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THE INCOMPRESSIBLE NAVIER-STOKES LIMIT
OF THE BOLTZMANN EQUATION FOR HARD CUTOFF
POTENTIALS

FRANCOIS GOLSE AND LAURE SAINT-RAYMOND

ABSTRACT. The present paper proves that all limit points of sequences
of renormalized solutions of the Boltzmann equation in the limit of small,
asymptotically equivalent Mach and Knudsen numbers are governed by
Leray solutions of the Navier-Stokes equations. This convergence result
holds for hard cutoff potentials in the sense of H. Grad, and therefore
completes earlier results by the same authors [Invent. Math. 155, 81-161
(2004)] for Maxwell molecules.

1. INTRODUCTION

The subject matter of this article is the derivation of the Navier-Stokes
equations for incompressible fluids from the Boltzmann equation, which is
the governing equation in the kinetic theory of rarefied, monatomic gases.

In the kinetic theory of gases founded by Maxwell and Boltzmann, the
state of a monatomic gas is described by the molecular number density in
the single-body phase space, f = f(t,z,v) > 0 that is the density with
respect to the Lebesgue measure dxdv of molecules with velocity v € R3
and position z € R? at time ¢ > 0. Henceforth, we restrict our attention to
the case where the gas fills the Euclidian space R3. For a perfect gas, the
number density f satisfies the Boltzmann equation

(11) 8tf+vv$f:6(f7f)7 .%',UER?),

where B(f, f) is the Boltzmann collision integral.

The Boltzmann collision integral acts only on the v variable in the number
density f. In other words, B is a bilinear operator defined on functions of
the single variable v, and it is understood that the notation

(1.2) B(f, f)(t,z,v) designates B(f(t,x,-), f(t,z,-))(v),

For each continuous f = f(v) rapidly decaying at infinity, the collision
integral is given by

(13) BN = [[ (70D = F0) )bl = vr,w)duds
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where

/
v

(1.4) V(v v,w) =v— (v—11) - ww,
' v = vj(v,v,w) =v1 + (v —v1) - ww.
The collision integral is then extended by continuity to wider classes of
densities f, depending on the specifics of the function b.

The function b = b(v — v1,w), called the collision kernel, is measurable,
a.e. positive, and satisfies the symmetry

(1.5) b(v —v1,w) =b(vy —v,w) = b(v —v],w) ae. in (v,v,w).
Throughout the present paper, we assume that b satisfies
0 < b(z,w) < Cy(1 + |2])P| cos(z, )] a.e. on R? x 82,

(1.6) / b(z,w)dw > 1l a.e. on R3.
S2 Cb 1+ |Z |

for some Cj, > 0 and 8 € [0,1]. The bounds ([[.§) are verified by all collision
kernels coming from a repulsive, binary intermolecular potential of the form
U(r) = Uy/r® with Grad’s angular cutoff (see [[15]) and s > 4. Such power-
law potentials are said to be “hard” if s > 4 and “soft” otherwise: in
other words, we shall be dealing with hard cutoff potentials. The case of a
hard-sphere interaction (binary elastic collisions between spherical particles)
corresponds with

(1.7) b(z,w) =z w|;

it is a limiting case of hard potentials that obviously satisfies ([L.6]), even
without Grad’s cutoff. At the time of this writing, the Boltzmann equation
has been derived from molecular dynamics — i.e. Newton’s equations of
classical mechanics applied to a large number of spherical particles — in
the case of hard sphere collisions, by O.E. Lanford [[[f], see also [{] for the
case of compactly supported potentials. Thus the collision kernel b given by
(L.7) plays an important role in the mathematical theory of the Boltzmann
equation.

The only nonnegative, measurable number densities f such that B(f, f) =
0 are Maxwellian densities, i.e. densities of the form
(1.9 F0) = e = Mrue(v)

: = (2ro)pn =: Mpue
for some R >0, © > 0 and U € R?. Maxwellian densities whose parameters
R, U, © are constants are called “uniform Maxwellians”, whereas Maxwellian
densities whose parameters R, U, © are functions of ¢ and x are referred to as
“local Maxwellians”. Uniform Maxwellians are solutions of ([.1); however,
local Maxwellians are not solutions of ([L.1) in general.

The incompressible Navier-Stokes limit of the Boltzmann equation can be
stated as follows.
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NAVIER-STOKES LIMIT OF THE BOLTZMANN EQUATION
Let u™ = u(z) € R3 be a divergence-free vector field on R3. For each
€ > 0, consider the initial number density

(19) feln(xa U) = Ml,eum(sx),l(v) .

Notice that the number density £ is a slowly varying perturbation of order
€ of the uniform Maxwellian M 1. Let fe solve the Boltzmann equation
(L) with initial data (I.9), and define

1 t x
1.1 St ) = = (LT ) dv.
(1.10) ue(t, ) E/Rgvf <e2 - v) v

Then, in the limit as ¢ — 0% (and possibly after extracting a converging
subsequence), the velocity field u, satisfies

ue — u in D'(Ry x R?)
where u is a solution of the incompressible Navier-Stokes equations
Ou+ divy(u@u) + Vep=vAu, z€R3, >0,

1.11
( ) divyu=0,

with initial data
(1.12) ul,_,=u".

The viscosity v is defined in terms of the collision kernel b, by some implicit
formula, that will be given below.

(More general initial data than ([.9) can actually be handled with our
method: see below for a precise statement of the Navier-Stokes limit theo-
rem.)

Hydrodynamic limits of the Boltzmann equation leading to incompress-
ible fluid equations have been extensively studied by many authors. See
in particular [f] for formal computations, and [f], fj] for a general program
of deriving global solutions of incompressible fluid models from global so-
lutions of the Boltzmann equation. The derivation of global weak (Leray)
solutions of the Navier-Stokes equations from global weak (renormalized a
la DiPerna-Lions) solutions of the Boltzmann equation is presented in [f],
under additional assumptions on the Boltzmann solutions which remained
unverified. In a series of later publications [, P2, H, [[d] some of these
assumptions have been removed, except one that involved controlling the
possible build-up of particles with large kinetic energy. This last assumption
was removed by the second author in the case of the model BGK equation
[B3, B4], by a kind of dispersion argument based on the fact that relaxation
to local equilibrium improves the regularity in v of number density fluctua-
tions. Finally, a complete proof of the Navier-Stokes limit of the Boltzmann
equation was proposed in [[J]. In this paper, the regularization in v was
obtained by a rather different argument — specifically, by the smoothing
properties of the gain part of Boltzmann’s collision integral — since not
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much is known about relaxation to local equilibrium for weak solutions of
the Boltzmann equation.

While the results above holds for global solutions of the Boltzmann equa-
tion without restriction on the size (or symmetries) of its initial data, earlier
results had been obtained in the regime of smooth solutions [, fj]. Since
the regularity of Leray solutions of the Navier-Stokes equations in 3 space
dimensions is not known at the time of this writing, such results are limited
to either local (in time) solutions, or to solutions with initial data that are
small in some appropriate norm.

The present paper extends the result of [[J] to the case of hard cutoff
potentials in the sense of Grad — i.e. assuming that the collision kernel
satisfies ([.). Indeed, [L] only treated the case of Maxwell molecules, for

which the collision kernel is of the form

1
b(z,w) = | cos(z,w)|b* (| cos(z,w)|) with ol <b, <Ci.

*

The method used in the present paper also significantly simplifies the original
proof in [[L3] in the case of Maxwell molecules.

Independently, C.D. Levermore and N. Masmoudi have extended the anal-
ysis of [[[] to a wider class of collision kernels that includes soft potentials
with a weak angular cutoff in the sense of DiPerna-Lions: see [[7]. Their
proof is written in the case where the spatial domain is the 3-torus R3/Z3.

In the present paper, we handle the case of the Euclidian space R3, which
involves additional technical difficulties concerning truncations at infinity
and the Leray projection on divergence-free vector fields — see Appendix C
below.

2. FORMULATION OF THE PROBLEM AND MAIN RESULTS

2.1. Global solutions of the Boltzmann equation. The only global ex-
istence theory for the Boltzmann equation without extra smallness assump-
tion on the size of the initial data known to this date is the R. DiPerna-P.-L.
Lions theory of renormalized solutions [§, [[§]. We shall present their the-
ory in the setting best adapted to the hydrodynamic limit considered in the
present paper.

All incompressible hydrodynamic limits of the Boltzmann equation in-
volve some background, uniform Maxwellian equilibrium state — whose role
from a physical viewpoint is to set the scale of the speed of sound. With-
out loss of generality, we assume this uniform equilibrium state to be the
centered, reduced Gaussian density

1

—|v]?/2
G [ol?/2

(2.1) M(U) = M170,1(U) =
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Our statement of the Navier-Stokes limit of the Boltzmann equation given
above suggests that one has to handle the scaled number density

t x
(22) FE(taxav):fE <€_2727U>
where f. is a solution of the Boltzmann equation ([L.1). This scaled number
density is a solution of the scaled Boltzmann equation
(2.3) 0 F. +ev-V,F. =B(F,F.), z,0eR3 t>0.

Throughout the present section, € is any fixed, positive number.

Definition 2.1. A renormalized solution of the scaled Boltzmann equation
([.3) relatively to the global equilibrium M is a function

FeCR" L, (R* x R?))
such that .
r’ (M) B(F,F) € L}, (Ry x R?* x R?)

and which satisfies
(2.4) M (€0, +ev-V,)T Fy_p (L B(F,F)

. t T M M )
for each normalizing nonlinearity

I' € CYR™T) such that |T’(z)| < \/10?, z>0.

The DiPerna-Lions theory is based on the only a priori estimates that
have natural physical interpretation. In particular, the distance between any
number density F' = F(z,v) and the uniform equilibrium M is measured in
terms of the relative entropy

(2.5) H(F|M) := //RSXRa (F In (%) —~F+ M> dadv .

Introducing
(2.6) hz)=14+z)ln(1+2)—2>0, z>-1,

we see that

F
H(F;M)://RB R3h<M—1> Mdvdz > 0
X

with equality if and only if F' = M a.e. in x,v.

While the relative entropy measures the distance of a number density F
to the particular equilibrium M, the local entropy production rate measures
the distance of F to the set of all Maxwellian densities. Its expression is as
follows:

F'F|
(2.7) E(F) = %/// (F'F{—FF))In < 1> b(v—v1,w)dvdvydw .
R3xR3xS2 FF1

The DiPerna-Lions existence theorem is the following statement [§, [Lg].
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Theorem 2.2. Assume that the collision kernel b satisfies Grad’s cutoff
assumption ([.4) for some B € [0,1]. Let F'™ = F™(x,v) be any measurable,
a.e. nonnegative function on R3 x R? such that

(2.8) H(F™M) < +oc.
Then, for each € > 0, there exists a renormalized solution
F.e C(RY, L. (R x R?))
relatively to M of the scaled Boltzmann equation (B.3) such that

F|,_,=F™.
Moreover, F, satisfies
(a) the continuity equation
(2.9) e@t/ Fdv —|—div$/ vE.dv =0,
R3 R3

and
(b) the entropy inequality

(2.10)  H(F.|M)(t) + % /t E(F)(s,x)dsdx < H(F™M), t>0.
€ 0 R3

Besides the continuity equation (R.9), classical solutions of the scaled
Boltzmann equation (R.3) with fast enough decay as |v| — oo would satisfy
the local conservation of momentum

(2.11) e@t/ vF.dv + divx/ vQ@uF.dv =0,
R3 R3
as well as the local conservation of energy
(2.12) e@t/ L|*Fedv + divw/ v3|v|*Fedv = 0.
R3 R3

Renormalized solutions of the Boltzmann equation (R.3) are not known to
satisfy any of these conservation laws except that of mass — i.e. the continu-
ity equation (R.9). Since these local conservation laws are the fundamental
objects in every fluid theory, we expect to recover them somehow in the
hydrodynamic limit € — 0.

2.2. The convergence theorem. It will be more convenient to replace the
number density F; by its ratio to the uniform Maxwellian equlibrium M;
also we shall be dealing mostly with perturbations of order € of the uniform
Maxwellian state M. Thus we define

F Ge—1
(2.13) Ge=177 9e=———-
Likewise, the Lebesgue measure dv will be replaced with the unit measure

Mdv, and we shall systematically use the notation

(2.14) (p) = /R3 (v)M(v)dv , for each ¢ € LY (Mdv).
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For the same reason, quantities like the local entropy production rate involve
the measure
(2.15)

dp(v,v1,w) = bv — vy, w)Midv; Mdvdw , /// dp(v,v,w) =1,
R3xR3xS2

whose normalization can be assumed without loss of generality, by some
appropriate choice of physical units for the collision kernel b. We shall also
use the notation

(2.16)

(v) = ///RRS (v, v1,w)dpa(v, v1,w) for § € L'(R® x R? x 82, dp)

From now on, we consider solutions of the scaled Boltzmann equation
(B-3) that are perturbations of order e about the uniform Maxwellian M.
This is conveniently expressed in terms of the relative entropy.

Proposition 2.3 (Uniform a priori estimates). Let " = F/™(x,v) be a
family of measurable, a.e. nonnegative functions such that
1 A .
(2.17) sup s H(F{"|M) = C" < +o0.
e>0 €

Consider a family (F.) of renormalized solutions of the scaled Boltzmann
equation (B.3) with initial data

(2.18) Fel,_,=F".
Then
(a) the family of relative number density fluctuations g. satisfies
1 A
(2.19) 1 / (h(ege(t,, )))dz < C™
€ R3

where h is the function defined in ([2.4);
(b) the family 1(v/G¢ — 1) is bounded in L°°(R; L*(Mdvdz)):

(2.20) /RS < (@)2 >dm <cm,

(c) hence the family g. is relatively compact in L} (dtdx; L*(Mdv));

loc

(d) the family of relative number densities G, satisfies the entropy pro-
duction — or dissipation estimate

(2:21) /OOO /RB << <‘/G2G216_2 \/GeGd)Q >>dxdt <o,

Proof. The entropy inequality implies that

H(F|M)(t) = /RS<h(G€ —1))(t,2)dz < H(F™|M) < 02,

which is the estimate (a).
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The estimate (b) follows from (a) and the elementary identity
Bz —1) = (Va— 1 = 2Inz — (V2 - D(vZ +1) - (V7 = 1)’
=22Invz—-2(Vz— 1)z
=2vz (VzInyz—Vz+1) >0

From the identity

(2.22) ge =2

@—1+6<¢G_6—1>2

€ €

and the bound (b), we deduce the weak compactness statement (c).
Finally, the entropy inequality implies that

/ E(F.)(s,z)dzds < C™et.
0 R3

Observing that
F'F’
E(F.) = %/// (F/F, — F.F4)ln < - d) b(v — v, w)dvdvy dw
R3xR3xS2 F.Fg

=1 (GG - GGa)n %
4 e e GeGel

and using the elementary inequality

X
X =Yg > VX -VY)?, XY >0

leads to the dissipation estimate (d). (]

Our main result in the present paper is a description of all limit points of
the family of number density fluctuations ge.

Theorem 2.4. Let F" be a family of measurable, a.e. nonnegative func-
tions defined on R3 x R? satisfying the scaling condition ([2.17). Let F, be
a family of renormalized solutions relative to M of the scaled Boltzmann
equation ([2.3) with initial data ([2.13), for a hard cutoff collision kernel b
that satisfies ([I.4) with 3 € [0,1]. Define the relative number density G,
and the number density fluctuation g. by the formulas ([2.13).

Then, any limit point g in L}, (dtdx; L' (Mdv)) of the family of number
density fluctuations ge is an infinitesimal Mazwellian of the form

g(t,z,v) =u(t,z) v+ 9(t,x)%(|v|2 -5),
where the vector field u and the function 0 are solutions of the Navier-Stokes-
Fourier system
Ou+divy(u®@u) + Vep =vAzu, divyu=0

2.2
(2.23) 0l + div,(ub) = kA0



NAVIER-STOKES LIMIT OF THE BOLTZMANN EQUATION 9

. 1 .
U =w — liH(l]P (— /vFﬁ"dv)
€— €

. 1 .
0" = w — lim — (%|v|2 —1)(F™ - M)dv,

e—0 €

with initial data

(2.24)

where P is the Leray orthogonal projection in L*(R3) on the space of diver-
gence-free vector fields and the weak limits above are taken along converging

subsequences. Finally, the weak solution (u,0) of ([2.23) so obtained satisfies
the energy inequality

t
/(%]u(t,x)]Q—l—%]0(t,x)]2)dm+// (WIVoul? + x|V 0] dz
R3 0 R3

1 .
< lim S H(F"|M)

e—0t €

(2.25)

The viscosity v and thermal conductivity k are defined implicitly in terms of

the collision kernel b by the formulas (.27) below.

There are several ways of stating the formulas giving v and k. Perhaps
the quickest route to arrive at these formulas is as follows.

Consider the Dirichlet form associated to the Boltzmann collision integral
linearized at the uniform equilibrium M:

(2.26) D (@) := (|9 + @} — & — &4*).
The notation | - |> designates the Euclidian norm on R3 when ® is vector-
valued, or the Frobenius norm on M3(R) (defined by |A| = trace(A*A)/?)
when & is matrix-valued. Let D* be the Legendre dual of D, defined by the
formula
DY (V) == Sup (¥ - @) —D(D))

where the notation ®(v)- ¥ (v) designates the Euclidian inner product in R3
whenever ®, ¥ are vector valued, or the Frobenius inner product in M3(R)
whenever ®, U are matrix-valued (the Frobenius inner product being defined
by A- B = trace(A*B).)

With these notations, one has
(2.27) vi=1iD*(v@v—LiwfI), k:=E£D*(Fo(jv’ —5)).

The weak solutions of the Navier-Stokes-Fourier system obtained in The-
orem P.4 satisfy the energy inequality (R-2§) and thus are strikingly similar
to Leray solutions of the Navier-Stokes equations in 3 space dimensions —
of which they are a generalization. The reader is invited to check that,
whenever the initial data F'™ is chosen so that

1 < 4
— H(F" M) — %/RS |u™(x)|*dx as € — 07,

€
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then the vector field u obtained in Theorem P.4 is indeed a Leray solution
of the Navier-Stokes equations. More information on this kind of issues
can be found in [[LJ]. See in particular the statements of Corollary 1.8 and
Theorem 1.9 in [[[3], which hold verbatim in the case of hard cutoff potentials
considered in the present paper, and which are deduced from Theorem P.4
as explained in [[[J].

2.3. Mathematical tools and notations for the hydrodynamic limit.
An important feature of the Boltzmann collision integral is the following
symmetry relations (the collision symmetries). These collision symmetries
are straightforward, but fundamental consequences of the identities ([L.5)
verified by the collision kernel, and can be formulated in the following man-
ner. Let ® = ®(v,v;) be such that ® € L*(R? x R3 x S2,du). Then

(2.28)

/] B0, o)dutv,on0) = [[[ & (vr, v)dp(v, v1,0)
R3 xR3x82 R3xR3xS2

= /// @(vl(v,vl,w),vll(v,vl,w))d,u(v,vl,w)
R3xR3xS2

where v' and v} are defined in terms of v, v1,w by the formulas ([.4).

Since the Navier-Stokes limit of the Boltzmann equation is a statement
on number density fluctuations about the uniform Maxwellian M, it is fairly
natural to consider the linearization at M of the collision integral.

First, the quadratic collision integral is polarized into a symmetric bilinear
operator, by the formula

B(f,9) =3 B(f+9g,f+9) —B(f, f)—Blg.9)) -
The linearized collision integral is defined as

(2.29) Lf=—-2M"'B(M,Mf).

Assuming that the collision kernel b comes from a hard cutoff potential
in the sense of Grad ([L.g), one can show (see [L§] for instance) that £ is
an unbounded, self-adjoint, nonnegative Fredholm operator on the Hilbert
space L?(R3, Mdv) with domain

D(L) = L*(R3, (1 + |v])’ Mdv)
and nullspace
(2.30) Ker £ = span{1, vy, va, v3, |v|*}
Moreover, £ can be decomposed as
Lg(v) = a(|v])g(v) — Kg(v)

where K is a compact integral operator on L?(Mdv) and a = a(|v]) is a
scalar function called the collision frequency that satisfies, for some C' > 1,

0<a_ <a(jv]) <ag(l+v])?.
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In particular, £ has a spectral gap, meaning that there exists C' > 0 such
that

(2.31) (FLF) = CIf = TLf 172 (rradw)

for each f € D(L), where IT is the orthogonal projection on Ker £ in
L*(R3, Mdv), i.e

(2.32) ILf = {(f) + (Wf) o+ {50 = 1) f)5(1vf* - 3).

The bilinear collision integral intertwined with the multiplication by M
is defined by

(2.33) Q(f,9) = M 'B(Mf,Mg).

Under the only assumption that the collision kernel satisfies ([[.§) together
with the bound

(2.34) /82 b(z,w)dw < ai(1+ ]z\)57

Q maps continuously L*(R3, M (1 + |v|)?dv) into L*(R3,a~'Mdv). Indeed,
by using the Cauchy-Schwarz inequality and the collision symmetries (R.2§)

entailed by ([L.5)
(2.35)

1909 )12 (a1 a1a) = / affo]) !
R3

2
X <// (g'h} + g1h' — gh1 — g1h)b(v — vl,w)Mldvldw> Mdv
R3xS2
ot

(lv])~ (// b(v — vy,w )Mldvldw>
R3xS?2

X (// (9B + gih — ghy — g1h)?b(v — vy, w)Mldvldw> My
R3xS2

< sup a(|v])” // b(v — v1,w)Midvydw
vER3 R3xS2

x ///R?’xR3x52 A((g' )2 + (gy1')? + (gh1)? + (g1h)?)dp(v, v1,w)

<8C //RSXRS((ghl)Q + (g1h)?) (/82 b(v — vl,w)dw> M M, dvduv,

< 1602||9H%,2((1+|v|)5Mdy)||h‘|%2((1+|v|)5Mdv) :

Another important property of the bilinear operator Q is the following re-
lation:

(2.36) O(f, f) = 2L(f?) for each f € Ker L,

which follows from differentiating twice both sides of the equality

B(Mgrue, Mrue) =0
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with respect to R > 0, © > 0 and U € R — see for instance [f], flas (59-60)
for a quick proof of this identity.
Young’s inequality
Since the family of number density fluctuations g. satisfies the uniform
bound (a) in Proposition P.J and the measure Mdv has total mass 1, the
fluctuation g. can be integrated against functions of v with at most quadratic
growth at infinity, by an argument analogous to the Holder inequality. This
argument will be used in various places in the proof, and we present it here
for the reader’s convenience. To the function h in (R.6), we associate its
Legendre dual h* defined by
BA(C) i= sup (2 — h(z)) = €€ — € — 1.
1

z2>—

Thus, for each ¢ > 0 and each z > —1, one has
(2.37) ¢lzl < h(lz]) +27(¢) < h(z) + h7(C)
since

h(lz]) < h(z), =z>-1.

The inequality (R.37) is referred to as the Young inequality (by analogy with
the classical Young inequality

P q
<2+ e
p q

which holds whenever 1 < p,q < oo satisfy % + % =1.)

Notations regarding functional spaces
Finally, we shall systematically use the following notations. First, Lebesgue
spaces without mention of the domain of integration always designate that
Lebesgue space on the largest domain of integration on which the measure
is defined. For instance

LP(Mdv) designates LP(R?; Mdv)
LP(Mdvdz)  designates LP(R? x R3; Mdvdzx)
LP(du) designates LP(R? x R? x 8%, du)

When the measure is the Lebesgue measure, we shall simply denote
LP = LP(R®dx), LY, :=LP(Ry x R?;dtdx).

Whenever E is a normed space, the notations O(0)g and o(d) g designate
a family of elements of E whose norms are O(4) or o(d). (For instance O(1)g
designates a bounded family in E, while o(1)g designates a sequence that
converges to 0 in F.)

Although Lf L Spaces are not normed spaces, we designate by the notation
0(9) e (o) a family fc € L? () such that, for each compact K C €,

loc

I fellr () = O(0) .
The notation o(d) v () is defined similarly.
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2.4. Outline of the proof of Theorem R.4. In terms of the fluctuation
ge, the scaled Boltzmann equation (P.3) with initial condition (P.1§) can be
put in the form

1
(2 38) €0ige +v - Vyge = _Eﬁ(ge) + Q(ge7gE) >
Gelt=0 = gzn .
Step 1 : We first prove that any limit point g of the family of fluctuations
ge satisfies

g =1y
where IT is the orthogonal projection on the nullspace of £ defined in (R.39).

Hence, the limiting fluctuation ¢ is an infinitesimal Maxwellian, i.e. of
the form

(2.39) g(t,2,v) = p(t,z) +ult,x) - v+ 0t z)3(jv]* = 3).

The limiting form of the continuity equation (R.9) is equivalent to the in-
compressibility condition on u:

divy,u=0.
Step 2 : In order to obtain equations for the moments

p={9), u={vg), and0=/((z]"-1)g)

we pass to the limit in approximate local conservation laws deduced from
the Boltzmann equation in the following manner.

Besides the square-root renormalization, we use a renormalization of the
scaled Boltzmann equation (B.J) based on a smooth truncation + such that

(2.40) v e C®RT,[0,1]), 7|[07%1 =1, y\ww) =0.
Define

X d
(2.41) H(z) =~ ((z = 1)y(2)) .

Notice that
(242) Supp(ﬁ/) - [052]’ ’ﬂ[o %] = 1, and Hl - rA}/HL‘X’ <1+ ||7/||L°° .
We use below the notation 7, and 4. to denote respectively v(G.) and 5(G).

We also use a truncation of high velocities, defined as follows: given k > 6,
we set

(2.43) K =k|Inel.

For each continuous scalar function, or vector- or tensor-field £ = £(v), we
denote by £, the following truncation of ¢:

(2.44) Ex.(v) = (V) Lk, -
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Renormalizing the scaled Boltzmann equation (R.3) with the nonlinearity
I'(Z) = (Z —1)y(Z), we arrive at the following form of (P.3§)

1 1.
815(9576) + EU : va&(gsf)/s) = 6_376Q(G57 GE) .

Multiplying each side of the equation above by £k,, and averaging in the
variable v leads to

(2-45) 3t<§Kege’Ye> + div, %<U§Keg€7€> = €i3<<§Ke'AYe(GIe Iel - G6G61)>> .

Henceforth we use the following notations for the fluxes of momentum or
energy:

(2.46) Fe(0) = <(0.07)
with
C(v) = A(v) = v®2 — %IUPI, or ((v) = B(v) := %v(!vP —5).

Likewise, we use the notation

(2.47) D.(§) = Ei3<§Ke'AYE(Gé 21 - GEG51)>>

for the conservation defect corresponding with the (truncated) quantity £ =
&(v), where ¢ € span{1,vy,v9,v3, [v]?}.

The Navier-Stokes motion equation is obtained by passing to the limit as
€ — 0 modulo gradient fields in the equation (R.4H) for £(v) = v, j = 1,2,3,
recast as

(2.48) (v geve) + dive Fe(A) + Vi (gloli, geve) = De(v),

while the temperature equation is obtained by passing to the limit in that
same equation with £(v) = 3(|v|*> — 5), i.e. in

(2.49) Bu(3([v* = 5)k.geve) + dive Fe(B) = De(3(|v[* = 5)).-

For the mathematical study of that limiting process, the uniform a priori
estimates obtained from the scaled entropy inequality are not sufficient. Our
first task is therefore to improve these estimates using both
a) the properties of the collision operator (see Section 3), namely a suitable
control on the relaxation based on the coercivity estimate (R.31])

<¢£¢> > CH¢ - H(bH%Q(Madv) )

b) and the properties of the free transport operator (see Section 4), namely
dispersion and velocity averaging.

With the estimates obtained in Sections 3-4, we first prove (in Section 5)
that the conservation defects vanish asymptotically

D.(£) — 0 in Llloc(dtdx), ¢ € span{vy, va, v3, ]v[Q}
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Next we analyze the asymptotic behavior of the flux terms. This requires
splitting these flux terms into a convection and a diffusion part (Section 6)

r.(o)-2(¢ (H@> )+ 2(CQUVG VG )~ 0in L i)

where f is the unique solution in (Ker £)* of the Fredholm integral equation

L=C.
For instance, the tensor field A and the vector field B defined by
(2.50) AWw) =v®v—3lI, B(v):=3(jv]> =5
satisfy
(2.51) AlKerL, BlKerl

componentwise, so that there exists a unique tensor field A and a unique
vector field B such that

(2.52) LA=A, LB=B, Aand BLKer(,

The diffusion terms are easily proved to converge towards the dissipation
terms in the Navier-Stokes-Fourier system

62—2<§Q(\/676, \/@)> — ({(v- Vag)) in L (dtdz).

The formulas (P.27) for the viscosity v and heat conduction k are easily
shown to be equivalent to

(2.53) v=2(A:4), k=2(B B).

The (nonlinear) convection terms require a more careful treatment, involving
in particular some spatial regularity argument and the filtering of acoustic
waves (see Section 7).

3. CONTROLS ON THE VELOCITY DEPENDENCE
OF THE NUMBER DENSITY FLUCTUATIONS

The goal of this section is to prove that the square number density fluc-
tuations — or more precisely the following variant thereof

()

€

is uniformly integrable in v with the weight (1 4 |v|)? for each p < 2.

In our previous work [LJ], we obtained this type of control for p = 0
only, by a fairly technical argument (see Section 6 of [1J]). Basically, we
used the entropy production bound to estimate some notion of distance
between the number density and the gain part of a fictitious collision integral.
The conclusion followed from earlier results by Grad and Caflisch on the v-
regularity of the gain term in Boltzmann’s collision integral linearized at
some uniform Maxwellian state.
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Unfortunately, this method seems to provide only estimates without the
weight (14-|v|)? (with 8 as in (I.§)) that is crucial for treating hard potentials
other than the case of Maxwell molecules. Obtaining the weighted estimates
requires some new ideas presented in this section.

The first such idea is to use the spectral gap estimate (R.31]) for the lin-
earized collision integral. Instead of comparing the number density to (some
variant of) the local Maxwellian equilibrium — as in the case of the BGK
model equation, treated in [23, P4, or in the case of the Boltzmann equa-
tion with Maxwell molecules as in [[IJ] — we directly compare the number
density fluctuation to the infinitesimal Maxwellian that is its projection on
hydrodynamic modes.

The lemma below provides the basic argument for arriving at such esti-
mates.

Lemma 3.1. Under the assumptions of Theorem [2.], one has
(3.1)
H VG —1
€

2

VG, —1

€

VG —1

€

II

< O(€);2 4+ Ofe)

L2(Mdv) L2(Mdv) .

Proof. In order to simplify the presentation we first define some fictitious
collision integrals £ and Q

Eg:// (9+ g —g'—gi)Mll;(v—vl,w)dvldw,
R3xS2

Q(g,h) = // \ 2(9/hl1 + gih — gh1 — g1h) Myb(v — vy, w)dvidw,
R3xS

obtained from £ and Q by replacing the original collision kernel b with
~ b
b(z,w) = (2w) .
1+ / b(z,w1)dw;
S2

Start from the elementary formula

0 () o T Lo(vae)

€ € €

Multiplying both sides of this equation by /G, — 1 and using the spectral
gap estimate (R.31) leads to

VG —1 VG —1
P II . L2(Mdv)
~ (VG —1 VG —1
(3.3) <o < , )
€ € L2(Mdv)

+e€

500G VGY)

L2 (Mdv)
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Denote
di(v,v1,w) = MMb(v — v, w)dwdvduy .
By definition of b , one has

/ b(v — vy, w)dw < 1.
S2
Hence Q is continuous on L?(Mdv): by (R-35)

199, )| 2 (nrawy < 49l r2(vraw) 12l 22 (0t -

(Notice that b verifies (L5) as does b).
Plugging this estimate in (B.3) leads to

et

< (Cel||X—_—

- €

L2 (Mdv)

+e€
L2(Mdv)

59(/Ge /G

Finally, applying the Cauchy-Schwarz inequality as in the proof of (R.37),

one finds that
2
< sup // l;(v — 01, w)Mydvidw
R3xS2

1 -
G_QQ( V Ge, V Ge)
L2(Mdv)  vER?

X = GIGl, — /GeGey | dfi(v, vy, w

64 R3xR3xS2 \/71 \/—1 ( 1 )
1 2

< — 1y

<5 // /RRSWW m) (v 0n.0).

since 0 < b < b. By the entropy production estimate (d) in Proposition .3,
the inequality above implies that

L2(Mdv)

1 -
_QQ(\/Ge? \/Ge) = O(l)sz
€ L2(Mdv) '
This estimate and (B.4) entail the inequality (B.J)). O

Notice th~at we cguld have used directly £ and Q instead of their truncated
analogues £ and Q, obtaining bounds in weighted L? spaces by some loop
argument, unfortunately much more technical than the proof above.

The main result in this section — and one of the key new estimate in this
paper is

Proposition 3.2. Under the assumptions of Theorem [2.4, for each T > 0,
each compact K C R3, and each p < 2, the family

()

(1 + Jol)
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is uniformly integrable in v on [0,T] x K x R> with respect to the measure
dtdxMdv. (This means that, for each n > 0, there ezists o > 0 such that,
for each measurable ¢ = p(x,v) verifying

lollzge, <1 and ol @) < o,

/OT/I(/113¢(1+|U|)p <@>2Mdvdmdt§n.)

Proof. Start from the decomposition

(3.5)

one has

J:=(1+|v])

SCERTE: (Q) (+ o) <(@> - <@>>

€ €

(O = (o ()

We recall from the entropy bound (b) in Proposition R.3 that

(@) = O(1) o (12 (daMdv))
so that, by definition (.39) of the hydrodynamic projection II
(3.6) IT (@) = O(1) oo (12 (La(Mdv)))
for all ¢ < +o0o. Therefore the first term in the right-hand side of (B.5)
satisfies
(3.7) I = ‘@‘ (1 +v])? H@‘ = O(1) o (L1 (L7 (Mdv)))

forall 0 <p<+ocand 1 <7r < 2.

In order to estimate the second term in the right-hand side of (B.5), we
first remark that, for each § > 0, each p < 2 and each g < +o0, there exists
some C' = C(p,q, ) such that

(3.8)
VG —

1 C(p,q,9
(1 + [o] P/ ( ) = O(6) L= (L2 (dxMdv)) + O (g

€ > L§S, (L9 (Mdv))
Indeed, by Young’s inequality and Proposition .3 (a),

(14 ol)? (@f < By (L)

2 2 P
< 5—2h(GE —1)+ 5—h* <M>
€

€2 52
(1 +|v])P
52

62
= 0(52)L§°(L1(dedu)) + 3 OXP (
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We next use (B.§) with the two following observations: first, the obvious

continuity statement (B.6]). Also, because of (B.1) and the entropy bound
(b) in Proposition P.3, one has

(3.9) H\/G_Ee_l— VG 1

€

II

= O(E)Ll
L2(Mdv) toe

(dtdz)

Hence

(L+o])?

VB (g (VL) g (Y

a |
D

< 2h(Ge — )21+ o] P2 <7G_1> —1I <” G‘;_ !
€ €
P |/V/Ge — VG —1
+é(1 + |v|)p/2 exp (1+v]) Ge—1 1 G,
€ 262 € €
= IT+1III
Now
2 2
_ -1
1< Q%h(Ge RN Y ) A U R L’L
€ €

= O(6) L= (L1 (Mdvdz)) + O(0) Lee (L1 (Mdvda)) T 07
On the other hand

14 |v])P
HIIIHLlloc(dtd:c;LT(Mdv)) <9 H(l + |U|)p/2 €Xp (ﬂ)

(L) (/) -

€ € €

La(Mdv)

L} (dtdz; L2 (Mdv))
= 0(6C(p,q,9))

. o 2q
with r = 33

Putting all these controls together shows that

JL<I+II+1II]= O(l)Lfo(L}E(LT(Mdv)))
(3.10) +0(8) Lo (L1 (Mdvde)) + O0) Loe (L1 (Mdvda)) + 0T
+O(5C(p7 q, 5))Llloc(dtdm;LT(Mdv))

ie.
VG, —1\°
(1 =81+ [v])? (f) < O) pso(zL(Lr(Mdv)))

FO(6C (P 4,0)) 11 (dtdu; L7 (Mav)) T O(8) Lo (L1 (Mdvdar))

which entails the uniform integrability in v stated in Proposition B.2 U
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Remark: replacing the estimate for II above with

2
H\/Ge -1
€

S 2
+ (L [o)?

VG —1
8 €

< — — — p

1)
and choosing § =4 in () shows that

~ 2
€ 1 . .
(1 + |v])? <G7> is bounded in L}, (dtdz; L' (Mdv)).
€

In [B], the Navier-Stokes limit of the Boltzmann equation is established as-
suming the uniform integrability in [0, 7] x K x R3 for the measure dtdzM dv
of a quantity analogous to the one considered in this bound. As we shall
see, the Navier-Stokes-Fourier limit of the Boltzmann equation is derived in
the present paper by using only the weaker information in Proposition B.3.

4. COMPACTNESS RESULTS FOR THE NUMBER DENSITY FLUCTUATIONS

The following result is the main technical step in the present paper.
Proposition 4.1. Under the assumptions in Theorem B.4, for each T > 0,
each compact K C R? and each p < 2, the family of functions

()
€

(1 + [of)”

is uniformly integrable on [0, T] x K x R? for the measure dtdxMdv.

This Proposition is based on the uniform integrability in v of that same
quantity, established in Proposition B.3, together with a bound on the
streaming operator applied to (a variant of) the number density fluctua-
tion (stated in Lemma [L.J). Except for some additional truncations, the
basic principle of the proof is essentially the same as explained in Lemma
3.6 of [13] (which is recalled in Appendix B). In other words, while the result
of Proposition B.9 provides some kind of regularity in v only for the number
density fluctuation, the bound on the free transport part of the Boltzmann
equation gives the missing regularity (in the z-variable).

The technical difficulty comes from the fact that the square-root renor-
malization I'(Z) = v/Z is not admissible for the Boltzmann equation due
to the singularity at Z = 0. We will therefore use an approximation of the
square-root, namely z — +/z + € for some « €]1,2].

Lemma 4.2. Under the assumptions in Theorem [.4, for each a > 0, one

has
Ver+Ge—1

€

(eat +v- vx) = 0(6270{/2)L1(Mdvdmdt)

+ O(1) £2((14|v])~# Mdvdadt)
+ O(G)Ll

loc

(dtdx; L2 ((1+]v]) =P Mdv)) -
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Proof of Lemma [{.3. Start from the renormalized form of the scaled Boltz-
mann equation (P.d), with normalizing function

L(2)= 7V6+Z—1.
€
This equation can be written as
Ver+ G —1 1 1 1 9
4.1 0 Vg)—————————— = 5 T — GeaGe = )
( ) (€t+v V) c GZQMQ( ) Q6+QE
with
Q=
< 22/ ¥ G,
2
X // (wG’EG’d — v/ GEG61> b(v — vy,w)dwMidvy ,
(4.2)
9 1 1

Vo vEre

X //\/ GeGd (\/GéGld — 1/ G€G€1> b(v — vl,w)deldvl .

The entropy production estimate (d) in Proposition P.d and the obvious
inequality

Ve + G, > /2

imply that

(4.3) Q| 1 (Mdvdzar) < 3CT €2

On the other hand

Nies NicTc N exen
Q= VG // VR AL b(v — vy, w)dwMido, .
€ /760‘ T Ge 62
Write

Ga -1
\/Gd:1+e+.
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Apply the Cauchy-Schwarz inequality as in the proof of (£.35): then

G.GL, — VGG,
H// \/Gd \/ € el 62 \/ 1b(?} — vl,w)Mldvl
1/2
< sup ((1 + |v|)_ﬁ//b(v - vl,w)Mldvldu)

- x << (\/G2G216—2 \/GeGd) 2>>1/2

+esup ((1 o [ (@)wa - vl,wmvldw)

veERS3
2
<( (%G;Gél - wGeGd) >>1/2
2
Therefore

G.G, — VGG
H//\/Gd\/ € el 2\/ lb(v—vl,w)Mldvl
€

SC’(H—& HM
€

L2((1+]v]) =5 Mdv)

1/2

L2((1+|o]) =0 M)

) << (sz’d - wGeGd)Q >>1/2
L2(M; (14|v1|8)dvr) e

because of the upper bound in Grad’s cut-off assumption ([L.6).
Hence, on account of Proposition B.3 and the entropy production estimate
(d) in Proposition P.3

(44) Q2 = O() (1)) -# Mavdadr) + OlO) L) (dtdmir2(14+]0) -0 Mdv))) -

Both estimates (f.3) and (f4) together with (f.I]) entail the control in
Lemma [£.3. U

With Lemma [[.7 at our disposal, we next proceed to the

Proof of Proposition [[1.

Step 1. We claim that, for a > 1,

vy (B (e

2
1 a—1
- - > = O(€" ) o (r2, (dasL2 (Mdv)))

loc

+ O(ea/Q)L;X’(Ll(Mdvd:v)) .
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Indeed,
Ver+Go—1 VG —1 €“lg.>1/2 a/2—1
- < +€ lg.<12
€ € e(vVer + G + VG.)
(4.6) a—1 a/2_ V2 |V Ge—1
SO g, + e AT T

= O(Ea—1)L%v + O(ea/Q)L;’O(LQ(Mdvdm)) )

and we conclude with the decomposition

K_mf_ (@)2

€ €

= <O(€a71)L§°xw + O(GQ/Q)LgO(m(Mdydx)))

VG —1
X (O(Ga_l)Lgfm + O(ea/Q)L;X’(LQ(Mdvdm)) +2 ‘f‘)

together with the fluctuation control (b) in Proposition P.3.

Step 2. Let v be a smooth truncation as in (2.4(), and set
¢5 Ver+Go—1 2 5 Ver+Ge—1
€ e € ’
We claim that, for each fixed § > 0,
s 1
(4.7 (€0 +v-Vy)pl =0 | = .
0 L}, (Mdvdzdt)

Indeed,

(B +v- Vi) =7 <65 (\/m—1>> <M—1

€ €

)@+ a2

where 7(Z) = 2v(Z) + Z+'(Z), while Q! and Q? are defined in ([.9).
Clearly, 4 has support in [0, 2], so that

(o () (T o)

€ € €

On the other hand, the the fluctuation control (b) in Proposition R.3 and
the estimate ([.§) imply that

(o) (e

- - = O() peo(22 (dasL2(Mdv))) -

loc
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Together with Lemma [L.9, these last two estimates lead to the following
bound
61704/2

(eat+v-vx)¢§:o< )
LY(Mdvdzdt)

+OM)2(L1 (dasL1 (1+0)~#/2 Mdv)))

1
o (5>L1

loc

(dtda; L2 ((1+]v])—8 Mdv)) .

Pick then a € (1,2); the last estimate implies that ([.7) holds for each § > 0,
as announced.

Step 8. On the other hand, we already know from the fluctuation control
(b) in Proposition .3 and ({.5) that

(4.8) #2 = O(1) oo (L) (Mdvds)) -
Moreover
(4.9) qﬁg is locally uniformly integrable in the v-variable

Indeed, for each ¢ € L, N LP(LL), one has

2
VG, —1
‘/ /¢f<pMdvdx 5//<7G5 ) || M da:dv
K €

S EEY (R

The second term is O(e*~1)||¢|| . Hence this term can be made smaller
than any given 7 whenever € < €p(n). Since € denotes an extracted subse-
quence converging to 0, there remain only finitely many terms, say N = N (n)
that can also be made smaller that 7, this time by choosing ||¢||e(r1)
smaller than ¢ = ¢(N(n),n). As for the first term, it can be made less than
n whenever ||| o1y < ¢(n), by Proposition B.3. Therefore

' /K / P Mdvdx

whenever [|@|| o1y < min(c(N(n),7m),¢ (1)), which establishes 9.
Applying Theorem (taken from [[J]) in the Appendix below, we con-

clude from ([1.g), (£.9) and ({.7) that
(4.10)

for each § > 0, ¢f is locally uniformly integrable on Ry x R® x R?

|| M dvdz .

< 29 for each e and § > 0

for the measure M dvdxdt.
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Step 4. But, for each ¢,6 € (0,1), one has
2
e+ Ge—1 s
(Y,

€

- (e ‘1> (1o ()
€
e+ G, — 2
S( ) 1g.>1/62
1
2

c 1
—Glgs1/52 < o] Egh(G Dlg.>1/5

| /\

so that

<Wa+ae—1>2_¢5_o< 1 >
€ ‘ | In 4| L§° (LY (M dvdz))
by the fluctuation control (b) in Proposition R.3. This and (f.10) imply that

(4.11)
(M— 1

2
) is also locally uniformly integrable on Ry x R? x R?
€

for the measure Mdvdxdt.
Because of the estimate (f.§) in Step 1, we finally conclude that

VG —1

2
> is locally uniformly integrable on R, x R? x R3
€

(4.12) (

for the measure M dvdxdt.
Together with the control of large velocities in Proposition B.2, the state-

ment (f.17) entails Proposition [L.1] O

Here is a first consequence of Proposition [i.1], bearing on the relaxation
to infinitesimal Maxwellians.

Proposition 4.3. Under the assumptions of Theorem [2., one has

vGe—1 vVGe—1
Ge —1I Ge — 0 in L} (dtdx; L*((1 + |v|)P Mdv)
€ €

for each p <2 as e — 0.
Proof. By Proposition [£.1], the family

(5

—1I

2
(11 ol @‘1)

€

is uniformly integrable on [0,7] x K x R3 for the measure Mdvdzdt, for
each T' > 0 and each compact K C R3.
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On the other hand, (B.1]) and the the fluctuation control (b) in Proposition
imply that

(Yot e

€ €

1
) — 0 in L} (Mdvdzdt)

and therefore in Mdvdxdt-measure locally on Ry x R? x R3.
Therefore

o

which implies the convergence stated above. U

2
VG -1 G -1
Geo1 e > — 0 in L}, (dtdz; L' (Mdv)) ,
€ €

We conclude this section with the following variant of the classical velocity
averaging theorem [[LT]], stated as Theorem [B.3 in [[[IJ]. This result is needed
in order to handle the nonlinear terms appearing in the hydrodynamic limit.

Proposition 4.4. Under the assumptions of Theorem [2.4, for each & €
L*(Mdv), each T > 0 and each compact K C R3

T
| [ Hesata +v) — (oo, Pdsar — 0
0 K

as ly| — 0T, uniformly in € > 0.

Proof. Observe that

GeVe — 2

VOl YOl (/@, 1 - 2);

since, up to extraction,

(VGe+ 1)y —2 — 0 ae. and |(v/Ge + 1)y — 2| < 3+ V2,

it follows from Proposition [t.1 and Theorem [A.T] in the Appendix below,
referred to as the Product Limit Theorem, that

VG —1
(4.13) JeVe — 24— = 0in L} (dtdx; L*(Mdv))
€
as € — 0.
This estimate, and step 1 in the proof of Proposition [i.]] (and especially

the estimate (JL.5) there) shows that one can replace g.y. with 7%&_1

with o > 1 in the equicontinuity statement of Proposition [£.4.

Using ([.11)) shows that, for each « € (1,2), the family
(x/ea +G.—1

2
) is locally uniformly integrable on R4 x R? x R3
€

for the measure Mdvdzdt. In view of the estimate ([.§) and Proposition
B.Z, we also control the contribution of large velocities in the above term, so



NAVIER-STOKES LIMIT OF THE BOLTZMANN EQUATION 27

that, for each 7" > 0 and each compact K C R?,

2
a G.o—1
(@) is uniformly integrable on [0, T] x K x R’
€

for the measure Mdvdzxdt.
On the other hand, Lemma [I.3 shows that the family

Ve +Ge—1
€

(€0 +v-Vy) is bounded in L}, (Mdvdzxdt).

Applying then Theorem [B.7 (taken from [[J]) in the Appendix below
shows that, for each T > 0 and each compact K C R?, one has

[T e (T

€

2
dxdt — 0

as |y| — 0 uniformly in €, which concludes the proof of Proposition 4. [

5. VANISHING OF CONSERVATION DEFECTS

Conservation defects appear in the renormalized form of the Boltzmann
equation precisely because the natural symmetries of the collision integral
are broken by the renormalization procedure. However, these conservation
defects vanish in the hydrodynamic limit, as shown by the following

Proposition 5.1. Under the same assumptions as in Theorem .4, for each
¢ € span{1,v1,v2,v3, [v|?}, one has the following convergence for the con-

servation defects D(€) defined by [2.41) :
D.(§) — 0 in L}, (dtdz) as e — 0.

Proof. For & € span{1,v1, v, vs, |[v]?}, the associated defect D (¢) is split as
follows:

(5.1) D(€) = D; (¢) + DZ(€)

- DX©) = 5 e (/G0 - @)2 ).
D2(6) = 5 erev/Gl (/66— VGG ) )

with the notation (R.1§) and (R.14).

and

That the term D}(¢) vanishes for £(v) = O(|v]?) as |v| — +oc is easily
seen as follows:
2

VGLGL — VG.Gq
2

t,x,v

D)L, < ellérAellzs

(5.2) € 2,

< €O(K.)O(1) = O(e|In€]),
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because of the entropy production estimate in Proposition . (d) and the

choice of K. in (R.43).
We further decompose D?(£) in the following manner:

(5.3) DZ(¢) = D2 (¢) + DZ*(€) + DZ(¢)
with

G.GYy GeGe
D7 (&) = —3<<£1|U|Q>K 5 Y 3 — 1\/G6Gd>> :

2 G.G., GG,
D22 (5) . <<£’76(1 - 6/61'%721 \/ 2 \/ ! V G6G61>> s

€

and, by symmetry in the v and v; variables,

G.G, GGe
D23(§) ! <<(§ + 51)76761,75761 \/ 6 \/ : V G5G51>> .

The terms D2 (¢) and D?3(¢) are easily mastered by the following classical
estimate on the tail of Gaussian distributions (see for instance [[[3] on p. 103
for a proof).

Lemma 5.2. Let Gx(z) be the centered, reduced Gaussian density in RV,
i.e.

1
(QW)N/Q

1
e 3l

Then
1
/ |Z|pGN(Z)dZ ~ (27T)_N/2|SN—1|R#_16_§R
|2|2>R
as R — +o0.

Indeed, because of the upper bound on the collision cross-section in ([[.G),
for each 7> 0 and each compact K C R3,

IDZY () |21 (jo,71x )

2 .
§E”§1\u\2>K€’Ys\/ GsGdHL?([o,T]xK,Lﬁ)

VGLGL — VG.Ga
2

€ 12

t,x,pu

Cl/2 s
<€ e, (14 [oD N g 136V Gl 2

Nichcittic o
2

1/2
HGel(l + ‘7)1’) HL/I OT < K Ll(Mldvl)) p

2
Ltacu

In the last right-hand side of the above chain of inequalities, one has obvi-

ously
Hev/Gellzzs, , = O(L)
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From Young’s inequality and the entropy bound (R.19), we deduce that

Ge(L+[o])? < (1 +[of*) +4 (h(Gs — 1+ (#))

= O(1) L1 (j0,7)x K, L' (Mdw)) -

Lemma .9 and the condition &(v) = O(|v|?) as |v| — +oco imply that

Bt5 1 B8+5
128z e, (14 o) [0y gy = O ® €7 25) = O(R/2 e )
on account of (R.43). Thus
_ B+5
(5.4) IDZ ) L (oyx i) = O("* HIne|27) — 0

for all £(v) = O(|v]?) as |v| — 400 as soon as K > 2.

Next we handle D?3(¢). Whenever € is a collision invariant (i.e. whenever
¢ belongs to the linear span of {1,vy,v2,v3,|v[?}) then £ +& = ¢ + &}, and
using the (v,v1) — (v/,v]) symmetry (:2§) in the integral defining D?3(¢)
leads to

DE(E) = — <<(£ + ety O/ OCa) >>

€ 2¢2

= -DZ!(¢) - DF*(¢),

where
A A Ala ( GIEG; _\/G€G€1)2
DZ(¢) = %6<<(§ + &)Lz <k FeFa VTG VGG o :
and
A A Ala ( GIG; _\/G€G€1)2
D77(6) = el{ (€ 1 yorc ity LU .
Then
2
AN exex
D€, < | L0
LY wn
X 3lI€ + €)Y jofe o <k AV YT Lz, 0
=¢c-0(1) - O(K)|IA 1
so that

(55) DOy = Olek) — 0 as ¢ — 0.
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On the other hand, since G, € [0,2] whenever §(G) # 0,

R 1
D22 (¢ ||L1 < 16”%&“?3”%(5 + 51)1|v|2+|v1|2>K6HL}L

~—

<0

~0 ( ) 1L Tof? 4 01 PY 2L s o oo 0t bttt

1 B+6
_> <6_K€/2KE 2 >
3
so that

(5.6) ID22(¢)|1 =0 <ek/2_3| 1ne|#) —~0ase—0,

t,x

V| =

> 1L+ [ol? + o1 P) X+ [0 = v1 )Ly o2 16 2 (02 dodon)

1
3

[}

o)

for k > 6, by a direct application of Lemma [5.9 in R3 x R%1 — i.e. with
N =6.

Whereas the terms D!(¢), D2L(¢), and D?3(¢) are shown to vanish by
means of only the entropy and entropy production bounds in Proposition
D3 (a)-(d) and Lemma [.2, the term D??(¢) is much less elementary to
handle.

First, we split D?2(¢) as

D7(6) = 2(( 631 - /GG LI ELCa Y

€

2 . GLGL, — VGG,
+ E<<§(’YE'761(1 75) + 76761'75(1 - '751 \/ 2 - V G6G61>>

€
=DZ!(¢) + DZ(¢).
For each T > 0 and each compact K C R?, the first term satisfies

IDZ ()| £ (o.17% 1)

1 . N

~(1 = Aa)VGa (1 + [v1 )7/ 19eV/ Gellzg,
€ L2([0,T]x K;L2(Myduvy )))

VGLGL — VG .Gq

€2

<20y

HENL + 10D 2 (arawy

2
thu

— 00t - a)vEat +u)??

provided that £(v) = O(|v]?).
. A 3 VG. V3/2 A
Since supp(l —4) C [3,400), then T < a1 whenever 4. # 1,

one has

L2([0,T)x K;L?(Midv1)))

|\/G€—1|
_1_ e < 1— _ .
11—V G \/—’ el c
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Furthermore, as
(5.7) 11— A <1+ |7 |lz~ and 1 — 4. — 0 a.e.,

the uniform integrability stated in Proposition fi.] and the Product Limit
Theorem (see Appendix A) imply that

(5.8) 11— fygyLGﬁ_l' — 0in L3([0,T] x K, L*(M (1 + |v])?dv)).
€
Thus
(5.9) HD?21(§)|’L1([O,T]><K) —0ase—0.

Finally, we consider the term D??2(¢): one has

<— <H( A6’)5” 5 5 H( A6/]) H 5 >
L (0’1 x K;L ) 1 5 142(0 INx K 112)

1Y
/Gl | L0 /O

t,x,v 2

€
2
Lt,z,u

= o[ 24+ o + )

L2([0,T|x K;L2)

)

- o S+ e

L2([0,T) x K L2(Mdv))
where the first equality uses the (vv1) — (v/v}) symmetry in (2.29).
Since supp(1 —4) C [%, +00), \/(Tl—l < whenever 4. # 1, one has

3/2—1
|1_’A76|2< V2 |1_’A76|\/G6_1
€2 —V3v2 o ¢ €
i WA ((VGi—1 (VG-1 G -1
ST <H e

By () and (E3)
[1=5d _ 1+l

1 - Ae .
(5.10) and L2 0 12 (dtda, 12(Mdv)
€

loc

since /G, —1 > /3/2 — 1 whenever 4. # 1, whereas by Proposition 2.3 (b)
and Lemma B.1]

VG —1
M= 0@z wauay) »
VG -1 VG -1
€ - € - O(E)L;Oc(dtdz,H(Mdv)) )
for all ¢ > +oo. Then,
|1 B ﬁ/e|2
e OM) L1 (dtde,La(Mdv))
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for all ¢ < 2. In particular, for each r < +oo, (2(1—4¢)(1+ v])") is
uniformly bounded in L? (dtdz, L*(Mdv)). By interpolation with (5.10) we
conclude that

1— e 2
(5.11) i 1+ o))" —0ase—0
€ L2([0,T]x K;L2(Mdv))
and consequently
(5.12) D?%2(¢) — 0in L}, (dtdz) as € — 0.
The convergences (5.9), (6.4), ((.9), (.12), (.H) and (5.6) eventually
imply Proposition p.1]. O

Remark. The same arguments leading to (5.§) and to (5.11)) imply that
2

—0ase—0.
L2([0,T]x K;L2(Mdv))

(5.13) H ! (14 ol

6. ASYMPTOTIC BEHAVIOR OF THE FLUX TERMS
The purpose of the present section is to establish the following

Proposition 6.1. Under the same assumptions as in Theorem [2.4, one has

(o) - 2(¢ (H@> )+ 2{CQVGL VG ) = 0 in L, (atd)

as € — 0, where ( and f designate respectively either A and A or B and B
defined by (12.50) and (12.53).

Proof. First, we decompose the flux term F.(() as follows:

Fe(C) = %<CK695'YE> = <CKS%VE>
2
= <CK6 <7VG‘;_1> %> + §<<K67VG€€_1%>

=F:(¢) +F2(C).
We further split the term FL(¢) as
F (O =F Q) +FEQ) +FP(0)

with
(6;;1(0 ) <€K€ (\/G—Z_l _H\/G—Z_1> <¢@6_1 +H\/@6—1>%>’
(0 = (im0 (1),

F2() = <c (H@f >

€
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The term F1?(C) is easily disposed of. Indeed, the definition (R.39) of
the hydrodynamic projection II implies that, (H@)Q (1 + |v|)? is, for
each p > 0, a (finite) linear combination of functions of v of order O(|v[P*4)
as |v| — +oo, with coefficients that are quadratic in (§@> for & €

{1,v1,v2,v3, |v|?}. Together with Proposition [l.1, this implies that, for each
T > 0 and each compact K C R3,

2
VGe—1 . . .
7> (1 + |v|)? is uniformly integrable on [0,7] x K x R?
€

(6.2) (H
for the measure M dvdxdt. On the other hand,
<k Ve — 1 — 0and [1,2<p v — 1] <1 ae..

Since ((v) = O(|v]®) as |v| — 400, this and the Product Limit Theorem
imply that

(6.3) F2(¢) — 0in L}, (dtdz).

The term F!!(¢) requires a slightly more involved treatment. We start
with the following decomposition: for each T > 0 and each compact K C R?,

(6.4)
Ge -1 Ge -1
IFI(O) o) < Hgm <V Y >
¢ € L2([0,T)x K;L2(Mdv))
LS
¢ € L2([0,T]x K;L2(Mdv))

Since 7. = 7(Ge) = 0 whenever G, > 2, one has for each ¢ < o0,

()

€

(S (5 )

<
€ € €

1
= O(1) pso (12 (dwMdv)) O(1) Loo (L2 (La(Mdw))) + O (E) O(€) L (dtda, 12 (Mdv))

In particular

VG —1 o)

L2([0,T]x K ;L2(Mdv))

HCKe%

since ((v) = O(|v|?) as |v| — +o0. This and (f.3) imply that
Ge—1 G.—1
o (L

€ €

(6.5)

=0(1).
L2 (dtdz; L2 (Mdv))
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Using (p.4), (b.§) and Proposition [i.d shows that

(6.6) F1(¢) — 0 in L} (dtdz).
This and (f.3) imply that
2
(6.7) Fl(¢) - <g (H@) > — 0in L}, (dtdz)
as € — 0.

Next we handle the term F2(¢). We first decompose it as follows:

F?(C) - _§<C]‘U2>K€7€@>
(6.8) +2<C%—1\/@—1>+g<c\/@—1>
€ € € €

=FZ(0) +F2(¢) + F2(0).

Then, by (2.20) and Lemma p.2, one has
(6.9)
VG —1

€

2
IF2Y (O llrge22) < =Vl 1L jo2s i 22 (h1dw)
€ L5°(L2(Mdvdz))
2
< Z0(e K2R = O(K/ 2 Ine]?).
€
On the other hand, for each 7' > 0 and each compact K C R?,
(6.10)
IF2(O) 11 o1 x )
< o122zl
€

’\/Ge—l
€

L2([0,T]x K ;L2(Mdv)) L§° (L2 (Mdudz))

—0ase—0

because of (R:20) and of (F-13), since ¢(v) = O(|v|3) as |v| — +oc.

Finally, we transform F23(¢) as follows:

e -a{cle (Y1)

€

:2<§ (Q(*/G_Z_l, “G_z”) - SOV @)) >

Writing

) 7H
€ € € €

<\/a—€_1_H\/a—e_1 VT -1 \/G_6—1>

(L 1) o 1 )

+9Q

; + 11
€ € €
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and using the classical relation (see [J] for instance)
Q(¢,¢) = $L(¢?) for each ¢ € Ker L,

we arrive at

Y I <<n@>2>

€ €

Ge—1 Ge—1 VGe—1 Ge—1
+Q<\/_ _H\/_ ,\/_ +H\/_ >
€ € € €
Thus
(6.11)

PR = (¢ (H@)2> - (e V)
+2<6Q<\/C76—1 _H\/@—17\/G_€—1 +H\/G_€_1>>

€ € €

By continuity of Q (see ()),

2 Ge—1 VG —1 G, —1 G.—1
(o (Yt O B )
¢ ¢ € € L([0,T]x K)
s V Ge - 1 vV Ge - 1
< Cl¢llL2(@prav) —1I
‘ € L2([0,T]x K;L2((1+|v])# Mdv))

— 0
€

y H\/Ge—l _H_[\/Ge—l
€

L2([0,T)x K;L2((1+]v])® Mdv))
as € — 0, for each 7' > 0 and each compact K C R?, because of (@) and
Proposition [.3.

Thus, by (E3), (E10) and EI0)

(6.12)  F2(() - << (H@)z > - €%<ég<¢@ @)> — 0.

in Li (dtdz) as € — 0.

The convergences (.7) and (6.13) eventually imply Proposition p.1. O
7. PROOF OF THEOREM

Throughout this section U = U(z) designates an arbitrary compactly
supported, C*°, divergence-free vector field on R?. Taking the inner product
with U of both sides of (R.4§) gives

8t/<vK€ggy€> -Udzx — /FG(A) : V. Udx = /DE(U) -Udzx
— 0 in L}, (dt),

(7.1)
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by Proposition .1 Likewise, the energy equation (R.49) and Proposition

lead to

(7.2) O3 (Iv]* = 5) k. geve) + divy Fe(B) = De(3(Jof* - 5))

— 0in L}, (dtdz) .
By Proposition [6.]], one can decompose the fluxes as

) Fo(A) = FO™(A) + FNA) +0(1)1y (auan
7 F.(B) = F&W(B) + FAifl(p) + o)1 (dtde)

where

(7.4) = <A< \/G_ >2>
Pdflcn) = —2( 450 ﬁ,r>

while

Fdiff ) —2<B}2Q<;G_e, V&)).

Classical computations (that can be found for instance in [fj]) using the fact
that A is orthogonal in L?(Mdv) to Ker £ as well as to odd functions of v
and functions of |v|? show that

FCON(4) = 2(A ® A) : <v@>®2

€

s FCONY (B — 2<B <n@>2>

In a similar way, as B is orthogonal in L?(Mdv) to Ker £ and to even
functions of v, so that

FOOY(B)=2(B® B) - @@X(éw - 1)@> .

7.1. Convergence of the diffusion terms. The convergence of ngﬁ(A)
and Fng(B) comes only from weak compactness results, and from the fol-
lowing characterization of the weak limits.

Proposition 7.1. Under the same assumptions as in Theorem[2.4, one has,
up to extraction of a subsequence €, — 0,

\/ G/EnGlEnl Y GEnGenl

2
€n

inw — L} (dtdr; LY (Mdv)) and in w — L?(dtdzdp) respectively.

(7.6) 9e, — g, and

—q
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Furthermore g € L°(L?(dxMdv)) is an infinitesimal Mazwellian of the
form

(7.7) g(t,z,v) =u(t,x) v+ 9(t,:c)%(|v|2 —5), divzu=0,
and G € L*(dtdzdp) satisfies
(7.8) // Gb(v — vi,w)dwMidvy = 2v-V,g=3(A: Vu+ B-V,0).
Proof. Proposition P.J shows that
(g¢) is relatively compact in w — L}, (dtdx; L' (Mdv))
while (R.21)) implies that

V GGy — VGCa
2

is relatively compact in w — L?(dtdzdp),

€

Pick then any sequence ¢, — 0 such that

\/Ge Gl —/Ge,Gen

2
€n

—dq

Jer — g, and
in w— L} (dtde; LY (Mdv)) and in w — L*(dtdxzdu) respectively.

Step 1 : from (R.29) we deduce that
1
—(/G., —1) = g inw— L2 (dt, L*(deMdv)).

€n

In particular, by Proposition .3, ¢ is an infinitesimal Maxwellian, i.e. of
the form

g(t,x,v) = p(t,z) +u(t,z) - v+ 0(t,2)5(|v]* - 3).
Taking limits in the local conservation of mass leads then to
div,(vg) =0,
or in other words
divy,u =0

which is the incompressibility constraint.
Multiplying the approximate momentum equation (R.4§) by e

eat<erge'Ye> + ediv, FE(A) + %Vm%h}ﬁggﬂ& = eDe(v) )

using Propositions f.] and p.1] to control D,(v) and the remainder term in
F(4)

o (B2 ) o () o
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and estimating FCOHV(A) and ngH(A) by the entropy and entropy produc-

tion bounds (£.20)-(
(=2 -0 iz
(7 ).

we also obtain
Va(lv[’g) =0

,’:l

or equivalently
p+0=0,
which is the Boussinesq relation. One therefore has ([7.7).

Step 2 : start from (1) in the proof of Lemma 1.9 :

G, —1 1 1
Vers - O(G.,G.) = Q! + Q2.
€ 2v/ e + G,

(Eat +v- Vx)

Recall that
(7.9) Q! — 0in LY(Mdvdzdt).
Next observe that

G.G., G.G.
Qz m // VG \/ \/ 1b(v — vy, w)dwMiduy ;

Proposition [.1] implies that
VGe — 1in L2 (dtdx; L*((1 4 |v])’ Mdv)) as € — 0;
this and the second limit in (7.6) imply that

G. G 4 G, Ge, 1
//\/ enl b(v — vy, w)dwMidv;

— // Gb(v — vy, w)dwMidv;

in w— L} (dtdz; L*(Mdv)) as n — +o0o. Since on the other hand

VGe . VGe
————— — 1 a.e. as 0 with 0 < —— <1,
VerG BV P
we conclude from the Product Limit Theorem that
(7.10) En — // gb(v — vy, w)dwM;dvy

in w— L}, (dtdz; LY (Mdv)) as n — +o0.
By (£3), (E13) and (F.6)
VeEX+Ge—1

€n

N[
Q



NAVIER-STOKES LIMIT OF THE BOLTZMANN EQUATION 39

inw— L} (dtdx; L' (14 |v|?)Mdv)) whenever « €]1,2]. Using (I-9), (F-10)
and the convergence above, and passing to the limit in ([.1)) as €, — 0 leads
to

// Gb(v — vy, w)dwMdv; = %v V.9,

which is precisely the first equality in (F.§). Finally, replacing g by its
expression ([[.7) in the formula above leads to the second equality in ([.§).
U

Since A and B € L*(aMdv), the second limit in (f-6) and identity (7-§)
show that
(7.11)

Fle(A < Q(V/G,VGo) > (A® A) : Vau = v(Vau + (Vau)T)
Fdiff gy — <B%Q (VG VG > (B® B): V.0 = kV,0

in w — L?(dtdz) as e — 0, because of the divergence-free condition in ([7-7).

1\3|’—‘

7.2. Convergence of the convection terms. The goal of this section is
to establish that

/FSOHV(A) Vo Udr — /u®u 1V Udx
and div, FEO™(B) — 2 div, (uf)

in the sense of distributions on R
First, we replace FEOV(A) and FEOV(B) by asymptotically equivalent
expressions.

Indeed, because of ([.13)

(o9} — 2w O

1
> — 0in L},.(dtdzx)
€
and
G.—1
(0P = D) = 2 (lof? = D¥E2) =0 in L),
€
On the other hand, g is bounded in L{°(L?(Mdvdx)) while vk, — 0
and (3|v]> — D1jypsg, — 0in L?(Mdwv); therefore
(vgeve) — (K geve) — 0 and ((3]vl* = 1)gere) — (310 = Dx.gere) — 0
in L? (dtdx). Therefore
F OV (4) = %<A ® A) : <UK696'YE>®2 + 0(1)Llloc(dtdx)

(7.12)
= <UK69676>®2 - % <erg€’7€>|21 + 0(1)Llloc(dtd:v) ’
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while
(7.15) FOW(B) = (B® B) - (vk geve) (5 10° = Dicgeve) + 01t (aran)
= %((%|’U|2 - 1)K€Qe%><erge%> + 0(1)Llloc(dtd:v) .

Furthermore, since g., — ¢ weakly in L} (dtdx; L*((1+ |v|?)Mdv)) while

loc
VK. Ye — v and (%|v|2 —Dg.ve — (%|v|2 —1) a.e., and
o el + 151 = Dicyel < O+ o)
one has by the Product Limit Theorem
(UK., YenGen) = (vg) = u
(Gl = D, Yeugen) — ((gl0]* = 1)g) =0

in w— L}, (dtdz). In fact, these limits also hold in w — L}, (dtdx) since the
family g.ve is bounded in L (L?(Mdvdz)).

(7.14)

Taking limits in (7.13) and (7.13), which are quadratic functions of the

moments, requires then to establish some strong compactness on ((Cx. geVe))-

7.2.1. Strong compactness in the x-variable. Applying Proposition .4 with
¢ = v and £ = 3(Jv]> — 5) shows that, for each T > 0 and each compact
K C R3,

T
/O /K A (0f? = 5)geren) (@ + ) — (S0 — 5)geven) (1, 2) Pt

T
+/ / [(Ve, Ve ) (1, T + Y) — (Vge, Ve, ) (£, @) Pdadt — O
0 K

as |y| — 0 uniformly in n. An easy consequence of the above convergence
properties is that
(7.15

)
T
/0 /K (0 = 5)i, Genven) (6 + ) — (31012 = 5)c., Genven) )Pzt

T
4 / / 0k, Genven) (2 + ) — (0K, Genven) (£ 2) Pt — 0
0 K

as |y| — 0 uniformly in n.

In order to study the convergence of F¢(A), we need some similar state-
ments for the solenoidal and gradient parts of (vg,, ge,7Ve,), since the first
one is expected to converge strongly in Lfoc(dtdx).

The difficulty comes then from the fact that the Leray projection is a
non local pseudodifferential operator, in particular it is not continuous on
L?OC(dx)'
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Introducing some convenient truncation y in x and using the properties
of the commutator [x, P], one can nevertheless prove the following equicon-
tinuity statement (see Lemma [C.1]) : for each compact K C R? and each
T > 0, one has

T
(116) [ [ 1P 0906+ ) = Pk, 90,7, t,2) Pt — 0
0 K

as |y| — 0, uniformly in n.

7.2.2. Strong compactness in the t-variable. As we shall see below , the tem-
perature fluctuation (1 (|v|2 —5)k, ge,Ve,) and the solenoidal part P(v, geve)
of (vk.geve) are strongly compact in the ¢-variable. However the orthogonal
complement of P(vg,geye)— which is a gradient field — is not in general
because of high frequency oscillations in ¢.

Proposition 7.2. Under the assumptions of Theorem [2.4, one has
P(uk., 9enYen) = (vg) = u
(310 = 5) k., genven) — (3(J0f* = 5)g) = 36
in C(Ry;w — L2) and in L} (dtdz) as n — +oo.
Proof. The conservation law ([.1) implies that

(7.17) 9, / (vk... geres) - Ude = O(L) in Ll (dt)
R3

for each compactly supported, solenoidal vector field U € C*°(R?), since we
know from Proposition [6.1] together with the bounds (R.21)) and (R.20) that
F.,(A) is bounded in L} (dtdz).

In the same way, the conservation law (7.J) implies that

(7.18) 03[0 = 5) K., GeuVen) = O(1) in Liyo(dt; Wy (R)).

loc

Also, we recall that g.y. is bounded in B(R.;L?(Mdvdz)) — where
B(X,Y) denotes the class of bounded maps from X to Y — because of
the entropy bound (R.2(). Indeed, since 7. = 0 whenever G, > 2, one has

Ge—1 VG, —1
(7.19) |GenVen| < 1G6§2|7€| <1+ \/5)‘;7’-
n
In particular, one has

7.20
(720 (5([vf* = 5)K., geVen) = O(1) in B(Ry; L7),

Since the class of C'*°, compactly supported solenoidal vector fields is
dense in that of all L? solenoidal vector fields (see Appendix A of [[9)),

(F20) and (f.17) imply that
(7.21) P(vK,, GeyYen) is relatively compact in C(Ry;w — L*(R?)),
by a variant of Ascoli’s theorem that can be found in Appendix C of [L9].
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The same argument shows that

(7.22) (A(|v[* = 5)k., GenVe,) is also relatively compact in C(Ry;w — L2).

As for the L? (dtdr) compactness, notice (F.21)-(7.29) imply that
P{vK, GenVen) * X5 is relatively compact in L7, (dtdz)
(3(|v* = 5) k., GenVen) * Xs is relatively compact in L}, (dtdx)

where s designates any mollifying sequence and x is the convolution in the
z-variable only. Hence

Plok., JenVen) - P(UKL, GenVen) * X5 — Pu- Pusx s
(3101 = 5) ke GenVeu (5 (101 = 5) ke, GenVen) * X5 — (56) (36 % X5)
in w— L} (dtdr) as n — oo. By (F.15)-(7-10),
P (UK, GenVen) * X5 = P(VK,, Geu Ven)
(510 = 5) ke, GenVen) * X5 = (510 = 5) K., GenVer)
in L? (dtdr) uniformly in n as § — 0. With this, we conclude that
(P(vrc,, geuven)  — [Puf? i w — L (dtd)

5\ .
B =S (50) i — L (o)

which implies the expected strong compactness in leoc(dtdx). O

(7.23)

7.2.3. Passing to the limit in the convection terms. As explained above,
P(vk,, GenYe,) is strongly relatively compact in L7 (dtdz); however, the
term (Vg ge,"Ve,) itself may not be strongly relatively compact in L7 (dtdz)
— at least in general. For that reason, on account of ([(.19), it is not clear
that
FOOWY(A) s u@u— %|u|2f.

Likewise ((|v|> —5)k., ge,Ve,) is strongly relatively compact in L} (dtdz),

and, on account of (), it is not clear that

FO™(B) — Sub

as one would expect.
What we shall prove in this section is

Proposition 7.3. Under the assumptions of Theorem [2.4, one has
/ VU : FEOM(A)de — / V.U :u® udx
R3 R3

in the sense of distributions on R for each solenoidal vector field U €
C>(R?;R?), and
div, FEO(B) — 2 div,(uf)

in the sense of distributions on R x R3.
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The proof of this result relies on a compensated compactness argument
due to P.-L. Lions and N. Masmoudi [R1]] and recalled in Appendix A (The-
orem A.2), and on the following observation:

Lemma 7.4. Let § > 0, and £ € C°(R?) be a bump function such that
suppé € B(0,1), £ >0, and /§dm: 1;

let £5(x) = 6 3x(x/0) and \s = &% E5xEs. Denote by Q = I — P the orthog-
onal projection on gradient fields in L?>(R3;R3). Under the assumptions of
Theorem [2.4, one has

eatQ()\é * <erng€nry€n>) + VJB)\(S * <%|’U|%(€ng€nry€n> - 0
O As * (3|vlk, Genven) + 5 dive QN5 * (vE,, GenVen)) — 0
(dt; HE (R3)) for each s > 0.

.11
in L e

loc
Proof. The second convergence statement above is obvious: indeed, consid-
ering the truncated, renormalized energy equation (R-4§) with & = 1[v[?,
and applying the mollifier A\s leads to

Eat)\é * <%|/U|%(Eng€n’y€n> + % dlvfl’ Q()\é * </UKeng€nry€n>)
= —2edivy As x Fe(B) + 2eds  De(|v]?).

It follows from Proposition p.1], the entropy bound (B:20) and the entropy
production estimate (2.21)) that F.(B) is bounded in L} (dtdz); this and
Proposition f.1 eventually entail that the right-hand side of the above equal-
ity vanishes in L} (dt; H (R?)).

loc loc

The first convergence statement above is much trickier. Start from the

analogous truncated, renormalized momentum equation (R.49) with £ = v:
(7.24) 68t<UKengEn'Yen> + vmiqvﬁ(mgsn%ﬁ = —ediv; Fc(A) + eDc(v)
Applying ) to both sides of the equality above is not obvious, because we
only know that the right hand side vanishes in L (dt; W, "' (R3)), while Q

loc loc
is known to be continuous on global Sobolev spaces only.

However, Q = V,A;!div, is a singular integral operator whose integral
kernel decays at infinity. More precisely, we shall use Lemma together
with the following estimates on the right hand side of ([7.24) :

Lemma 7.5. One has
€F(A) — 0 and €D (v) — 0 in L}, (dtdx)
as € — 0. Furthermore,
eFe(A) = O(1)pso(r2)
eDc(v) = O(GQK?)L,}@ +O0(Ve) 21 + Oz,
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Note that the convergence statement in Lemma [7.5 is a simple conse-
quence of Propositions p.1 and [.1] (already used in the derivation of the
Boussinesq relation in paragraph [.1]).

Then let us postpone the proof of the global estimates, which is based on
the entropy and entropy production bounds (R.20)-(2.21), and conclude the
proof of Lemma [[.4.

Define (s = £5 % £5. One has then

€ Q((s * (i, geve)) + Vals * (3[v]%. geve) = —Q(Es * (€Fe(A) * V&5)
+Q(Cs * (€De(v)) .-
For each § > 0 fixed,
Q& * ((Ak.geve) x VEs)) — 0 in Ly, (dtdz) as € — 0
by the first convergence result in Lemma [.§ and Lemma [C.9.

Next decompose
eD.(v) = DY(v) + D/(v)
with
D{(v) = O(1)pz and D(v) = O(€2K§/2)Lt1x +O0(Ve)2p) -
Thus, one has
(s x*DL(v) — 0in L},.(dt; L2)
so that
QG5+ DL(v) — 0 in L, (dt; L2)
as € — 0, by the L?-continuity of pseudo-differential operators of order 0.

Finally, since D?(v) — 0 in Lj, (dtdx) and is bounded in L7, it follows
from Lemma [C.9 that

Q¢ * DY(v)) — 0 in Ly, (dtdz) .
Eventually, we have proved that
€hQ(Cs* (Vi geve)) + Vs * (3lvlk, geve) — 0
(dtdzx) as e — 0. Therefore, denoting \s = &5 * {5 x &5, one has
€0, Q(Ns * (UK geve)) + Vs * (5]v[k, geve) — 0
(R3)) for each s > 0 as € — 0. O

: 1
in Lj,,

: 1
in Lloc

(dt; H

loc

Let us now turn to the
Proof of Lemma [7.4. First, goye = O(1) in LP(L?(dxMdv)), while A €
L?(Mdv): hence
(AKSQE’YJ = O(l)Lgo(Lg) .
Next decompose eD(v) as

GDG(U) =T +15+ T3
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I = <<UK€’%§2 (\/?G'd— \/@)2 >> ,
7, = 2( v 5/ Gg (/0160 - VGG ) )
7 = 2( v 5@ (VG - 1) 5 (/or - VaGa) )

2
Since 6%1 (\/GQGQI - \/GEG61> is bounded in Ltl,x,u (see (R-21))) , one has

where

Ty = O(EKY?),,

t,x

Likewise, ev/Ge = O(1) in LgS, , and v € L?(dy), so that

t,x

The same argument is used for 73, except that one has to control the
terms v (\/Gd — 1) instead of v in Li. By Young’s inequality,

A+l (VGa 1) < (14 i) G~ 1]

<2 ((Ga = 1)+ I (1 + o))
< ~hlega) + eb*(1+ o)

= O(6) oo (L1 (Mydvr da)) + O(€) L2, (11 (Mydn))

The 3rd inequality above comes from the superquadratic nature of h*. In-

deed
* p"
_ P _ _ _

n>2

so that
h*(\p) < A2h*(p), for each p >0 and A € [0,1].

With the upper bound on [ b(v — v, w)dw, this shows that
T3] < ol z2 (1t popys awy 13eGell e |1V Ger = Ul L2 (1t s ) Mo
= O0(We) (1) + O(\/E)ng :

Combining the previous results leads to the expected estimate for D (v). O

2
Ly

At this point, we conclude this section with the
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Proof of Proposition [7.3. First, we apply the compensated compactness ar-
gument for the acoustic system in [RI] — see also Theorem [A.J — to conclude
from the statement in Lemma [.4 that

/VIU Qs+ <vK€ng€n%n>)®2dx — 0

divl‘()‘5 * <%|v|%(engen%n>Q()‘5 * <erngen%n>)) —0

in the sense of distributions on R} and R7 x R3 respectively, for each
divergence-free vector field U € C°(R3; R?).

On the other hand, the compactness property in the xz-variable stated in
Proposition [f.4 and ([7:23) implies that

Q()\(S * </UKengfn,75n> - Q(<erngfanEn> - 0
)\5 * <%’v’%(€ngfnfyfn> - <%’v’%(€ngfnfyfn> - 0

in L? (dtdz) as § — 0, uniformly in n. Therefore, one has

/va : Q(</UK6ng€nry€n>)®2dx - 0

dlvl'((% |’U|%{€n g€n’y€n>Q(<ern g€n7€n>)) —0

in the sense of distributions on R} and R7 x R3 respectively, for each
divergence-free vector field U € C°(R3; R?).
Also, we recall from Proposition [[.3 and ([.14) that

P(vk,, ge,Ye,) — u strongly in Lfoc(dtdx) ,

(7.25)

Q(VK., JenYe,) — 0 weakly in Lfoc(dtdx) .

Therefore, for each compactly supported, C* solenoidal vector field U, one
has

va : <erng€nry€n>®2dl‘ = va : (P<erng€nry€n>)®2)dl‘
R3 R3

- [ V- Paiv Qo 5070
+/R3 V.U : (P<UKen95n76n> ® Q@Kengen%n»dm
+ /1%3 v{L'U : (Q<erng€nry€n> ® P<erng€nry€n>)dl‘

— V.U :u®udx
R3

in the sense of distributions on R . Together with ([19), this implies the
first limit in Proposition .3
On the other hand, Proposition [/.4 and (.14) imply that
(101> = VK., GenVen) — 0 strongly in Lf, (dtdz),

(]v[%(mggn’yen> — 0 weakly in L2 (dtdz).
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Hence )

dive (310" = Dk, GenVen) { (Ve GenVen))

= dlvl'(((% |/U|2 - 1)Ken g€n7€n>P<(ern gﬁnryﬁn >)

+1l5 dlvx(<|v|%(en g€n’y€n>Q<(ern GenVen >)

+1= dive (([v]%., GenVen) P{VK., GenVen))

+ dlvx(< % |’U|2 - 1)Ken g€n7€n>Q<(ern gﬁnryﬁn >)

— div, (uf)
in the sense of distributions on R* x R®. With (.13), this entails the second
statement in Proposition [.3. O

7.3. End of the proof of Theorem R.4. At this point we return to the
renormalized, truncated momentum and energy conservations in the form

(D) and [3).

Asymptotic conservation of momentum : by using the convergence prop-
erties in ([.11]) and Proposition [I.J with the decomposition ([.J), one sees
that, for each C'°°, compactly supported, solenoidal vector field U,

V.U :F. (Ader — | V,U:u@udr—v | VU : (Veut(Veu)l)de
R3 R3 R3

in the sense of distributions on R’ , while
div, F,, (B) — div,(uf) — kA0

in the sense of distributions in R% x R3. Furthermore, since div, u = 0, one
has
V.U : (Vou)lde = Va(divg U) - udz =0
R3 R3
for each solenoidal test vector field U, so that

V.U :F (A)dx — V.U :u®udx —v V.U : Vyudx
R3 R3 R3
in the sense of distributions on R
On the other hand, by Proposition [7.3,

/ U - (VK. Gen Ve )dT — U - udzx
R3 R3

uniformly on [0, 7] for each T' > 0. In particular, for ¢ = 0, one has

1 : :
/ U-ul,_,de=1lm [ U-P (—/ vFg"dv> da :/ U-u'dx.
R3 - e—0 R3 € JR3 R3

Therefore, u satisfies

at/ U - udx — VU :u®udx +v V.U :Vaudr =0, t>0,
R3 R3 R3

u u

t=0
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Asymptotic conservation of energy : likewise,

<(%|/U|2 - 1)Keng€nry€n> - 9
in C(Ry;w — L2). In particular, for ¢+ = 0, one has

1 L A A
H‘t:O:w—ll_)n%g R3(5]v] —1)E™dv = 0"

Therefore, 6 satisfies
010 + div, (uf) — kA0 =0, zeR3, t>0,
9|t:0 = 0"
Notice that one has also

1
— vF,, dv = (vg.,) — u
R3
1
— [ Rl = D)(F., — M)dv = ((}]v]* = 1)ge,) — 0
€n JR3
weakly in L} (dtdz), because of (7.4) and (7).
Asymptotic energy inequality : by Proposition EI and ), one has

2
~(/G., —1) = ginw— L} (dt, *(dzMdv))

€n

1
— (/G G = \/Ge1Ge,) — G in w — L*(dtdxdp) .

Then, by (2:20) and (2:2),

2
VG, —1
/ Mg*(t,z,v)dzdv < lim 4//M <7"> (t,z,v)dvdx
n—oo €n

2

2
t Gsansn
// /Qstdxdu< lim / / 2 dsdzdp
0 n—oo €n

< lim i4/ /5( F,)dsdz
n—oo €n JO

Explicit computations based on the limiting forms (7.7) and (7.§) of

g and // gb(v — vy, w)dwM;dv,

and using the symmetries of ¢ under the du-symmetries imply that

/ Mg?(t,z,v)drdv = /(\u!2(t,x) + 210)*(t, z))dz

and
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while
/(jzd,u > %V|qu + (Vou)T |2 + g/{|Vx9|2

(see Lemma 4.7 in [[J] for a detailed proof of these statements.)
Taking limits in the scaled entropy inequality

—H(F]M / /E (s,z)dxds < H(FZ"\M)

entails the expected energy inequality
t
| Glutt.a)P + 3ot e+ [ @IVl + 50108

1 A

With this last observation, the proof of Theorem P.4 is complete.

APPENDIX A. SOME RESULTS ABOUT THE LIMITS OF PRODUCTS

For the sake of completeness, we recall here without proof some classical
results used in the present paper to pass to the limit in nonlinear terms.

The first one is due to DiPerna and Lions [§], and is referred to as the
Product Limit Theorem in [J] :

Theorem A.1. Let i be a finite, positive Borel measure on o Borel subset X
of RN. Consider two sequences of real-valued measurable functions defined
on X denoted @, and iy, .

Assume that (¢y,) is bounded in L*°(du) and such that ¥, — 1 a.e. on
X while @, — ¢ inw— L' (dy). Then the product

@n¢n — SDT,Z) m Ll(d,u) weak.

The second one is due to Lions and Masmoudi [R]], and can be viewed as
a compensated compactness result. It states that (fast oscillating) acoustic
waves do not contribute to the macroscopic dynamics in the incompressible
limit :

Theorem A.2. Let ¢ # 0. Consider two families (p.) and (V1)) bounded
in Lg° (dt, L2, (dz)), such that

loc

1
atSDe + - A:B¢€ - B ea

2
1
8tv¢e + _vaOE = EGea

for some F.,Ge converging to 0 in L}, (dt, L2 (dz)).
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Then the quadratic quantities

PV, - ((vm¢e)®2) and Vy - (Qpevxwe)

converge to 0 in the sense of distributions on R} X R3.

APPENDIX B. SOME REGULARITY RESULTS FOR THE FREE TRANSPORT
OPERATOR

The main new idea in our previous work on the Navier-Stokes limit of
the Boltzmann equation [LJ] was to improve integrability and regularity
with respect to the x variables using the integrability with respect to the v
variables.

This property is obtained by combining the velocity averaging lemma [[L1]]
with dispersive properties of the free transport operator [f].

We state here two results of this kind used in the present paper, whose
proof can be found in [14] or [LJ].

The first such result, based on the dispersive properties of the free trans-
port, explains how the streaming operator transfers uniform integrability
from the v variables to the x variables.

Theorem B.1. Consider a bounded family (1) of LS (dt, Li, .(dzdv)) such
that (€0 +v - V), is bounded in L}, (dtdzdv). Assume that (1) is locally
uniformly integrable in the v-variable — see Proposition [3.3 for a definition
of this notion. Then () is locally uniformly integrable (in all variables t,

x and v).

The second one, which is based on the classical velocity averaging theo-
rem in [[L1]], explains how this additional integrability is used to prove a L!
averaging lemma.

Theorem B.2. Consider a bounded family (o) of L} (dtdz,L*(Mdv))
such that (€dy + v - V), is weakly relatively compact in L (dtdzMdv).
Assume that (|¢c|?) is locally uniformly integrable with respect to the mea-
sure dtdzMdv.

Then, for each function & = &(v) in L2(Mdv), each T > 0 and each

compact K C R3,

l

as |yl — 0 uniformly in e.

— 0
L2([0,T]x K)

/cpe(t,w +y,v)ME(v)dv — /gpg(t,x,v)Mﬂv)dv
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APPENDIX C. SOME REGULARITY RESULTS FOR THE LERAY PROJECTION

One annoying difficulty in handling incompressible or weakly compressible
models is the nonlocal nature of the Leray projection P — defined on the
space L2(R?; R3) of square integrable vector fields, on the closed subspace of
divergence-free vector fields. By definition, P is continuous on L?(R3;R3?),
as well as on H*(R?; R3) — since P is a classical pseudo-differential operator
of order 0. However, P is not continuous on local spaces of the type LT (dx).
Here is how we make up for this lack of continuity.

A first observation leads to a local L?-equicontinuity statement provided
that some global bound is known to hold.

Lemma C.1. Consider a sequence of vector fields (1) uniformly bounded in
L¥(L2(dx)). Assume that, for each T > 0 and and each compact K C R3,

T
/ / |1/)n(t,x—i—y)—Q,Z)n(t,x)|2dxdt—>0 as ly| — 0
0 K

uniformly in n.
Then, for each T > 0 and and each compact K C R3,

T
/ / |Ptp(t, 2+ y) — Pibn(t,2)|* dedt — 0 as |y| — 0
0 K
uniformly in n.

Proof. For each 6 € (0,1) and R > 0, let x = x(x) be a C° bump function
satisfying

0<x<T1, x| <2/6.

Obviously, for |y| < 1, one has
T
/ / (@ + )t + ) — X (&) (b, 2) Pl
0 R3
T
<2 / / X(@ + 92t 2+ y) — ot ) Pt
+2/ / (2 + ) — x(2) Pn(t, 3) [Pt

< 2/ /|m|<R+2 [Vn(t, x4+ y) — Yn(t, x)| dmdtQ( > |y|? Tl Lo (22)

so that

T
/ / IX(z 4+ 9)Un(t,  +y) — x (@)Y (t, z)Pdadt — 0
0 R3

as |y| — 0 uniformly in n, since g, is bounded in L{°(L?(Mdvdz)).
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Consider next the decomposition
xP = Px+[x, P

where y denotes the pointwise multiplication by the function yx, which is
another pseudo-differential operator of order 0 on R3. In particular, [y, P]
is a classical pseudo-differential operator of order —1 on R3.

With this decomposition, we consider the expression

T
/O /l . IX(z + y)Pon(t, z +y) — x(2) Pon(t, 2)[2dadt
T
2
= 2/0 /ng [POxton) (8 @+ y) = P(xtpn) (¢, 2) [ dwdt

T
— 2
+2/0 /xSRHX,PWn(t,x—i-y) [, Plun (£, o) 2dadt

Because P is an L?(dx)-orthogonal projection, the first integral on the right-
hand side of the inequality above satisfies

T
/ / |P(xon) (t, 2 +y) — P(xtn)(t, z)|*dadt
0 |lz|<R
T
S/O /RS |P(xtn)(t,z + y) — P(xtn)(t, ) Pdzdt

T
< /0 /R3 |X($ + y)¢n(t,x + y) — X(x)wn(t,$)|2d$dt -0

as |y| — 0, uniformly in n. On the other hand, because [y, P] is a classical
pseudo-differential operator of order —1 on R? (see [R4], §7.16, on p. 268):
therefore [x, P] maps L?(R?) continuously into H'(R?). This implies in
particular that [x, PJi, is bounded in H*(R?) so that, for each R > 0,

T
| [ Pl ) = [, Plent ) Pdadt — 0
0 |lz|<R
as |y| — 0, uniformly in n. Hence

T
/ / IX(@ + y)Pn(t,x +y) — x(2) P (t, 2)*ddt — 0
0 |z|<R

as |y| — 0, uniformly in n. Assuming that R > 2, that the parameter § in
the definition of x satisfies § € (0,1) and that |y| < 1, we conclude that

T
/ / | Py (t, x4+ y) — Py (t, z)|*dzdt — 0
0 |z|<R—2

as |y| — 0, uniformly in n, for each R > 0 sufficiently large. O

A second observation provides continuity of P in LlloC under some appro-
priate global bounds.
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Lemma C.2. Let 1. = (t,r) € R? be a family of vector fields such that
Ve — 0 in L}, (dtdz) and ¢ = O(1) in L}, (dt; L2). Let & be a mollifying

loc
sequence on R3 defined by &5(z) = 5 3x(x /) where & € C°(R3) is a bump
function such that
suppé C B(0,1), £>0, and /fd:v: 1.
Then, for each § > 0,
Q& *1he) — 0 in LY (dtdz) ase — 0.

Proof. Let x € C2°(R3). Then

[ x@neesvoeni = [ [ x@ai.)-ae v
R3
where (2 is any measurable unit vector field such that
Qt,x) = Q& * ve) (t,z) whenever Q(&s * ¥e)(t,x) #0.

|Q(&s * e )|

Hence

// 2)|Q (&5 * o) (¢, z)|dxdt

T
_ / A1 divy (xQ) dive (6 % b0) (¢, 2)dadt
0 R3

Let G(z) = 4”?”—1'3 be the convolution kernel corresponding to —V,A;!: for
R >0, denote Ggr(x) = G(2)1jy<p and GF(z) = G(x)1 ;> . Thus

/ / 7)|Q(&5 * ) (t, ) |dadt
= / Gr* (xQ) (V&) * he(t, x)dxdt
0 R3

T
+ / G+ (xQ) (Vés) % (£, 2)dardt
0 R3

We have used here the following symplifying notation: if a and b are two
vector fields on R?, we denote

axblo) = [ al=y)- by

where - is the canonical inner product on R3.
Observe that G = O(1/v/R) in L2, while xQ € L{°(LL) (since |Q] = 1
and supp(x) is compact). Hence

G % (x2) = O(1/VR) in Lj,.(dt; L?)
and (V&) x e = O(1) in L} (dt; L2) for each § > 0 since 1. = O(1) in

loc
L} .(dt; L2). Hence the second integral is O(1/v/R) for each § > 0.
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Next Gg = O(R) in L} and thus G# « (xQ2) = O(1) in L since |Q| = 1;
moreover,

supp, (G" * (x©2)) C supp(x) + B(0, R)

is bounded for each R > 0. On the other hand V&s x . — 0 in L} (dtdz),
so that the first integral vanishes as ¢ — 0 for each § > 0 and each R > 0.

Optimizing in R leads to the announced result. O
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