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Abstract

A star coloring of an undirected graph G is a proper vertex coloring of G (i.e., no two
neighbors are assigned the same color) such that any path of length 3 in G is not bicolored.
The star chromatic number of an undirected graph G, denoted by xs(G), is the smallest integer
k for which G admits a star coloring with k£ colors. In this paper, we give the exact value
of the star chromatic number of different families of graphs such as trees, cycles, complete
bipartite graphs, outerplanar graphs and 2-dimensional grids. We also study and give bounds
for the star chromatic number of other families of graphs, such as planar graphs, hypercubes,
d-dimensional grids (d > 3), d-dimensional tori (d > 2), graphs with bounded treewidth and
cubic graphs. We end this study by two asymptotic results, where we prove that, Whgn d
tends to infinity, (i) there exist graphs G' of maximum degree d such that x(G) = Q( . di)l )

og 2

and (ii) for any graph G of maximum degree d, xs(G) = O(d%).
Keywords : graphs, vertex coloring, proper coloring, star coloring.

1 Introduction

All graphs considered here are undirected. In the following definitions (and in the whole paper),
the term coloring will be used to define vertex coloring of graphs. A proper coloring of a graph
G is a labeling of the vertices of G such that no two neighbors in G are assigned the same label.
Usually, the labeling (or coloring) of vertex z is denoted by ¢(x). In the following, all the colorings
that we will define and use are proper colorings.

Definition 1 (Star coloring) A star coloring of a graph G is a proper coloring of G such that
no path of length 8 in G is bicolored.

We also introduce here the notion of acyclic coloring, that will be useful for our purpose.

Definition 2 (Acyclic coloring) An acyclic coloring of a graph G is a proper coloring of G such
that no cycle in G is bicolored.

We define by star chromatic number (resp. acyclic chromatic number) of a graph G the
minimum number of colors which are necessary to star color G (resp. acyclically color G). It is
denoted x(G) for star coloring, and a(G) for acyclic coloring,.

By extension, the star (resp. acyclic) chromatic number of a family F of graphs is the minimum



number of colors that are necessary to star (resp. acyclically) color any graph belonging to F. It
is denoted x(F) for star coloring and a(F) for acyclic coloring.

The purpose of this paper is to determine and give properties on x4(F) for a large number
of families of graphs. In Section 2, we present general properties for the star chromatic number
of graphs. In the following sections (Sections 3 to 7), we determine precisely xs(F) for trees,
cycles, complete bipartite graphs, outerplanar graphs and 2-dimensional grids and we give bounds
on xs(F) for other families of graphs, such as planar graphs, hypercubes, d-dimensional grids, d-
dimensional tori, graphs with bounded treewidth and cubic graphs. We end this paper by giving
asymptotic bounds for the star chromatic number of graphs of order n and maximum degree d.

2 Generalities

We note that for any graph G, any star coloring of G is also an acyclic coloring of G: indeed,
a cycle in G can be bicolored if and only if it is of even length, that is of length greater than or
equal to 4. However, by definition of a star coloring, no path of length 3 in G can be bicolored.
Hence, we get the following observation.

Observation 1 For any graph G, o(G) < xs(G).

Proposition 2 [FGR03] For any graph G of order n and size m, xs(G) > w, where
v=4n(n—1) —8m + 1.

Sketch of proof : Let us compute a lower bound for a(G), the acyclic chromatic number of

a graph G, with n vertices and m edges. Suppose we have acyclically colored G with & colors

1,2...k. Take any two of those colors, say ¢ and j, and let V; (resp. V;) be the set of vertices

of G that are assigned color i (resp. color j). G[V; UV}], the graph induced by V; UV}, is

by definition acyclic, i.e. it is a forest. Let e;; be the number of edges of G[V; UV;] ; thus

eij < |Vi| +1V;| — 1 (I;5). If we sum inequality (I;;) for all distinct pairs 4, j with 1 <17 # j <k,
k(k—1)

we get that >0 ., e < n(k—1) — == Since 3 ;.. €; = m, it now suffices to

solve the inequality k% — (2n + 1)k + 2(m +n) < 0. This gives M <k< M, where
v =4n(n—1)—8m+1. However, the rightmost inequality does not give us any useful information,
since for any graph with at least one edge we always have v > 1 and thus k£ < n + 1. Finally, we
obtain that a(G) > k > M By Observation 1, we conclude that xs(G) also satisfies this
inequality. O

Actually, we can note that the star coloring is an acyclic coloring such that if we take two color
classes then the induced subgraph is a forest composed only of stars. Star coloring was introduced
in 1973 by Griinbaum [Grii73]. He linked star coloring to acyclic coloring by showing that any
planar graph has an acyclic chromatic number less than or equal to 9, and by suggesting that this
implies that any planar graph has a star chromatic number less than or equal to 9 - 28 = 2304.

However, this property can be generalized for any given graph G, as mentioned in [BKW99,
BKRS00].

Theorem 3 (Relation acyclic/star coloring) [BKW99, BKRS00] For any graph G, if the
acyclic chromatic number of G satisfies a(G) < k, then the star chromatic number of G satis-
fies xs(G) < k -2k

As a corollary of this result, we can determine an upper bound for ys(P), where P denotes
the family of planar graphs. Indeed, Borodin [Bor79] showed that any planar graph has an acyclic
coloring using at most 5 colors (we also note that there exists a graph of order 6 such that
a(G) = 5). Thus we deduce that xs(P) < 80. However, a result from [NOdAMO1], applied to
family P, yields xs(P) < 30, and this result has later been improved in [ACKT02], where it is
shown that xs(P) < 20. Concerning lower bounds, there exists a planar graph G; for which any



star coloring needs 6 colors (this graph is shown in Figure 1): indeed, we can first note that we
need at least 4 colors to assign to vertices vy, vo, v and vy, since the subgraph induced by those
4 vertices is isomorphic to K4. Let us then use colors 1,2,3 and 4 to color respectively vy, va, v3
and v4. However, four colors are not enough to star color G1, because if we are only allowed 4
colors then ¢(vs) = 3, and in that case no color can be given to vg. Thus xs(G1) > 5.

Now suppose we are allowed 5 colors. If c(vs) = 3, then ¢(vg) = 5 and ¢(v7) = 5 ; but in
that case, it is impossible to assign a color to vg. Thus ¢(vs) = 5. In that case, if c(vg) = 2,
then c(v7) = 5 and v cannot be assigned a color. Finally, if ¢(vs) = 5, then either ¢(v7) = 1 or
c(v7) = 5. In the first case, it is impossible to color vg, while in the second this implies ¢(vg) = 3,
and thus vg cannot be colored. Thus, 5 colors do not suffice to star color G; and consequently
xs(G1) > 6 (we note that, on this example, it is possible to find a star coloring of Gy with exactly
6 colors).

Figure 1: A planar graph G; for which xs(G1) > 6

The girth g of a graph G is the length of its shortest cycle. In [BKW99), it is proved that if G
is planar with girth g > 5 (resp. g > 7), then a(G) < 4 (resp. a(G) < 3). Together with Theorem
3, we deduce:

Corollary 4 If G is a planar graph with girth g > 5, then xs(G) < 32. If G is a planar graph
with girth g > 7, then xs(G) < 12.

However, a result from [NOdAMO01] implies that xs(G) < 14 for any planar graph G of girth
g > 5. When the girth g satisfies g > 7, then Theorem 1 in [NOdMO01] implies that x,(G) < 14,
which does not improve the bound of Corollary 4.

Several graphs are cartesian product of graphs (Hypercubes, Grids, Tori), so it is interest-
ing to have an upper bound for the star chromatic number of cartesian product of graphs. We
recall that the cartesian product of two graphs G = (V, E) and G’ = (V’, E’), denoted by GOG’,
is the graph such that the set of vertices is V x V' and two vertices (z,z’) and (y,y’) are linked
by an edge if and only if z = y and 'y’ is an edge of G’ or 2’ = 3 and zy is an edge of G.

Theorem 5 For any two graphs G and H, xs(GOH) < xs(G) - xs(H)

Proof : Suppose that xs(G) = g and xs(H) = h, and let Cg (resp. Cg) be a star coloring of
G (resp. H) using g (resp. h) colors. In that case, we assign to any vertex (u,v) of GOH color
[Cq(w),Cr(v)]. This coloring uses gh colors, and this defines a star coloring. Indeed, suppose
that there exists a path P of length 3 that is bicolored in GOH, with V(P) = {z,y, 2,t} and
E(P) = {zy,yz, 2t}. Depending on the composition of the ordered pairs corresponding to the
vertices of the path, we have 8 possible paths. We will only consider 4 of them, because by
permuting the first and second component of each ordered pair, we obtain the others. The 4
possible paths are:

(1) T = (u,v),y = (U,’Ul),Z - (uaUQ)at - (u,’l)g)

(2) T = (u,v),y = (U,’Ul),Z = (uaUQ)at = (’LL4,’L)2)



(3) = (u,v),y = (u,v1),z = (uz,v1),t = (uz,v4)
(4) = (u,v),y = (u,v1),z = (uz,v1),t = (uz,v1)

Clearly, in the first case P cannot be bicolored, since the path v,v1,vs,v3 is not bicolored in
H. For the second case: y and t have different colors (vivs is an edge of H). For the third case: =
and z have different colors (vv; is an edge of H). The same argument works for the last case. O

Observation 6 For any graph G and for any 1 < a < |V(G)|, let Gi, ..., Gp be the p connected
components obtained by removing o vertices from G. In that case, xs(G) < max;{xs(G;)} + a.

Proof: Star color each G;, and reconnect them by adding the « vertices previously deleted, using
a new color for each of the a vertices. Any path of length 3 within a G; will be star colored by
construction, and if this path begins in G; and ends in G; with ¢ # j, then it contains at least one
of the a vertices, which has a unique color. Thus the path of length 3 cannot be bicolored, and
we get a star coloring of G. a

Remark 7 For any a > 1, the above result is optimal for complete bipartite graphs K,, . Wlog,
suppose n < m and let « =n. Remowve the a = n vertices of partition V,,. We then get m isolated
vertices, which can be independently colored with a single color. Then, give a unique color to the
a = n vertices. We then get a star coloring with n 4+ 1 colors ; this coloring can be shown to be
optimal by Proposition 12.

We recall that the independence number of a graph G, «(G), is the cardinality of a largest
independent set in G.

Observation 8 For any graph G, xs(G) < 1+ |V(G)| — a(G), where a(G) is the independence
number of G.

Proof : Let S be a maximum independent set of G. Color each vertex of S with color ¢, and
give new pairwise distinct colors to all the other vertices. This coloring has the desired number of
colors. It is clearly a proper coloring, and it is also a star coloring, because there is only one color
which is used at least twice. |

Remark 9 The above result is optimal for complete p-partite graphs K, s, .5, -

3 Trees, Cycles, Complete Bipartite Graphs, Hypercubes

Proposition 10 Let F,. be the family of forests such that v is the mazximum radius over all the
trees contained in F,.. In that case, xs(F) = min{3,r + 1}.

Proof : Let F be a forest contained in F,.. When r = 0, the result is trivial (¥ holds no edge).
When r = 1, F is composed of isolated vertices and of stars. Hence, we color each isolated vertex,
as well as the center of each star in F' with color 1, and all the remaining vertices with color
2. This is obviously a proper coloring, and since in that case there is no path of length 3, it is
consequently a star coloring as well. Now we assume r > 2. We then arbitrarily root each tree
composing F', and we color each vertex v, of depth d, in F, as follows: ¢(v) = d, mod 3. Clearly,
this is a proper coloring of F' and it is easy to see that it is a star coloring. O

Proposition 11 Let C, be the cycle with n > 3 vertices.

4 whenn=2>5
Xs(Cn) = { 3 otherwise



Proof : It can be easily checked that xs(C5) = 4. Now let us assume n # 5. Clearly, 3 colors at
least are needed to star color C,,. We now distinguish 3 cases: first, if n = 3k, we color alternatively
the vertices around the cycle by colors 1,2 and 3. Thus, for any vertex u, its two neighbors are
assigned distinct colors, and consequently this is a valid star coloring. Hence xs(Csx) < 3. Suppose
now n = 3k+1. In that case, let us color 3k vertices of C), consecutively, by repeating the sequence
of colors 1,2 and 3. There remains 1 uncolored vertex, to which we assign color 2. One can check
easily that this is also a valid star coloring, and thus xs(Csx+1) < 3. Finally, let n = 3k + 2. Since
the case n = 5 is excluded here, we can assume k > 2. Thus n = 3(k — 1)+ 5, with k — 1 > 1.
In that case, let us color 3(k — 1) consecutive vertices along the cycle, alternating colors 1,2 and
3. For the 5 remaining vertices, we give the following coloring: 2,1,2,3,2. It can be checked that
this is a valid star coloring, and thus xs(Csgt+2) < 3 for any k > 2. Globally, we have x,(Cy,) =3
for any n # 5, and the result is proved. o

Proposition 12 Let K, ., be the complete bipartite graph with n+m vertices. Then xs(Knm) =
min{m,n} + 1.

Proof : Wlog, let n < m. The upper bound of n 4+ 1 immediately follows from Observation 6 (cf.
Remark 7 for a detailed proof).

Now let us prove that xs(Kn,m) > n+1: if each of the partite set contains at least two vertices
with the same color, then there exists a bicolored 4-cycle, and the coloring we have is not a star
coloring. If not, then the number of colors used is greater than or equal to n+ 1. Hence the result.
O

Theorem 13 (Star-Coloring of hypercube of dimension d, Hg) For any d-dimensional hy-
percube Hy, [2] < X (Hq) < d+ 1.

Proof : The lower bound is a direct application of Proposition 2, where n = 2¢ and m =
d - 2971, Indeed, we have xs(Hy) > M, where v = 4n(n — 1) — 8m + 1. Let us prove
now that x,(Hq) > <9t2. For this, let us show that f(n,d) = M — 4£2 > 0. Note that
fln,d) = (2"71;d)7‘ﬁ = (2n71;d)7‘ﬁ~82:tjgiﬂ. That is, f(n,d) = 2(((22:1%%. However,
D(n,d) = 2((2n — 1 — d) + /7) is positive for any d > 1, since /5 > 1 in all circumstances and
n = 2%, Hence, it suffices to show that f'(n,d) = (2n—1—d)? — ~ is positive in order to prove the
lower bound. f'(n,d) = (2n—1—d)?—(4n?—4n—8m+1), thus f'(n,d) = d> —4nd+2d—8m. Since
m = % we conclude that f'(n,d) = d(d +2) > 0 for any d > 1. Hence we have x,(Hq) > %£2,
that is ys(Hq) > [42].

In order to prove the upper bound, we give the following coloring: suppose the vertices of
H, are labeled according to their binary representation ; that is, every vertex u € V(Hy) can be
labeled as follows: w = b1by ... by, with every b; € {0,1}, 1 <1i < d. We then assign a color ¢(u)
to u according to the following equation: c(u) = 2?21 i-b; mod d+ 1. We know by [FGRO03] that
this coloring C is acyclic. Moreover, in [FGRO03] it has been shown that any bicolored path in Hy
can only appear in a copy of a 2-dimensional cube Hy. Since C is acyclic, we conclude that no
bicolored path of length strictly greater than 2 can appear, and thus C is a star coloring. O

4 d-dimensional Grids

In this section, we study the star chromatic number of grids. More precisely, we give the star
chromatic number of 2 dimensional grids, and we extend this result in order to get bounds on the
star chromatic number of grids of dimension d.

We recall that the 2-dimensional grid G(n,m) is the cartesian product of two paths of length
n —1 and m — 1. Wlog, we will always consider in the following that m > n. A summary of the
results is given in Table 1 ; those results are detailed below.



[ [m=2[m=3[m=>4]
n=2 3 4 4
n=3 XXX 4 4
n >4 XXX XXX 5

Table 1: Star coloring of 2-dimensional grids G(n,m) (n < m)

Proposition 14 x(G(2,2)) = 3, and for any m > 4, xs(G(2,m)) = xs(G(3,m)) = 4.

Proof : The first result is trivial.

It is easily checked that xs(G(2,m)) > 4 for any m > 3, since star coloring of G(2, 3) requires
at least 4 colors, and since G(2,3) is a subgraph of G(2,m) for any m > 3. Moreover, as can be
seen in Figure 2 (left), it is possible to find a 4 star coloring of G(2,m). Thus x:(G(2,m)) < 4,
and altogether we have x(G(2,m)) = 4.

The fact that xs(G(3,m)) > 4 for any m > 3 is trivial, since G(2,3) is a subgraph of G(3,m).
Moreover, Figure 2 (right) shows a 4 star coloring of G(3,m)) for any m > 3. O

Figure 2: 4 star colorings of G(2,m) (left) and G(3,m) (right)

Theorem 15 (Star-Coloring of the 2-dimensional grid) For anyn and m such that min{n, m} >
4, xs(G(n,m)) =5.

Proof : By a rather tedious case by case analysis (confirmed by the computer), it is possible
to show that 5 colors at least are needed to color G(4,4). Hence, for any n and m such that
min{n,m} >4, xs(G(n,m)) > 5.

The upper bound is a corollary of Theorem 16 below. O

We know that d-dimensional grids G4 are isomorphic to the cartesian product of d paths.
Hence, by Theorem 5 and Proposition 10, we get an upper bound for x,(G4): xs(Gq) < 37 for any
d > 1. However, it is possible to do much better, and to prove that the star chromatic number of
the d-dimensional grid is linear in d: this is the purpose of the following theorem.

Theorem 16 (Star-Coloring of the d-dimensional grid G4) Let G4 be any d-dimensional
grid, d > 1. Then 2 + {d— 41 J < xs(Ga) < 2d +1.

i=1 n;
Proof : The lower bound is a direct application of this inequality on the lower bound of Proposi-
tion 2, and is similar to a proof of [FGR03] concerning acyclic coloring in G4. Indeed, Proposition 2

yields that for any graph G = (V, E) with |[V| = n and |E| = m, we have x5(G) > M, with

v = 4n(n — 1) — 8m + 1. This can also be written as follows: x;(G) > 2((22%11&}1)’ that is
4(m+n) m-+n 4n
Xs(G) = o or @) = # -

However, v = (2n — 1)® — 8m, hence v < (2n — 1)?, that is 1 4+ 2n + /7 < 4n. Thus we have
Xs(G) > 1+ 2

Now, if we replace respectively n and m by |V(G4)| and |E(Gg4)|, we end up with the result.
Indeed, it is well known that [V (Ga)| = ny x -+ x ng and [ E(Ga)| = n1 x -+ x ng x (d— Y, ).



We also note that this means that for “sufficiently large” grids (for instance, when each n; > d),
we have x5(Gq) > d+ 1, and that the “worst” case appears when each n; = 2,1 < i <d ; in that
case G4 is isomorphic to the hypercube of dimension d, Hy, and the lower bound of Theorem 13
applies.

Concerning the upper bound, we use here a proof that is close to the one given in [FGR03] con-
cerning acyclic coloring. Let us represent each vertex u of G4 = G(n1,ns...ng) by its coordinates
in each dimension, that is v = (21, za,...24) where each x;, 1 <14 < d satisfies 0 < z; < n; — 1.
Now, we define a vertex coloring for G4 as follows: for each u € V(Gy) such that u = (z1, 22, ... 24),
we let c(u) = Zle i-2; mod 2d + 1. First, we prove that this coloring is proper. Indeed, suppose
that 2 vertices u and u’, differing on the j-th coordinate, 1 < j < d, are assigned the same color
c(u) = c¢(u'). Hence we have u = (21, %2,...24,...2q) and v’ = (z1,22,...2; £ 1,...24). Then,
since c(u) = c¢(v'), we have j - z; + Z?:L#ji sz =g (x; £1)+ Zle’i# i-ax; that is £5 =0
mod 2d + 1. Since 1 < j < d, we conclude that this cannot happen.

Now let us show that this coloring is a star coloring. More precisely, we show that it is a 2
distance coloring, that is, no two vertices at distance less than or equal to 2 are assigned the same
color. Consequently, no path of length 3 can be bicolored, and thus it is also a star coloring. We
have seen that no two neighbors are assigned the same color. Now let us prove that for any two ver-
tices u and v lying at distance 2, we cannot have ¢(u) = ¢(v”). Indeed, v and u” being at distance
exactly 2 in Gy, their coordinates differ (i) either in two dimensions j; and ja (ii) or in a single
dimension j. Case (ii) can be solved easily: we are in the case where u = (z1,x2,...2;,...2q) and
u’ = (z1,22,...2; £2,...24), and by the same computations as above, we end up with £2j =0
mod 2d + 1, a contradiction since 1 < j < d. If we are in Case (i), the same argument applies,
and by a similar computation, we end up with £j; & jo = 0 mod 2d + 1, a contradiction too since
1 < j1 # jo2 < d. Thus our coloring is a 2 distance coloring of G4, and consequently a star coloring
of G4. We then conclude that ys(Gg) < 2d + 1. O

Remark 17 We note that for dimensions 1 and 2, the upper bound given by Theorem 16 for
d-dimensional grids is tight (cf. Proposition 10 when d =1 and Theorem 15 when d = 2).

5 d-dimensional Tori

In this section, we give bounds on the star chromatic number of d-dimensional tori for any
d>2.

In the following, for any n; > 3, 1 < i < d, we denote by TG4y = TG(n1,na,...ng) the toroidal
d-dimensional grid having n; vertices in dimension ¢. We recall that TG is the cartesian product
of d cycles of length n;, 1 <1 <d.

Theorem 18 (Star coloring of d-Dimensional Tori)

2d +1 when 2d + 1 divides each n;

d+2 < xs(TGq) < { 242 +d+1 otherwise

Proof : The lower bound is obtained by Proposition 2, using arguments that are very similar
to the ones developed for hypercubes in proof of Theorem 13. Indeed, we know that xs(TG4) >

AVILVY where y = 4|V|([V| — 1) — 8|E|+ 1. Let N = |V| ; we know that |E| = dN where N =

Hle n;. Now, if we prove that w —(d+1) > 0, this will imply that xs(T'G4) > d+1. Let

N+1— N—1-2d)— N—1-2d)— N-1-2d
F(N,d) = YT (441). Note that f(N,d) = EX220-VF . GNZ1-20) ﬂ-gN_}_gd;jﬁ.

—_]1— 2_ . .
That is, f(N,d) = 2&3%%%. However, D(N,d) = 2((2N — 1 — 2d) + /7) is strictly

positive for any d > 1, since we always have /vy > 1 and N > 3¢ (in order to get a torus, the
number of vertices n; in each dimension ¢ must be at least equal to 3). Hence, it suffices to show
that f'(N,d) = (2N — 1 — 2d)? — ~ is positive in order to prove the lower bound. f'(N,d) =




(2N — 1 —2d)? — (4N? — 4N — 8Nd + 1), thus f/(N,d) = 4d? + 4d. Hence, we conclude that
f'(N,d) > 0 for any d > 1. Hence we have xs(TG4) > d+ 1, that is xs(TGq) > d + 2.

The upper bound in the case where 2d + 1 divides each n; comes from the study of the non-
toroidal grid G4, and the coloring given in Theorem 16. It is easy to see that this coloring remains
a star coloring of TG4 when 2d+ 1 divides each n;, 1 <14 < d, and thus we have x(TGq) < 2d+1
in that case.

When 2d + 1 does not divide each n;, then consider the subgraph of TG, that consists of
a (non-toroidal) d-dimensional grid G, = G(n1 — 1,n2 — 1,...nq — 1). We can star color G
with 2d 4 1 colors as shown in Theorem 16. Now, in order to avoid a bicolored path of length 3
due to the wrap-around in each dimension, it suffices to use new colors to color the “borders” of
TGq (that is, the vertices of TG4 that do not appear in G’)). These vertices form a graph Go,
where V(Gp) can be partitioned in d classes Vi,...Vy, such that the subgraph G; induced by V;,
1 <i<d,is a (d — 1)-dimensional non-toroidal grid. Hence, if for any 1 < ¢ < d, we use new
colors to star color G; (using the coloring described in proof of Theorem 16), then we get a star
coloring of TGy ; indeed, by construction any bicolored path that could occur would be either (i)
between vertices of Gfi and vertices of G; for some 1 < i < d, or (ii) between vertices of G; and
vertices of G for some 1 < i # j < d. However, any vertex u of G/, has only one edge leading to
a vertex of G;, for any given 1 < i < d. Hence u cannot be connected to two vertices of G;, and
thus cannot be connected to two vertices being assigned the same color c. We then conclude that
case (i) cannot occur. The same argument holds for case (ii): a given vertex u of G; has at most
one connection leading to G, 1 < i # j < d. Overall, the suggested coloring uses 2d + 1 colors
(to color G%)), to which we must add d times 2(d — 1)+ 1 colors (to color each G;). Thus, globally,
this coloring needs (2d + 1) +d - (2(d — 1) + 1) colors, that is 2d? + d + 1 colors. O

6 Graphs with Bounded Treewidth

The notion of treewidth was introduced by Robertson and Seymour [RS83]. A tree decompo-
sition of a graph G = (V, E) is a pair ({X;|i € I},T = (I, F)) where {X;|i € I} is a family of
subsets of V', one for each node of T, and T a tree such that:

(1) Uie] Xi=V
(2) For all edges vw € E, there exists an i € [ with v € X; and w € X;
(3) For all 4, j, k € I: if j is on the path from ¢ to k in T, then X; N X}, C X;

The width of a tree decomposition ({X;|i € I'},T = (I, F)) is max;er | X;| — 1. The treewidth
of a graph G is the minimum width over all possible tree decomposition of G.
We will prove the following theorem.

Theorem 19 If a graph G is of trecwidth at most k, then xs(G) < k(k+3)/2+1

Actually we will prove Theorem 19 for k-trees, because it is well known that the treewidth of
a graph G is at most &k (k > 0) if and only if G is a partial k-tree [Bod98].

We recall the definition of a k-tree [BLS99]:
(1) a clique with k-vertices is a k-tree
(2) f T = (V,E) is a k-tree and C is a clique of T" with k vertices and x ¢ V, then T' =
(Vu{z}, EU{cz:ce€ C}) is a k-tree.

If a k-tree has exactly k vertices, then it is a clique by definition. If not, it contains at least a
(k 4+ 1)-clique ; moreover, it is easy to see that the greedy coloring with k + 1 colors of a k-tree
gives an acyclic coloring. Hence we can deduce by Theorem 3 that for any k-tree Ty with at least
k + 1 vertices, k + 1 < x4(Tx) < k- 2¥~1. However, a much better upper bound can be derived.
This is the purpose of Theorem 20 below.

Theorem 20 For any k > 1 and any k-tree Tj:



o xs(Ty) =k if |[V(Ty)| =k ;
o k+1<xs(Tk) < k(k+3)/2+1 otherwise.

Proof : Consider a k-tree G. We recall that a k-tree G is an intersection graph [MM99] and can
be represented by a tree T and a subtree S, for each v in G s.t.:

(1) w e BE(G) <= S, NS, #0
(2) foranyte T, {v:te S,}=k+1

We can see that by considering the tree decomposition of the k-tree. The tree T is the one of
the tree decomposition and the subtree S, for v € V(G) is exactly the subtree of T’ containing the
nodes of T corresponding to the subsets of the tree decomposition containing v.

We root T at some node r and, for each vertex v of G, let t(v) be the first node of .S, obtained
when traversing T in preorder (i.e. t(v) is the “highest” node of S,). We choose some fixed pre-
order and order the nodes as vy, va,. .., v, so that for any ¢ < j, t(v;) is considered in the preorder
before t(v;). We color the nodes in this order, using k(k + 3)/2 + 1 colors.

For each ¢ we let:

Xoo= |J {w#vi:Sy 3tv)}

Sy, 3t(vi)

We now show that |X,,| < k(k + 3)/2. Indeed let A = {a1,aq,---,ar,v;} be the subset of
vertices corresponding to t(v;). We assume that ¢(a;) is before t(a;41) (¢ € {1,...,k —1}) in
the preorder. We first give an upper bound for the number of subtrees S,, which contain t(a;)
(v ¢ A). The number of S, (v; ¢ A) for i € {1,---,k} which contain ¢(aq) is at most k, because
the corresponding subset can intersect A only in a;. The number of S, (v; ¢ A) which contain
t(az2) is at most k—1, a; is in the subset corresponding to t(az) and we do not count S, . It is easy
to see that the number of S, (v; ¢ A) which contain t(a;) is at most k+ 1 — 4, because the subset
corresponding to t(a;) contains {a1,as, --,a;}. In total we have at most szfz =kk+1)/2
subtrees S,, with v; ¢ A containing t(a;) ¢ € {1,---,k}. Now we have to add the number of S,,,
this gives |X,,| < k(k 4+ 3)/2, without counting v;. We color v; with any color not yet used on
X,,. This clearly yields a proper coloring, indeed if zy is an edge of G then S; NS, # () and either
t(z) € Sy or t(y) € Sz, hence by construction « and y have different colors. We claim it also yields
a coloring with no bichromatic Py (a path of length 3): assume the contrary, and let {z,y, z, w}
be this P, labeled so that

(1) t(x) is the first of t(x),t(y),t(z),t(w) considered in the preorder,
(2) z and y have the same color,
(3) xz and yz are in E(G).

We have to notice that z, z,y are not in the same clique Ky of the graph G corresponding
to a node of T, because by construction this would imply that the colors are different. Now
SxNSy=0,5.N8, #0,5.Nn8S, #0,soby (1) t(y) is in S,. Further since zz € E(G), by (1) we
have t(z) is in S,. So z € X, contradicting the fact that « and y get the same color. a

We can notice that for 1-trees (i.e. the usual trees), the upper bound we obtain matches the
one given by Proposition 10. For 2-trees, the upper bound is optimal because of graph of Figure 3,
which has been shown by computer to have a star chromatic number equal to 6.

We also note for completeness that while this paper was submitted, it has been shown inde-
pendently in [ACK'02] that for any graph G of treewidth k, xs(G) < k(k + 1)/2, and that there
exist graphs of treewidth k for which this bound is reached.

In the following, we will denote by O the family of outerplanar graphs.



Figure 3: A 2-tree H that satisfies x;(H) = 6

Corollary 21 x,:(O) = 6.

Proof : It is well-known that any outerplanar graph is a partial 2-tree: thus, by Theorem 20,
xs(0O) < 6. Moreover the graph in Figure 3, which is also outerplanar, has a star chromatic
number equal to 6. Thus, we conclude that xs(O) > 6, which proves the corollary. ]

7 Cubic Graphs

Observation 22 Let G be a graph of order n and G? be the square graph of G. In that case,
Xs(G) < x(G?), where x(G) denotes the (proper) chromatic number of G.

Proof : For any graph G = (V, E), take its square graph G? = (V, E U &), where £ is the set of
edges joining any vertices at distance 2 in G. Any proper coloring C of G? is a star coloring of G-
indeed G? contains all the edges of G, thus C is also proper in G. Now take any path of length
2 in G, say (u,v,w). In G?, u, v and w are assigned 3 distinct colors by C. Hence, no path of
length 2 in G can be bicolored ; consequently, no path of length 3 is bicolored either, and C is a
star coloring of G. |

It is a well known result that any graph of maximum degree d can be properly colored with
at most d + 1 colors (cf. for instance [Viz64]). Since G? is of maximum degree d*> when G is of
maximum degree d, we deduce the following corollary.

Corollary 23 Let G be a graph of order n and of mazimum degree d. Then xs(G) < d* + 1.

Now we turn to the case where d = 3, that is cubic graphs. By Corollary 23 above, we deduce
that for any cubic graph G, xs(G) < 10. We also note that the result given in [NOdMO1] yields
the same upper bound. However, it is possible to slightly improve this bound to 9, by using the
more general proposition below (which is itself an improvement of Corollary 23).

Proposition 24 For any graph of G mazimum degree d > 2, xs(G) < d?.

Proof : Take G2, the square graph of G. Since G is of maximum degree d, G? is of maximum
degree at most d?. If G? is not isomorphic to the complete graph K g2, 1, then, by Brooks’ theorem,
we have directly x(G?) < d?. Hence, by Observation 22, we have ys(G) < d?.

Now, if G? is isomorphic to K421, then the independence number of G, a(G), satisfies a(G) >
2 (since 2 < d < d?). Then, by applying Observation 8, and since |V (G)| = d? + 1, we obtain
Xs(G) <1+ (d% +1) — 2, that is xs(G) d>. O

Proposition 25 Let C denote the family of cubic graphs. We have 6 < x5(C) < 9.

Proof : The upper bound is a direct consequence of Proposition 24, applied to the case d = 3.
The lower bound is given by the cubic graph G5 given in Figure 4 (note that this graph turns
out to be a snark, that is a nontrivial cubic graph whose edges cannot be properly colored by
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three colors). We now show that its star chromatic number is equal to 6. Indeed, suppose that
Xs(Gs) < 5. Then, take 5 vertices in G that induce a Cs. There are now two options: either 4 or
5 colors are used to color those 5 vertices (we know by Proposition 11 that at least 4 colors are
needed to color this Cs). Let us detail each of those two cases:

Figure 4: A cubic graph G, such that xs(Gs) =6

e Case 1: only 4 colors are used. In that case, one of these colors (wlog, say color 1) must be
used twice in this C5, and thus be assigned on two non-neighboring vertices  and y (hence,
x and y are at distance 2) ; the three other colors are used exactly once for each of the three
remaining vertices in Cs. Wlog, let those vertices be colored as shown in Figure 4. In that
case, u can be assigned either color 4 or 5. If ¢(u) = 4, then ¢(v) = 5 and no color can be
given to w. If ¢(u) = 5, then v can be assigned either color 3 or 4. But in both cases, no
color can be assigned to w. Hence this case cannot happen.

e Case 2: Since Case 1 cannot appear, this means that any C5 in G must be colored with 5
different colors. By a somewhat tedious but easy case by case analysis, it can be seen that
it is not possible to star color G in 5 colors satisfying this property.

We conclude that xs(Gs) > 6, and equality holds by respectively assigning to the vertices of
the outer cycle the colors 1,2,3,4,5,3,1 and 6. O

8 Asymptotic Results

In this section, we give asymptotic results that apply to graphs of order n and maximum degree
d. They rely heavily on Lovasz’s local Lemma, and are shown thanks to proofs that are similar
to the ones given by Alon et al. [AMR91] about acyclic coloring.

We first recall Lovdsz’s local Lemma below ([EL75], see also [Spe87]).

Lemma 26 (Lovéasz’s local Lemma [EL75]) Let Ay, Aa, ... A, be events in an arbitrary prob-
ability space. Let the graph H = (V, E) on the nodes {1,2...n} be a dependency graph for the
events A; (that is, two events A; and A; will share an edge in H iff they are dependent). If there
exist real numbers 0 < y; < 1 such that for all i we have

PriA) <yi- [[ -y
{i,j}eE
then

Pr(nA;) > ﬁu — ) >0

Theorem 27 Let G = (V, E) be a graph with mazimum degree d. Then xs(G) < [20d2].



Proof : Let 2 = [20d2], and let us color V(G) with x colors, where for each vertex v of V(G),
the color is independently chosen randomly according to a uniform distribution on {1,2,...z}.
Let C define this application. What we want to show here is that with non zero probability, C is
a star coloring of G.

For this, we define a family of events on which we will apply Lovész’s local Lemma. This will
imply that with non zero probability, none of these events occur. If our events are chosen so that
if none of them happens, then our coloring is a star coloring of G, the theorem will be proved.
Let us now describe the two types of events we have chosen.

e Type I: For each pair of adjacent vertices v and v in G, let A,, ,, be the event that c(u) = c(v).

e Type II: For each path of length 3 wvwz in G, let By .0 be the event that c(u) = c(w)
and c(v) = ¢(x).

By definition of star coloring, it is straightforward that if none of these two events occur, then
C is a star coloring of G. Now, let us show that with strictly positive probability none of these two
events occur. We will apply here the local Lemma : to this end, we construct a graph H whose
nodes are all the events of the two types, and in which two nodes Xg, and Ys, (X,Y € {4, B})
are adjacent iff S; N Sy # 0. Since the occurrence of each event Xg, depends only on the color
of the vertices in S, H is a dependency graph for these events, because even if the colors of all
vertices of G but those in S; are known, the probability of Xg, remains unchanged. Now, a vertex
of H will be said to be of type i € {I, II} if it corresponds to an event of type i. We now want to
estimate the degree of a vertex of type ¢ in H. This is the purpose of the following observation. O

Observation 28 For any vertex v in a graph G of mazimum degree d, we have:
(1) v belongs to at most d edges of G ;
(2) v belongs to at most 2d°® paths of length 3 in G.

Proof : (1) Is straightforward since the maximum degree in G is d.

(2) Suppose first that v is an end vertex of such a path. Then v belongs to at most d(d —1)* < d°
paths of length 3. Now suppose v is not an end vertex of such a path. Then one of its neighbors
x must be an end vertex of this path. There are d ways to choose x, and the number of paths of
length 3 with end vertex z going through v is at most (d — 1)?. Thus there are d(d — 1)? < d3
paths of length 3 for which v is an internal vertex. Globally, we have that v belongs to at most
2d3 paths of length 3 in G. a

Lemma 29 For i,j € {I,II}, the (i,j) entry matrix M given below is an upper bound on the
number of vertices of type j which are adjacent to a vertex of type i in the dependency graph H.

L r]ma]
T 2d] 4@
7| 4d | 88

Proof : Take a vertex v; of type I in H, and let us give an upper bound on the number of
vertices of type I in H that are neighbors of v;. wvr corresponds to an event A, , that implies
two vertices v and v in GG. Thus, by definition of the event graph H, v; is connected to all the
vertices that correspond to events A, , and A, , for all vertices y that are neighbors of u in G and
all the vertices z that are neighbors of v in G. Since by Observation 28(1), there are at most d
vertices that are neighbor of  in G (resp. of v in G), the entry M (1, I) is upperly bounded by 2d.
The entries M (I,11), M(I1,I) and M (II,II) are computed in a similar way, using the results of
Observation 28(1) and (2). m|

Now, let us come back to our coloring C. The following observation is straightforward.
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Observation 30
(1) For each event A of type I, Pr(A) = 1
(2) For each event B of type II, Pr(B) = %

Now, in order to apply Lovész’s local Lemma, there remains to choose the y;, ¢ € {1,2}, where

0 < y; < 1. For this, we choose that y; = 2, i € {1,2}. In order to be able to apply Lovész’s

T
local Lemma, it is necessary to prove that:

1 2 2 2 3

<22y~ )
and

1 2 2 2 3

< = 17_4d17_8d

5 <50 -2)" 0= )

Clearly, if the second inequality is satisfied, the first is satisfied too. In order to prove that
K 3
it is satisfied, let S = (1 — 2)%(1 — %)&ld. We have that S > (1 — 82)(1 — 184 that is

S>(1- 5—\2/3)(1 — 5=). It is easy to check that in that case 25 > 1 for any d > 1. Hence Lovész’s
local Lemma applies, which means that C is a star coloring of G with non zero probability. This

proves Theorem 27.
We note that this result improves the one given by [NOdMO1] or the easy Observation 22,
that yields a star coloring with O(d?) colors, while Theorem 27 yields a star coloring with O(d%/?)

colors.

Theorem 31 There exists a graph G of maximum degree d such that

Nl

d

SG ZE€—71
Xs(G) = oz )}

where € is an absolute constant.

Proof : First, we note that we make no attempt to maximize the constant here.
Let us show that, for a random graph G (with the “random” notion to be defined later) of order
n, we have

Pr{xs(G) > 5} —-1lasn — oco. (P1)

<1ogn)é
p=c|——
n

where ¢ is independent of n, to be chosen later. Now let V = {1,2...n} be a set of n labeled
vertices ; for our purpose, we put n divisible by 4. Let G = (V, E) be a random graph on V| where
for each pair (u,v) in V2 we choose to put an edge with probability p. If d denotes the maximum
degree of G, then it is a well-known fact that Pr{d < 2np} — 1 as n — oo [Bol85]. With our
choice of p, this gives here:

For this, we put

Pr{d < 2cn3(logn)s} — 1 as n — oc.
Now, in order to prove (P1), we show the following lemma.

Lemma 32 For any fized partition of V in k < 5 color classes, the probability that this partition

)

NSRS

is a star coloring of G is upperly bounded by (1 — p3)<
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Proof of Lemma 32 Let V7, V5 ...V, be the parts of the partition of the set V of vertices of
G. For any V; of odd cardinality, we omit one vertex. Thus we end up with at least n — k > 3
vertices altogether, that lie in k even disjoint parts. We partition each of those even parts in sets
of 2 vertices Uy, Us ... Uy, where r > 7 ; in that case, the two vertices in each U; are colored with
the same color. Now take any pair (U;,U;): if 3 edges connect this pair, then there exists a path
of length 3 in G that is bicolored, and our coloring is not a star coloring. However, it is easy to
see that the probability for which this case happens is equal to 4p® — 3p*, which is always greater
n

2
that our coloring is a star coloring does not exceed:

than or equal to p®. Since there are at least | 2 > pairs of the form (U;,Uj), the probability

DO W3
N———

(1—p3)<

O

Since there are less than n™ partitions of V', we see that the probability that there exists a star
coloring of G with at most 4 colors does not exceed

) <n. exp{_ (
= exp {nlogn — ( ) e 1ogn/n}

With the right choice of ¢, this probability is in o(1) as n — oo. Indeed, it suffices here that
¢ > 32 (for instance, ¢ = 4).

Thus, we end up with the following two statements: Pr{d < 2cn3(logn)s} — 1 as n — oo,
and Pr{xs(G) > 5} — 1l asn — oc.

Now, it suffices to see that —=

DO (3

n"(1 —p3)<

DO (3

DO (3

I is an increasing function of x, for any = > e. Thus, for any
ogx

a,b such that e < a < b, we have $ < -2 In other words, if we have d < 2en’ (log n)%, then

logb*
3 4. 2 a3 (2¢)*n?%(logn) . 43 (2¢)*n?logn
we have d® < 16¢*n?(logn), or Tlogd < Tiog 21210z n tlogTog - That is, Tlogd < Togn - Thus
3 2¢)4n2 3 . .
31‘f)g 5 < ( C)Q ™" and we conclude that n > e—9%2 , where ¢ is an absolute constant. This proves
logd2
the result. O

9 Conclusion

In this paper, we have provided many new results concerning the star chromatic number of
different families of graphs. In particular, we have provided exact results for trees, cycles, complete
bipartite graphs, outerplanar graphs and 2-dimensional grids. We have also determined bounds
for the chromatic number in several other families of graphs, such as planar graphs, hypercubes,
d-dimensional grids (d > 3), d-dimensional tori (d > 2), graphs with bounded treewidth and cubic
graphs. We have also determined several more general properties concerning the star chromatic
number: notably, using the techniques of [AMR91], we have shown that the star chromatic number
of a graph of maximum degree d is O(d%) and that for every d, there exists a graph of maximum

. 3/2 .
degree d whose star chromatic number exceeds .-4“— for some positive absolute constant .

logd?2
A large number of problems remain open here, such as getting optimal results for other families

of graphs, or refining our non optimal bounds ; getting one or several methods to provide good
lower bounds for the star chromatic number is also another challenging problem.
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