|(p*" — 1), and 2*~! must divide one of the
factors p" & 1. So rtk(V) > 2p" > 2(2F71 — 1) > 2F — 282 = 3.282 when k > 3. When
k<3, 1tk(V)>2p>6> 322 and thus this lower bound on rk(V) holds for all k.

Fix any g € H~Z(H) such that sgs~' = ¢g~'. The eigenvalues (in Fy) of the action
of g on V include all p-th roots of unity with equal multiplicity, and the action of s
sends the eigenspace of ¢ to that of (~!. Thus rk([s, V]) = p2;p1_ rk(V) > 31k(V). O

1.3 General results on groups

The following result is useful when listing subgroups of Out(P), for a p-group P,
which have a given Sylow p-subgroup. The most important case is that where () <1 G
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and Hy < H < G are such that Q = O,(G), G = QH, and Hy € Syl (H). But we also

have applications which require the more general setting.

Proposition 1.8. Fiz a prime p, a finite group G, and a normal abelian p-subgroup
Q < G. Let H< G be such that QN H =1, and let Hy < H be of index prime to p.
Consider the set

H={H'<G|H'NQ=1, QH' =QH, Hy< H'}.
Then for each H' € H, there is g € Cq(Hy) such that H' = gHg ™.

Proof. Fix H' € H, and define y: H — @ by setting x(h) = W/h™!, where R’ is the
unique element in H'NhQ. By straightforward calculation, x (h1hs) = x(h1)-hix(h2)hy!
for all hy,hy € H, and thus x € Z'(H;Q) is a 1-cocycle. Also, x|y, = 1. Since
H'(H; Q) injects into H'(Hp; Q) (Q is abelian and [H : Hy) is prime to p), this means
that y is a coboundary; i.e., x(h) = ghg='h™! for some g € Q. Thus H' = gHg™'.
Also, [g, Hy] = 1, since ghg='h™ = x(h) = 1 for each h € H,. O

As an example of why ) must be assumed abelian in the above proposition, consider
the group G = GL»(3) (and p = 2). Set

Q= 02(G) = <(91(1)) ) (% 31)> = Qs.
Consider the subgroups

H:<((1]%)7((1)—01>>2237 Hl:<(—11[1))7((1l—01)>7 and H0:<<(1)—01)>
Then H and H' are both splittings of the surjection G — G /@ = X3 which contain Hy
as Sylow 2-subgroup, but they are not conjugate in G. Instead, H' is G-conjugate to the
subgroup H” = ((31), (3'?)). The 1-cocycle H — @ which sends the subgroup of
order three to I and its complement to —1 is nontrivial in H'(H; Qg), but its restriction
is trivial in H'(Hp; Qs)-

The following very elementary lemma will be used later to list subgroups of a given
2-group which are not normal, and have index two in their normalizers.

Lemma 1.9. Assume S is a 2-group with a normal subgroup Sy < S, such that Sy
and S/Sy are both elementary abelian and |S/Sy| < 4. Assume P < S is such that P
is not normal and |Ng(P)/P| = 2. Set Py = PN Sy. Let m be the number of cosets
xSy € S/Sy such that xSy # Sy and [x,Sy] < Fy. Then one of the six cases listed in
Table 1.1 holds.

rk(So/Po) | |P/Po| | |S/So| | m | other properties
(a) | 1| 24 |0
(b) 1 2 4 1| R4S, [r,5% <P & xe€PS
(c) 1 2 4 3P <8, [S,8)]s1S 84 F
(d) 2 P 2,4 | 0| PSy/Py= Dy
() 2 4 4 |1
] 4 | 4 | 4 |0|kCamn(P/R) =1

TABLE 1.1
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Proof. Since Sy is abelian, [z, Sp] depends only on the class of = in S/Sy. So m is well
defined, independently of the choice of coset representatives.

By assumption, P is not normal in S. Since S/Sy is abelian, this implies Py < So.
For g € Sy, g € Ng(P) if and only if [g, P] < P, or equivalently, gPy € Cs,/p,(P/Fp).
Hence since |Ng(P)/P| =2 and Csg,/p,(P/Fy) # 1,

|Csy/py(P/Py)| =2  and  Ng(P) < PSp. (6)

We next claim that if we regard Sy/FPy as an Fy[P/FPy]-module via the conjugation
action, then

So/ Py is isomorphic to a submodule of Fy[P/Fy] and rtk(So/FPy) < |P/Py|. (7)

Since Fyo[P/ Py is injective as a module over itself (since its dual is projective), the
(unique) monomorphism from Cg,/p,(P/Fy) = F, into the fixed subspace of Fo[P/ Py
extends to an Fy[P/F]-linear homomorphism ¢ from Sy/Py to Fo[P/P,]. Also, ¢
must be injective, since otherwise its kernel would have to contain the fixed subgroup
Cs,/py(P/F), and this proves (7).

We are now ready to consider the individual cases. Assume first tk(So/Fp) = 1. If
|P/Py| =1, then P < Sy, and [z, Sy] < Py = P only for x € Ng(P) = Sy. Thus m =0,
and we are in the situation of (a). If |P/Py| > 1, then |P/Py| < |S/Sp| (since otherwise
[S: P] =2 and P is normal), and thus |P/Fy| = 2 and |S/Sy| = 4. Also, Ng(P) = PSp
by (6). If Py < S, then Sy/Py = Cs is central in S/ P, so [S,S)] < Py, and m = 3.
Also, [S,S] £ Py in this case (otherwise P would be normal in S), so [S, S| S [5,9],
and we are in case (¢). If Py 4.5, then PSy = Ng(F), So/ Py is central in PSy/ Py, so
[z, S0] < Py exactly when x € PSy. Thus m = 1, and we are in case (b).

If rk(So/Py) = 2 and |P/Fy| = 2, then Sy/F, is free as an Fo[P/Fy)-module by (7),
so PSy/ Py is nonabelian of order 8 containing C and hence isomorphic to Dg. Every
automorphism of Dg which leaves invariant a subgroup isomorphic to C% is inner: this
follows as a special case of Lemma 1.2, but also from the well known description of
Out(Dg) = Cy. So for each y € Ng(Fp), there is g € PSSy such that the conjugation
action of yg on PSy/Fy = Dg is the identity. In other words, c¢,4|ps, = Id (mod F),
and in particular, yg € Ng(P) < PSy by (6). This proves that Ng(Fy) = PSp, and
thus [z, )] € P for x € S\PSy. Also, since Sy/Fy is not fixed by the action of P/P,,
[z, S0] £ Py for & € PSy~.Sy. Thus m = 0, and we are in the situation of (d).

By (7), it remains only to consider the cases where |P/Py| = |S/Sy| = 4 and 2 <
rk(So/Py) < 4. If tk(So/Py) = 2, then since P/F, acts on it nontrivially by (6), it
must be a free Fo[P/P;] module for some P; < P of index two containing Fy. Hence
[z, S0] < Py for x € Py (x centralizes So/Fy), [x,So] € Py for z € S\P;, so m =1, and
we are in case (e). If rk(Sy/Fy) = 3,4, then Sy/P, is isomorphic to a submodule of
index one or two in Fy[P/Oy| by (7), hence each © € S\.Sy acts nontrivially on Sy/Fy,
and so m = 0. Together with (6), this proves we are in case (f). O

2. FUSION SYSTEMS

We first recall the definition of an (abstract) saturated fusion system. For any group
G and any = € G, ¢, denotes conjugation by = (c,(g9) = zgz™'). For H, K < G, we
write

Homg(H, K) = {¢ € Hom(H, K) | ¢ = ¢, some z € G}.
We also set Autg(H) = Homg(H, H) = Ng(H)/Cq(H).
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Definition 2.1 ([Pg], [BLO2, Definition 1.1]). A fusion system over a finite p-group S
is a category F, with Ob(F) the set of all subgroups of S, which satisfies the following
two properties for all P,Q < S:

L HOIDS(P, Q) - HOHI}‘(P, Q) - IIlJ(P, Q); and

e cach ¢ € Homg(P,Q) is the composite of an isomorphism in F followed by an
nclusion.

When F is a fusion system over S, two subgroups P, ) < S are said to be F-conjugate
if they are isomorphic as objects of the category F. A subgroup P < §'is called fully
centralized in F (fully normalized in F) if |Cs(P)| > |Cs(P")| (|[Ns(P)| > |Ns(P")])
for all P’ < S which is F-conjugate to P.

Definition 2.2 ([Pg], [BLO2, Definition 1.2]). A fusion system F over a finite p-group
S is saturated if the following two conditions hold:

(I) (Sylow axiom) For all P < S which is fully normalized in F, P is fully centralized
in F and Autg(P) € Syl (Autz(P)).

(II) (Extension axiom) If P < S and ¢ € Homgz(P,S) are such that p(P) is fully
centralized, and if we set

Ny ={g € Ns(P)|¢cgo™" € Auts(p(P))},
then there is o € Homg(N,, S) such that o|p = .

For any finite group GG and any Sylow subgroup S € Syl (G), the fusion system
of G (at p) is the category Fs(G), whose objects are the subgroups of S, and with
morphism sets Morz, ) (P, Q) = Homg(P, Q). This is easily shown to be saturated
using the Sylow theorems (cf. [BLO2, Proposition 1.3]). A saturated fusion system is
exotic if it is not the fusion system of any finite group.

The following definitions play a central role in this paper. In general, when F
is a fusion system over S and P < S, we write Outz(P) = Autz(P)/Inn(P) and
Outg(P) = Autg(P)/Inn(P).

Definition 2.3. Fix a prime p, a p-group S, and a saturated fusion system F over S.
Let P < S be any subgroup.

o P is F-centric if Cg(P') = Z(P') for all P" which is F-conjugate to P.

o P is F-radical if O,(Outz(P)) = 1; i.e., if Outz(P) contains no nontrivial normal
p-subgroup.

P is F-essential if P is F-centric and fully normalized in F, and Outz(P) contains
a strongly embedded subgroup at p.

P is central in F if every morphism ¢ € Homz(Q, R) in F extends to a morphism
¢ € Homz(PQ, PR) such that p|p = Idp.

e P is normal in F if P < S, and every morphism ¢ € Homgz(Q, R) in F extends to
a morphism p € Homz(PQ, PR) such that p(P) = P.

The fusion system JF is nonconstrained if there is no subgroup P < S which is
F-centric and normal in F.

For any ¢ € Aut(S), o Fp~! denotes the fusion system over S defined by
Homyry-1 (P, Q) = ¢ Homz (o7 (P), ¢ (Q)) ¢
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for all P,Q < S.

When F = Fs(G) for a finite group G' with S € Syl (G), then P < S is F-centric
if and only if it is p-centric in G: that is, Z(P) € Syl,(Ca(P)), or equivalently,
Ce(P) = Z(P) x Cf(P) for some (unique) subgroup Cf,(P) of order prime to p. The
subgroup P is F-essential if and only if it is p-centric in G, Ng(P) € Syl (Ng(P)), and
Ng(P)/(P-Cg(P)) has a strongly embedded subgroup at p.

We say that a fusion system is “centerfree” if it contains no nontrivial central sub-
group. Our main goal in this paper is to develop techniques for listing, for a given
2-group S, all centerfree nonconstrained saturated fusion systems over S (up to iso-
morphism). This restriction is motivated in part by the two results stated in the
following theorem: they imply that any minimal exotic fusion system is centerfree and
nonconstrained.

Theorem 2.4. Let F be a saturated fusion system over a finite p-group S.

(a) If F is constrained, then there is up to isomorphism a unique p'-reduced p-con-
strained finite group G (i.e., Oy(G) = 1 and Cg(O,(G)) < O,(G)) such that
F = Fs(G).

(b) If A < S is central in F, then F is exotic if and only if F/A is exotic. Here,
F /A is the fusion system over S/A such that for all P,QQ < S containing A,
Homz a(P/A,Q/A) is the image of Homz(P, Q) under projection.

Proof. See [BCGLO1, Proposition C] and [BCGLO2, Corollary 6.14]. In both cases,
much more precise results are shown. In (a), one can choose G with normal p-
subgroup () such that @ = O,(F) (the maximal normal p-subgroup of F) and G/(Q) =
Autz(O,(F)). Under the hypotheses of (b), if F/A is the fusion system of a finite
group G, then F is the fusion system of a central extension of G by A. O

One of the key problems when constructing fusion systems over a p-group S is to
determine which subgroups of S can contribute automorphisms; i.e., for which P < S
the group Autx(P) need not be generated by restrictions of automorphisms of larger
subgroups. This is what motivates the definition of F-essential subgroups. The follow-
ing proposition and corollary are due to Puig [Pg, Theorem 5.8], and were originally
pointed out to us by Grodal.

Proposition 2.5. Let F be a saturated fusion system over a p-group S, and let P < S
be an F-centric subgroup which is fully normalized in F. Then P is F-essential if and
only if Autz(P) is not generated by restrictions of morphisms between strictly larger
subgroups of S.

Proof. Since P is fully normalized, Auts(P) € Syl,(Autz(P)). Since P S S, we have
Ng(P) = P, and so Autg(P) = Inn(P) since P is F-centric.

Let Gy < Autx(P) be the subgroup generated by those ¢ € Autz(P) which extend
to morphisms between strictly larger subgroups of S. We first claim that
Go = {p € Autz(P) | ¢~ " Auts(P)p N Autg(P) Z Inn(P)). (1)

To see this, fix ¢ € Autz(P) such that ¢t Auts(P)eNAutg(P) = Inn(P), and consider

the group
def

N, = {g € Ns(P) | pcyp' € Autg(P)}.
Then Auty, (P) = ¢ 'Autg(P)e N Autg(P) = Inn(P), so N, = P. By the exten-
sion axiom, ¢ extends to a morphism in Homz(N,, S), and this proves that ¢ € Gj.
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Conversely, if ¢ € Autz(P) extends to ¢ € Homz(Q,S) for some Q = P, then
pAutg(P)e~t < Autg(P), and

o 'Auts(P)p N Autg(P) > Autg(P) = Inn(P).

This proves (1). For all a € Autz(P)\Gy and all g € Gy,
a7 Autg(P)(Ba) N Autg(P) = Inn(P)

by (1), and thus the intersection of each Sylow subgroup of a~'Goa with Autg(P)
is Inn(P). In other words, Inn(P) € Syl,(aGoa™' N Gp) for all a € Autz(P)\Go,
which implies that Gy/Inn(P) is strongly embedded in Outz(P) = Autz(P)/Inn(P).
Conversely, if Outz(P) contains any strongly embedded subgroup at p, then there
is a strongly embedded subgroup H which contains the Sylow p-subgroup Outg(P),
and Go/Inn(P) < H < Outz(P) by (1) and the definition of a strongly embedded
subgroup. 0

As a corollary, we get Alperin’s fusion theorem stated for restriction to essential
subgroups. Roughly, it says that every saturated fusion system is generated by auto-
morphisms of S and of essential subgroups, and their restrictions.

Corollary 2.6. Fiz a saturated fusion system F over a p-group S. Then for each
P,P" < S and each ¢ € Isox(P, P'), there are subgroups P = Py, Py,..., P, = P/,
subgroups Q; > (P,_1,P;) (i = 1,...,k) which are F-essential or equal to S, and
automorphisms ¢; € Autz(Q;), such that ¢;(Pi_1) = P; for all i and ¢ = (¢k|p,_,) ©
o (eilR,)-

Proof. By Alperin’s fusion theorem in the form shown in [BLO2, Theorem A.10], this
holds if we allow the @); to be any F-centric F-radical subgroups of S which are
fully normalized in F. So the corollary follows immediately from that together with
Proposition 2.5. O

3. SEMICRITICAL AND CRITICAL SUBGROUPS

The following definition gives necessary conditions for subgroups of a p-group to
possibly be F-radical or F-essential in some fusion system.

Definition 3.1. Let S be a finite p-group. A subgroup P < S will be called semicritical
if the following two conditions hold:

(a) P is (p-)centric in S; and
(b) Outg(P) N O,(Out(P)) = 1.
A subgroup P < S will be called critical if it is semicritical, and if
(c) there are subgroups
Outg(P) < Gy S G < Out(P)
such that Gy is strongly embedded in G at p and Outs(P) € Syl,(G).

The importance of (semi)critical subgroups lies in the following proposition.

Proposition 3.2. Fix a p-group S, a saturated fusion system F over S, and a subgroup
P < S. If P is F-centric and F-radical, then it is a semicritical subgroup of S. If P
1s F-essential, then P is a critical subgroup of S.
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Proof. Set G = Outx(P). If P is F-centric and F-radical, then
Outg(P) N O,(Out(P)) < GNO,(Out(P)) < 0,(G) =1,

and so P is a semicritical subgroup of S.
If P is F-essential, then by definition, P is F-centric (hence centric in §), fully

normalized in F, and G o Outz(P) contains a strongly embedded subgroup Gy S G
at p. Since any strongly embedded subgroup at p contains a Sylow p-subgroup, we can
assume (after replacing G by a conjugate subgroup if necessary) that Gy > Outg(P) €
Syl (G). Since O,(G) < gGog~" N Gy for all g € G, this shows that O,(G) = 1, hence
that P is F-radical, and thus a semicritical subgroup of S. This proves that P is
critical in S. 0

For the above definition to be useful, simple criteria are needed which allow us to
eliminate most subgroups as not being critical. This works best when p = 2. The
following proposition gives some criteria for doing this; criteria which are useful mostly
when P has index > 4 in its normalizer. For example, point (a) implies that P is not
critical in S if Outg(P) contains a subgroup isomorphic to Dg — since Dg contains
noncentral involutions.

Recall that when V' is a vector space and « is a linear automorphism of V', we write
[, V] = Im[V 224 v,

Proposition 3.3. Fiz a critical subgroup P of a 2-group S, and set Sy = Ng(P)/P =
Outg(P). Then the following hold.

(a) FEither Sy is cyclic, or Z(Sy) = {g € So|g*> = 1}. If tk(Z(Sy)) > 1, then |So| =
|Z(So)|[™ form =1, 2, or 3.

(b) All involutions in Sy are conjugate in Out(P), and hence in Aut(P/Fr(P)). In
fact, there is a subgroup R < Out(P) (or R < Aut(P/Fr(P))) of odd order, which

normalizes Sy and permutes its involutions transitively.

(c) Set |So| = 2%, Then tk(P/Fr(P)) > 2k. If k > 2, then tk([s, P/Fr(P)]) > 2 for
all 1 7é s € Sy.

(d) Assume Z(Sy) = CF withn > 2, and fix 1 # s € Z(Sy). Then tk([s, P/Fr(P)]) >
n.

Proof. Fix subgroups
Outg(P) < Gy S G < Out(P)

such that Gq is strongly embedded in G and Outg(P) € Syl,(G). In particular,
O3(G) = 1. Since the kernel of the natural map from Out(P) to Out(P/Fr(P)) is
a 2-group by Lemma 1.1, the induced action of G on P/Fr(P) is still faithful.

By Bender’s theorem ([Bd] or Theorem 1.6), either Sy = Outg(P) is cyclic or quater-
nion, or O% (G/Oy(@)) is isomorphic to one of the simple groups P.SLy(2"), PSUs(2"),
or Sz(2") (where n > 2, and n is odd in the last case).

(a) This is clear if Sy is cyclic or quaternion. If not, let L be the simple group
L =0%(G/0y(@)). If L = PSLy(2"), then Sy = Cy. If L = Sz(q), where ¢ = 2" for
odd n > 3, then by Suzuki’s description of the Sylow 2-subgroups [Sz, §4, Lemma 1]
(see also [Sz, §9]), |So| = ¢*, Z(Sp) = CF, and all involutions in Sy are in Z(Sp). So
(a) holds in both of these cases.
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)
Also, V(r,s)-V(u,v) = V(r + u+ sv,s +v). Thus |Sy| = 23", Z(Sy) = {V(r,0) |r
F,} = Cy, and V(r,s)> = V(s5,0) = 1 only if s = 0. So (a) holds in this case, also.

If L = PSUs(q), where g = 2" for odd n > 3, then we can identify
So={V(r,s)|r,s € Fp|r+7=ss} where r=r? and V(rs) <é§)

S

(b) By [Sz2, Lemma 6.4.4], all involutions in Gy are conjugate to each other. Since
the involutions in Sy are all in Z(.Sy), they must be conjugate to each other by elements
in Ng,(Sp); and we can write Ng,(So) = Sox R where |R| is odd.

(c,d) These follow immediately from Lemma 1.7, applied with V' = P/Fr(P). O

Proposition 3.3 will be our main tool when identifying those critical subgroups which
have index > 4 in their normalizer. The following lemma is an easy consequence of
Lemma 1.1, and will be useful in many situations in the index two case. It will often
be applied with © = 1, or with © = Z5(P) (the subgroup such that Zy(P)/Z(P) =

Z(P[Z(P))).

Lemma 3.4. Fix a prime p, a p-group S, a subgroup P < S, and a subgroup © < P
characteristic in P. Assume there is g € Ng(P)N\P such that

(a) [g7p] < @FI‘(P), and
(b) [g,0] < Fr(P).
Then cy € Op(Aut(P)), and hence P is not semicritical in S.

Proof. Point (a) implies that ¢, is the identity on P/©O-Fr(P), and (b) implies it is the
identity on ©-Fr(P)/Fr(P). Hence ¢, € Op(Aut(P)) by Lemma 1.1, and so P is not
semicritical in S. O

Lemma 3.4 will be our main tool when looking for critical subgroups of index two in
their normalizer. But there are two more, closely related, lemmas which will also be
useful in certain cases. The following one can be thought of as a refinement of Lemma
3.4, at least when p = 2.

Lemma 3.5. Fix a 2-group S, a semicritical subgroup P < S, and g € Ng(P)\P
such that ¢, has order two in Outg(P). Then there is a € Aut(P) of odd order, and
x € |g, P], such that x ¢ Fr(P) and [g,a(x)] ¢ Fr(P).

Proof. Since P is semicritical, ¢, ¢ O2(Out(P)). Hence by the Baer-Suzuki theorem
(cf. [A1, Theorem 39.6]), there is 8 € Out(P) such that A = (¢,, Bc,671) < Out(P)
is not a 2-group. Thus A contains a dihedral group of order 2m for m odd, and we
can assume that ( is chosen so that |[A| = 2m. Let 7 € A < Out(P) be an element of
order m inverted by ¢,, and let v € Aut(P) be an automorphism of odd order whose
class in Out(P) is 7.

Set V' = P/Fr(P), regarded as an Fy[A]-module. Since 7 has odd order, V' splits as
a product V = Cy(7) x V', where 7 acts on V' = [§, V] without fixed component. Let
Vo C V' be an irreducible Fy[Al]-submodule. Since 7 acts nontrivially on V4 (and the
subgroup of elements of A which act trivially is normal), ¢, acts nontrivially on Vj,

and hence [g, Vp] # 1.

Fix 1 # 7 € [9, Vo] < Cy,(g). The F-orbit of ¥ is A-invariant (since ¢,(Z) = Z and
A = (7,¢,)), and hence it generates V; since V; is irreducible. Thus there is ¢ such that
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7(Z) ¢ Cy,y(g). Now choose z € [g, P] such that zFr(P) = ; then [g,7'(z)] ¢ Fr(P).

Set o = +*; then « and x satisfy the conclusion of the lemma. ([l

In the special case of Lemma 3.5 where [g, S| has order two, one can take this much

farther. Recall Z5(S) < S is the subgroup such that Z5(5)/Z(S) = Z(S/Z(9)).

Lemma 3.6. Let S be a 2-group, and fix elements z € Z(S) and g € Zy(S) such that
2> =1 and [g,5] < (2). Assume P is a critical subgroup of S such that g ¢ P. Then
the following hold.

(a) |Ns(P)/P|=2, 2 ¢ Fr(P), and P = Cs(h) for some h € S such that h*> =1 and
lg,h] = =

(b) If y € S\(g,z) is such that |y, S] < (z), then either y € Z(P) and h is not
S-congugate to yh, or gy € Z(P) and h is not S-conjugate to gyh.

Proof. (a) By assumption (and since P is centric), [g, P] < |g, S] ( > < Z(S) <
In particular, g € Ng(P). By Lemma 3.4 (applied with © = 1 P] £ Fr(P) and
thus [g, P] = (z) and z ¢ Fr(P). Since rk([g, P/Fr(P)]) = ]NS(P)/ ] = 2 by

Proposition 3.3(c

)
Set @ = Q (Z(P)): the 2-torsion subgroup of Z(P). Then [g,P] < (z) < O,
g,0] £ Fr(P) by Lemma 3.4 again, and thus z € [¢,0]. Fix h € © such that
[g, h} =z In partlcular, h* =1 and P < Cg(h).

Now |Ng(P)/P| =2, g € Ns(P), and g ¢ Cg(h) imply that Negn)(P) = P. Hence
P = Cg(h) since otherwise its normalizer in Cs(h) would be strictly larger.

(b) Since [y, P] < [y, S] < (z), y € Ng(P). If neither y nor gy is in P, then yP and gP
are distinct nonidentity elements of N(P)/P, which is impossible since |[N(P)/P| = 2.
Thus one of them is in P; say y € P. If y ¢ Z(P), then z € [y, P] < Fr(P), which
again contradicts (a). Thus y € Z(P).

It remains to show h is not S-conjugate to yh. Assume otherwise: let a be such
that aha™! = yh. Then aPa™' = Cg(aha™') = Cs(yh) > P, so a € Ng(P). Thus
h,zh,yh € Z(P) are all Ng(P)-conjugate to h, so |Ng(P)/P| > 2, which again contra-
dicts (a). O

We can now outline the general procedure which will be used to determine all of
the critical subgroups of a given 2-group S. We first try to find a normal subgroup
Sp < 9, as large as possible, which we can show is contained in all critical subgroups.
For example, in many cases, we do this for Sy = Z5(5), using Lemmas 3.5 and 3.6. We
then search for critical subgroups P < S such that |Ng(P)/P| = 2, by first applying
Lemma 1.9 (when possible) to list all subgroups of index 2 in their normalizer, and then
applying Lemma 3.4 to eliminate most of them. Afterwards, we search for subgroups
P < S such that |Ng(P)/P| = 2% > 4, tk(P/Fr(P)) > 2k, and tk([s, P/Fr(P)]) > 2 for
all s € Ng(P)~P, and check (using Proposition 3.3) which of them could be critical.
In practice, this seems to work surprisingly well on groups of order < 219 at least on
those where we have tested it.

4. FUSION SYSTEMS OVER THE SYLOW 2-SUBGROUP OF J, AND J3

We are now ready to begin working with some concrete examples. In the next four
sections, we list all nonconstrained centerfree saturated fusion systems over each of four
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different 2-groups S. In each case, this procedure can be broken up into three steps:
first determine the critical subgroups of S (or a list of subgroups which includes all
critical subgroups), then determine the automorphism group of each critical subgroup,
and finally work out all possible combinations of which critical subgroups can be F-
essential for any given F and what their F-automorphism groups can be. The last
step is carried out only up to isomorphism, in the sense that we make a list of fusion
systems over S and show that for each F, there is some ¢ € Aut(S) such that pFp~*
is in the list (see Definition 2.3). If we did find a candidate for a new exotic fusion
system, then there would be the additional step of proving that it is saturated; but
otherwise this is done by identifying it (by elimination) with the fusion system of some
finite group.

In this section and the next, Sy = UT3(4) denotes the group of 3 x 3 upper triangular
matrices over Fy with 1’s in all diagonal entries. Let ef; € Sy (for @ < j) be the
elementary matrix with entry a € Fy in the (i, j) position, and set Ej; = {ef; | a € F4}.
Thus, for example,

Z(So) = [So, So] = Fi3= {6‘113 | a < ]F4}
We note here for reference throughout this section the relations

(e9y€53)? = [efy, ehs] = €95 for all a,b € Ty (1)

We also let ¢f; denote conjugation by e;, as an automorphism of Sy and also as a
homomorphism between subgroups of Sy or groups containing Sy, and write (c;f‘j> =

{cﬁj la € Fyu}.

Let a — @ = a? denote the field automorphism on Fy, and let M — M denote the
induced field automorphism on Sy. Let 7 € Aut(Sy) be the automorphism “transpose
inverse” which sends ef; to ej_;, ;. Consider the semidirect product

Sep = UTs(4) x (,0),

where for M € Sy = UTs(4), ¢Mp~' = M and MO~ = 7(M) (and ¢ = 6% = [, 0] =
1). Thus

-1
labd lcbd 1 ¢ b+ac labd 1¢éb

T<<Olc>):(01a) :(01 a> and ce<<o1c)):<0ff{w ;o (2)
001 001 00 1 001 00 5

and Sy is a Sylow 2-subgroup of the full automorphism group Aut(PSLs;(4)) =
PGL3(4) x (¢,0). In this section, we determine the nonconstrained saturated fusion
systems over the group

Sy L UT;(4) % (6),

while in the next section we work with the group Sy 'y T5(4) x (¢).

The following subgroups will play an important role throughout this section:

A1:<E12,E13>:{< (‘é)‘a,bem} Qoz{@é’l’) a,b€F4}
4y = (Bus, ) = {(31%) |a,b € B} Q = (Qu,6) .

Thus A; and A, are the “rectangular subgroups”, both isomorphic to C4; while Qg =
Cy x Qg and Q = Qs X, Dg. Also,

QO/E13 - [07 SO/EIZ’)] - CSO/E13(0)7 QU = [597 S@] < 597 and Q < S@ . (3>

We start with some elementary facts about Sy and its subgroups. Throughout this
section and the next, w denotes an element in Fy~\IFy, so that Fy = {0, 1,w,o}.
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Lemma 4.1. (a) All involutions in Sg~\.Sy are Sy-conjugate to 6. For each involution
g€ SH\SO; 050(9) = Q87 CSo(g) < Q07 and 6%3 € FI"(CSO(Q)).

(b) All involutions in Sy are in Ay or in As, and all involutions in Sp~.Sy are in Q).
(c) Ay and Ay are the only subgroups of Sy isomorphic to Cy.
(d) The subgroups Sy and @ are both characteristic in Sp.

Proof. (a) Conjugation by 6 acts on FEj3 with fixed subgroup (el;), and on Sy/FE)3
by exchanging the complementary subgroups A;/Fi3 and As/E;3. The hypotheses of
Lemma 1.4 thus hold, and all involutions in the coset 65, are Sy-conjugate to 6.

By (2), Cs,(0) is generated by e}, together with matrices (é 1 a) for 0 # a € Fy.

Thus Cg, () < Qo (this also follows from (3)), has order 8, and is isomorphic to Qs
since it is not cyclic and its only involution is e}; (by (1)). Since each involution
g € Sp\.Sp is conjugate to 0, and since Qg <1 Sy, the same holds for Cg,(g).

(b) The first statement holds by (1). Since all involutions in Sp\.Sy are Sy-conjugate
to 6, and since # € Q) and Q) < Sy, all such involutions are in Q).

(c) Assume A < Spand A= Cy. If A< Sy, then A C (4; U Ay) by (b), and A = A,
or A, since no element of A\ FE13 commutes with any element of Ay~ F3. If A ﬁ So
and g € ANSy, then ANSy = C3, ANSy < Cs,(g) = Qg by (a), and this is impossible.

(d) The subgroup Sy = (A, As) is characteristic by (c). By (b), @ is generated by
the centralizers of all involutions in Sy~\.Sy, and so it is also characteristic. 0

4.1 Candidates for critical subgroups

The following proposition is the main result of this subsection.

Proposition 4.2. If P is a critical subgroup of Sy, then P is one of the subgroups @,
S(] == UT3(4), Al, or AQ.

Proposition 4.2 follows immediately from Lemmas 4.3 and 4.4. We first deal with
the normal critical subgroups.

Lemma 4.3. If P <1 .Sy is a normal critical subgroup of Sy, then P =@ or P = Sy =
UTs(4).

Proof. By Proposition 3.3(c), rk(P/Fr(P)) > 2k if |Sp/P| = 2*. Thus 27 > |Sp| >
2F.2% = 23% 50 k < 2 and |Sp/P| < 4. In particular, Sp/P is abelian, and so P >
[Sg, S@] = Qo by (3)

Assume first that |Sy/P| = 4. Then |P| = 2° and rk(P/Fr(P)) > 4, so |Fr(P)| < 2.
It follows that Fr(P) = Fr(Qo) = (e15).

If P <S8y, then P = (Qy, efy) for some a # 0, and hence Fr(P) > E;3, which we
saw is impossible. Thus P = (Qg, hf) for some h € Sy; and since Sy = Qo FE12, we can
assume h = €4, for some a € Fy. Also, (hf)? = [e}y,0] € Fr(P) = (e];), and this is
possible only if a = 0. Thus P = (@, 0) = @ in this case.

Now assume |Sp/P| = 2, and fix g € Sy P. Since Sp/Fr(Sy) = C3, there are seven
subgroups of index 2 in Sp. Assume P # Sy. Then P = (Qy, €%, €4,0) for some a, b € F,
where a # 0. Also, [Qo, efs] = Ei3. If b ¢ {0,a}, then

FI“(P) = <E13’ [6(11276] [6127 ]) Qo = FI“(S@)
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so [g, P] < Fr(P) for g € Sp~P, and P is not critical by Lemma 3.4 (applied with
©=1).
We are left with the case b € {0,a}, and thus P = (Qy,€fy,6). Then Fr(P) =

(Ehs, [€9y,0]) = Cy x Cy, and so Ei3 is characteristic in P since it is the 2-torsion

subgroup of Fr(P). Thus Cp(FE13) = Py dof PN Sy is characteristic in P. For g € Sy~ P,

lg, P] < By and [g, Py] < E13 < Fr(P); and thus P is not critical by Lemma 3.4 applied
with © = F. O

It now remains to show:

Lemma 4.4. If P < Sy is a critical subgroup and not normal, then P = Ay or P = As,.

Proof. Fix such a P. Assume first that |N(P)/P| > 4. Since Sy has order 27, |[N(P)| <
26 and so |P| < 2%. Since P is critical, we must have rk(P/Fr(P)) > 4 by Proposition
3.3(c). This can only happen if P = C4, and by Lemma 4.1(c), P = A; or P = A,.

Now assume |N(P)/P| = 2. Then Qo = Fr(Sp) £ P because P not normal in Sp.
Also, e1; € Z(Sy) < P since P is centric. If %, ¢ P, then by Lemma 3.6, there is
some h € Sp\Sy (So = Cs,(e43)) such that h? = 1, P = Cg,(h), and e}; ¢ Fr(P).
But this contradicts Lemma 4.1(a), and thus Ej3 < P. Also, Qo < N(P) since
[Qo, So] = Enz < P.

Thus [QO PN Qo] = 2. Since |Q0| = 24, E13 ; PN QO ; Qo, and there is a
unique a € Fy~\0 such that efyes € P. Hence (ef,€55)> = ej3 € Fr(P) by (1). Fix
be F4\{CL,O} and set 9= 6?2633 € N(P)\P By (3)7 [gu P] < [QO;SG] = E13-

By Lemma 3.5, there is some o € Aut(P), and elements = € [g,P] < Ej3 and
y = a(x), such that = ¢ Fr(P) and [g,y] ¢ Fr(P). Since ej; € Fr(P), this means
x = €5, for some ¢ € {w,w}. Also, y* = a(z?) = 1.

If y ¢ Sp, then by Lemma 4.1(a), y = hOh~ for some h € Sy, and so

[9,y] = [g, hOh™] = h[h " gh,0]h~" € h[Qo, 0]h " = (e]3) < Fr(P)
(recall Qo <1 Sy by (3)). But [g,y] ¢ Fr(P) by assumption, so we conclude y € S.

Since y? =1, y € A; or Ay by Lemma 4.1(b). Also, y ¢ Ey3 since [g,y] € [So,y] # 1.
We can assume (upon replacing P by PO~ if necessary) that y € A;\Fj3. Fix
d € F4~\0 such that y € e{,E13. By (1),

[y, efae3s] = [ely, elacss] = e € [y, P] N Exy < Fe(P). (4)

Now, [y, P] = a([z, P]) < a({ei;)) has order at most two, while [y, P| N E3 # 1
by (4). Since ej; € Fr(P) but z = €55 ¢ Fr(P) (and [y, P] < Fr(P)), this implies
ly, P] = (e13). It also implies [z, P] = [e55, P] # 1, and hence P & Sy. Fix r € Sy such
that r6 € P; then (rf)y(rf)~' € Ay\Eis, so [y,r0] ¢ E;3, which is impossible since
[y, P] = {ei;). Thus there are no critical subgroups of this form. O

4.2 Automorphisms of critical subgroups

Before describing the automorphism group of Sy, we need to give names to some
automorphisms. For each f € Homy, (Fy, ), define p{ , pg € Aut(Sp) by setting p;|a, =

Id, and
x z [z T z flx
P{(623) = 6236115. : and Pg(em) = 61261:(5 .
Note that p! o p!" = p/™ and hence R; oo {p!'| f € Homg,(F,,F4)} is a subgroup of
Aut(Sp) isomorphic to C3. One easily sees that Ry and Ry commute in Aut(Sp), and
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that they generate the group of all automorphisms of Sy which induce the identity on
Ey3 and on Sy/Ey3. Thus Ry X Ry is a normal subgroup of Aut(Sp), and is contained
in OQ(AUI(S()))

Next define 49,71 € Aut(Sy) by letting 7o be conjugation by diag(w, 1,©), and letting
v be conjugation by diag(w, 1,w). Thus

lab 1 wa @b lab 1wa b
Yol{(0le))=(0T1 we and Y{(0le))=(01 @) .
001 00 1 001 00 1

Also, 7 and ~; both have order 3,

def ~ ~
Lo = (70, co) = X3, 't = (m,m) =33,

and [[o,I';] = 1 in Aut(Sp).
Lemma 4.5. (a) Aut(Sy) = (R1 X Ra)-(To x I'1) = CF x (X3 X X3), and hence
Out(So) = ((Ba/({cia)) x (Ra/{c33)))(To x T1) = Cy x4 (83 x Ty).

(b) Restriction induces an isomorphism
Out(Ss) —=— Coui(s(ca)/{cs).

(c) Set H = (Autg,(A1),7|a,) = As. Then for any pair of subgroups U,Uy <
Cau(an)(H) of order three, there is ¢ € Aut(Sy) such that 1|s, commutes with
Yo in Aut(Sy), and such that (¢¥]4,)U(|4,) "t = Up.

Proof. (a) The elements we have defined clearly generate subgroups of Aut(Sp) and
Out(Sy) of the form described in (a). It remains to show that

Allt(Sg) = <R1,R2,F0,F1>. (5)

Let o € Aut(Sy) be arbitrary. By Lemma 4.1(c), « either sends each subgroup A; to
itself or switches them. Hence there is a; € {a, Ta} such that ay(A4;) = A; for i =1,2.

Next, we can choose r, s € {0, 1,2} such that if we set ap = {7501, then ay(e],) = el

and as(e3;) = ed; (mod E3). Finally, there is a3 € {cyaz, az} such that as(ed,) = e,
(mod Ei3) for all @ € Fy. By (1) (and since Ey3 < Z(S))), for all a € Fy,

043(6[113> = [043(6(112)7 043<€%3)] = [6(1127 6%3] = ef3

and hence

[6%2’6(213] =e€fy = [043(6%2%043(@(213)] = [6%2,043(633)].
Since as(€ds) € Ey3Es3, this implies ag(el;) = €53 (mod Ey3) for all a. Thus ag induces
the ldentlty on SO/E13 and on E13-

Let ¢: So/FE13 —— E13 be the function such that for all g € Sy, as(g) = g-p(gE13).
Since E13 = Z(Sp) and « is a homomorphism, ¢ is also a homomorphism. So there
is a pair of functions f, f' € Homp,(F4,Fy) such that ¢(efyebsF13) = e{éa)ﬁ ®

as = pb opl’ € Ry x Ry. Since a € (Iy x I'y) o a, this proves (5).

(b) By Lemma 4.1(d), Sy is characteristic in Syp. Also, Z(Sy) = Ei3 is free as an
[Fy[(cg)]-module. So by Corollary 1.3, the map induced by restriction

, and

Out(Sy) ——— Noui(so)(Outs, (So))/Outs, (So) = Coursy)({co))/{co)

1R

is an isomorphism.
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(c) For each o € Aut(A), let M(a) € GL4(2) be the matrix of o with respect to
the ordered basis {e1;, €43, €1,, €55} for A; as a vector space over Fy. Thus M(H) is
generated by

M= (g 7)) wme=(5 7)) wa wtal= (% 7).

where matrices are written in 2 x 2 blocks and Z = (91). From this, it follows that

M (Caus(ary(H)) = {(? g)

In particular, Oy(Cauya,)(H)) = Cry(H), where Ry = {ala, ’a € R,}; and also
Caut(an) (H)/O2(Cangan (H)) = Cs. So for any pair of subgroups U, Uy < Caug(a,)(H)
of order three, there is 7 € Ry such that 7|4, € Crs(H) and (n]4,)U(n|a,)~" = Ub.

Now, cencgl € R; commutes with n € Ry, so no (c(mc;l) commutes with ¢p in
Aut(Sy). Hence this can be extended to ¢ € Aut(Sp) by setting ¥(¢) = 6. Also,
Y|4, = n|a, since elements of R, are the identity on A;. Since yony, " is equal to n
after restriction to A; and both are the identity on A,, they are equal as elements of
Ry < Aut(Sp). So v = coyo Ly also commutes with Concy 1 ¢ Ry, and thus commutes
with their composite 9|g,. O

B e (Z), C € My(Fy), CZ = Z—lc} .

Now set
I' = (1,7, co) < Aut(Sp) so that I' 2 (C5 x Xs.
To simplify notation, we also write I'y < T" to denote their images in Out(Sy). Finally,
define 4, € Aut(Sy) by setting 41|s, = 71 (conjugation by diag(w, 1,w)) and 4,(0) = 6.

Lemma 4.6. Let F be any saturated fusion system over Sy for which Sy is F-essential.
Then there is some ¢ € Aut(Sp) such that either

e Outy,z,-1(Sy) =T'o = 33 and Out,r,-1(Sp) = 1; or
L] Outwfwfl (S(]) == 03 X 23 and Out@fwfl(SQ) = <h/1}>

Proof. By Lemma 4.5(a,b),

Out(Sy)/O2(Out(5p)) = Coui(so) ((¢a))/ O2(Coui(so) ((¢a))) = s

(represented by I'y). Thus |Outz(Sp)| = 1 or 3, since it contains Outg,(Sp) = 1 as a
Sylow 2-subgroup.

Set @ = Oz(Out(Sy)) for short. Then Outx(Sy) NQ = 1, and by Lemma 4.5(a),

Out(Sh)/Q = (70, co) X {11, 7) = X3 X Ls.

Also, Outx(Sp)-Q/Q contains (cy) as a Sylow 2-subgroup not in the center (since
O5(Outz(Sp)) = 1), and this is possible only if Outz(Sy)-Q = T'o-Q or I'"Q. By
Lemma 1.8, there is some ¢y € Oy(Aut(Sp)) such that [[pg], cg] = 1 in Out(Sy) and
oOut£(Sp)py* is equal to Ty or I'. By Lemma 4.5(b), ¢y extends to some o € Aut(Sy),
and thus Out,z,-1(S)) = Iy or T'.

If Outyz,-1(Sp) = T, then by the extension axiom, 7; extends to an element of
Auty,z,-1(Sp). Hence Outyz,-1(Sp) = ([H1]) since this extension is unique (mod
Inn(Sy)) by Lemma 4.5(b) again.

Conversely, if Out,z,-1(Sp) has order 3, then a generator of this group restricts to an
element of order three in Autxz(Sp) (since Sy is characteristic in Sp). Since no element
of order three in I'y extends to Sy, we conclude that Out,z,-1(Sy) = I O
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We now check the possibilities for Autz(A;) when the A; are essential. Consider the
following subgroups of Aut(A;):

Ay € Autory o (A) 2 GLy(4)  and  A? % [A, A] = SLy(4).

Thus A’ is the group of those automorphisms of A; induced by conjugation by elements
of GL3(4) > Sp. Note that we can regard A; as a vector space over Fy, where scalar
multiplication is given by u-ef; = €} for u,x € Fy; and then A; = Auty,(4;) is the
group of Fy-linear automorphisms. Since A; and A, are Sy-conjugate, Autr(A;) = Ay
if and only if Autz(As) = Ay, and similarly for the AY.

Lemma 4.7. Let F be any saturated fusion system over Sy, and assume A; and As
are F-essential. Then Sy is also F-essential. There is an automorphism ¢ € Aut(Sy)
such that either

o Autyr,—1(A;) =AY, Outy,r,-1(So) =Ly = X3, and Outy,r,-1(Sp) = 1; or
° Aut@].ypfl(Ai) = Az‘, Outcp_';:(pfl (SQ) == Cg X 23, and Out(p}‘(pfl(SQ) = <h/1]>

Proof. Set A = Autg(A;). Thus A is a subgroup of Aut(A;) = GL4(2) = Ag which
has Autg,(A;) = C% as Sylow 2-subgroup, and which contains a strongly embed-
ded subgroup. By Bender’s theorem (Theorem 1.6), O% (A/Oy(A)) is isomorphic to
SLy(4) = As. The only nontrivial odd order subgroup of GL4(2) which has As in its
normalizer is C5, with normalizer isomorphic to SLy(4) x (¢) = (C3 x As) x Cy. If
H < GL4(2) = Ag and H = Aj, then since the only proper subgroups of As of index
< 8 have index 5 and 6, each orbit of H acting on {1,...,8} has length 1, 5, or 6.
Thus H is in one of two conjugacy classes: either it acts as SLy(4) with respect to some
[F4-vector space structure, or it acts via the permutation action on Fj/diag. Since the
fixed set of Autg, (A1) = (c33) acting on A; is 2-dimensional, this last action cannot
occur. We conclude that A must be Aut(A;)-conjugate to A} or A;.

Let A < A be the subgroup isomorphic to A} 2 SLy(4). Thus A® has odd index
in A, and (c};) € Syly(A%) = Syl,(A). Hence there is an element of order three in
Nao({c33)), which by the extension axiom extends to some ¢ € Autz(Sp). Since A°
is Aut(A;)-conjugate to AV, |4, acts without fixed component, and in particular acts
nontrivially on Fj3. Hence [£] does not commute with ¢y in Outz(Sy), and so Sy is
also F-essential. By Lemma 4.6, we can assume (after replacing F by ¢ F1~! for
some appropriate ¢ € Aut(Sp)) that Autz(Sy) = I'g or Autz(Sy) = I'. In either case,
70|A1 S Aut]:(Al).

Since A is Aut(A;)-conjugate to A} or Ay, it is contained in the centralizer of some
subgroup U < Aut(A;) of order three which acts on A; without fixed component, thus
defining a F,-vector space structure. Similarly, the “standard” subgroups A? < A; are
centralized by Uy = (7071]4,); i-e., by conjugation by diag(w, 1,1).

If Outz(Sy) =T, then A > (Autg, (A1), Yo|a,, 71l4,), and so (yo|a,, 71 |a,) € Syls(A).
Thus A = GLy(4), U = Z(A) < (70|ay,71|4,), and hence

U< C<70|A1771\A1>(AUtSO<A1)) = Ubp.

This proves that U = Uj, and hence A = A; in this case.

Now assume Autz(Sy) = I'y. Set H = (Auts,(A1),7]a,) = As. Then H < A, and
so U and Uy both centralize H. By Lemma 4.5(c), there is ¢ € Aut(Sy) such that
[@lsoafyo] =1lin Out(SO) and (@‘Al)U(SO‘Al)_I = Up. Thus

(@l a)Alpla,) ™ < Caugan) (Uo) = A,
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and so Aut,z,-1(A1) = A~ = A} or Ay. Also, since ¢ commutes with 7, we still
have Auty,z,-1(S)) = I'p. Since 7|4, is not the restriction of an element of Iy, it
cannot be in Aut,z,-1(A;), and thus Auty,z,-1(A4;) = A.

In either case, Autyr,—1(As) = cgAut,r,—1(A1)c, " is equal to AS or As. O

pFe

4.3 Fusion systems over Sy

Theorem 4.8. Let F be any nonconstrained saturated fusion system over the group
So = UTs(4) x (0), where 6 acts on UT3(4) < PGL3(4) by sending a matriz M to

T(M). Then F is isomorphic to the fusion system of one of the groups PSLz(4) x (6),
PGL3(4) D! <0>, JQ, or Jg.

Proof. By Proposition 4.2, the only possible F-essential subgroups are Sy, @), Ay, and
Ag. If Sy is not F-essential, then by Lemma 4.7, neither A; nor A, is F-essential.
Hence @ is the only F-essential subgroup, and F is generated by automorphisms of
@ and Sy. Since @ is characteristic in Sp (Lemma 4.1(d)), this implies @ <1 F, which
contradicts the assumption that F is nonconstrained. Thus Sy must be F-essential.

If Sy is the only F-essential subgroup, then since it is also characteristic in Sy (Lemma
4.1(d) again), it would be normal in F, again contradicting the assumption that F is
nonconstrained. Thus either () is F-essential, or A; and A, are F-essential, or all of
them are.

Since @ = Dgx¢,Qs, Inn(Q) is the group of automorphisms which induce the identity
on Q/Z(Q), and Out(Q)) = X5 is the group which permutes the five involutions in
Q/Z(Q) which lift to involutions in (). Hence if @) is F-essential, then Outz(Q) = As:
this is the only subgroup which contains Outg,(Q) as Sylow 2-subgroup and which has
a strongly embedded subgroup.

Case 1: Assume first that @) is not F-essential, and hence that Sy and the A; are
F-essential. Let F; and F» be the fusion systems over Sy generated by the following
automorphism groups and their restrictions:

Outfl (S@) =1 Out].“l (S()) = FO = 23 Aut].'l (Az) = A?
Outz,(Sp) = ([1]) Outz,(Sp) =T = O3 x X3 Autz,(A;) = A; .

Here, the subgroups AY < A; < Aut(A;) are defined as before: A; = Autgr,u)(4;) =
GLy(4) and AY = SLy(4) is its commutator subgroup.

By Lemma 4.7, we can assume (after replacing F by @Fp~! for appropriate ¢)
that either Autz(A;) = A? (for ¢ = 1,2) and Outx(Sy) = [y, or Autz(4;) = A; and
Outx(Sy) = I'. Furthermore, by Lemma 4.6, Outz(Sy) is determined (exactly) by
Outx(Sp). Since F is generated by automorphisms of Sy, Sp, and the A; and their
restrictions, this proves that F = F; or F = F,. In other words, these are the
only possible isomorphism classes of saturated fusion systems over Sy satisfying these
conditions.

If G is one of the groups PSL3(4)x(0) or PGL3(4)x(#), then any S € Syl,(G) is
isomorphic to Sy, and Sy is strongly closed in Fg(G) under any identification S = Sp.
Hence Q NSy = Cy X Qg is invariant under the action of Autg(Q), which is impossible
if Outz(Q) = As. Thus @ is not F-essential. Since Fg(G) is nonconstrained and

centerfree, it must be isomorphic to F; or F»; and by comparing automorphism groups
of the A;, one sees that Fg, (PSL3(4)x(0)) = F, and Fgs,(PGL3(4)x(0)) = Fo.
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Case 2: Now assume () and Sy are both F-essential. Let F3 and F,; be the fusion
systems over Sy generated by the following automorphism groups and their restrictions:

Outz, (Sp) = ([1])  Outz,(So) =T  Outg(Q) = 45
Outr,(Sy) = (Fal)  Outs(S) =T Outr(Q) = A5 Auts, (A;) = A,

For F = F3 or F,, all involutions in E3, and all involutions in Sy~ F13, are F-conjugate
via automorphisms of Sy. Also, all noncentral involutions in () are F-conjugate via
automorphisms of @), and hence (by Lemma 4.1(a)) all involutions in Sp~\.Sy are F-
conjugate to the involutions in Fy3. Thus there are exactly two F-conjugacy classes of
involutions when F = F3 (those in Sy~ Ej3 and the others); while these form a single
class if F = Fy (since the A; are F-essential).

For arbitrary F of this type, Outz(Q) = As has index 2 in Out(Q), and so Autz(Q)
contains all automorphisms of ) of odd order. Since #;|g has order 3 in Autz(Q),
it must extend (by the extension axiom) to some automorphism in Autgz(Sy). Thus
Outxz(Sp) has order 3 by Lemma 4.6. By Lemmas 4.6 and 4.7, we can assume (after
replacing F by pF@~! for appropriate o) that Outz(Sy) = T' and Outz(Sy) = ([31]),
and also that Autz(A;) = A; if the A; are F-essential. Thus F = F3 or F = Fy.

By Janko’s original characterization of the sporadic simple groups Jo and J3 [J], both
contain involution centralizers of odd index isomorphic to (Dg X ¢, Qg) X As, and J5 has
two conjugacy classes of involutions while J3 has only one class. Also, Sy is isomorphic
to the Sylow 2-subgroups of these groups; this is shown explicitly in [GH, p.331], and
also follows since Sy is a Sylow 2-subgroup of (Dg X¢, Qs) @ As. Thus Fg,(Jo) = F;
and fse(Jg) gf;l. O

In fact, the main result of [GH] is that if G is a finite group with Sylow 2-subgroup
isomorphic to Sy, then either G/O«(G) is isomorphic to one of the groups PSL3(4) %
(0), PGL3(4) x (0), Ja, or J3, or G/O(G) = Cg(x) for some involution x.

5. FUSION SYSTEMS OVER THE SYLOW 2-SUBGROUP OF Moo

Again in this section, So = UT3(4) denotes the group of 3 x 3 upper triangular matri-
ces over F, with 1 in all diagonal entries,  — x = 2? denotes the field automorphism

on Fy, and M +— M denotes the induced field automorphism on Sy. Set Sy = Sy % (¢),

where ¢M¢~' = M for all M € Sy and ¢* = 1. We want to list all nonconstrained
centerfree saturated fusion systems over Sy, up to isomorphism.

As before, ef; € Sy (for i < j) denotes the elementary matrix with entry a € Fy in
the (i, 7) position, satisfying the relations

(e4ye53)? = [e9y, ebs] = €95 for all a,b € Fy. (1)

Also, By = {ef; |a € Fq}, ¢f; denotes conjugation by e
Fy~F5. Thus F; = {0,1,w,®}. Finally,

Z(SO) = Ei3= <6}3, 6?3% Z(S¢) = <6%3>7 and [S¢, S(ﬁ] = <E137 6%27 6%3>'

a

i;» and w denotes an element in

The following subgroups will play an important role in this section:
Ay = (B, Bi3) = 03 Hy = (A, 9) Ny = <A1>€§37¢>
Ay = (En3, Bo) = Cy Hy = (Ay, ) Ny = (As, €15, ) .
Note that N; = Ng, (H;).
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Lemma 5.1. (a) For any involution g € Sy\Sy, g is Sp-conjugate to ¢, Csy(g) <
(E1s, €15, €33), Cs,(9) N E1s = {efs), and ej5 € Fr(Cs,(g))-

(b) Ay and Ay are the only subgroups of Sy isomorphic to Cs.

Proof. (a) Since Cp,(¢) = [¢, E13] and Cg,/p,,(¢) = [0, So/Ers], the hypotheses of
Lemma 1.4 apply to the pair Sy < Sy. Hence each involution g € Sy~\.Sy is conjugate
to ¢, and Cs,(g) is Sp-conjugate to Cs,(¢) = (els, ely, €33) = Dg for such g. Since the
subgroups (Fi3, ey, €33), E13, and (e15) are all normal in Sy, and since Cy, (¢) satisfies
all of the above conditions, so does Cg,(g).

(b) By Lemma 4.1, A; and A, are the only subgroups of Sy isomorphic to Cy. So
assume P £ Sy and P = Cy. Set Py = PN Sy, and fix g € P\P,. Then C3 = P, <
Cs,(g), and we just showed in the proof of (a) that Cs,(g) = Ds. So this situation is
impossible. O]

5.1 Candidates for critical subgroups

Our main result here is the following:

Proposition 5.2. If P is a critical subgroup of S4 then P is equal to one of the
subgroups So = UT3(4), Ny, or Na; or is conjugate to Hy or Hs.

Proof. In Lemma 5.3, we show that if P is normal, then P is one of the subgroups
So, N1, or Ny. In Lemma 5.4, we show that if P is not normal and has index 2 in its
normalizer, then P is conjugate to H; or Hs.

Now assume P is not normal and |N(P)/P| > 4. Since S, has order 27, |[N(P)| <
26 and so |P| < 2% Since P is critical, tk(P/Fr(P)) > 4 by Proposition 3.3(c).
This implies P = C%, so P = A; or Ay by Lemma 5.1(b), and these subgroups are

normal. O]
For use in the proofs of Lemmas 5.3 and 5.4, we define the subgroup
Qo = (Exs, €19, €53) = Cy x Dy,
Then
Qo/Ers = [¢, S0/ Er3] = Csy/m5(¢) and Qo =[Sy, Sp] < S (2)

Lemma 5.3. If P < Sy is a normal critical subgroup of Sy, then P is one of the three
subgroups Sy, N1, or Ns.

Proof. By Proposition 3.3(c), tk(P/Fr(P)) > 2k if |S,/P| = 2*. Thus |S,| > 23, so
k <2, and |S,;/P| < 4. Hence S;/P is abelian, so P > Qo = [Sy, 4] by (2), and
Fr(P) = Fr(Qo) = (e1s)-

Case 1 : If |Ss/P| =4, then |P| = 2° and |P/Qo| = 2. Since rk(P/Fr(P)) > 4 and
Fr(P) # 1, we have Fr(P) = Fr(Qo) = {(ei;).

Set X = {e}y, €55, €5he55 + (as a set of elements of Sp). If P = (Qo, ) for some z € X,
then [z, Qo] £ (ei5) by the relations in (1), so Fr(P) £ (ef5). If P = (Qo,x¢) for some
r € X, then (2¢)* = [x,¢] ¢ (e1;), and again Fr(P) £ (ejs). So these cases cannot
occur.

This leaves only the possibility
P =(Qo, ¢) = (€53, @) X (1) (€12, €33) = Dg X, Dg = Qg X, Qs.
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Then Out(P) = X310 Cs. If P were critical, then by Proposition 3.3(b), there would be
an odd order subgroup of Out(P) which normalizes Outg, (P) = (e%,,€s;) = C3F and
permutes its involutions transitively, and this is not the case. Thus this group P is not
critical; and we conclude that Sy contains no normal critical subgroups of index 4.

Case 2 : Assume |Ss/P| =2, and fix g € Sy~ P. Since S;/Fr(Sy) = C3, there are
seven subgroups of index 2 in Sy. If Fr(P) = Qo = [Sy, Sy|, then [g, P] < Fr(P), and
so P is not critical by Lemma 3.4 (applied with © = 1). This is the case for three of
the seven subgroups

<Q07 6f2¢7 6503)7 <Q07 6?}27 6‘53¢>7 and <Q07 €f2¢7 6313@,

which leaves only Sy, N1, No, and N3 = (Qo, €{5€55, ¢) to consider. So it remains to
check that N3 is not critical.

Now, Fr(N3) = (Ei3,eiped3) = Cy x Cy, and hence its 2-torsion subgroup Fj3 is
characteristic in N3. Let © < N3 be such that ©/F 3 = Z(N3/E13). Then © =[S, Sy)
is characteristic in N3, and for g € Sy~ N3 [g, N3] < O, and [g, O] < Ey3 < Fr(N3). So
also in this case, P is not critical by Lemma 3.4. U

It remains to handle the critical subgroups which are not normal.

Lemma 5.4. Let P < Sy be a critical subgroup with index 2 in Ng,(P) and not normal
in Sy. Then P is Sy-conjugate to Hy or Hj.

Proof. We have el € P since P is centric. If ef; ¢ P, then by Lemma 3.6, there is
h € Sg\So (So = Cs,(efs)) such that h* = 1, P = Cg,(h), and e}y ¢ Fr(P). This is
impossible by Lemma 5.1(a), and hence Fy3 < P.

Now, Qo = (Ei3,€ly,€33) £ P because P is not normal in Sy (see (2)). Also,
[P, Qo] < [Sy, Qo] = E13 < P, s0 Ng,(P) > Qo. Thus [Qo : PN Qo] = 2: it cannot be

larger because |Ng,(P)/P| = 2. So exactly one of the matrices ef,, €35 or eyehq is in

P. By symmetry, we can assume that g = ess & P (hence g generates N(P)/P), and

that P contains e}, or ej,eis.

If P <8, then [P, S| < E13 < P,and Sy < N(P). Thus N(P) = Sy (since P is not
normal in Sy), and [Sy : P] = 2. It follows that P = (E\3, e15h1, €55h2, €55h3) for some
h; € {g) = (el;). Then e}, € P for some a € {w, @}, and Fr(P) contains the elements

[6%2h1, 6(213] = el and (€45 ha, 633] =efy

(using (1) again). Thus Fr(P) = Ey3 > [g, P|, and so P is not critical by Lemma 3.4
applied with © = 1.

Now assume P £ Sy, and set Py = PN Sy. Then |Py| < 24, since |P| < 1[S| = 2.
If e}, € P, then since [(€3,€%,),Ss] < (Eis,e1y) < P, (e33,€%) < N(P), and so
esyh € P for some h € (g). Thus Py = (E13, €1y, €55h). Furthermore, S,/Py = Dg, and
Dg contains exactly two conjugacy classes of subgroups which are not normal. Since
P & Sp, this proves that up to conjugacy, P = (Ei3, €15, €550, @) for some h € (g).
If h =1, then P = Hy. If h = g = el,, then (e%,el3)* = €43 € Fr(P) by (1), so
Fr(P) > Ei3 = [g, P], and again P is not critical by Lemma 3.4.

By a similar argument, if e},el; € P, then efyessh € P for some h € (g), and (again
up to conjugacy) P = (E13, €15€33, €55€55h, @). If h =1, then by (1),

Fr(P) > <(6126%3)2 = e13, (efae5y)” = 6f3> = Eus,
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so Fr(P) = (F3, [0, €55¢%5]) = (E13, e15e33). Thus [g, P] < Fr(P) in this case, and P is
not critical by Lemma 3.4. If h = e}, then

P = (B, e1p633, €1ye53, ), Z(P) = (e13), Z5(P) = (Eus, e15633);

so [g, P] < Zy(P) and [g, Z2(P)] < Fr(P), and P is not critical by Lemma 3.4 applied
with © = Z,(P). O

5.2 Automorphisms of critical subgroups

By Proposition 5.2, the only critical subgroups of S, and hence the only essential
subgroups in a saturated fusion system over Sy, are Sy, Ni, N3, and subgroups conju-
gate to Hy and Hy. The automorphism group of Sy was computed in Lemma 4.5(a). In
this subsection, we first compute Out(H;) and Out(N;), and then determine all pos-
sibilities for Outz(Sp), Outx(H;), and Outz(V;) when F is a saturated fusion system
over Se.

We first recall some of the notation used for automorphisms of Sy. For each f €
Homg, (F4, F,), we defined p!, p) € Aut(Sy) by setting

(((835) = (aa™") o o((352)) = (43 757)5
Pr\\Gof)) =88 ¢ A P2\\5s5)) — 88 § )7

and set R; = {p! | f € Homp, (F4,F,)} = C4. Also, we defined 7,71,7 € Aut(S,) by
setting

w((§56)) = (47%). (i) =(G14). ~((50) =G5
and set I'g = (70, cy7) and I'y = (71, 7). By Lemma 4.5(a),
Out(So) = ((R1/(c33)) X (Ra/(c1a)))-(To x T1) = C5 x (33 x B3).

Lemma 5.5. The group Out(Sy) is a 2-group. If a € Aut(Sy) commutes with ¢, as
elements of Out(Sy), then a extends to an automorphism of S.

Proof. Since ¢, acts freely on the basis {e{;, 73} of Z(Sp), and since S is a character-
istic subgroup of Sy, the map induced by restriction

Out(Sy) ——— Nouwso) ({¢6))/(¢s) = Cousoy(s)/{co)

is an isomorphism by Corollary 1.3. This proves the last statement. Since the central-
izer of cy in

Out(So)/OQ(Out(So)) = 23 X 23
has order 4, Coug(sy)(cg) is a 2-group, and hence Out(Sy) is a 2-group. O

We next check the possibilities for Outz(Sp) when F is a saturated fusion system.

Lemma 5.6. If F is a saturated fusion system over Sy, then there is an automorphism
© € Aut(Sy) such that

Aut,r,-1(S0) < (70,71, Auts, (S0))-

Proof. Set A = Outz(Sy) and Q = Oz(Out(Sp)) for short. Then AN = 1 since
Outs, (So) = (cp) € Syly(A) (Sp is fully normalized since it is normal). So there is a
unique subgroup A’ < ([0}, [11], ¢s) such that QA = QA’ in Out(Sy).

By Proposition 1.8, there is & € Aut(Sy) such that [a] € Cg(cy) and A" = [a]Ala] ™.
Then a extends to an automorphism ¢ € Aut(Ss) by Lemma 5.5, and

Out g1 (S0) = [a]Al0] ™ = A’ < ([0l [l o). O
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We next describe Out(P) for P = H; and N;, and list the possibilities for Outz(P)
when F is a saturated fusion system over S,. When doing this, it will be helpful to
translate automorphisms of A; to matrices.

Define p; € Aut(Sy) by setting

-G e ()~
Pi\\6o5)) = \84 1§ an P2\\60%)) =
~!. The p; commute with ¢,

Thus p; € R; is the identity on As_;, and p; = 7pi7 ;
in Aut(Sp), and hence extend to automorphisms pf € Aut(S,) by sending ¢ to itself.
Similarly, we let 7 € Aut(S,) be the extension of 7 which sends ¢ to itself.

Let m; € Aut(H;) be the automorphism such that
m(¢) = ¢, mlefs) =efy, and mefy) = efyely  (for all a € Fy).
Define 7}, € Aut(H,;) by setting 1, = pimpi~!. Finally, let 7,7, € Aut(H,) be the
automorphisms 7, = 7117+ and 0 = 7,7 .
Lemma 5.7. The following hold for any saturated fusion system F over Sy.
(a) If H; is F-essential fori =1 or 2, then
Out]:(HZ) = <[771], OutNZ(H1)> = 23 or Out]_‘(Hl) = <[77,Z], OutNl(HZ)> = 23 .

(b) If Outz(So) < ([V0], cs) and Hy is F-essential, then there is ¢ € Aut(Sy) such that
Out,z,-1(S0) = Outz(So) and Outy,ry-1(Hy) = ([m], c33). If in addition, Hy is F-
essential, then ¢ can be chosen such that we also have Outy,z,-1(Hs) = ([12], ¢i,)-

Proof. Since ¢y acts freely on the basis {ef;, €fs, €5, €55} of Ay, and since A; is a
characteristic subgroup of Hy, the map induced by restriction

ResA1

Out(H1) ———— Nauan((cs))/{cs) = Cauar(cs)/(cs)

is an isomorphism by Corollary 1.3.

For each o € Aut(A;), let M(a) denote the matrix for a with respect to the ordered
basis {e}s, €1y, €45, €45 }. Matrices will be written as 2 x 2 blocks, where

I=01), J=01), Z=(001), and Y =(5g).
For example, M(cy) = (} 1) and M(cy3) = ({9). By direct computation,
{ ‘B € GL2( ), Ce M2 IFQ } = C;L X GL2(2) (3)

Cora ((§1)) =
Hence Out(H;) = C5 x GLQ( ) = C3 % X3 Also, since M(mla,) = (49) and
M (cysla) = (7 7) (and (Z,J) = GLy(2)),

Out(Hy) = O2(Out(Hy))-([m], cz3)-

(a) We prove this for H;; the case Hy then follows by symmetry. Assume H;
is F-essential for some saturated fusion system F. Set A = Outz(H;) and Q =
O2(Out(H,)) for short. Then ANQ = 1, QA = Out(H,), and c}; € A. By Propo-
sition 1.8, A = ([ama '], c3s) for some a € Oy(Aut(H;)) (thus [a] € Q) which cen-
tralizes c}; in Out(H;). Translated to matrices, and since we are working modulo
(M(cy)) = ((£1)), this means that M(ala,) = (1 G) for some C € My(Fy) (by (3)),
and that JOJ ' =C or C+1I. Since JZJ ' =1+ Z, we get

Ce <CM2(F2)(J)vZ> = <]7Y7 Z>

(as an additive subgroup of M(FF)). Also, since (%) commutes with (£ ) (the

matrix of 714,), and since we are working modulo (M(cs)) = ((1 1)), we can always
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choose C =0or C =Y. Since (}Y¥) = (JY%)(39) where ({Y) = M(pf|a,), this
shows that we can take a = Id or a = (,0*1‘0%3)|H1 Also

(/@TC23)771<P5TC23)7 = f (0237710%3 1)PT = 1M L 2 f= 77I1717
]

and thus A must be one of the two groups ([n], c33) or {[n}], ci3).
(b) Now assume Outx(Sp) < (y0,¢4), and H; is F-essential. Set ¢ = Idg, if
Outr(Hi) = ([m], c33), and ¢ = pi € Aut(Sy) if Outz(H:) = ([n}],cz3). In either
case, Outy,r,-1(Hy) = ([m], ci3). Also, ¢|u, = Id and ¢|s, commutes with 7o, and thus
Outyz,-1(P) = Outz(P) for P =5 and H,.

Similarly, if H, is also F-essential, we can set ¢ = Idg, if Outz(Hy) = ([n2], c1o),
and ¢ = p3 € Aut(Sy) if Outz(Hy) = ([nh], c33). Then Outyry-1(Ha) = ([na], ¢iy), and
Outwj:wfl (P) = Ollt]:(P) for P = SO and H1 O

We now turn our attention to N7 and N,. Consider the basis
_ w w W w w W
by = {€fy, €12673, €1y, €12673}

of A;, which Auty, (A;) = (cis, cs) permutes freely. Let vy € Aut(N;) be the automor-
phism such that

vi(ely) = €15€73, V1(€f2€‘f3) = 6?% ’/1(6?2) = €7y,
vi(elaels) = €19eTs, V1(€;3) = 6%3¢a and  v1(¢) = 653 .

Thus 17 permutes cyclically the first three elements in by and fixes the fourth, and from
this it is easily seen to be an automorphism of Ny = A;x({eds, &). Set vo = 711771

Lemma 5.8. If F is a saturated fusion system over S, and N; is F-essential for
i =1 or 2, then Outz(N;) = ([v], Outs, (N;)) = X3. If N; is not F-essential, then
Outz(N;) = Outg, (N;).

Proof. We prove this for Ny. Since N;/A; acts freely on the basis by, and since A; is
characteristic in Ny, the map induced by restriction

Out(N1) —— Naug(ar)({cs: c3)) /(€1 €33)
is an isomorphism by Corollary 1.3.

The action of (cy,c33) = C3 on A; permutes the elements of (F3,el,) in orbits of
order one or two, and permutes the remaining eight elements in two orbits of order
four:

by = {efy, €f5e3, €1y, €1nei3 and by = {efers, efrely, 3?26%37 1€t}
each of which is a basis. Hence each element of the normalizer of (c,, c35) either sends
each of these bases to itself or exchanges them. Clearly, each permutation of the basis
b; defines an element of Nayg(a,)({(co, c33)) (and determines a permutation of by), and
so these define a subgroup isomorphic to ¥4 and of index at most two in this normalizer.

The automorphism which sends each element of by to the product of the other three
elements centralizes (cy, c33) and exchanges the two bases.

This proves that Naug(a,)((ce, ¢bg)) = Co x Y4, and hence

Out(N1) 22 Naug(ar)((cs: ca3))/(Co 23) = Co X B,
The class of v; in Out(N;) thus generates the unique subgroup of order three. So either
Outxz(N1) = (1], Outg, (N1)) = X3, in which case N is F-essential, or Outz(N;) =
Outg, (N1) and Ny is not F-essential. O
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We now describe some restrictions on which combinations of subgroups can be es-
sential in a centerfree nonconstrained saturated fusion system.

Lemma 5.9. Let F be any centerfree nonconstrained saturated fusion system over Sg.
Then for each of i =1 and 2, either H; or N; is F-essential, but not both. If Ny and
Ny are both F-essential, then Outz(Sp) £ (71, ¢p).

Proof. By Proposition 5.2 (and since Out(S,) is a 2-group), F is generated by auto-
morphisms in Inn(Sy), Autz(Sy), Autz(H;), and Autz(N;) (for i = 1,2), and their
restrictions. Since (c,) € Syly(Outz(Sy)), each a € Autz(Sy) must send A; and Aj to
themselves.

If neither H; nor N; is F-essential, then all morphisms in F are composites of
restrictions of automorphisms of Sy, Sy, Hs, and N, all of which send A, to itself.
Hence A, is normal in F, which contradicts the assumption that F is nonconstrained.
Similarly, if neither Hy nor N, is F-essential, then A; < F, which again contradicts
our assumption.

Thus at least one subgroup in each pair (Hy, V1) and (Hs, No) must be F-essential.
If N, is F-essential, then v; € Autz(N;) by Lemma 5.8, and vy (H;) = (A;, els). This
last subgroup is normal in Sy, while N(H;) = N;. Hence H; is not fully normalized in
F, and so cannot be F-essential. Similarly, if N, is F-essential, then Hj is not.

It remains to prove the last statement. Assume otherwise: assume N; and N, are
F-essential, and Outz(Sp) < (71,¢e). Then neither Hy nor Hy is F-essential, so F is
generated by automorphisms of Sy, Ny, and Ny; together with vy, ¢y € Aut(Sy). All of
these automorphisms fix ej, (since Sy, Ny, and N; all have center e};). Thus e, is in
the center of F, and this contradicts the assumption that F is centerfree. O]

5.3 Fusion systems over S,

In order to better describe the subgroups generated by certain sets of elements of
the Aut(A;), we define an explicit isomorphism from Aut(A;) to the alternating group
Ag. We first describe this on an abstract 4-dimensional Fy-vector space V' with ordered
basis {vy, vg, v3, V4 }.

Let A2(V) = (VaV)/{(v®@uv|v € V) be the second exterior power of V', let [v®@w] €
A*(V) be the class of v ® w, and set v;; = [v; ® v;]. Thus {v;; |i < j} is a basis
for A?2(V). Define q: A*(V) —— Fy by setting q(z) = 0 if x = [v ® w| for some
v,w € V, and q(x) = 1 otherwise. Let b: V x V —— Fy be the associated form
b(z,y) = q(z + y) + q(x) + q(y). Thus q(v;;) = 0 for all 7,7, and b(v;;,v,) = 1
if 4,74, k,l are distinct and is zero otherwise. Omne can show that b is bilinear and
hence q is quadratic by comparing them with the bilinear and quadratic forms which
take the same values on the v;;. Hence this defines an explicit isomorphism from
Aut(V) 2 GL4(2) to Q(A%(V), q) = QF (2) (the commutator subgroup of the orthogonal
group O(A%*(V),q)), by sending o to A?(a).

We next construct an explicit isomorphism Q(A?(V),q) = Ag. Let P.(8) be the
group of subsets of even order in 8 = {1,2,...,8}, regarded as an Fy-vector space with
addition given by symmetric difference X +Y = ((X\Y) U (Y\X)). Let q be the
quadratic form on P,(8)/(8) defined by q(X) = 1|X|, associated to the bilinear form
b(X,Y) = |XNY|. The symmetric group Xg acts on P.(8)/(8) preserving the form, and

this defines isomorphisms Sy —— SO(P,(8)/(8),q) and A5 —— Q(P.(8)/(8), ).
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Define r: A2(V) —— P,(8)/(8) by setting

k(v2) = {1234} k(v13) = {1256} r(v14) = {1357}
:‘i(’U34> = {1238} Ii(l)24) = {2356} H<U23) = {1367}

This clearly preserves the quadratic forms on the two spaces. Let

A2

—

v Aut(V) —— Q(A2(V),q) —=— Q(P.(8)/(8),q) —— A

1%
1%

denote the isomorphism induced by A%*(—) and k.

We apply this here with V' = A;, and with the ordered basis {vi,vs,v3, 04} =
{els, €45, €1y, €55 1. We first give an explicit example of how x4, () can be determined
in practice for aw € Aut(A;).

Consider the case a = cby. By (1), c5(e%3) = €% and ciy(edy) = €%yes, so that (upon
writing elements additively)

Cy3(v1) = vy, cég(vg) = Vs, 053(2;3) = v; + vs, c§3(v4) = Uy + V4.

Hence A?(cy) and k.(A%*(cy)) make the following assignments:

V12 > V12 V13 > V13 V14 — V12 + V14
{1234} — {1234} {1256} — {1256} {1357} — {2457}
and
V12 + U3y > V14 + VU3 + Uss V13 + Vgg > V13 + Uy V14 + Vg3 > V14 + Vo3

{48} — {47} {13} — {13} {56} — {561}.

Note that by taking sums of complementary pairs in the second row, we got information
on how r.,(A%(cy)) acts on certain sets of order two. Recall that in the quotient group
P.(8)/(8), each subset of 8 is identified with its complement. So we also get that
{57} = {13} + {1357} is sent to {13} + {2457} = {68}. Since {56} is left invariant,
the permutation which induces r.(A?*(cg)) must exchange 5 and 6 and send 7 to 8.
Upon continuing with arguments of this type, we eventually show that r.(A%(cy)) is
induced by the permutation (56)(78), and hence that x4, (ci;) = (56)(78). In fact,
if one just wants to check that (56)(78) is indeed the right answer, the procedure is
much simpler: it suffices to check that this permutation does indeed induce £, (A%(cy))
on the six basis elements as listed above.

We now list images under x4, of several of the automorphisms we need to con-
sider. In each case, M(«) denotes the matrix of o with respect to the ordered basis

1 w 1 w .
{6137 €135 €12, efa}:

_ 1 W *
@ = Co Co3 Co3 Pila,

vos (3 b)) G b))

Xa(e) = (12)(56)  (56)(78)  (58)(67)  (12)(34) .
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Here, J = ({1)and Z = ({1). We also get the following values for x(a|4,), for certain
automorphisms a € Aut(P) of order 3 which can occur in Autz(P):

(a, P) = (7350) (71, 50) (v, M) (i, Hy) o (my, Hy)
- (5 0@ Y ED .

X4, (aa,) = (567) (132)(576) (258)(167) (487) (387) .
This is now applied in the following lemma, which identifies certain groups of auto-

morphisms of Aj.

Lemma 5.10. (a) (Auts,(A1),m) = (Auts, (A1), 1)) = X5 and yola, belongs to both
of these groups of automorphisms;

(Autg, (A1), m, 1) = (Auts, (A1), 71,7, 71) = (C3 x As) x Cy = T'Ly(4);
(Auts, (A1), m, 1) = (Auts, (A1), v1, 01,7, 1) = Az;

d) (Auts, (A1), v1,7%) = As;
(

(e) (Auts, (A1), v1,7m) = (Auts, (A1), v1,7%, 1) = Ar.
Here, we write vy, n1, 1y, and y;, but mean their restrictions to A;.

(b)
(c)
(d)

Proof. The proof will be based on the isomorphism Y = x4, : Aut(4;) —— Ag con-
structed above. To simplify notation, we identify these two groups, and omit “y(—)”
where it would be appropriate.

Whenever [ and J are disjoint subsets of 8 = {1,...,8} (m > 1), we let Ay ; <
Ag (Ar < Ag) denote the subgroups of permutations which leave I and J invariant
(leave I invariant), and fix all other elements in 8. Elements of the subsets are listed
without brackets or commas. Thus, for example, Aj95678 (= Ag) is the subgroup of
even permutations which fix 3 and 4, while A;9567s contains those permutations which
fix 3 and 4 and leave the subset {1,2} invariant.

We refer to (4) and (5) for the images in Ag of certain elements of Aut(A4,).

(a) Consider first

H, < (Auts, (A1), m) = (¢, by com) = ((58)(67), (56)(78), (12)(56), (487)) .

Then H, < Ajausers. Also, the image of H, under projection to X5 (permutations of
{4,5,6,7,8}) contains the 2-cycle (56) and the 5-cycle ¢§ym = (58674) (where we
compose from right to left). Thus the projection is surjective, and this proves that

H, = A1z45678 = Xs. (6)
In particular, v = (567) € H,.
Simiarly, if we set
ef w
HC,L E <Aut5¢(A1)= 77/1> - <C23’ c%37 Co» 7]9 = <(5 8)(6 7)7 (5 6)(78)’ (1 2)(5 6)? (3 8 7)> )
then
H(/l = A12;35678 = 25 and hence Yo = (5 6 7) c H(/l (7)
(b) By (6)
Hb <AUtS¢ (A1)> M, 71) = <Ha> ”Yl> = <A12;45678> (1 3 2)(5 76)) = A123;45678-
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Thus Hb = (03 X A5) X CQ = FL2(4) and Yo = (567) S Hb-
(c) By (7),

HY (Autg, (A1), m1, 1) = (A1235678, (132)(576)) = Atagsers = Ar.

In particular, v; = (258)(167) and vy = (56 7) are both in H..
(d) We have

Hy ™ (Auts, (A1), 70, 11) = ((12)(56), (58)(67), (56)(78), (56 7), (258)(167))

= (Auz67s, (258)(16 7)) = Ar2s67s = As.

(e) Consider the subgroup

H, % (Autg, (A1), 11, 70m) = (Auts, (A1), (258)(167), (132)).

Then v; }(132)v; = (738) =0, € H,, and so
H,=(H,,(258)(167),(132)) = (A12.35678, (258)(167),(132)) = Aja3567s-
Thus H, = A;, and 79,71 € H,. O

We are now ready to list fusion systems over Sy4. In the statement and the proof of the
following theorem, we follow the usual notation by writing PI'L,,(q) = PGL,(q)>(¢)
and PXL,(q) = PSL,(q)x(¢), where ¢ is a generator of Aut(F,) (extended to an
automorphism on matrix groups).

Theorem 5.11. If F is a nonconstrained centerfree saturated fusion system over Sy,
then 1t is 1somorphic to the fusion system of one of the following groups: May, Mss,

McL, PXLs(4), PT'Ly(4), or PSL4(5) & PQE(5).

Proof. Let F be a saturated fusion system over S,;. Assume F is nonconstrained and
centerfree. By Lemma 5.6, upon replacing F by pFp~! for some ¢ € Aut(S,), we can
assume that

Out£(So) < ([70], [11], co)- (8)

We first list the different choices for the set of F-essential subgroups, then we list
the different combinations for Autz(P) (or Outg(P)) for each F-essential subgroup P.
Using that, we show that F is isomorphic to one of a list of six explicitly defined fusion
systems over Sy, which we then compare with those in the statement of the theorem.

The following are some conditions which must hold for F:

(a) Outz(Ss) = 1. This holds since Out(Sy) is a 2-group (Lemma 5.5).

(b) The only possible F-essential subgroups are Sy, Ny, No, Hy, Hs, and their conju-
gates (Proposition 5.2).

(c) Exactly one of the subgroups H; or N; is essential, and exactly one of the sub-
groups Hs or N is essential (Lemma 5.9).

(d) If H; is F-essential (i = 1 or 2), then vy € Autx(Sy). If H; is F-essential,
then by Lemma 5.7(a), n; or 1] is in Autz(H;), so Y|4, € Autz(A;) by Lemma
5.10(a). This is the restriction of an automorphism in Autxz(Sp) by the extension
axiom, and thus v € Autxz(Sp) by (8). Similarly, if Hy is F-essential, then
YTt =0 € Autx(S).
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(e) If v,m € Autz(Sp), and H; is essential for i = 1 or 2, then Outrz(H;) =
([mi], Outg, (H;)). To see this when ¢ = 1, assume otherwise: thus 7y € Autz(H,)
by Lemma 5.7(a). Then 1|4, € Autz(A;) by Lemma 5.10(c), which implies by
the extension axiom that 14|, extends to an automorphism in Autg(N;). Thus
Ny is F-essential by Lemma 5.8, so H; is not F-essential by Lemma 5.9, which is
a contradiction.

(f) If Ny and N, are both F-essential, then at least one of the automorphisms g, Y071,
or Yoy - must be in Autxz(Sp). To see this, note first that by (8), Outz(Sy) =
(A, cy) for some A < ([yo],[m]) = C3. Also, by Lemma 5.9, A £ ([y1]). Thus for
some 7, [197i] € A < Outz(Sp).

If Hy or Hy is F-essential, then by (d), 7o € Autz(Sp). If neither of these groups
is F-essential, then Ny and N, are both F-essential by (c), and so vpy; € Autz(Sp)
(some ¢ = 0,£1) by (f). Since 7,71 € Aut(Sp) are both inverted by c,, Outz(Sy)
contains a subgroup X3 in all cases, and hence Sy is F-essential for any F.

Together with points (b) and (c), this shows that the choices for the set of F-essential
subgroups (up to conjugacy) are among the following:

{H17H27SO} ) {H17N27SO} 9 {N17H27SO} and {N17N27SO} . (9)

If N, and H, are F-essential, then H; and N, are essential in the fusion system 7F7 1
which is isomorphic to F. We claim that upon combining (9) with the restrictions on
the automorphism groups Outxz(—) imposed by points (a) and (d)—(f), we are reduced
to the following list of eleven candidates for fusion systems JF, up to isomorphism:

{Hy; Ho; S0} = {m;mes o}, {msmesvo, vty {niimesvot, {nhmh; ot
{H1; No; Sot o A{msves v}, {muves v, {77/1;V2;’Yo} ) (10)
{N1; No; So} = {visvesvo}, {visvesv0, s {vsvesvom}, {va vy '}

The first entry in each row of (10) gives the F-essential subgroups. The later entries
list, for each F-essential subgroup P, generators of Autz(P) in addition to Autg, (P).
In each case, F is the fusion system generated by the given automorphism groups of
the given essential subgroups and Inn(Sy); i.e., the fusion system generated by Inn(Sy),
e € Aut(Sp), m; or ) in Aut(H,;), and v; € Aut(N;), where k, ¢, and j are as listed.
Thus, for example, the last entry in the first row describes the fusion system generated
by Inn(S,), 70 € Aut(Sy), n; € Aut(H,), and 1}, € Aut(Hs).

We next justify the claim. When H; or Hj is F-essential, then Outx(Sy) = ([70], ¢s)
or ([v], [1], cs) by (d). By (e), the second is possible only if 7; € Autz(H;) for all H;
which are F-essential. Thus the seven fusion systems listed in the first two rows are
the only possible ones for which H; or H, is F-essential (up to replacing F by 7F71).
If Ny and N, are F-essential, then by (f), F must be one of the four fusion systems
listed in the third row of (10).

By Lemma 5.10(e), if N; is F-essential (so v; € Autz(N;) by Lemma 5.8) and
Yoy1 € Autz(Sp), then vola,, 71]a, € Autz(A;). So by the extension axiom (and (8)),
70,71 € Autr(Sp) in this case. Likewise, if 197" = 7(yoy1)7 ! € Autz(Sy) and
Ny is F-essential, then vp,v1 € Autz(Sp). In other words, F cannot have the form
corresponding to either of the last two entries in the last row of (10).

By Lemma 5.7(b), if Outz(Sy) = ([70],¢s), Hi1 is F-essential, and Outg(H;) =
([m], c35), then there is an automorphism ¢ € Aut(Sy) such that Out,z,-1(Sy) =
Outr(Sp) and Outyr,-1(Hi) = ([m],c3s). If, furthermore, H, is also F-essential,
then ¢ can be chosen such that Out,r,-1(Hs) = ([ns], ¢i,). In other words, we can
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eliminate all of the cases in the first two rows of (10) which involve 7] or 7}, since the
corresponding fusion systems are isomorphic to others in the list.

Outz(Sy) | F-essential Autrg(Ar) Autz(Az) G
([l cs) | Hi, Ha, S0 25 X5 PXL;(4)
([0, [m], cs) | Hi, H2, S0 | (C5 x Az) x Cy | (C5 x As) x Cy PT'L3(4)
(ols co) Hy, Ny, So s Ag Moy
([0, [n], co) | Hi, N2, So | (Cs x Az) 3 Cs Az My
(o], co) | N1, N2, Sy A As PSLy(5) = PQE(5)
(o, [, o) | N1, N2, So Az A; MecL
TABLE 5.2

We have now shown that F is isomorphic to one of six fusion systems: the first two in
each row of (10). These six are described in more detail in Table 5.2, where in all cases,
Outr(H;) = ([n:], Outs, (H;)) if H; is F-essential. If H; is F-essential, then Autz(A4;) =
Y5 if Outz(So) = ([V0],cp) by Lemma 5.10(a), while Autz(A;) = (C5 x As) x Cy if
Outz(So) = ([10],¢s) by Lemma 5.10(b). The descriptions of Autz(A;) when N; is
F-essential follow in a similar way from Lemma 5.10(d,e). By inspection, these six
fusion systems are distinguished by the groups Autz(A;) and Autz(As) as described
in the table.

It remains to prove that the groups G listed in the table do realize these fusion sys-
tems: that they all have Sylow 2-subgroups isomorphic to S;, and have automorphism
groups Autg(A;) as described. This is clear for the groups PXL3(4) and PI"L3(4) using
the well-known isomorphisms ¥ L9(4) = Y5 and I'Ly(4) = (C5 x A5) x Cy (or by directly
determining Autg(H;) and Autg(Sy)).

Since Ag has no subgroup of index 7 or 8, and A7 no subgroup of index 8, the group
GL4(2) = Ag contains unique conjugacy classes of subgroups isomorphic to Ag and
A7. Since Ag and A7 are simple, this implies that up to isomorphism, there are unique
semidirect products Cy x Ag and C3 x A7 which are not direct products. By Lemma
5.10, Autg,(A;) is contained in a subgroup isomorphic to A7, and hence Sy is a Sylow
2-subgroup of the (of any) semidirect product CjxAg or Cy x A7 which is not a direct
product.

—e

When ¢ = +5 (mod 8), then PQZ(q) is the commutator subgroup of the projective
orthogonal group of a quadratic form on V = IFS with orthonormal basis {vy, ..., v}

This group contains two conjugacy classes of subgroups C4 x Ag: the groups of automor-
phisms which preserve up to sign one of the two bases {v;} or {vy £ vy, v3 vy, v5 £ 05}
(These two orthogonal bases are inequivalent, since 2 is always a nonsquare for such
q.) Since these are subgroups of odd index, PQF(q) has Sylow 2-subgroups isomor-
phic to Sy, and its fusion system is the one with these automorphism groups (and is
independent of ¢).

As for the other groups, My contains subgroups C4 x X5 (the quintet subgroup)
and Cj x Ag (the hexad subgroup); while Mz contains (C4§ x C3) x X5 (the quintet
subgroup) and C§ x A; (the heptad subgroup). See [Co, Table 3] for more detail. By
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[Fi, Theorem 1], McLaughlin’s group McL contains two conjugacy classes of subgroups
C4x A7. So all three of these groups have the fusion systems described in Table 5.2. [

Note also that McL contains Mag, P (3), and PX.L3(4) as subgroups of odd index,
while Mass contains Myy and PY.L3(4) as subgroups of odd index.

6. FUSION SYSTEMS OVER UT5(2)

Throughout this section, 7" = UT5(2) denotes the group of 5 x 5 upper triangular
matrices over Fy. We let e;; € T' (for ¢ < j) be the elementary matrix with nontrivial
entry in the (i, j) position. Also, ¢;; denotes conjugation by e;;, regarded as an auto-
morphism of T or as a homomorphism between subgroups of T'. For later reference,
we note here the following relations among the e;;:

€ir lfj =k
(esjene)” = [eij end] = S ex; ifi=1¢ (1)
1 ifi#/(andj#Ek.

For any pair of sets of indices I, J C {1,2,3,4,5}, let E;.; < T denote the subgroup
generated by all e;; fori € [ and j € J (and ¢ < j). In particular, we focus attention on
the “rectangular” SUng'OUpS Al = E12;345, A2 = E123;45, Ul = E1;2345, and UQ = E1234;5.
These can be described pictorally as follows:

M= HH = o = e =

We also need to consider the following index two subgroups @Q;:

L] ! !
Q= Qy= - Qs = Q4 =

=A1A2U2 =AU1Us =A1U1U2 e =A1A2U3

We will show in Proposition 6.5 that the @); are the only critical subgroups of 7'

The following lemma is very elementary and well known; we include it here for the
sake of completeness.

Lemma 6.1. The only elementary abelian subgroups of rank 6 in T are Ay and A,.

PT’OOf. Set R = E123;345 = A1A2 and RO = Z(R) = E12;45 for short. By (1), all
involutions in R are in A; U Ay, and no element of A;~\ Ry commutes with any element
of A3\ Ry. Hence each elementary abelian subgroup of R is contained in A; or in As,.

Assume A < T is elementary abelian of rank six, and set B = AN R. We just
saw that B is contained in A; or A,; it suffices to handle the case B < A;. Since
T/R = C%, vk(B) > 4. If tk(B) = 4, then AR = T, so there are elements g,h € A
such that g € e;sR and h € eq5s R. Then

BN Ry < Cry((9,h)) = Cry({e12, €15)) = {e15)

(since R = Cr(Ry)), so tk(B) < 14 rk(A;/Ry) = 3, a contradiction. Thus rk(B) = 5,
A = (B, g) for some g € T\R, BN Ry < Cg,(g) has rank at least three, and this is
impossible since tk(Cg,(a)) = 2 for a = €13, eyq5, Or €19eys. O
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6.1 Determining the critical subgroups

Throughout this subsection, we write

0 I O
T =T, T|= L,: and Zy = (€15, €14, €05) = oot

for short. These subgroups will appear repeatedly. Using (1), they are seen to be terms
in the upper and lower central series for 71"

Zy =TT = Zo(T)  and T’ = Zy(T). 2)
Also, 7 € Aut(T') is the automorphism 7(e;;) = es_;—i. We first show:

Lemma 6.2. All critical subgroups of T contain Zs.

Proof. Fix a critical subgroup P < T, and assume first that e;4 ¢ P. We apply Lemma
3.6 with z = €15, g = €14, and y = e95. By the proposition, P = Cr(h) for some h
such that [e14, h] = e15. Also, either eg5 € Z(P) and h is not T-conjugate to egsh, or
erae95 € Z(P) and h is not T-conjugate to ejseash.

If eg5 € Z(P), then since [h,ey4] = e15 # 1,
h € Cr(ess) \ Cr(ers) = (eas, A1A2) \ (€12, A1As) = es5-A1As.

Since [A1Ag, eaq] = 1, [h, €24] = [eus, €24] = ea5, contradicting the condition that A not
be T-conjugate to egsh. Similarly, if ejyess € Z(P), then

h € OT(614€25) N CT(614) = (612645, A1A2> N (612, A1A2> = 612645'1411427

S0 [h, ea4] = [e12€45, €24] = €14€95, contradicting the condition that h not be T-conjugate
to 614625h.
This proves that e;4 € P, and a similar argument shows that eg5 € P. O

We next reduce to the case of subgroups having index 2 in their normalizers.

Lemma 6.3. If P is a critical subgroup of T, then |Np(P)/P| = 2.

Proof. Assume otherwise: let P be a critical subgroup of 7" with |[N(P)/P| > 4. By
Proposition 3.3(c),

rk([g, P/Fr(P)]) > 2 for each g€ N(P)\P (3)
and
IN(P)/P| =2F = 1k(P/Fr(P)) > 2k. (4)

By Lemma 6.2, P > Z,. Hence [T", P] < [T",T| = Zy < P by (2),s0 N(P) > T". We
now consider separately the cases where e15 € Fr(P) or ej5 ¢ Fr(P). We will frequently
be using (1) for commutator and squaring relations, without referring to it each time.

Case 1: Assume first that e;5 € Fr(P). Since [e13, P| < [e1s,T] = (€1, €15), this

implies rk([e13, P/Fr(P)]) < 1. Hence e;3 € P by (3), and ez5 € P by symmetry.
We claim that

(a) ey ¢ Fr(P) implies P < (17, e12, €23, €45); and

(b) e95 ¢ Fr(P) implies P < (T", e19, €34, €45)-
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If e;4 ¢ Fr(P), then since e;3 € P and ey5 € Fr(P), this implies ey, e14e15 ¢ |13, P).
Also, [e13,T] = (€14, €15), and hence

P <{geT|leis g] € (e15)} = (ess, Crlers)) = (T", €12, €23, €45).
Point (b) follows by symmetry with respect to 7 € Aut(T).

Case la: Assume ey ¢ P. Thus eyy € Np(P)\P, and rk([eaq, P/Fr(P)]) > 2 by (3).
Since [eaq, T'| = (e14, €25), this implies that

€14, €25 € [624, P] and FY(P) N ZQ = <€15>. (5)

The second point, together with (a) and (b), implies P < (17, e12, €45).

Set Py = (Z,e13,e15). We have now shown that Py < P < (P, ey, €19, €45), and
that ey ¢ P. Also, since [egq, Py] = 1 and |[eas, P]| > 4 by (5), [P:Fy] > 4. We
conclude that P = (Fy, e1a, e45y) for some z,y € (€94).

By (5) again, (e12e24)® = e14 ¢ Fr(P) and (egs5€04)® = €95 ¢ Fr(P). Hence z =
y =1, and P = (Z5, e13, €35, €19, €45). But then Outy(P) = T/P = Dg has noncentral

involutions, while by Proposition 3.3(a), this is impossible for a critical subgroup P <
T.

Case 1b: Now assume ey € P. Thus 7" < P, and so P is normal in 7. Also,
[P:T"] = 16/[T:P] < 4 since [T:P] > 4.

Assume first e19,e45 € P. Then P = (1", ey, e45) (since it cannot be larger), and

Fl“ <F1“ e12, T/]; [645, T/]> = <€15, [612, 624]7 [645, 624]> = Zs.

So [eos, P/Fr(P )] = <613> has rank one, which contradicts (3).

Thus either e;5 ¢ P or ey5 ¢ P. By symmetry (with respect to 7 € Aut(7)), we can
assume ejp ¢ P. Then rk([e2, P/Fr(P)]) > 2 by (3). Since [e1s, P] < [e12,T]
(€13, €14,€15) and e;5 € Fr(P), this implies e3,e14 ¢ Fr(P). Hence by (a), P
(T', €12, €23, €45). If [P:T"] < 2, then T/P = C¥ for k > 3, hence rk([e;2, P/Fr(P)]) >
by Proposition 3.3(d), and we just saw this is impossible.

Thus [P:T'] =4, and e1o ¢ P < (1", €19, €23, €45). It follows that P = (1", easx, e45y)
for some z,y € (e19). If y # 1, then ey5 € Np(P)N\P, tk([eqs, P/Fr(P)]) > 2, which is
impossible since [eg5, P] < (ey5, €25, €35) and egs = [eagx, e35] € Fr(P). Thus y = 1. If
x # 1, then (ejpe03)? = €13 € Fr(P), while we already showed that ey3 ¢ Fr(P).

We are thus left with the case P = (1" e93,€45). Then Fr(P) = (ey5, [e23, €35]) =
<€15, 625>. SO

ool/\ I

rk([ei2, P/Fr(P)]) = rk({e1s, €14, €15)/{€15)) = 2
rk([ezq, P/Fr(P)]) = rk({e14, €24, €35)) = 3.

But this contradicts Proposition 3.3(b), which says that all involutions in Outy(P) are
conjugate in Out(P), and hence that [e;2, P/Fr(P)] and [esq, P/Fr(P)] have the same
rank. So this subgroup is not critical.

Case 2: Now assume e15 ¢ Fr(P). Since ey4 € P and [e14,T] = (e15), this implies
e1q € Z(P), and similarly es5 € Z(P). So P < Cr(Z3) = AjAs. Since P is centric in
T, this also implies P > Z(A1As) = A1 N Ay = (Zs, ea4). Set Ry = (75, e94) for short.

If |P/Ry| < 2, then |P| < 25, so rk(P/Fr(P)) < 5 and |[N(P)/P| > |A1Ay/P| > 23.
This contradicts (4), and we conclude |P/Ry| > 4.



SATURATED FUSION SYSTEMS OVER 2-GROUPS 39

Now, ejze35 € P since (eizess)? = ejs ¢ Fr(P). Assume neither e;3 nor ess is in P.
Since |P/Ry| > 4, this implies P = (R, ea3x, e34y) for some z,y € (€13, e35). Also,

-1 -1
epplPely = (RO,€23€13$7634?J> and ey Peyy = (RO,€23I7€34635?J>7

so up to conjugacy, we can assume x € (es;) and y € (e13). Since rk([ess, P/Fr(P)]) > 2
by (3), e1qs = (e13e34)® & Fr(P), so y = 1. By a similar argument, z = 1, and thus
P = (Ro, €23, €34). But then [e13, P] = (e14), contradicting (3) again.

Thus either e;3 € P or eg5 € P, and they cannot both be in P since [e3, e35] = e15 ¢
Fr(P). By symmetry (with respect to 7 € Aut(7)), it suffices to consider the case
ess € Pand ej3 ¢ P. Then eys € N(P) since [eq5, 7] < P, and thus N(P) > (A1 A, e45)
has order > 2. If |P| < 2%, then |N(P)/P| > 23, so tk(P/Fr(P)) > 6 by (4), P is
elementary abelian of rank 6, and P = Ay by Lemma 6.1. But since N(As)/As = T/A,
has order 16, A, is not critical by (4).

Thus |P| = 27, P has index 2 in A; Ay, and hence P = (Ry, €237, €34y, €35) for some
x,y € (e13). Also, since rk([eis, P/Fr(P)]) > 2 by (3) again, [ei3, P] = [e13, 1] =
(e14,e15) and (eyq, e15) N Fr(P) = 1. Thus (ej3e34)* = ey ¢ Fr(P), implying y = 1.
Since elgPel_Ql = (Ryo, ea3€13, €34, €35), We can now assume up to conjugacy that P =
(Ry, €23, €34, €35). In this case, Z(P) = Ry, |e13, P] < Z(P) and [e13, Z(P)] = 1, and P
is not critical by Lemma 3.4 applied with © = Z(P). O

The following lemma will be used when determining the normal critical subgroups of
index two in T'. We formulate it here in a more general form, so it can also be applied
in the next section.

Lemma 6.4. Assume S = (g1, 92, 93,94) i a group of order 27, with center Z &
Z(S) = Fr(S) = (21,2, 23) = C3, satisfying the relations g = 1 (i = 1,2,3,4),
95, giv1] = 2 (i=1,2,3), and [g;, 9;] = 1 when |i — j| > 2. Consider the subgroups

Ui = <Z, 9j U # Z> (1 <1< 4), Uiz = (Z, 9193792,94% Usy = <Z, 91,93>9294>-

Let P < S be a subgroup of index two, not equal to U; for any v = 1,2,3,4. Then
either Fr(P) = Z; or P = Uyz or Uy, Fr(P) = (z1z, z3y) for some x,y € (z2), and
Z(P)=Z.

Proof. 1f g; € P, then goa € P for some a € (g3, g4) (since P # Us), and [g1, goa] = 21 €
Fr(P). If go € P, then g1a € P for some a € (g3, 94) (P # Uy), and [g2, g1a] € {21, 2122}
is in Fr(P). If g1g2 € P, then (g192)* = 21 € Fr(P). Since [S:P] = 2, one of the elements
g1, 92, g1 is in P, so in all cases, z1x € Fr(P) for some x € (25). By a similar argument,
z3y € Fr(P) for some y € (z9).

Thus Fr(P) = Z whenever zo € Fr(P). If neither g, nor gs is in P, then gog3 € P, and
29 = (g293)? € Fr(P). If g, € P and gzx € P for x € {g4), then z5 = [gs, g32] € Fr(P). If
g2 € P and neither g3 nor g3g4 is in P, then g4 € P, and hence P = (Z, g2, g4, 9193) =
Ups (since P # Us). By a similar argument, if g3 € P, then either 2z, € Fr(P) or
P = Uyy. Thus Fr(P) = Z with these two exceptions.

If P = Uiz = (Z, 92,94, 9193), then clearly Z(P) > Z. If g = giglghgia € Z(P),
where i, j,k,¢ = 0,1 and x € Z, then i = k = 0 since [g,g2] = 1, and j = ¢ = 0 since
l9,0193] = 1. Thus ¢ = = € Z, and so Z(P) = Z. The proof that Z(Usyy) = Z is
similar. O

We are now ready to handle the subgroups of 7" which contain Z; and have index 2
in their normalizer. This requires some detailed case-by-case checks.
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Proposition 6.5. The only possible critical subgroups of T = UT5(2) are the subgroups
Q; (i=1,2,3,4) of indez 2.

Proof. Let P be a critical subgroup of 7. By Lemma 6.3, |[N(P)/P| = 2. By Lemma
3.4,

g€ N(P)\P, ©char P = [g,P]£OF(P) or [g,0] £Fr(P). (6)

Case 1: Assume P < 7. Thus P has index 2 in T, and P > [T,T] = T'. Also,
e1s = [e1s, e35] € Fr(P),

€1y = [6347613] = [612,624] = [6126347624} S FY(P)

since one of the elements ey, €34, Or €19e34 is in P, and similarly ey5 € Fr(P). Thus
Fr(P) > Z,. For any g € T\P, [9,P] < T' and [¢9,T'] < [T,T'] = Z> < Fr(P) (2).
Hence by (6), T" is not characteristic in P.

We must show P = @; for some i = 1,2, 3,4. Assume otherwise: assume P is not one
of the @);. Consider the group S of Lemma 6.4. There is an epimorphism ¢: T' —— 5,
defined by ¢(e;i+1) = ¢; and @(e;;+2) = 2;, with Ker(yp) = Z,. Since P # @); for each
i, p(P) satisfies the hypotheses of the lemma. So either Fr(P) = ¢~ 1(Z(S)) = T" and
hence 7" is characteristic in P; or P = (€12, €34, €23€45) Or (€12€34, €23, €45)-

By Lemma 6.4 again, in both of these last two cases, Fr(P) = (75, e13x, e35y) for
some x,y € (eay), and Z(P/Zy) = ¢~ Y Z(S))/Zy = T' | Zy. Thus Z(Fr(P)) = Z,, and
hence Z5 and T" are both characteristic in P. But we have already seen that this
implies P cannot be critical.

Case 2: Now assume P 4 T. Thus P % T’ = [T, T], while P > Z, by Lemma 6.2.
Since [T',T"] = Zy < P by (2), T" < Np(P). So we can always choose g € Ny (P)\P,
in which case [g, P| < [T",T) = Z,. By (6), applied with © = 1 or © = Zy(P) > Z,

Fr(P) # Z,, and lg, Zo(P)] £ Fr(P) for g € Ny (P)\P (7)

We next claim that
{613, 635} NP 7é . (8)
Assume otherwise: assume ej3,e35 ¢ P. Then both of these are in N(P), and since
IN(P)/P| = 2, eises5 € P. By Lemma 3.5, there is a € Aut(P) of odd order, and
x € le1s, P|, such that z ¢ Fr(P) and [e13,a(x)] ¢ Fr(P). Set y = «(z). Since
T & {614,614615} has order tWO, y2 = 1. AISO, [613,y] S {614,614615}, and [6136357y] ¢
{614, 614615} since €14 ¢ FI‘(P)

Set Q@ = UUs = (e12, €13, €14, €15, €25, €35, €45). By the commutator relations (1),
le13, Y] € {e14, e14€15} implies y = ez4 (mod (@, ea3, €24)). Combined with the condition
[613635, y] ¢ {614, 614615}, we have Y = €23€34 (mod <Q, 624>. But then the class yQ has
order four in T/Q = Dg, which contradicts the assumption y*> = 1. This finishes the
proof of (8).

Set Ty = (1", e12, e45). We want to apply Lemma 1.9 to identify subgroups of S =
T/Z, of index two in their normalizer. To do this, we regard T'/Z, as an extension

1— T()/ZQ T/ZQ—> T/T() —>]_,

=(e13,€24,€35,€12,€45) =(e23,€34)

where Sy = Ty/Zy =2 C5 and S/Sy = C3. Using the notation of Lemma 1.9 (but with
P a subgroup of T" and not of S =T/Z,), we set Py = PNTy.
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Recall, in the notation of Lemma 1.9, that m is the number of classes T, € T'/T} such
that I’TO 7é T() and [ZE,T()] S PQ. Since [623,T0/ZQ] = <€13ZQ>, [634,T0/Z2] = <635ZQ>,
and [egzesq, To/Za] = (€1325, e3575), we see that

m=2"—1  where k=|{e3,es5} NP (9)
Thus (8) implies m > 1.

By Lemma 1.9, we must consider the following cases, where we omit those where
m = 0. In all cases, since Np(P) > T" and P # T', [I":P NT"] = 2. Recall that we
always choose g € Ny (P)\P.

(b) I'k(To/P()) = ]_, |P/P0| = 2, m = ]_, and PO ﬁ S. Then {613,635} Z P
by (9), and we can choose g € {e13,e35} in Np(P)\P. Since P, has index two in Tj
and does not contain g, there are elements z,y, z € (g) such that esyx, €19y, €452 € P.
Thus e14 = [e12y, e2sx] and egs5 = [eas, €452] are both in Fr(P), so Zy < Fr(P), which
contradicts (7).

(c) rk(To/Py) =1, |P/Py| =2, m =3, and Py < S. Then Py > (Zs,e13,e35)
by (9). Hence ey ¢ P (P # T'), and we take g = egy. For x € Ty, (easezsx)? =
(€93€34)* = €94 (mod [T, Ty] < By), so (easezsx)? ¢ Py, and egzessr ¢ P. So up to
symmetry, we can assume PTy = (Tp, ea3). Thus P = (Zs, €13, €35, €121, €45y, €232) for
some z,y,z € (g). In all cases, Z(P) = (e15), Zo(P) < (1", eq5), and [eaq, Z2(P)] <
(€15, €95) < Fr(P). So this case is impossible by (7).

(e) rk(To/Po) = 2, |P/Py| = 4, and m = 1. By (9), exactly one of the
elements ej3 or ess is in Py. Up to symmetry, we can assume ej3 € Py while e35 ¢ F.
Set g = es5. Since [egy, To/Za] = (e3575) is not in P/Z5, and since Py/Z5 is invariant
under the conjugation action of esq on T/ Z, (since |P/Py| = 4), Po/Z> < Cryz,(€34) =
<612Z2,T//ZQ>. AAISO7 |P0/ZQ| = & since |T0/P0| = 4 and |T0/ZQ| = 32, and so PO =
(Zy, €13, €24, €12y) for some z,y € (g).

Now, e15 = [e12y, e25] € Fr(P). By Lemma 3.5, there is a € Aut(P) and r € [ess, P|
such that r ¢ Fr(P) and [es;, a(r)] ¢ Fr(P). Set s = «(r). Since [ess, T = (e2s, €15),
these conditions imply 7, [ess, 5| € {eas, ease15}. Also, s> = 1 since r? = 1.

Set H = Flo3445 = (As, e45) < Cr(ess). The condition on [ess, s| (together with (1))
implies s = ey3v for v € (H, e19,e13); and v € (H, e;3) since s = 1.

Set K = (Zy,e35). Since |P/Py| = 4, and since (P, e3s5, e45) = Tp, there is w €
(€35, €45) such that egqw € P. Then [s, P] contains the elements

[S, 612y] - [623'(613, H>, 612H] - 613H and [8, 63471}] = [6231), 63421)] - 624K,

where the last inclusion holds since [v, esqw| € [(e13, H), H| < K and [T, w] < K. Thus
|[s, P]| > 4, which is impossible since [s, P| = a([r, P]) = (a(ei5)).

This finishes the proof that P is not critical when it is not normal. 0

6.2 Automorphisms of critical subgroups

Recall that 7 € Aut(T") denotes the transpose along the “back” diagonal composed
with A — A~1; ie., the automorphism 7(e;;) = es_j6_;. We claim there are also
automorphisms 61,1, € Aut(T") such that

91(623) = €23€15, %(612) = €12€35, %(613) = €13€15€25 ;

and which send all other generators e;; to themselves. This is clear for ¢, since it has
the form 60,(g) = g-p(g) for some ¢ € Hom(7T', Z(T)). By a similar argument, 11 |q,
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is an automorphism of @1, and it extends to an automorphism of T if 11([e12, g]) =
le12e35, 11 (g)] for all g € Q1. This is clear when g = e;; for j > 4 (g = 11(g) commutes
with ejs and e3s5), and holds for the other two generators by direct calculation:

1/11([612,613]) =1= [612635, 613615625] and ¢1([€12,€23]) = €13€15€25 = [6126357623]-

We also define 6y, 1) € Aut(T) by setting 6 = 76,77 and 19 = 7ep1 77 1. It is helpful
to visualize these automorphisms pictorially as follows:

= i 4 HNNN

A

61: ; wlz N |0 62: ; ¢2:

i - i

For each ¢ € {6;,1;} and each i < j, the arrows in the diagram for ¢ starting in
position (i, j) point to the positions of the basis elements which occur in e;;'¢(e;;).

Let Aut’(7T) < Aut(T) be the subgroup of automorphisms which send A; to itself,
and set Out’(7T) = Aut’(T)/Inn(T). By Lemma 6.1, each automorphism of T either
sends the A; to themselves or exchanges them, so Aut(T) = Aut’(T) x (7).

For each i = 1,2,3,4, Ngr,2)(Q:) is the group of all A = (a;) € GL5(2) such that
aj, = 0 for all j > k such that (j, k) # (i+1,4). Thus Ngr;2)(Q:)/Qi = GLy(2) = Xs,
and is generated by the classes (mod @;) of e; ;11 and the permutation matrix for the
transposition (i i4+1). We now define

A; = Outar, ) (Qi) = (Cijit1, [0iiv]) = X3, (10)

where ;41 € Aut(Q;) is conjugation by that permutation matrix; i.e., the automor-
phism which exchanges the i-th and (i+1)-st rows and columns.

Proposition 6.6. (a) Out’(T) = ([61], [02], [11], [102]) = C4. Hence |Out(T)| = 2°.

(b) For each i = 1,2,3,4, Out(Q;) = O2(0ut(Q;))-Ai, and O2(Out(Q;)) is elemen-
tary abelian. If F is a saturated fusion system over T and Q; is F-essential, then
Out£(Q;) = [p]lAile] ™! for some ¢ € Oz(Aut(Q;)) which extends to an automor-
phism of T.

Proof. Set
R = E123;345 e A1A2 and RQ B E12;45 — Al N AQ e Z(R) — FI'(R)

Let Out’(R) < Out(R) be the subgroup of classes of automorphisms which send A; to
itself. In Steps 1 and 2, we describe Out’(T'), Out(Q;), and Out(Q,) by comparison
with Out’(R). Then in Step 3, we prove (b) for @y and Qs.

In Steps 2 and 3, it will be helpful to represent automorphisms of A; by matrices.
So for each a € Ay, M («) will denote the matrix for a4, with respect to the ordered
basis

b= {615, €25, €14, €24, €13, 623}-

Step 1: Let & be the homomorphism from Aut’(R) to Aut(R/A;) x Aut(R/As)
induced by the projections of R onto R/A; and R/A;. Then Inn(R) < Ker(k), so &
induces a homomorphism x on Out’(R). We claim the sequence

1 —— 0,(Out(R)) 2L Owt®(R) — Aut(R/A;) x Aut(R/A;) —— 1 (11)

is exact. Here, Aut(R/A;) = %3 since R/A; = C3, and k is onto since its restriction to
the subgroup Outgp;2)(R) = X3x X3 is onto. So Ox(Out(R)) < Ker(x). Conversely, for
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each a € Aut(R) such that [a] € Ker(k), a induces the identity on R/(A1NAs) = R/Ry
where Ry = Fr(R), and hence a € Oy(Aut(R)) by Lemma 1.1. Thus (11) is exact.

If @ € Aut(R) induces the identity on R/Ry, then it also restricts to the identity on
Ry — since [e;3, e35] = e;; for ¢ = 1,2 and j = 4,5 by (1). Hence each such a has the
form a(g) = g-a(gRy) for some map a from R/Ry to Ry, and & is a homomorphism
since Ry = Z(R). Thus Oy(Aut(R)) = Hom(R/Ry, Ry) = C3°. Since Inn(R) = R/ Ry
has rank 4, Oy(Out(R)) = C1%

Now, Ry = Z(R) is free as a module over F5[T/R] = Fs[(c12,c45)]. Also, R is
generated by the only subgroups of T isomorphic to C§ (Lemma 6.1), and hence is
characteristic in any subgroup of T" which contains it. So if P is any of the groups 7',
Q1, or (Y4, then restriction to R induces an isomorphism

Out(P) —=2 Nou(r(Outp(R))/Outp(R). (12)

by Corollary 1.3. When P = Q; for i = 1 or 4, then  sends Outp(R) = Cy nontrivially
to one of the factors Aut(R/A;) or Aut(R/As) in the extension (11), and sends A;
isomorphically to the other factor. Thus

/Q(Nout(R)(Outp(R))) = %(Outp(R)Al) = 02 X 23,
and hence
Out(Qz) == OQ(OUI(Q,))AZ where Og(Out(Q,)) = C’OQ(Out(R))(Outp(R)).

In particular, Oy(Out(Q;)) is elementary abelian.

Assume @Q); is F-essential, and set A, = Outz(Q;). Then Al N Oy(Out(Q;)) = 1
since Oz(A}) =1, and O3(Out(Q;))-A} = Out(Q);) since otherwise A, would have order
two. Hence by Proposition 1.8, Al = pA;p! for some ¢ € Out(Q;) which centralizes
Outr(Q;). Since Z(Q;) = C% is a free Fy[T/Q;]-module, H*(T/Q;; Z(Q;)) = 0, and

Lemma 1.2 implies that ¢ extends to an automorphism of 7.

Step 2: When P =T, (12) restricts to an isomorphism

Res
Out’(T') —>ER Nouo(r) ({C12, ca5)) /{c12, ca5) = Co,0un(ry) ({12, Ca5)),

where the last isomorphism follows using (11). We now prove point (a) by describing
this centralizer explicitly. Write Oz(Aut(R)) = A; X As, where A; = Hom(R/As, Ro)
is the subgroup of automorphisms which are the identity on Ay and on R/A,, and
Ay = Hom(R/A1, Ry) is the subgroup of automorphisms which are the identity on A;
and on R/A;. Set

-/T1 = A1/<C347 035> and -/T2 = -/42/<6137 023>;

thus Oy(Out(R)) = .,21\1 X ./Zl\g. The actions of ¢15 and ¢y5 clearly preserve this decom-
position, and hence Resg induces an isomorphism

OUtO(T) = COg(Out(R))(<6127 C45>) = le(<012, C45>) X Cj2(<012, C45>)~ (13)

Recall that M (—) is the matrix for an automorphism of A; with respect to the basis
b defined above. Thus

(M(als,) |a € A} = {(é%?) ‘B,C c MQ(JFQ)}.

Write A(B,C) = (ég

~Qw

) for short; then M(c3q) = A(0,1) and M (c35) = A({,0).



44 BOB OLIVER AND JOANA VENTURA

Now, c45 and c12 act on these matrices via conjugation by (é g §> and by <87 % §),
respectively, where J = (§1). Hence
[cas, N(B,C)] = M(C,0)  and  [e19,A(B,C)] = A(JBJ'"4+B,JCJ'+0).
From this it follows that M induces an isomorphism
Oz, ({12, e15)) —— {N(B,0) | JBJ 4B € {0,1}} /{\(I,0)).
Also, J(eb)J 1+ (2b) = (gotetd) e {0,I} if and only if @ + ¢+ d = 0. Since

C

M(01|r) = A((33),0) and M(¢1]r) = A((19),0), this proves that
C’ﬁl((c12,c45>) = (91’R,¢1’R> = 022-

After combining this with the corresponding argument for ./21\2, and with (13), we
have now proven that Out®(7") = C4 with basis {[01], [¢1], [f2], [¥2]}.

Step 3: It remains to prove (b) for Q2 and Q3. We do this for Q3, and the result for
()2 then follows via conjugation by 7. Recall that o34 € Aut(Q3) is the automorphism
which switches the third and fourth rows and columns. We define automorphisms

B, .., 05 € Aut(Q3) as follows:
pr = 61|Q3, fo = 0341034, [B3 = ¢1|Q3, By = 03403034, and [5 = ¢2|Q3,

These can be described pictorially as follows:
i - i i
= — fo= — B3 =

; i HNRNY

P = 1 Bs = 1 .
TN N

;i/fr

Thus, for example, B4(e12) = e12€45, fa(e14) = e1s€15€25, and [y sends all of the other
generators e;; to themselves. We will show that O(Out(Q3)) = C3 with the classes of
these elements as basis.

By Lemma 1.2, there is a short exact sequence

ResA1

1 — HY(Q3/A1; A)) —— Out(Q3) — Naug(an) (Autg, (A1) /Autg, (A1) — 1.

In terms of matrices, we are looking for the centralizer in G'Lg(2) of
J00 1071 I10
M(ca) = (ggg), M (css5) = (86?)7 and  M(cq5) = (010),
where J = (L 1) as before. The centralizer in Aut(A;) of (cs5, cy45) is the group of those

a such that M (a) = <§ g §) for some A, B,C' € My(F,) with A invertible; and such

a matrix commutes with M (c12) exactly when A, B, and C all commute with J. Since

a matrix in My(Fy) commutes with J if and only if it has the form (&?) for some

a,b € Fy, this proves that

M Crn i 40) = (.00 (1) (41))
where Y = (J{). Hence
Caus(ar) (Autg, (A1) = (cr2, es, Cas, Bilay, Bala,) = Cs. (15)
So Caut(a,)(Autg,(A1))/Autg, (A1) is a group of order 4 generated by the classes of
Bila, and Ba4,.

By (1), for g € Qs~\Ay, [g, A1] = (e1s, e25) = CF if g € (A, €35, e45), while [g, A)] =
C3 otherwise. Hence each 3 € Aut(Q3) leaves the subgroup (Aj, ezs, e45) invariant.
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The group of automorphisms of Q3/A; = C3 which leave (e35A1, e45A4;) invariant is
isomorphic to 34, and is generated by the actions of f4, (3, and Az on QQ3/A;. This,
together with (15) shows that

NAUt(A1)<Ath3 (Al))/Aths (Al) = Resy, (<[6l]> [ﬁZ]v [63]7 [B4]7 A3>) = ngzfﬁ (16)

where the [3;| 4, generate an elementary abelian subgroup since their matrices all have
the form <é 2} ?) for some B,C € My(Fy).

We next claim that H*(Qs/A1; Ay) = Cy. To see this, set V = A; x (€1,6) = C85,
regarded as an Fy[Q3/A;]-module (with A; as submodule) by setting ess(e;) = €;-ea,
645(/6\1‘) = /e}-eig, 612(31) = é\l, and 612(6\2) = 81/6\2. This module is free (the Qg/Al—
orbit of €, is a basis), and hence is cohomologically trivial. So the exact sequence in
cohomology for the extension 1 — A; — V — V/A; — 1 takes the form

HY(Q3/A1; V) —— HY(Q3/A1; V/AL) —"— HY(Q3/A1; A1) —— HY(Qs/As; V).
:<€15>%‘CQ :(€1A1>%02 =0

Thus H'(Q3/A;; A;) = Cy is generated by d(e1A;), which is represented by the cocycle

which sends g € Q3/A; to g(€,)e;". This induces an automorphism 3 € Aut(Q3) such

that 3](4,,e1.) = Id, B(ess) = egserq, and B(ess) = esseq13. By inspection, § = B5ci3, and

this finishes the proof that Ker(Resy,) = ([55]).

Upon combining this with (14) and (16), we have now shown that Out(Q3) is gen-
erated by the [3;] and Aj. Also, ([5]) = Ker(Resy,) is normal in Out(Q3), and hence
central. The subgroup of elements in Out(Q3) which leave invariant the subgroup Us
contains [31], [B2], [B4], [Bs], and Ag, but not [B5]. Thus ([F5]) splits off as a direct
factor in Out(Q3). So by (16), O9(Out(Q3)) = C3 with the [3;] as basis.

Assume Q3 is F-essential, and set A = Outz(Q3). Then |A}| = 2n for some
odd n > 1 by the Sylow axiom, and n = 3 since it divides |Out(Qs)|. Also, A N
OQ(Out(Q;;)) = 1, and hence OQ(Out(Q:g))Ag = Out(Qg) = Og(OUt(Qg))Ag By
Proposition 1.8, A} = [3]A3[3] ! for some 3 € Autz(Q3) which commutes with ¢34 in
Outz(Qs). Since csyfaczy = 12 and csafacyy = Bafs (mod Inn(Qs)), we have

18] € Cout(@s)({c34)) = ([B1], [B3], [B5], ca4)-

All of these extend to automorphisms of 7" by the definitions at the beginning of Step
3, and this finishes the proof of (b) for Q3. O

The following computations will also be needed later.

Lemma 6.7. The following commutativity relations hold:

[U1]@,, Ao] = 1 in Out(Qs) [(6191)]@,, A1] = 1 in Out(Q1)
[¢2|Q3,A3] = 1 in Out(Qg) [(92’1/}2)‘6247 A4] = 1 in Out(Q4) .

Proof. When ¢ € {61, 02, 11,12}, pcgp™! = cpig) and ¢(g)g~" € Q; for each g € T and
each i = 1,2,3,4, and thus [p|g,,ciit1] = 1 in Out(Q;). So we need only check the
commutators with o; ;11 (see (10)). This can be done by direct computation, but can
also be seen using the pictorial description of these automorphisms. For example,

L3 I I

AL

wl’Q2 = | — =1 © C35, 023<w1|Q2)05£’>1 = TR C G5
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and so [t1, 093] = c35¢05 € Inn(Q2). Similarly, in Aut(Q,),

v : 4
N N

011lg, = ; o12(011 ], )01y = , C35 = :

and so [0191]g,,012] = c35. The remaining cases follow via conjugation with the auto-
morphism 7. 0

6.3 Fusion systems over T = UT:(2)

We are now ready to describe the nonconstrained saturated fusion systems over 7.
We begin by looking at automorphisms of ()3 and )3 in such a fusion system.

Proposition 6.8. Let F be a nonconstrained saturated fusion system over T'. Then
Q2 and Q3 are both F-essential. Also, F is isomorphic to a fusion system F* over T

such that Outz«(Q2) = Ay and Outz(Q3) = As.

Proof. By Proposition 6.6(a), Out(7) is a 2-group, and hence Outx(T") = 1. So if Q3
is not F-essential, then by Proposition 6.5, F is generated by restrictions of automor-
phisms of @1, Q2, Q4, all of which send A, to itself. Hence each morphism in F extends
to a morphism between subgroups containing As which sends Ay to itself, and so A,
is normal in F. But A, is centric in T, and so this contradicts the assumption that
F is nonconstrained. Thus ()3 is F-essential; and by a similar argument, (), is also
F-essential.

By Proposition 6.6(b), Outz(Q3) = (¢|g,)As(plg,) " for some ¢ € Aut(T'), and ¢ €
Aut’(T) since it leaves (5 invariant. So upon replacing F by ¢~ 'Fp, we can assume
Out#(Q3) = Az. Then, by Proposition 6.6(b) again, Outz(Q2) = (¥|g,)A2(¢|g,) ™"
for some ¢ € Aut’(T). Since 6;|g, = Id and ¥;|g, centralizes A, (Lemma 6.7),
we can assume ¢ € (fa,10). In particular, (¢|q,)As(¢|g,) ™" = Az by Lemma 6.7
again (and since 6|g, = Id). So if we set F* = ¢~ ' F1), then Outz(Q2) = Ay and
Out]:* (Q3) = Ag. [

We now study how the automorphisms of ()7 and ()4 fit with those of ()5 and 3. In
the following proposition, 3% denotes a nonsplit extension with kernel of order 3 and
quotient group .

Proposition 6.9. Fiz a nonconstrained saturated fusion system F over T, and assume
Out£(Q2) = Ay and Outg(Q3) = As. Then Q1 and Q4 are both F-essential. Also, for
each pair (i,7) = (1,2) or (4,1), either

o Outz(Q;) = A; and Autz(A;) = X3 x GL3(2); or
L Out]:(QZ) = <0jwj)Ai(9jwj)_l and Aut}‘<Aj) = 326

Proof. By Proposition 6.6(a), Out(7) is a 2-group, and hence Outz(7) = 1. So by
Proposition 6.5, F is generated by Inn(7T) together with Autz(Q;) for i = 1,2,3, 4.

If neither @1 nor @ is F-essential, then F is generated by Inn(7") together with
Ay, and As, all of which leave U; and U, invariant. Thus U; and U; would both be

normal in F, which contradicts our assumption that F is nonconstrained. So ()1 or (04
is F-essential.
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For each i = 1,4, if @; is F-essential, then by Proposition 6.6(b), Autz(Q;) =
0ilN\ip; ! for some ; € Aut’(T). (We drop “restricted to @Q;” to simplify the no-
tation.) Since 017y commutes with A; in Out(Q);) by Lemma 6.7, we can assume
1 € (bh,02,15). Similarly, we can assume @, € (01, 05,71). Set

0Fy = P1012¢7 ' and Ot = P104505
so that Outz(Q1) = (c12,07,) and Outxz(Q4) = (ca5,0}5)-

In Steps 1 and 2, when a € Aut(A;), we again let M(«) € GLg(2) be its matrix
with respect to the ordered basis {ejs, €25, €14, €24, €13, €23}

Step 1 We first prove that if @); is F-essential, then ¢; € (0s,1)9); while if Q4 is
F-essential, then ¢4 € (01, 11).

Assume @y is F-essential. Fix X € My(Fy) such that M(p1|a,) = (é 2 ?) Thus
X =0if 1 € (2,19), and X = (§{) otherwise. Set W = (¢}). Then
100 . _(I0X\ (W0 0\ /I0X\ [(WOY
Miowla) = (3§]) and atoila) = (§57) (3 48) (237) = (T 8).
where 034 € Autx(Q3) and o}y € Autx(Qy), and Y = XW + WX =0 or I. So if we
set Q13 = Q1N Q3 and a = [0T2|Q13’ U34|Q13] € AUt]-'(QB)v then

W oY 700 IYW YW
M(a|la,)=|lowo ), (o0r)|=(01 0o ).
00w 010 0 0 I

Thus « induces the identity on Fr(Q3) = (e1s, e25) and on Ay /Fr(Q13), and induces
the identity on Q13/A; since ¢, (and hence o7,) does. Since these are characteristic
subgroups of Q13, @ € Oz(Autz(Q13)) < Outr(Q13) by Lemma 1.1. Hence YW = 0 or
YW =1. Since Y € {0,1} and W = (9}), we conclude that Y = 0, and thus X = 0.
This proves that ¢1 € (s, 19) if Q7 is F-essential; and also (via conjugation by 7) that
g4 € (01,11) if Q4 is F-essential.

Step 2 We now strengthen the conclusion of Step 1, by proving that ); F-essential
implies 1 € (fa1)9), and Q4 F-essential implies ¢, € (611)1).

Assume first ; and @4 are both F-essential; we show ¢, € (f111). Set Q1q =
Q1NQ4 = A1 As. Let X € My(F2) be such that M(pala,) = (é i )9‘) Thus X = (39),
(38), (198), or (1}), depending on whether ¢4 = Id, 6y, 11, or 61¢1. Set W = (9})

as before. Since 1 € (0, 109) and 0|4, = Ya|a, = 1Id, 075|4, = 012]4,. Hence

W 0 0 10X\ (010Y (10X 07X
Moy :<0WO) and M (o} :<010)<100)<010):<on)
(712]41) 00w (73514,) 001/ \oor/)\oo I 0071/’

where 07, € Autz(Q1) and o} € Autz(Q4). Set = [0}y, 04s] € Autr(Q14). Then

—1
@) =[50 8) . (1%)] = (o7 vt ) .
Set Ry = A; N Ay. Thus g induces the identity on A;/Rp, and also on Ay/R,
since ¢; (and hence o7,) induces the identity on As/Ry. Since Ry = Fr(Qu4), B €
Os(Autz(Q14)) by Lemma 1.1, so f € Auty(Qq4) by the Sylow axiom, and thus
X +WXW= e {[,0}. Tt X = (§4) or (19), then X + WXW™! = (94) or (1),
which is impossible. It follows that ¢, € (f11)1) in this situation.

Now assume ()4 is F-essential and () is not. If ¢, = 6;, then F is generated by
Inn(7T) and Autg(Q;) for i = 2,3,4, and all of these automorphism groups leave Uy
invariant. Thus U; is normal in F in this case, which contradicts the assumption that
JF is nonconstrained.
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Assume Y4 = ¢1. Set V = <623,€24,625> S Al, and let ./4 S Aut].‘(A1> be the
subgroup of those elements which leave V' invariant. Consider the homomorphism

res,proj

We A TP A (V) x Aut(Ar/V) —Ys GLy(2) x GLs(2)

where M sends a pair of automorphisms to their matrices with respect to the bases
{€is, €ia, €53} for i = 2 or 1, respectively. Then W(Autg, (A1) = {(X,X)} for X €

G L3(2) upper triangular, while W(os4|4,) = ((é § g) : (é § g)). Thus Im(W) contains

all matrices (M, M) for M € H, where H < GL3(2) is the subgroup of matrices
with first column (é). The above computation of M (oj;|4,) when ¢4 = ¢y (hence

1o ey ({010 011
X =(19)) shows that ¥(o};) = <((1)8(11> : (68%))

Now, U is not onto, since otherwise 26||Autz(A,)|, contradicting the Sylow axiom.
Since H is a maximal subgroup in GL3(2) (it has prime index), the above computations
show that Im(W) surjects onto each factor GL3(2). Hence the subgroup K of all
g € GL3(2) such that (1,¢) € Im(V) is normal, and K # GL3(2) since ¥ is not onto.

Thus K = 1 since GL3(2) is simple, and Im(¥) has the form {(g,a(g))} for some
a € Aut(GL3(2)). By the above computations, o]y = Id, and

010 011 . . 010 10 11 100 011
« 100 =1|1101 1mphes « 100 00 = 01 001 )] =1({110]).
001 001 001 01 01 010 010

Thus « sends an element of order three to one of order four, which is impossible.

This finishes the proof that ¢4 € (f1¢1) in both cases (@1 F-essential or not). As
usual, it then follows by symmetry that ¢; € (6y1)9) if Q; is F-essential.

oo
o—O

Step 3 Assume Q4 is F-essential, and Autz(Q4) = Ay. If Q1 is not F-essential, then
F is generated by automorphisms of )2, )3, and ()4, all of which leave U; invariant.
Hence U; is normal in F, which contradicts the assumption that F is nonconstrained.

Thus @, is F-essential. Since ¢1]4, = Id, the restriction to A; of Autz(Q;) is equal
to that of Ay. So Autz(A;) is generated by restrictions of automorphisms of A; for
1 = 1,3,4. This is the product of the actions of A; on each of the three columns
(€14, €9;) in Ay (i = 3,4,5) with the actions of (A, A4) on each of the two rows. The
actions of Az and A, generate the full GL3(2)-action on each row (any 3 x 3 matrix

can be diagonalized by row and column operations on its first two and last two rows
and columns), and thus Autz(A;) = X3 x GL3(2).

Similarly, if ¢y is F-essential and Autz(Q;1) = Ay, then Q4 is also F-essential and
AU.t]:(AQ) = 23 X GL3<2)

Step 4 Now assume Q, is F-essential and Autz(Q4) = (0191)A4(0191)t. We will
show that Autz(A;) = 3%, and that @), is also F-essential. The corresponding result
when Autz(Qq) = (0202) A1 (02102) ™! then follows by symmetry.

Consider the subgroup

def «
Autg_—(Al) = <AutT(A1), 034’,41, 0—45‘A1> S Autf(Al) .
the subgroup generated by restrictions of elements in Autz(Q;) for ¢ = 2,3,4. This
time, we identify A; with F3. Fix w € Fy~\IFy, and give A; the structure of a F,-vector
space by setting wey; = eq; and weg; = ey;e25. For o € Auty, (A1), let M*(a) € GL3(4)
be the matrix for o with respect to the Fy-basis {e1s, €14, €13}
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Write 0 =w? =w+ 1 € F,. Then

M*(C34)=< >, M*(034)=<é§§>, M*(C45)=<éé§>;

oo
oo
O

and
M (o) = M (w0 ) = (305) (108) (50F) = (13%) -
—

Also, c15 acts on A;p as the field automorphism ¢s: (a, b, ¢)
the given basis.

(a, b, ¢), with respect to

Consider the following six points in the projective plane P(F3): A\ = ((1,w,0)),
Ay = {((1,0,0)), A3 = ((w,0,1)), sy = ((w,1,1)), A5 = {((0,0,1)), X = ((0,1,1)).
These form an “oval”, in the sense that no three of them lie in a projective line. By a
direct check, the above generators permute these points in the following way:

100 100 110 01
103 011 001 010 10
001 010 001 001

2

(12)(35)(46) (34)(56) (15)(23) (12)(46) (12)(36)

The first two and last two of these permutations generate the subgroup of elements of
Y6 which leave {1,2} invariant, and hence this set of five permutations generates Y.
Since this extension of C5 by g is not split, this proves that Aut?,_-(Al) = 3.

Let ¢ € Aut(A;) be such that M*(¢) = w-I = diag(w,w,w). Then ¢ € Aut%(4,;) by
the above computation. Also, ¢ commutes with all elements of Autg, (A1), so it extends
to an element ¢ € Autz(Q1) by the extension axiom. Thus @ is F-essential since

Autz(Q1) is not a 2-group. Also, the restriction to A; of each element of Autz(Q:) =
(Autr(Q1), ¢) lies in Aut%(A;), and hence Autz(4;) = Auty(A;) = 3%. O

We can now summarize these results in the following theorem. The much more
difficult classification of simple groups with Sylow 2-subgroup UT5(2) is due to Held
[He], and is also shown in [A2, Chapter 14].

Theorem 6.10. Every nonconstrained saturated fusion system over T = UTs(2) is
isomorphic to the fusion system of one of the simple groups G'L5(2), Msy, or He.

Proof. By Proposition 6.5, F is generated by Autz(7") and the Autrz(Q;) for i =
1,2,3,4. Also, Autz(T) = Inn(T") since Aut(7) is a 2-group (Proposition 6.6(a)). By
Proposition 6.8, we can assume Outz(Q;) = A; for i = 2,3. Then by Proposition 6.9,
there are at most four possibilities for F, of which two are isomorphic via 7.

We refer to [He], and to [A2, §40], for a description of the groups Autg(A;) when
G = GL5(2), May, or Held’s group. Each of these groups contains Sylow 2-subgroups
S = UTs(2). Also, Fs(G) is nonconstrained and centerfree in each case, and hence
must be isomorphic to one of the three distinct fusion systems which we found. Thus F
is isomorphic to the fusion system of GL;(2) if Autz(A;) = Autz(A2) = X35 x GL3(2)
(if Autz(Q;) = A; for i = 1,4); F is isomorphic to the fusion system of My, if
Autz(A;) = X3 x GL3(2) and Autr(As) = 336 or vice versa (if Autz(Q;) = A; for
i =1 or i =4 but not both); and F is isomorphic to the fusion system of Held’s group
if Aut]:(Al) = Autf(AQ) = 326 (lf Autf(QZ) = (@%)Ai(@jd}j)*l for (Z,j) = (1, 2) and
(4,1)). O
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7. FUSION SYSTEMS OVER THE SYLOW SUBGROUP OF (Cos

Our notation here for elements in a Sylow 2-subgroup of Spin,(3) is based on that
used in [LOJ. Fix Y, B € SLy(9) such that Y has order 8 and (Y, B) = Q6, and set
A =Y?. In particular, Y* = B? = —I, and (A, B) = Qg. Consider the groups

. o (12)
So E (Y, B} /((—I,~1,-1)) and SES; x Oy,

T

and let [ X7, Xo, X;3] denote the class of (X7, X5, X3) in Sy. Thus
=1 and 7T[X;,Xo, Xsl77" = [ X, X1, X3].

Write a; = [A,I,I], ag = [I,A,I], a3 = [I,I,A], by = [B,I,1], by = [I,B, ],
bs = [I,1,B], c=[Y,Y,Y], and z; = a?. Finally, set

T" = <a1,a2,a3,c,b1,b2,b3,~r> S S:

a group of order 2'°. For later reference, we list the following relations in T* (for all
i # 7), which in fact form a complete presentation for this group:

a% = b? = [ai,bi] = Z;, ZZ2 =1= 717973, [ai,bj] =1= [ai,aj] = [bz,b]],
c? = ajasas, [c,a;] =1, cb,c™! = a;b;, b;cb; ! = a;'c; (1)
=1, Tecrl=c, Tar = Ag (i) bt = b,i) (where o = (12) € X3).

The embedding of 7% as a Sylow 2-subgroup of Spin;(3) is described in detail in
[LO, § 2]. For example, the subgroup (aj, by, as, bs, as, bs) is a Sylow subgroup of
Sping(3) X ¢,Spiny (3) < Spin,(3), via the identifications Sping(3) = S Ly (3), Spin] (3) =
SLy(3) x SLy(3), and Qs € Syly(SLy(3)). Instead of repeating that argument here,
we give an explicit homomorphism p: T* —— Q7(3) to help motivate some of our
constructions. Let ¢; be the diagonal matrix with entry —1 in ¢-th position and 1
elsewhere, and set d;; = 0;0,, etc. Let 7, be the permutation matrix for o € ¥7. Thus
Te0;m, ' = 4. Define p by setting

play) = 5147(12)(34) plaz) = 5247(12)(34) p(as) = ds¢
P(bl) = (5127T(13)(24) P(bz) = (5237T(13)(24) p(b3) = 057
,O(C) = 54677(34)(56) P(T) = 01567

It is straightforward to check that the relations in 7™ listed above all hold, and hence
that this defines a homomorphism with kernel (zs).

Two families of subgroups of T will play an important role in what follows. First

define
RO = <a17a27a37b17b27b3> Rl = <R07C> RQ - <R07T> R3 - <R07CT> .

Thus T*/Ry = C%, and Ry, Ry, and R3 are the three subgroups of index two in T*
which contain Ry. Also, Z(Ry) = Z(R1) = (z1,22), while Z(R;) = (z3) = Z(T*) for
i=2,3.

Next consider the following subgroups:
Q = (z1,a1a3, a3, b1by, b3, 7) = (ajay, biby) x¢, (a3, bs) x¢, (21, T)
Ry=(Q,a;,c) ; Hy =(Q,c) Hy = (Q,a;c) Hy =(Q,a;) .

Thus Q is extraspecial of order 27 (a central product of three Dyg’s), R,y/Q = C3%, and
Hy, Hy, and Hj are the three subgroups of index two in R, which contain Q. Also,
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Hs < T*, while Hy = by H,b;" and Np.(H,) = Ng-(H,) = Ry. These three subgroups
will be seen to be permuted transitively by Out(Ry).

Consider again the homomorphism p: T* —— Q;(3) defined above, and also the
induced action of T* on V = FI with canonical (orthonormal) basis {e;,...,e7}. By
inspection, R; is the subgroup of those elements which act on each of the factors
(€1, €2, €e3,e4) and (es, €, e7) with determinant one, and Ry is the subgroup of elements
whose action on each factor lies in the spinor group. Also, Ry is the subgroup of
elements which leave invariant each of the summands (e, es), (es,eq), and (es,eq),
while Q is the group of elements which sends each of the (e;) to itself.

Before we begin looking at the critical subgroups of 7™, we prove the following lemma
about Q, and about another subgroup A = C? which we will need to work with.

Lemma 7.1. (a) Set A = (aj,ag,a3,c). Then A = C5, A < T*, and T*/A =
Cg X Dg.

(b) If P < T* is such that |P| = 27 and |Fr(P)| = 2, then P = Q.

Proof. (a) Since c? = ajazaz and (ajasaz)? =1, A = (a;) x (ay) x {c) = C?. By the
relations (1), A is normal in 7%, and T*/A = (b;A,byA ; b3A , T7A) = Dg x Cs.

(b) Let Ay = (z1,29,a5a0a3) be the 2-torsion subgroup of A. Since |T*/A| = 2%,
PN A is a normal subgroup of P of order at least 23. If [PNA| = 23, then P/(PNA) =
T*/A = Cy x Dg, so Fr(P)N A =1,and PN A = Ay since it cannot have 4-torsion.
Since Fr(7T%/A) = (b;byA), Fr(P) = (b;byg) for some g € A, which is impossible
since [bybyg, ajazas| = z3 # 1.

It follows that |[PNA| > 2% In particular, Fr(P) < A since PN A is not elementary
abelian, and P > Ay and [P N A| = 2% since P contains no subgroup C?. So PA/A
is an elementary abelian subgroup of order 23 in T*/A = Dg x C,. Hence either
PA/A = (by,by, bs) and thus PA = R;, or PA/A = (b1by,bs, 7) and PA = Ry.
In either case, bgg € P for some g € A, and so [bsg,ajasaz] = z3 € Fr(P). Thus
Fr(P) = (z3).

If PA = Ry, then byg € P for some g € A, so [byg,ajazas] = z; € Fr(P), and we
just saw this is impossible. Hence PA = Rj,.

Consider the quotient group
Ry/Ay = Ry/(21, 22, a122a3) = (a1, a;, T) X(az) (c,bg) x (bibsbs) = Dg x¢, Dg x Cs.

Since Fr(P) < Ay, P/Ay = CJ. Hence Z(Ry/Ay) < P/A,, since every abelian
subgroup of rank four in Rs/Aq contains the center. In particular, b;bsbs € P, so
P/<Z3> < CR4/(Z3)<b1b2b3) = Q/<Z3>7 and hence P = Q O

In fact, A is the unique abelian subgroup of order 2° in 7%, but we will not need to
use that.

7.1 Determining the critical subgroups

We start as usual by reducing to the case of subgroups of index 2 in their normalizers.
Lemma 7.2. If P is a critical subgroup of T*, then |Np-(P)/P| = 2.
Proof. Assume otherwise: let P be a critical subgroup of T* with |Np«(P)/P| > 4. By
Proposition 3.3(c),
g¢pP lg,PI<P = 1k(lg, P/Fr(P)]) >2. (2)



52 BOB OLIVER AND JOANA VENTURA

Since P is centric in T*, Z(T*) = (z3) < P. Since [z, P] < [z,T*] < (z3) for
T € (z1,a3), z1,a3 € P by (2). In particular, z3 = a3 € Fr(P).

Since [ajag, P] < [ajas, T*] = (21, 23), rk([ajas, P/Fr(P)]) < 1, and hence aja; € P
by (2) Slmllarly, [bg7 P] < [bg, T*] = <a3> 1mplles b3 € P. Set Tg = <Z1, ajas, as, b3> <
P. Then |Ty| = 2°, Ty < T*, and

T*/TO = R4/T0 X <b1> = C;L X CQ.
(a1,b1ba,c,T) b1

Now, [a;, T*| = (21, 23, a1a3) = [b1be, T7]. So by (2), either Fr(P)N(z;, a;as) = (2z3),
or a;,biby € P. If a; € P, then z; = a? € Fr(P), and so b;by € P, Fr(T*) < P, and
thus P <1 T*. Set Ty = (Ty,a;, byby); thus |T1| = 27 and so [P:Ty] < 2. If by ¢ P, then
since [T, by] < (z1,2z3) < Fr(P) and |P/T1| < 2, tk([by, P/Fr(P)]) < 1, contradicting
(2) again. Thus P = (T1,by) = Ry, Fr(P) = (z,23), tk([7, P/Fr(P)]) = 2, and
rk([c, P/Fr(P)]) = 3. This contradicts Proposition 3.3(b) (all involutions in Outy«(P)
are conjugate in Out(P)). We now conclude that

a, ¢ P, and Fr(P) N (z1,a1as) = (z3). (3)

Since [ajay, Ry] = (z3) < Fr(P) and [aja2,b;] = 2z, (3) implies P < R,. Also,
P > Fr(Ry), and so Np-(P) > R4. By Proposition 3.3(a), all involutions in Outy- (P) =
Nr+(P)/P are central. Hence if P < T™, then all elements of R,/ P are central in 7%/ P,
which is impossible since a; ¢ P and [c,b;] = a; (c ¢ P since P is normal, and hence
cP ¢ Z(T*/P)). Thus Np«(P) = Ry. Also, Ry/P = C} for k > 2. If k > 3, then
rk(P/Fr(P)) > 6 by Proposition 3.3(c), so 27 < |P| = 297% a contradiction. Thus

Nr«(P) = Ry, [P :Ty] =4, and [Ry: P] =4. (4)
If zbyby € P for some x € (a;), then since [xbiby, T*] < (z1,a;a5) in both cases,
[zb1ba, P] = (z3) by (3). Hence

<T0,b1b2,7'> ife=1

P< {g € Ry } [zb1bs, g] € <Z3>} = {(To ajbby, aset) if z = a;

and P is equal to one of these groups (the inclusion is an equality) by (4). But both of
these groups are normal in 7% — note that by (aseT )b = (a;b;by)(azer) (mod Ty)
— which contradicts (4). So this case is impossible.

Thus P N (Ty,as, biby) = Tp. Since [P : Tp] = 4 by (4) again,
P = (Ty,cx, Ty) = (21, a1a2, a3, bz, cx, TY)

for some z,y € (a;, biby). Since byeb;* = aj'c, it suffices to consider the case where
x € (b1by). Then one of the following happens:

e y € (b1by), [b1by, P] = (ajay, z3), so rk([biby, P/Fr(P)]) < 1 contradicting (2);
e y =ay, (ta;)? = ajay € Fr(P), contradicting (3); or
e y = ab by, (Tajb1by)? = ajayz, € Fr(P), contradicting (3).
This finishes the proof. ([l

It remains to handle the subgroups of T™* of index two in their normalizer.

Proposition 7.3. The only critical subgroups in T* are Ry, Ry, R3, R4, Hy, and H,.
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Proof. Fix a critical subgroup P < T™ of index two in its normalizer. By Lemma 3.4,
g€ N(P)\P, ©char P = [g,P]£OF(P) or [g,0] £Fr(P). (5)

In Step 1, we show that (z1,z3,a3) < P, and that (a;,as,a3) < P if P < R;. In Step
2, we show aja, € P. We then handle the cases where P is not normal in 7™ in Step
3, and those where P < T™ (hence [T*:P] = 2) in Step 4.

Step 1: Since P is centric, z3 € Z(T*) < P. Since [zy, P] < [z1,T*] = (z3) < P, and
similarly for as, (z;,a3) < N(P). Soif z; ¢ P, then az or z;a3 must be in P, since
otherwise |[N(P)/P| > 4. Then z3 = a3 = (z;a3)*> € Fr(P), so [z, P] < Fr(P), and
this contradicts (5). This proves that z; € P.

Now assume a3 ¢ P. By Lemma 3.6, applied with z = z3, g = a3, and y = 2,
there is h € T* such that [h,a3] = z3 ¢ Fr(P), h? = 1, and P = Cp«(h). Also,
z1 € Z(P) (since zjag ¢ P), and h is not T*-conjugate to z;h. Thus h € P < Ry, since
z; € Z(P). We return to the notation used at the beginning of the section, and write
h = [ X1, X2, X3] for some X; € (Y, B) = Q4. Recall A=7Y? and (A, B) & Qs.

The condition |h,a3] = z3 implies [X3, A] = —I, and hence X3 € (Y)-B. Thus
X2 = —1I, and hence X? = X7 = —1I since h* = 1. Since h is not T*-conjugate to
z1h, [X1,A] # —1I and [X;, B] # —I imply X; = £/, and thus X? # —I. Hence this
situation is impossible, and we conclude that az € P.

Now assume P < R; = (a;,b;,c|i =1,2,3); we claim that a;,a, € P. This is clear
if P = Ry, so we assume P S Ry. Then Ng,(P)/P # 1, so N(P) < R; since we are
assuming |N(P)/P| = 2. Thus P is also critical in R;. In this situation, the same
argument we just used to show ag € P also applies to prove that a;,a; € P.

Step 2: We next prove that aja, € P. Assume otherwise; then aja; € Np«(P)\P.
Since [ajay, P] < [ajay, T*| = (z1,22), and z3 = a2 € Fr(P), z; ¢ Fr(P) by (5). By
Step 1, P £ Ry; let g € By be such that g7 € P.

By Lemma 3.5, there is a € Aut(P) of odd order, and = € [ajag, P|, such that
x ¢ Fr(P) and [ajas, a(x)] ¢ Fr(P). Thus x € {z1,2z:}, and [aja9, a(z)] € {z1, 22}
Set y = a(z) = [Xi, Xo, X3]J7F, where X; € (Y,B) = Qi and k = 0,1. Then
y> = a(z?) = 1. The condition [ajay,y] ¢ (z3) means that [A, X;] # [A, X;] (recall
ajay = [A, A, I] and A =Y?), and thus X; € (Y) or X, € (Y) but not both. If k = 1,
then y? = [X; X5, X5 X1, X2] = 1, which is impossible since X; X, ¢ (Y). Thus k = 0,
and y? = [X?, X2, X2] = 1. Since X; or X, has order > 4, this implies X? = —I for
each 7 =1,2,3. Also, X; € (Y) for j =1 or 2, s0 X; € (A), and thus X; € (4, B) = Qs
for each i = 1,2,3. We have now shown that y = y;yoy3, where y; € (a;,b;)\(z;), and
where y; € (a;) or y» € (as) but not both.

Thus [y, g7] = [y, 7] = bi1by (mod (a;,ay,a3)). Since [y, P] = o[z, P]) = (a(z3))
has order 2 (recall © € {zy,22}), this implies z3 ¢ [y, P|, so [y,a3] = 1, and y3 €
(ag). But then [y, g7] = bibs (mod (ai, as)), hence it has order four, which again is
impossible since [y, P| has order two. We conclude that a;as € P.

Step 3: Assume P &4 T*. Set Ty = (21, 23,2185, a3) < P, and consider the extension

l—  RfTi  —— Tl —— TRy ——1.
=(a1,b1,ba,b3)=C3 =(e,r)C3
We want to apply Lemma 1.9, with S = 7% /T; and Sy = Ro/T} = C%, where we recall
Ry = (a;,b;|i=1,2,3). Set Py = PN Ry. Since [(a;, bbby, bs), T*] < T} < P,

NT* (P) Z T2 d:ef <T1, aj, blbg, b3> and hence [TQ PN TQ] S 2. (6)
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Recall, in the notation of Lemma 1.9, that m is the number of classes xRy € T*/Ry
such that ZL‘R() 7é RO and [ZE, Ro] S Po. Since [T, Ro/Tl] = <b1b2T1>7 [C, R()/Tl] = <31T1>,
and [C’T,RQ/Tl] = <a1b1b2T1>,

m = ‘{al,blbg,alblbg} ﬂp‘ (7)
At least one of the elements a;, byby, or a;b;by is in Py by (6), so m > 1.
By Lemma 1.9, we are left with the following cases, where g € Ng,(P)\P:

(b) rk(Ro/Py) =1, |P/Py] =2, m =1, and Py, 4 T*. By (7), P, contains
exactly one of the elements a;, bibsy, or a;b;bs. Fix g € {a;, bbby} such that g ¢ P.
Let h € {c,T,cT} be such that h € PRy (|PRy/Ro| = |P/Fy| = 2).

Since |Ry/Py| = 2, at least one of the elements a;, by, or a;b; is in P, and so
z, = a} = b} = (a;by)? € Fr(P). Since z3 = a2 € Fr(P), Fr(P) > (z1,2y).

By Lemma 3.5, there are elements r, s € P such that s = a(r) for some a € Aut(P),
r € lg, P], r ¢ Fr(P), and [g, s] ¢ Fr(P). Since [g, P] < [g,T*] = (z1,a;a;) (recall g €
{a;, byb,}), this means that , [g, s|] € {ala} |i,j = £1}. In particular, [r, P] < (z,25)
has exponent two, so [s, P] = a([r, P]) also has exponent two.

Now, s € P\Ry since [g, Ry] < [Ro, Ro] < (z1,22), and thus s = hsy for some
so € Ro. Since |Ry/FPy| = 2 and g € Ry~Fy, bix € P, for some = € (g). By the
previous paragraph, [hsg, bix] € [s, P| has order at most 2. Set K = (zj,ajas) < T™.
Then [sg, bix] € [Ro, Ro] < K, [h,z] € [T*, (a;,b1by)] < K, and

[T,bl] = bgbl_l, [C, bl] = (albl)bfl = aj, and [CT,bl] = (agbg)bl_l.

Thus [s, byx] is in one of the cosets bibo K, a; K, or bjasby K. All of the elements in
these cosets have order four, in contradiction with what was already shown. So this
case is impossible.

(c) rk(Ro/Po) =1, |P/Py| =2, m =3, and Fy, < T*. Since [c, 7] = 1, this
would imply [7%,T*] = [Ry, T*] < P, and hence P < T™*.

(e) rk(Ro/Po) =2, |P/Py| =4, and m = 1. By (6), [T2:FP, NTy] < 2, where
Ty = (T1,a;,b1by, bs) has index two in Ry. Since [Ry:Py| = 4, this implies that Py < Ts
with index two. Also, by (7), exactly one of the elements a;, biby, or a;b;by is in F.
This leaves the following possibilities for P:

e (a; € P) P = (Th,a;,bsz,cy, 7z) for some z € (b;by) and y,z € (by,by). We
take g = byby. In all of these cases, z; = a? and a;a, = [a;, 72] (mod (z, z5))
are both in Fr(P), and so [g, P] < (z1,a1a2) < Fr(P).

e (byby, € P) P = (I1,b;by, bsz,cy, 7z) for some x € (a;) and y,z € (a;,by).
We take g = a;. Then (cy)? € P, implies y € (a;), and [cy, 7z] € Py implies
z € (a;). We can also arrange that y = 1 by replacing P by b; Pb;"' if nec-
essary. Then Fr(P) always contains [c, b;by] = aja,. Since (bza;)? = zy and
[Ta;, bibs] = 29, [g, P] < (z1,a1a5) < Fr(P) if either z = a; or z = a;. If
xr=2z=1, then P = H;.

e (a;byby € P) P = (T},a;b1by, byz, cy, 72) for some z € (a;) and y, z € (a;, by).
We take g = a;. Then (cy)? € P, implies y € (a;), and [cy,T2] € Py im-
plies z € (a;). In all cases, Z(P/(z1,22)) < T1/(z1,22). Hence Z(P) <
CT1<alb1b27b3I) = <Z1,Z2>, and ZQ(P) S Tl. Thus [g, P] S (zl,a1a2> S
ZQ(T*) S ZQ(P) and [g, ZQ(P)] =1.

Thus in all cases except when P is conjugate to Hy, P fails to be critical by (5).
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This finishes Step 3: the only critical subgroups of 7™ which are not normal are H;
and H,.

Step 4: It remains to handle the case where P <1 T*; i.e., where P has index 2 in
T*. Thus P contains

T*/ = [T*7 T*] = <a17a27 ag, b1b2>

(recall [c,b;] = a; by (1)). Also, Fr(P) > L3(T*) = [[T*,T*],T*] = (z1,a1a2): z; =
a? € Fr(P), and aja, = [a;, 7| = [a;,7c] = [bibs,c] (mod (z;,z3)) (and one of
the elements ¢, 7, or 7c¢ must be in P). For any g € Np«(P)\P, [g,P] < T* and
lg, T*'] < L3(T™*) < Fr(P). Hence T* is not characteristic in P by (5).

Consider the group S of Lemma 6.4. Set 1 = bs, xo = bsc, xr3 = by, and x4 = 7.
These have the property that z? € L3(T*), the three commutators [x;, z;, 1] form a basis
for T*/L3(T*) = C3, and [z;, z;] = 1 when |i — j| > 2. Hence there is an epimorphism
p: T* —— S, defined by ¢(x;) = g¢;, with Ker(¢) = L3(7T*). By Lemma 6.4, either
Fr(P) =T*, in which case T* is characteristic and P is not critical; or P is one of the
groups

Ui - <T*/,.Tj |j 7é Z> (1 S Z S 4); U13 - <T*,7l’1$3,$27l’4>, U24 - <T*/,CE1,$37$2(E4>.

Of these six cases, Uy = Ry, U3 = Ry, Uy = Ry, and Uy = R3. So it remains to show
that U; and Uiz are not critical.

If P = U13 = <al,ag,ag,blbg,blbg,bgC,T>, then FI'(P) = <z1,a1a2,a1a3,b1b2>.
Set H = (ajay,ajaz) = C%. Thus is the unique abelian subgroup of index two in
Fr(P), since any abelian subgroup not in H is contained in Cry(py(g) = (21,22, 9)
for some g € Fr(P)\H. Hence H is characteristic in P, and so is the subgroup
L3(T*) = (21, a1a9), since it is the subgroup of elements in H which are inverted under
conjugation by bybe. Also, Z(P/Ls(T*)) = T*'/L3(T*) by Lemma 6.4 again, so T is
also characteristic, and P is not critical.

If P=U; = (aj,as,as, by, by, bsc, 7), then Fr(P) = (a;, as, b;by) again contains a
unique abelian subgroup H = (aj, a;) = C? of index two. So H and Q(H) = (z1,2)
are characteristic in P. Also, Cp(H) = (aj,ay,as, bsc) is characteristic, and since
(bzc)? = ajaqgzs, (aj,ay, a3)/(z1,29) is the 2-torsion subgroup of Cp(H)/(z1,22). So
(a1, as,ag) is characteristic, T = (Fr(P),a;, ay, ag) is characteristic, and again P is
not critical. O

7.2 Automorphisms of critical subgroups
We first define automorphisms 55, G5, 63, 55 € Aut(T*) via the following table:

g a; ap as b, b, bs c T
Bi(g) a | ay | ag b, b, bs Z3C
B5(g) a | ap | ag b, by asbs c
B5(9) a ag ag z3b, Z3bo bs c
Gi(9) a; | ay | az | z3b;y | z1by | z3bs c ajarasT

Here, 57 and (35 are automorphisms since they have the form 5(g) = g-¢;(g) for some
i € Hom(T™*, Z(T*)); and (35| r, and [} |g, are automorphisms for similar reasons. One
easily checks that 55 ([c, g]) = [c, 55(g)] for all g € Ry, and hence that 55 € Aut(7™). As
for 85, since (ajasazT)? = 72 = 1, the only tricky point to check is that for i = 1,2,3
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(and taking indices modulo 3, so that 7b;77! =b_;):

[ala?afﬂ-? ﬁZ(bl)} = [a1a2a3T7 Ziflbi] = Cajasa; (Z7i+1b7i)'<zi71bi)71
= (z_i112_b_;)(zi1b;) "' = z_;_1z;1b_;b; ' = Bi(b_;b; ") = B;([T,bi]).

We will show in Lemma 7.4 that Out(7*) = Cj with the elements [3;],...,[8]] as
generators.

Next let v € Aut(R;) be the automorphism of order 3 where y([R, S, T]) = [T, R, 5]
for R, S,T € Q6. Thus y(a;) = a;11 and y(b;) = b, 41, with indices taken modulo 3,
and y(c) = c. For all i = 1,2, 3,4, set

Bi = 0f R, and B =By""

Thus 5} = (4. We will see in the next lemma that as subgroups of Out(Ry), ([5], [3]) =
C3 for i = 1,2,3, ([84]) = {[B4]) = Oy, and each of these is normalized by 7.

For use in the following lemma, we define Q; = (a;,b;) < T* for i = 1,2,3. Thus
Q1 X Qy = Q3 X (g, Ry = ©19293, the Q; commute pairwise with each other, and
the inclusions Q; < Ry define an isomorphism Ry = (Qg)3/Ch. Also, we set

Aut’(Ry) = {a € Aut(Ro) | | z(ry) =1d} and Out’(Ry) = Aut’(Ry)/Inn(Ry).
Lemma 7.4. (a) If P <T* and P = Ry, then P = R,.
(b) Each o € Aut’(Ry) sends each of the subgroups Q;Z(Ry) (i = 1,2,3) to itself.

(c) Out’(Rp) = (X4)%, and Out(Ry) = Out’(Ry) x {[7], cr) = 241 33. The identifica-
tion of ¥4 with the group of automorphisms of Q;Z(Ry) = Qs x Cy which are the
identity on its center is induced by the action of this automorphism group on the
set of the four subgroups of Q;Z(Ry) isomorphic to Qs.

(d) Out(Ry) = ([B1], [Ba], [Bs], [8a], [B1], [B5), [B5]) @ {(1]; e) = CIx 5. The conjugation
action in Out(Ry) of ([v], cr) = 33 on ([3i], [Bl]) = CF is the following: [c., [3i]] =

1 for all i; [[7], (8] = 1; and for i =1,2,3, v8y~! = B and vB/y* = e flc;t =
Bif3: (mod Inn(Ry)).

(e) For k = 2,3, restriction to Ry induces an isomorphism

E4XE4 if k=2

Out(Rk> L OoutO(Ro)(OutRk(RU)> = {24 X 02 if k=3
5 = o.

(f) Out(T™) = ([B7], (B3], [B3], [Bi]) = C3. Every automorphism of Ry which commutes
with ¢ in Out(Ry) extends to an automorphism of T*, and every automorphism in
Aut®(Ry) which commutes with ¢, and c. in Out(Ry) extends to an automorphism

of T™.

Proof. (a) Let P < T* be any subgroup isomorphic to Ry. Set A = (a;, ay,as,c) = C5.
For each H < Ry, either (z;,z,) < H and Ry/H is elementary abelian; or z; ¢ H for
some i, @; N H =1, and so Ry/H contains a subgroup = ()s. Hence for each H < P,
either H > Z(P) and P/H is elementary abelian, or P/H contains a subgroup = @s.
When H = PNA, then P/H = PA/A is contained in 7% /A = Cyx Dg (Lemma 7.1(a)),
which contains no subgroup isomorphic to Qs. We conclude that Z(P) < H < A, and
PA/A is elementary abelian. Also, P # A, since R, contains no subgroup C3. Thus
PA/A = C% k < 3since T*/A = Cy x Dg, [PNA| =25% < 25; and hence k = 3 and
PNAXC?x(C,.



SATURATED FUSION SYSTEMS OVER 2-GROUPS 57

Thus either PA/A = (b1, bs,bs) or PA/A = (b1by, b3, 7). In either case, bsg € P
for some g € A. Hence Z(P) < Ca(bsg) = Ca(bs) = (aj,as), and so Z(P) =
(z1,22) = Z(Ry) since it is 2-torsion. Thus P < Cr-((z1,22)) = R;. Also,

R1/Z(Ry) = (a1, a2,a3,¢,by, by, bs)/Z(Ry) = (Ro/Z(Ry))-(c) = C§xCs,

and c acts on Ry/Z(Ry) centralizing only (a;, as,as). Hence Ry/Z(Ry) is the unique
elementary abelian subgroup of rank six in R;/Z(Ry), so P = Ry, and this proves (a).

(b) Fix a € Aut’(Ry). Since (a(a;))? = a(a?) = z, either a(a;) € Q1Z(Ry), or
afay) = xexg for some x; € Q; (i = 2,3) of order 4. In this last case, [xox3, Q;] =
[z;, Q;] = (z;) for i = 2,3, so [a(ay), Ro] = Z(Ry). This is impossible, since [a;, Ro| =
(z1) has order two, and we conclude that a(a;) € Q1Z(Ryp). Similar arguments show
that a(a;), a(b;) € Q;Z(Ry) for each i = 1,2, 3, and thus a(9Q;) < Q;Z(Ry).

(c) By (b), each a € Aut(Ry) leaves invariant each of the subgroups Q;Z(Ry) for
i =1,2,3. The image of Out’(Ry) under the projection to Aut(Ry/Z(Ry)) is thus the
group of automorphisms of C3 x C% x C3 which send each factor to itself, and hence is
isomorphic to (X3)%. The group of automorphisms of Ry which induce the identity on
Ry/Z(Ry) (and hence also on Z(Ry)) is isomorphic to Hom(Ry/Z(Ry), Z(Ry)) = C32,
and this group contains Inn(Ry) = Ry/Z(Ry) = CS. We thus have an extension

1 S Out’(Ry) ——— X3 x U3 x U3 — 1.
In particular, |Out’(Ry)| = 26-6% = 243,
We now make this more explicit. For each ¢ = 1, 2,3, define
Qi =09, = <aiabi>7 Qis = <aizj7bi>a Qiz = <ai7bizj>, Qis = <aizj7bizj>
for any j # i; these are the four subgroups of Q;Z(R,) isomorphic to Qg. Let
w: Out®(Ry) ——— ¥4 X 5y X 5y

be the isomorphism which sends [a], for a € Aut’(Ry), to the triple of permutations
of the Q;; induced by «. Thus, for example,

w(ﬁ2|Ro> = ([7 [7 (24>) w(ﬁé’Ro)
w(Bslr,) = ((13)(24),(13)(24),1) w(B5] ro)
w(Bilro) = ((13)(24), (13)(24), (13)(24)) w(ce)

((24),1,1)
(1,(13)(24),(13)(24))
((24),(24), (24)) .

If v is such that [a] € Ker(w), then « sends each Q; to itself via the identity modulo

Z(Q;) = (z;). Thus a|g, € Inn(Q;) for each i, and a € Inn(Ry). We conclude that w is
injective, and hence an isomorphism since the source and target both have order 243.

Since (V| z(ry), Crlz(ro)) = Aut(Z(Ry)), Aut(Ry) = Aut’(Ry) x (v, ¢r), and similarly

for Out(Ry). Hence w extends to an isomorphism Out(Ry) — 340 8s; for example,
by regarding Y4 ! X3 as a group of permutations of the twelve subgroups Q.

(d) By Lemma 1.2 (and by (a)), there is an exact sequence

Res Rg

1 —— HY(Ry/Ry; Z(Ry)) —=— Out(Ry)

COut(Ro)(<CC>)/<CC>- (8)

Since [c, Z(Ry)] = 1, H'(Ry/Ro; Z(Ry)) = Hom((c), Z(Ry)) = (Z/2)?. Hence Im(n) =
([B1],[B1]): since [B1] = n(c — z3) (recall B1(c) = z3c and f1|r, = Id), and similarly
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[B1] = n(c — 2z1). From the above table of values of w(—), we see that

Coutd(re) (Ce) = w ™ ({(01,02,03) |03 € ((13),(24))})
= <52|R07 ﬁé|Ro7 ﬁ3|R07 ﬁé|Ro? ﬁ4|Rm CC> = 026
Hence Cout(ry)(Ce)/{(ce) = C3xX3 is generated by the classes of the restrictions of the
G (i =2,3,4), 5 (i = 2,3), 7, and ¢, (recall (v,c.) = ¥3). So by (8), Out(R;) is
generated by these elements together with [5;] and [3]].
In particular, this shows that the subgroup A = (aj, as, a3, ¢) is characteristic in Ry

in fact, it is the ()Illy subgroup of T isomorphic to 03 . So l)y Lemma 1.2 a ain, there
g p P 4 g
is an exact sequence

1 —— HY(R;/A;A) ——— Out(Ry) oA, Nau(a)(Autg, (A))/Autg, (A) |

where Resa is induced by restriction to A. Hence Ker(Resa) = (0a, 05, B4, 85, 35) is
abelian and normal in Out(R;). Since (1, 41) is also normal and abelian, this proves
that the subgroup of Out(R;) generated by all seven automorphisms 3; and [ is abelian
and normal. Also, this subgroup has exponent two: (32)? = ca,, (85)* = Ca,, and the
others have order 2 in Aut(R,).

Thus Out(R;) = CJxX3. The description of the action of (7, ) = 33 on the normal
subgroup (3;, 8|1 < i < 4) = CJ follows from the splitting of this group as a product
of two normal subgroups, together with the fact that the factor (5, 33, G4, 55, F5) is
sent injectively to (34)% via w.

(e) Fixk=2,3. Set x5 = 7 and x3 = cT, so Ry = (Ro, z). Then Ry is characteristic
in Ry, by (a), and Z(Ry) = (z1,29) is free as an module over Outg, (Ry) = (c;,). By
Corollary 1.3, restriction to Ry induces an isomorphism

Respg,,

Out(Rk) T COut(Ro)(<ka>>/<cmk>'

When k = 2 and x; = 7, then ¢, € Out(Ry) is the element which exchanges two of
the factors >4. Hence

Out(Ry) = Cous(re)(¢r)/(¢r) = Comorey(c) = {(e, o, ) | o, B € By} 2Ty x By .

When k = 3 and x; = c7, then the image of ce, € Out(Ry) in X402 X3 is the product
of the triple w(c) = ((24),(24),(24)) with the transposition of the first two factors
4. Thus

OUt(R3) = COut(Ro)(CCT)/<CCT> = C’OutO(RO)(CC‘r)
=~ {(a, (24)(24),8) |a € By, B€((13),(24))} £ By x C5 .

(f) Now, T*/R; = (1) = (5, and ¢, acts on Z(R;) = (z1,22) by exchanging z; and
Zo. So by Corollary 1.3, restriction to R; induces an isomorphism

Out(T™) = Nous(r,)(Outy«(R1))/Outr (R1) = Cou(ry)(cr)/(cr) -

By (d), this centralizer is generated by the 3; and ¢, and so Out(T™*) = C4 is generated
by the 3. This also proves that every automorphism of R; which commutes with c,
in Out(R;) extends to T™.

Finally, if 3 € Aut’(R,) is such that [3] commutes with ¢, and c., then by the
computations of w(—) in the proof of (¢), w([f]) = (01, 02,03) where 07 = 09 and
o; € ((13),(24)). Hence [f] is in the subgroup generated by the classes of Ba|r,, 3| rs,
B4l Ry, and c¢, and so [ extends to an automorphism of T*. O
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For i = 1,2,3, let n; € Aut’(Ry) denote the automorphism of order 3: n;(a;) = by,
ni(b;) = a;b;, and 7; fixes a; and b, for j # i. Also, set 79 = 7|g,: the automorphism
which permutes the subgroups (a;, b;) cyclically. Thus ([m1], [12], [3]) = C3 is a Sylow
3-subgroup of Out’(Ry), and ([m], [n2], [ns], [v0]) = C52Cs is a Sylow 3- subgroup of
Out(R())

Define 7712 ,773 € Aut(Ry) by setting

2 2
1k =mna, 0o =73, and (1) =P (r) = T.

These are well defined automorphisms since 7,7 and n3 both commute with ¢, in
Aut(Ro)

Let n® € Aut(R3) be any automorphism such that 7|z, = mn,'. The existence
of such an automorphism, and its uniqueness modulo Inn(Rj3), follows from Lemma
7.4(e) once we check that cc, commutes with n;m, ' in Out(Ry). Since each of the
automorphisms 7,7, ' and cerm17; 'zl sends each subgroup Q; to itself, it suffices to
show that they induce the same maps on each group Q;/(z;), and this is easily checked.
Alternatively, under the explicit isomorphism w: Out®(Ry) —— (34)? defined in the
proof of Lemma 7.4, they are both sent to ((432),(234),1). In fact, by a direct (and

long) computation, one can show that 73 can be chosen such that n®)(c7) = ca; 'byT,
but that will not be needed here.

Proposition 7.5. Let F be a saturated fusion system over T* for which Ry is F-
essential. Then |Outz(Ry)| = 4-3" for some 1 < n < 4, and we say F has “Type
n”. Also, F is isomorphic to a fusion system F' over T™* for which the automorphism
groups Outz (R;) (i =0,1,2,3) are as described in the following table:

Outz (Ro) Outz (Ry) | Outz(Ry) | Outz(Rs)

Type 1 (ce, [vol, ¢x) (7). cr) (ce) (ce)
Type 2| {([mna1s], ces [0, ¢r) (e | (30 ce) | (eo)
Type 3 | (mn'], nan5 '], ces [l erd | ()en) | (mians2)ce) | (0@, ce)
Type 4 | (], [na]. 3], ce; ol ex) | ()ier) | (5], 087, ce) | (0]

If F has type 1 or 2, then V def (71,29, a1a2a3, b1bobg) is Outz (Ry)-invariant.

Proof. Since Outys(Ry) = (¢r) € Syly(Outg(Ry)) intersects trivially with O(Out(Ry))
by Lemma 7.4(d), Outz(R;) is sent injectively under projection to the quotient group
Out(R;)/O2(Out(Ry)) = X3; and since R; is F-essential, it is sent isomorphically.
Thus
Out(R;) = O2(Out(Ry))-Outz(Ry) = Oo(Out(Ry))-([7], cr)-

So by Proposition 1.8, and since O(Out(R;)) is abelian by Proposition 7.4(d), there
is 1 € Oz(Aut(R;)) which commutes in Out(R;) with ¢, and such that Outg(R;) =
([B176; Y, cr). Any such ) extends to an automorphism (3 of 7% by Lemma 7.4(f).

So upon replacing F by 37'F3, we can assume Outz(R;) = ([7],c,). In particular,
Yo € Aut}'<R0).

Consider the following subgroups of Out(Ry):

Q = O5(Out(Ry)), Hy = (ce; ¢, [0]) H = ([m], [, [ns]. Ho);
= Outg(Ro) > Hy, and H=HQNH,
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By Lemma 7.4(c), Out(Ry)/Q = 33133, and hence (Q, [m], [72], 73], [70]) /@ is its only
Sylow 3-subgroup which contains the class of 7. Since [y] € Outg(Ro) = H*, H* is
generated by Hy together with its Sylow 3-subgroup, and hence is contained in H Q.
Thus H*Q) < H(Q, and so H*() = H(@. We are now in the situation of Proposition 1.8:
there is ¢y € Aut(Rp) such that [po] € Co(Hy) and poH*p,' = H. By Lemma 7.4(f),
o extends to some p € Aut(T™*). So upon replacing F by pF¢~!, we can arrange that

<CCv Cr, [’YOD < OUtF(RO) =H < ]E\[ = <CC7 Cr, [771]7 [772]7 [773]7 [70]>'

The only proper yo-invariant subgroups of {[n], [na], [ms]) =2 C3 are ((mny '], 1251
and ([mmnans]). Hence Outz(Ry) must now be one of the four groups listed in the
above table. Also, for i = 2,3, Outz(R;) is determined by Outz(Ry) as described in
that table: for each § € Autz(Ry) such that [5] is Outg, (Rp)-invariant, 3 extends to
an element §* € Aut(R;) (unique modulo Inn(R;)) by Proposition 7.4(e), and * €
Autz(R;) by the extension axiom. The last statement (about the subgroup V') follows
since V' is normal in 7™, and is left invariant by o and by 71721s. 0

We next look at automorphisms of Q, and of the subgroups R, and H; which contain

Q. SetQ =Q lZ (Q) for short. Let q: Q —— Ty be the quadratic form where for any
r=2Z(Q)€Q, q(z) =0if 22 =1 and q(z) = 1 if 2% = z3. Since Inn(Q) is the group
of all automorphisms of Q which are the identity modulo Z(Q), Out(Q) = GO(Q, q).

We want to choose an explicit isomorphism Out(Q) & GOZ (2) = Y. Let P.(8) be
the group of subsets of even order in 8 = {1,2,...,8}, regarded as an Fy-vector space
with addition given by symmetric difference X +Y = ((X\Y) U (Y~ X)). Let q be
the quadratic form on P.(8)/(8) defined by q(X) = 3|X]|, associated to the bilinear
form b(X,Y) = |X NY|. The induced action of X5 on P.(8)/(8) preserves the form,
and thus defines a homomorphism Y3 —— SO(P.(8)/(8), q) which is injective by the
simplicity of Ag and hence an isomorphism by counting.

Define k: Q —— P.(8)/8 by setting
k(ajag) = {34}, k(as) = {H6}, k(z1) = {1234} = {5678},
k(biby) = {24}, k(bs) = {57} k(1) = {1567} = {2348} .
This is motivated by the homomorphism p: 7% —— €Q7(3) defined at the beginning
of the section: p(Q) is the group of diagonal matrices, and  sends the class of g € Q
to the set of positions where p(g) has (—1) on the diagonal. So assuming p lifts to a
homomorphism 7% —— Spin,(3), k preserves the quadratic forms by standard com-
mutator and squaring relations in the spinor groups (cf. [LO, Lemma A.4]). However,

it is much easier to check this directly, by comparing values of the quadratic forms and
associated bilinear forms on the basis used above to define k.

Thus x induces an isomorphism

Xa: Out(Q) = GO(Q,q) —=— GO(P.(8)/8;q) —— %s.

o

To simplify notation, we also regard yq as a homomorphism on Aut(Q).

The images under xq of automorphisms in Outy-(Q), and also of the restrictions of

ng), 77§2) € Aut(Rs), are given in the following table:

2 2
Ce Cby 120a | 15]a

- 9
xq(a) || (12)(34) | (34)(56) | (13)(24) | (234) | (576) )

« Ca
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For example, c,, sends b;by to z;b;bs, sends 7 to alaz_lf = a;a52,7, and sends all
of the other generators listed above to themselves. Hence xq(ca,) € s sends {24} to
{13}, sends {1567} to x(zjaja,7) = {2567} (note zo = z; (mod Z(Q))), and sends
each of {34}, {56}, {57}, and {1234} to itself. So xq(ca,) = (12)(34).

We now apply this to describe the automorphisms of R4. In order to “see” better
the symmetry of this subgroup, we give it the following, alternative description.

Define

/ 2 4 2 -1 -1,
S’ = <Z,I‘1,I‘2,I‘3,S1,SQ,S3‘Z = 17 r, =2, 8, =127, S;I'iS; =T,

[riarj] = 17 [Siarj] = 17 [Siasj] =z forall: 7é j>
Thus §' is generated by the three subgroups (r;,s;) = Q6 (¢ = 1,2, 3), which intersect
in Z(S') = (z), and whose cyclic subgroups of order 8 commute with each other. This

“twisted” product corresponds to the lifting to Spin;(9) of three copies of GO; (3) = Dy
in SO(3) < 27(9).

Define an embedding ¢: Ry —— S’ by setting

U(ar) =1y’ P(az) =11y Y(az) =13 Y(c) = rors
(biby) = rir3sis; ¥(b3) = s3 (1) = 1381
Thus
¥(Ry) = (r],riro,1ir3,81,82,83)  and  ¥(Q) = (r}, r3, 13,81, 80,83).

Also, Y([YE, Y, Y*]) = rgj_i)/Qrng)/Zr’?f whenever i = j = k (mod 2); and
s1=(ag'T), sy = (z1azbiboT) = (b (az ' T)br ), and sz =1(bs).
To simplify notation, we identify elements of R, with their images under ¢). Thus

k(ry) = {12}, r(ry) = {34}, k(rs) = {56},
k(s1) = {17}, k(s2) = {37}, k(s3) = {57}

Define €1, e9,€3,01,05,& € Aut(R4) to be the restrictions of the automorphisms of S’

defined in the following table, where, 0,7 € 33 are the permutations ¢ = (123) and
7= (12); and 6;; =1 if i = j and 0 if ¢ # j:

(6% 5] (] — ]., 27 3) 01 92 5 Cb1a1a2

a(r;) z%r; r; r; T'o(i) I'r(i) (10)
als;) S; F?Sz’ r%r%rgsi So (i) S7(i)

xq(@lq) Id (12)(34)(56) | (78) |(135)(246) | (13)(24)

Lemma 7.6. Out(Ry) = ({[e1], [e2]) X ([€], cb,)) X ([01], [fa]) = Tax CF, where e16965 =
Idg,. If F is a saturated fusion system over T* and Ry is F-essential, then Outr(Ry)
is one of the groups ([€],cu,) or ([e3éez], cp, ), both isomorphic to X3. In either case,
the image under xq of the restriction to Q of Autz(Ry4) is generated by xq(Outr«(Q))
and (135)(246).

Proof. By Lemma 7.1(b), each automorphism of R, leaves Q invariant. Hence by
Lemma 1.2, there is an exact sequence

Resq

1 —— H'(R4/Q; Z(Q)) —— Out(Rs) — Nouyq)(Outr,(Q))/Outg,(Q).
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Also, since R;/Q = (riry, ror3) = C3 and Z(Q) = (z) = Oy,

and 7 sends a homomorphism ¢ to the class of the automorphism (g — g-¢(9Q)).
Thus Ker(Resq) = ([e1], [e2])-

By (9), xq(Outg,(Q)) = ((12)(34),(34)(56)). The normalizer of this subgroup
is the group of all permutations which leave {7,8} invariant, and permute the three

subsets {1,2}, {3,4}, {5,6}. Hence

Nc)ut(Q)(OutR4(Q))/OutR4(Q) = 23 X 022,

where the direct factor C3 is represented by the permutations (12)(34)(56) = xq(61)
and (78) = xq(62) (see (10)). Also, (135)(246) = xq(§) and (13)(24) = xq(cb,)
represent generators of the first factor. This proves that Resq in the above exact
sequence is onto, and also shows that Out(R,) is generated by the classes of €1, €, 61,
0o, &, and cp, .

The exact structure of this extension follows from (10) (and the relation €695 =
Id). Also, (#y,6,) is the subgroup of elements which restrict to the identity on A =
(aj,a,a3,¢) = (r7, riry,rirz), and hence is normal in Out(R4). Thus the subgroup
([e1], [2], [6h], [02]) in Out(Ry) is elementary abelian, and ([¢], cp,) = X3 permutes the
three involutions ¢; and acts trivially on ([6,], [f2]).

If Ry is F-essential for some saturated fusion system F over T, then Outxz(Ry) =
(a, cp,) = X3 for some a € ([e1], [e2], [€], e, ) = X4 of order three which is normalized
by ¢p,. Any transposition in 3, normalizes exactly two subgroups of order 3, and in
this case, these are easily seen to be the subgroups ([¢]) and ([e3ée5]). O

It remains to examine the outer automorphism groups of the H;.

Lemma 7.7. (a) Fori =1, 2, or 3, let a,a’ € Aut(H;) be two automorphisms of
order three such that xq(@|q) = xq(|q) in Out(Q). Then [a] = [¢/] in Out(H;).

(b) If F is a saturated fusion system over T* and Hy, and Hy are F-essential, then
Outz(H;) = (Jau], cc) = X3 (i = 1,2) for some o; € Aut(H;) of order 3 such that
xqlailg) = (122) and xq(az|lq) = (34x) for the same v =T or 8.

Proof. Set x1 = ¢, x9 = ajc, and x3 = a;; thus H; = (Q,x;) for i« = 1,2,3. For
each such i, Q is characteristic in H; by Lemma 7.1(b), so there is a well defined
homomorphism

Res;: Out(H;) —— Cour(q)(€x,)/{(Cz:)

induced by restriction, and Ker(Res;) & H'(H;/Q; Z(Q)) = H'(Cy;Z/2) has order 2
(Lemma 1.2). In particular, for any [a] € Out(Q) of order three which centralizes ¢,
its class in the quotient lifts to at most one element of order three in Out(H;), and this
proves (a).

By (9), xq(cz;) = (34)(56) (i = 1), (12)(56) (i = 2), or (12)(34) (« = 3). Thus
Cout(q)(€a;)/{Cz;) = C3 x Ly in all three cases, and |Out(H;)| = 2¥ or 3-2* for some k.
By the Sylow axiom, for each i, |Outz(H;)| = 2 or 6. So if H; and H, are F-essential,
then for i = 1,2, Outz(H;) = (Jau], czy) = X3 for some «o; € Aut(H;) of order 3 such
that [[o]ql, ¢z;] = 1 in Out(Q). Thus xq(a1|q) commutes with xq(cs,) = (34)(56) in
¥s, and is also normalized by xq(cz,) = (12)(34). This is possible only if xq(a|q) =
(12z) for x = 7 or 8. Since Hy = by H by, and xq(cp,) = (13)(24) by (9) again, we
can choose aa = cp,a1¢p,, in which case xq(as|q) = (342). This proves (b). O
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In fact, the homomorphisms Res; in the above proof are surjective, and hence
|Out(H;)| = 3-2°. This can be shown for ¢ = 3 by checking that Couq)(ca,)/(Cay)
is generated by restrictions of automorphisms of Ry (those which leave Hj invariant).
It then follows for i = 1,2 since £ € Aut(R4) permutes transitively the H;. However,
this will not be needed here.

7.3 Fusion systems over T*

We are now ready to list the saturated fusion systems over 7.

Theorem 7.8. Every nonconstrained centerfree fusion system over T is isomorphic
to the fusion system of Sol(3), Cos, or Aut(PSps(3)).

Proof. Let F be a nonconstrained fusion system over 7™ such that zs is not central
in 7. By Lemma 7.4(f), Out(7™) is a 2-group, and hence Outx(7T*) = 1. So by
Proposition 7.3, all fusion in F is generated by fusion in Ry, Rs, R3, R4, Hi, and Hs.
Since each of these except R; has center (z3), Ry must be F-essential, since otherwise
z3 would be central in F.

By Proposition 7.5, there is a fusion system F’ over T* isomorphic to F, such
that that the groups Outz(R;) for i = 0,1,2,3 are as in one of the four cases listed
there. Assume for simplicity ' = F. Then Outz(R;) = ([7],¢r), Outg(R2) <
([ng)], [ §2)], ce), and Outz(Ry) determines Outz(Ry) and Outz(R3).

If all F-essential subgroups contain Ry, then Ry must be normal in F (Lemma
7.4(a)), which would contradict the assumption that F is nonconstrained. Hence either
Ry, or Hy and H,, are also F-essential. (Recall that H; and Hy are conjugate in T*.)
If R, is essential, then Hy, H,, and Hj are all F-conjugate by Lemma 7.6, since £ and
€3£€§1 both permute them transitively. Since H3 <1 T, this implies neither H; nor H,
is fully normalized in F, and hence neither is F-essential.

The cases where Ry is F-essential will be handled in Step 1, and the cases where H;
and H, are F-essential in Step 2. Afterwards, the distinct (possible) fusion systems
found in those two steps will be identified in Step 3.

Step 1: Assume R, is F-essential. The automorphisms &, e3 € Aut(R,) both leave
invariant the subgroup

2.2 2.3 4
V= <Z1,Z2, ajasas, b1b2b3> = <Z,I'II'2,I'II'3, 815283> = 02,

and hence Outz(Ry) leaves leaves V' invariant by Lemma 7.6. Since we are assuming
F is not constrained, V' is not normal in F, and this implies Outz(Ry) does not leave
V invariant. So F must be of Type 3 or 4 by Proposition 7.5.

By Lemma 7.6 again, Outz(R;) is one of the two groups ([¢], cp, ) or ([e3ée5 ], cp, ). So
we are reduced to at most four different possibilities for . We claim that Outz(R,) =
([es€e3], cp, ) is the only possibility, given our choice of Autz(R;). This is closely re-
lated to [LO2, Lemma 1.2] (and to the error in [LO] which made a correction necessary),
but we give a more direct argument here. Consider the subgroup A = (a;, as, a3, c) =
C3 of Lemma 7.1(a). For each o € Aut(A), let M(a) € GL3(Z/4) be the matrix for
a with respect to the ordered basis {a;,as,c}. Note that Autz(A) is generated by
restrictions of automorphisms in Autz(R4) and in Autz(R;) = (Inn(R;),7,cr). Then

10 -1 12 -1 0-10 —1 -1
Mo = (5157 Mt = (17) - M0 = (3511) - men = (177

11
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(where we drop “|o” to simplify the notation); and M ((£v)?) = <%1 g _81> = Id (mod

2). Since this has order two, (£7) must be conjugate in Aut(A) to some element of the
Sylow 2-subgroup Autr«(A) = (¢p,, Cby, Cby, C+). But this is impossible, since the only
element of Auty«(A) which is the identity modulo 2 i ¢p,bybs, and M (Cpybyby) = —1d.
So & and v cannot both be in Autz(A), and thus Outz(Ry) = ([esée3'], cp, ). (In fact,
(5o 1a)? = 1)

Thus F must be isomorphic to one of two fusion systems, which we denote F; (of
Type 3) and F; (of Type 4). The restriction of Autz(R,) to Q is generated by £|q
(since e3|/q = Id) and Auty«(Q). Hence if we let Xy < Outz(Q) be the subgroup
generated by Outz«(Q) and classes of restrictions of F-automorphisms of Ry, then by
(9) and (10),

X(Xo) = ((12)(34),(34)(56)) » ((135)(246), (13)(24)).

xQ(cay) xq(ce) xq(¢lq) xq(cby)

Since xq(Out£(Q)) is generated by xq(Xo) and restrictions of elements in Outz(Ry),
Proposition 7.5 and (9) imply

(xq(X0),(234)(576)) if F=F

xa(Outz(Q)) = {<XQ(X0), (234),(576)) it F = F,

Since xq(Xo) contains all even permutations which fix 7 and 8 and permute the three
subsets {1, 2}, {3,4}, {5,6}, (xq(Xo), (234)) contains all even permutations which fix
7 and 8, and so xq(Outz,(Q)) = A7 is the group of all even permutations which fix 8.

An isomorphism yq(Outg (Q)) = GL3(2) is defined via the bijection 8 = F}
which sends n € 8 to the three digits in the binary expansion of 8 — n. Thus 1 is sent
to (1,1,1), 2 to (1,1,0), 8 to (0,0,0), etc.

Step 2: Now assume H; and H, are F-essential (and R, is not). By Lemma 7.7(b),
Outr(H;) = Y3 for i = 1,2, and there are elements «; € Autz(H;) of order three
such that yq(ai|lg) = (12x) and xq(az2|q) = (34 x) for some fixed = € {7,8}. Thus
xq(Outx(Q)) contains ((12z), (34 x)), which is the group of all even permutations of
the set {1,2,3,4, z}.

Now, since XQ(ng)|Q) = (234) (where ng) € Aut(Ry)), this implies ng)\q €
Aut£(Q), and hence (by the extension axiom) that ng) (or some other automorphism

with the same restriction) is in Autz(Ry). So F has Type 4 by Proposition 7.5, and

xq(Out£(Q)) also contains XQ(U§2)|Q) =(576).

If x =7, then xq(Outz(Q)) contains all even permutations which fix the element
8. In particular, it contains xq({|q), where £ € Aut(R,) has order three (see Step 1).
By the extension axiom, {|q € Autz(Q) extends to an automorphism in Autz(R,) of
order 3, so R4 is F-essential, contradicting our original assumption.

Thus x = 8, and
Xa(Outz(Q)) = ((12)(34), (13)(24), (34)(56), (128),(348), (234), (576))

xq(ca;)  xqlcby) xaqlce)  xale1) xal@2) yqm'?) xqn{?)

is the group of all even permutations which leave the sets {1,2,3,4,8} and {5,6,7}
invariant. By Lemma 7.7(a), [o;] € Out(H;) is determined by xq(wilq) € Out(Q) for
t = 1,2. Hence there is only one fusion system satisfying these conditions, and we
denote it by F;.
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Step 3: By the construction in [LOJ], T* is a Sylow 2-subgroup of Spin,(3), and
also of the exotic fusion system Sol(3) constructed there. The sporadic simple group
Cos contains 2-Spg(2) with odd index (cf. [Fi, Theorem 2]). The orthogonal group
Q,(3) contains Spg(2) with odd index (as a subgroup of index two in the Weyl group
of E;), and hence Spin,(3) contains 2-Spg(2) with odd index. Thus C'os also has Sylow
2-subgroups isomorphic to T™.

Since Spg(9) contains the wreath product Sps(9) ! X3 with odd index, and since
Sp2(9) = SLy(9) has Sylow 2-subgroups isomorphic to @1, the group S defined at
the beginning of the section is isomorphic to a Sylow 2-subgroup of PSpg(9), and its
subgroup Ry = (R, T) is isomorphic to a Sylow 2-subgroup of PSpg(3). The group
Aut(PSps(3)) is the extension of PSps(3) by its diagonal automorphisms, hence the
normalizer of PSpg(3) in PSpg(9), and contains PSpg(3) with index two. Its Sylow 2-
subgroup is thus isomorphic to a subgroup of index four in S of the form (P, ) for some
Ry < P <'Sy which is invariant under the action of 3 permuting the central factors;
and this can only be P = (Ry,c) = R;. The Sylow 2-subgroups of Aut(PSpg(3)) are
thus isomorphic to (R, 7) =T* <S.

We showed in Steps 1 and 2 that every nonconstrained centerfree saturated fusion
system over T™ is isomorphic to one of the fusion systems Fi;, Fs, or F3. Hence the
fusion systems of C'oz, Sol(3), and Aut(PSpe(3)) must be among these, and it remains
to identify them.

As shown in Steps 1 and 2, the F; are distinguished by Outz,(Q):
Out]_‘l (Q) = GL3(2), Out]_‘2<Q) = A7, and Outj:g(Q) = (A5 X 03) X 02.

By Lemma 7.1(b), Q is the only subgroup of T* of order 27 with quotient group CS.
Hence to determine Out(Q) for any finite group G with Sylow 2-subgroups isomorphic
to T*, it suffices to find any subgroup C% in Cg(2)/(z) for some involution z in G, and
determine its automorphism group.

The centralizer in C'oz of a Sylow central involution is isomorphic to 2-Spg(2) (cf.
[Fi, Lemma 4.4]), and Sps(2) contains a maximal subgroup C$xGL3(2) (the stabilizer
subgroup of an isotropic plane). Hence Fg(Cos) = F for S € Syl,(Cos).

The centralizer in Sol(3) of any involution is the fusion system of Spin,(3) [LO,
Theorem 2.1], and 7(3) contains a maximal subgroup C$xA; (the elements which
leave an orthonormal basis invariant up to sign and permutation). Hence Fr«(Sol(3)) =
Fo.

Finally, the group Aut(PSps(3)) has involution centralizer (SLs(3) X ¢, Spa(3))xCy
(the elements which leave invariant an orthogonal decomposition F2 x F3 of the vector
space). Since PSLy(3) x PSp,(3) contains a subgroup (C2xC3) x (Cyx As), this shows

that Fg(Aut(PSps(3))) ~ Fz for S € Syly(Aut(PSps(3))). O
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