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Design of fault-tolerant networks for satellites(TWTA� redundany)Jean-Claude Bermond, Eri DarrotyMASCOTTE Join Projet CNRS/INRIA/University of Nie � Sophia Antipolis2004 Route des Luioles, B.P. 93, F-06902 Sophia Antipolis, FraneJean-Claude.Bermond�sophia.inria.fr, eri.darrot�laposte.netOlivier DelmaszUniversité Bordeaux 1Laboratoire Bordelais de Reherhe en Informatique (UMR 5800)351 ours de la Libération, 33405 Talene Cedex, Frane.Olivier.Delmas�labri.u-bordeaux.frAbstratThis artile deals with the design of networks to be plaed on satellites. These networksshould onnet inputs (orresponding to signals arriving at the satellite) to outputs (orre-sponding to ampli�ers), even in ase of failures of ampli�ers. The networks are made of linksand expensive swithes, hene we want to minimize the number of swithes subjet to the fol-lowing onditions: eah input and eah output is onneted to exatly one swith; eah swithis adjaent to exatly four links; there are n inputs and n+k outputs; among the n+k outputs,k an fail permanently; and �nally all the input signals should be sent to valid ampli�ers, i.e.,outputs, via disjoint paths. So, the aim is to design networks having as few swithes as possibleand satisfying the following property: there exist n edge-disjoint paths from the n inputs to anyset of n outputs hosen from the n+ k total number of outputs. We all suh networks valid k-fault tolerant networks. Let N (n; k) denote the minimum number of swithes of a valid networkwith n inputs, n+ k outputs and k output failures.In this artile, we give some details on the problem, and some preliminary results suh asthe fat that N (n; k) � n. We also propose a general onstrution whih yields (under someonditions) N (n+ n0; k) � N (n; k) +N (n0; k).Keywords: fault-tolerant networks, swithing networks, routing, onnetivity, satellite, TWTA redundany.1 IntrodutionAlatel Spae Industries asked us to onsider the following problem. Signals arriving at ateleommuniation satellite (via input links) have to be routed through a network to ampli�ers�Outputs of suh networks use �Travelling Wave Tube Ampli�ers� (TWTA) tehnology.yThis work has been supported by Alatel Spae Industries (Toulouse, Frane) and the frenh CNRS Teleomprogram.zAdditional support from the Aquitaine Region Projet #980240021



(outputs, also alled Travelling Wave Tube Ampli�ers, i.e., TWTA [3℄). The links of the networksare made of wave guides (for bakground information, see [3℄).The problem omes from the fat that the ampli�ers may fail during the satellite's lifetime andannot be repaired. So one needs to have more ampli�ers than the number of signals. One wantsto be able to route the arriving signals to valid ampli�ers, that is to �nd disjoint paths between theinputs and valid outputs in the interonnetion network. The network onsists of swithes with 4ports and whih an realize the onnetions displayed in Figure 1.
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2Figure 1: A swith an use 4 di�erent states.Due to tehnologial onstraints, two signals annot ross in a swith. A swith an be joinedto an input or an output or another swith or a dead end. If the network is able to route signalsto ampli�ers in the presene of k faulty ampli�ers, we will say that the network is a valid k-faulttolerant network.There are variants of the problem aording to whether eah signal needs a spei� ampli�er(see the artiles [1℄) or an be sent to any of the ampli�ers (that is all the ampli�ers have the samefuntion). Here, we suppose we are in this latter ase of idential ampli�ers. Then, we do notworry about the impossibility of realizing two opposite onnetions in a swith. Indeed, as shownby Figure 2, suppose that the routes from input i to output o and that of input i0 to output o0 rossin a swith (Figure 2(a)). Then it su�es to send input i to output o0 and input i0 to output o(Figure 2(b)) to avoid the rossing and so we an use the swith in a valid manner.In all our �gures we use the following notation: an arrow represents an input , a irle repre-sents a swith and a retangle or square represents an ampli�er , i.e., an output .
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Example 1 Figure 3 represents a 4�fault tolerant valid network with 4 inputs and 8 ampli�ers(among them 4 an fail). This example shows how to route the signals in the inputs i1, i2, i3 andi4 to the 4 remaining valid outputs (the failed ones are indiated with a ross inside).
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Figure 3: A 4�fault tolerant valid network with 4 inputs, 8 ampli�ers and 4 failures represented byrosses inside ampli�ers.Realizing a valid k�fault tolerant network is easy, but it is di�ult to optimize it. For manyreasons (layout properties, reliability, energy saving, et), but mainly to derease launh osts, itis ruial to minimize the network's physial weight, i.e., to minimize the number of swithes, thenumber of links (waveguides) and their length. Remember, on-board networks are not simple smalleletroni devies. The tehnology of suh networks is based on wave guides with spei� swithesand TWTA ampli�ers; the weight of suh omponents is not negligible (f. [3℄). As launh andswith osts are dramatially high, it is worth saving even one swith. Other optimization riteriaan be onsidered, suh as minimizing the length of the routes (either in terms of the number ofswithes rossed or the physial length of the links) to derease power loss, the number of routes tohange or the number of elementary swith rotations in ase of a failure (to inrease energy savings),et.Here, we restrit ourselves to �nd a valid k�fault tolerant network with� idential ampli�ers;� a number of signals equal to the number of inputs;� a minimum number of swithes.In Setion 2 we formalize the problem. Then, in Setion 3 we give some preliminary resultsand show that in the presene of 1 or 2 faults an optimal design needs as many swithes as inputs.In Setion 4 we prove a omposition theorem whih enables us to onstrut large networks fromsmaller ones; this onstrution happens to be optimal for 3 or 4 faults. Finally, in the onlusionwe indiate reent results obtained on the problem and new perspetives.2 Formalization of the problemThe problem formulated in the introdution an be restated more formally as follows.3



De�nition 2 An (n; k)�network G = (fI;O; Sg; E) is a graph (V;E) where V is partitioned intothe 3 subsets (I;O; S) respetively alled the inputs the outputs and the swithes, satisfying thefollowing onstraints:� there are n inputs and n+ k outputs;� eah input and eah output is onneted to exatly one swith;� swithes have degree at most 4.De�nition 3 An (n; k)�network G = (fI;O; Sg; E) is valid if for any subset O0 � O with jO0j � nthere exists in G n edge-disjoint paths from I to O0.De�nition 4 We will denote byN (n; k) the minimum number of swithes (i.e., the ardinality of S)of any valid (n; k)�network. A valid (n; k)�network with N (n; k) swithes will be alled minimum.Our design problem onsists of determining N (n; k) and of onstruting minimum valid networksor at least valid networks having a number of swithes lose to this optimal value. We note thattesting the validity of a network an be done by solving �nk� �ow problems and therefore we an usenetwork �ow theory. However onstrutions in the literature of n�onneted graphs annot be used;indeed the reader has to be areful that in our networks we have 3 lasses of verties: two of them(inputs and outputs) have a given ardinality and we want to minimize the ardinality of the thirdlass (swithes). Furthermore we are interested in paths only between the inputs and the outputs(and not between any pair of verties).3 Preliminary results and the ase of k � 2 failuresThe design problem is of interest only if k � 1. Otherwise, if there is no failure, we an onnetdiretly eah input to an output link and so there is no need of a network.Lemma 5 In a minimum valid (n; k)�network, with k � 1 failures, there is no swith onneted to2 or more inputs.Proof. If there was a swith onneted to 3 (or a fortiori 4) inputs, it will be impossible toroute the input signals through the only remaining link. Now, suppose that a swith s0 is onnetedto 2 inputs. If s0 is also onneted to an output, the failure of this output leaves only one availablelink for two input signals. Otherwise, s0 is onneted to two other swithes s1 and s2. In this asewe an remove s0 and onnet diretly the two inputs respetively to s1 and s2 (as ampli�ers areidential). Therefore, we obtain a new valid network with one fewer swith whih is in ontraditionwith the minimality hypothesis. 2Corollary 6 If k � 1, then N (n; k) � n.Proposition 7 N (n; 1) = N (n; 2) = n.Proof. By Corollary 6, it su�es to onstrut a valid (n; 2)�network with n swithes. Suh anetwork is given in Figure 4; it ontains n swithes sj, 1 � j � n, eah being onneted to the4



swith sj+1 for 1 � j � n� 1 and to the swith sj�1 for 2 � j � n. Eah swith sj is onneted toan input ij and an output oj . Furthermore, s1 is onneted to output o0 and sn to output on+1.o1 o2 oj on�1 on on+1o0 i1 i2 ij in�1 ins1 s2 sj sn�1 snFigure 4: A minimum valid 2�fault tolerant network.Now, suppose the two failing outputs are oj1 and oj2 with j1 < j2.� If j1 = 0 we route the input ij as follows: for 1 � j < j2 to the output oj via sj; for j2 � j < nto output oj+1 via sj and sj+1; for j = n to output on+1 via sn.� If j2 = n+ 1 then we route the input ij as follows: for j = 1 to o0 via s1; for 1 < j � j1 tooj�1 via sj and sj�1; for j1 < j � n to oj via sj.� If 1 � j1 < j2 � n then we route the input ij as follows: for j = 1 to o0 via s1; for 2 � j � j1to oj�1 via sj and sj�1; for j1 < j < j2 to oj via sj; for j2 � j � n � 1 to oj+1 via sj andsj+1; for j = n to on+1 via sn.So, the network is valid. 24 A reursive onstrutionWe have to warn the reader that if you have a valid (n; k)�network with N swithes and a valid(n0; k)�network with N 0 swithes, then the trivial union of them is unfortunately not a desirednetwork as it ontains n+n0+2k outputs (i.e., ampli�ers) and an tolerate only k failures. Howeveris also possible to give a reursive onstrution whih enables us to double the number of failures.Consider two valid (n; k)�networks G1 and G2. Replae (n+ k � 1) outputs in G1 and (n+ k � 1)outputs in G2 by 2(n + k � 1) links onneted pairwise (one from G1 paired with one from G2) ton + k � 1 swithes with 2 outputs. One an hek that we obtain a valid (2n; 2k)�network. Thisonstrution an be interesting due to its symmetry and simpliity. Unfortunately, it gives poorasymptoti bounds and we found a more e�ient one (see the next theorem).De�nition 8 An I2�swith is a swith onneted to one input, two outputs and one other swith.In the example of Figure 3 the 4 peripheral swithes are I2�swithes.Theorem 9 Let k be even. If there exists a valid (n; k)�network with N swithes and a valid(n0; k)�network with N 0 swithes both ontaining at least k2 I2�swithes, then there exists a valid(n+ n0; k)�network with N +N 0 swithes. 5



Proof. Let G (resp. G0) be a valid (n; k)�network (resp. (n0; k)�network) and let s1; s2; : : : ; s k2(resp. s01; s02; : : : ; s0k2 ) be k2 I2�swithes in G (resp. G0). For 1 � i � k2 , let i and !i (resp. 0i and!0i) be the two outputs onneted to si (resp. s0i).Now, we onstrut a network H as follows. Consider a opy of G and a opy of G0. For 1 � i � k2remove the outputs !i and !0i and join si and s0i (see Figures 5 and 6). H has n + n0 inputs and(n+ k)� k2 + (n0 + k)� k2 = n+ n0 + k outputs. So, H is an (n+ n0; k)�network. Furthermore, Hhas N +N 0 swithes. To �nish the proof it remains to show that H is valid.
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sk=2sis2s1 1 2 i k=2Figure 5: A valid (n + n0; k)�network H (k even) an be obtained by the omposition of a valid(n; k)�network G with a valid (n0; k)�network G 0 eah with k2 I2�swithes.Let K be a set of k failed outputs in H and let kG (resp. kG0) be the number of failed outputsin the opy of G (resp. G0) in H. We have kG+ kG0 = k. Without loss of generality, let us supposethat kG � kG0 (the reverse ase an be dealt with by exhanging the roles of G and G0); thereforekG � k2 . Among the kG0 failures, we distinguish those on outputs of type 0i and we denote byJ 0 = fj1; : : : ; jhg the indies of the failed 0i, i.e., 0j1 ; : : : ; 0jh .Now, let us route the n inputs in the opy G. In G, onsider the following set of k failures: thekG failures of H, plus kG0 outputs of type !j, j 2 J with J � J 0 (that is we neessarily hoose asfailed the h outputs !j1 ; : : : ; !jh ; the others are arbitrarily hosen among the !j). As G is a valid(n; k)�network we an route in G the n inputs of G to n outputs that are not failed. In H, we routean input of the opy of G using the above routing obtained in G exept if it was routed to an output!j in whih ase we route it to 0j using at the end the swithes sj and s0j. Note that routing to 0jan happen only if j 62 J ; therefore j 62 J 0 and so 0j is not failed in H.Now, it remains to route the n0 inputs in the opy of G0. For that, we an use an output in theopy of G0 exept if it is failed in H (there are kG0 suh failures) or used by the inputs of G that isof the form 0j with j 62 J (there are k � kG0 suh ampli�ers). So, there remain n0 valid outputs inG0 and we use the routing in G0 as it is a valid (n0; k)�network. 2
6



Notie that if G (resp. G0) ontains m (resp. m0) I2�swithes, with m � k2 and m0 � k2 , then Hontains (m+m0� k) I2�swithes. In partiular, if G and G0 ontain at least k I2�swithes, H alsoontains at least k I2�swithes and we an apply reursively the theorem.Corollary 10 If there exists a valid (n; k)�network with N swithes and at least k I2�swithes, thenfor any integer p there exists a valid (pn; k)�network with pN swithes and k I2�swithes.Proof. By indution on p. The property is true for p = 1 as G is a valid (n; k)�network. Supposeit is true for p and let G0 be the valid (pn; k)�network with k I2�swithes. By applying Theorem 9to G and G0, the graph H obtained is a valid ((p+ 1)n; k)�network with still k I2�swithes. 2Proposition 11 N (4p; 4) � 5p.Proof. For k = 4, Figure 3 displays an example of a valid (4; 4)�network with 5 swithes, 4of them being I2�swithes. So, by Corollary 10 we an onstrut a valid (4p; 4)�network with 5pswithes. 2The ases p = 2 and 3, that is n = 8 and 12, are illustrated in Figure 6.
(a)

(b)

(c)Figure 6: Examples of reursive omposition. (a) displays a valid (4; 4)�network. With this network,we obtain by omposition a valid (8; 4)�network (b) and a valid (12; 4)�network ().In a preliminary version [2℄ of this paper, we onjetured that N (4p; 4) = 5p. This result hasbeen proved by S. Pérennes and D. Tóth [4℄.Theorem 12 (S. Pérennes, D. Tóth) N (n; 3) = N (n; 4) = �5n4 �.7



We similarly obtain onstrutions for k = 6; 8, : : : starting with small examples [2℄. For k = 6 avalid (6; 6)�network is given in Figure 7. One an prove that it is a minimum network [2, 4℄. It has9 swithes, among them 6 are I2�swithes. So, we have N (6p; 6) � 9p.

Figure 7: A minimum (6; 6)�network with 9 swithes, inluding 6 I2�swithes.Unfortunately, for general p, these networks are not minimum. For example in Figure 8, wehave illustrated a valid (12; 6)�network with only 17 swithes to be ompared with the 18 swithesobtained by Theorem 9. It is also a minimum network (see [4℄).
I2I2I2I2I2

I2 I2 I2I2I2 =
Figure 8: A minimum (12; 6)�network with only 17 swithes.5 ConlusionIn this paper we have given preliminary results and a reursive onstrution of valid (n; k)�networks.Using this onstrution and other variants we have been able to onstrut small networks of pratialimportane; for example for the satellite ASTRA1K we have redued the number of swithes usedby 50 (from a total of 249).Reently, S. Pérennes and D. Tóth [4℄ have found a general methodology whih enables them bothto obtain lower bounds onN (n; k) and to derive onstrutions of valid (n; k)�network asymptotiallymathing the lower bounds. For example they have shown N (n; 6) = 5n4 +pn8 +O(1), N (n; 8) =4n3 + 23pn3 +O �n 14�, N (n; 10) = 11n8 +�(pn) and for larger k they show that N (n; k) � 3n2 + k2 ;and this bound is asymptotially tight. In all the example we have found, the values of N (n; k) arethe same (or di�er by at most one) for k = 2p or 2p+ 1; perhaps this property is always true.8



Many variants of this problem are of pratial interest and are onsidered in forthoming papers.An important ase appears to be one in whih, without failures, an input signal an be routed diretlyto some ampli�er. That means that a swith onneted to an input should also be onneted toat least one output. That is the ase for our optimal solutions for k = 4 but not for the optimalsolutions for greater values of k. Partial answers are given in [4℄; for example, with 6 failures oneneeds n+ 12n+O(1) swithes. D. Tóth also onsidered the ase where the network should be planarwhih is interesting for the pratial realization. As stated in the introdution other optimizationriteria an be onsidered.Furthermore in pratie the inputs are not all used simultaneously and we have to route p signalsarriving in p entries (hosen among n) to p ampli�ers (hosen among p+ k). We de�ne a (p; n; k)�network with p � n as having n inputs and p + k outputs. It is valid if we an route any set of pinputs to any set of p outputs. We ould de�ne N (p; n; k) as the minimum number of swithes of avalid (p; n; k)�network. The determination of N (p; n; k) appears very di�ult.A ompletely di�erent lass of problems appears if an input signal needs to be routed to aspei� kind of ampli�er. An extremal ase appears when we have to realize a permutation of theinputs on the valid outputs. When there is no failure this is an old problem studied in multistageinteronnetion networks. For details on this problem we refer the reader to [1℄.AknowledgementsWe thank very muh Bruno Vaillant (Alatel Spae Industries) for introduing us to theproblem and for giving us some of the basi ideas of the paper. We thank S. Pérennes and C.Peyrat for their helpful remarks. We would speially like to thank the referees for their relevantomments.Referenes[1℄ B. Beauquier and E. Darrot. On arbitrary size Waksman networks and their vulnerability.Researh Report 3788 � Thème 1, INRIA Sophia Antipolis, Frane, Otober 1999. To appearin Parallel Proessing Letters.[2℄ E. Darrot. Di�usion de messages longs et propriétés struturelles dans les réseaux d'inter-onnexion. PhD thesis, Université de Nie - Sophia Antipolis, Frane, June 1997.[3℄ K. Y. Eng and M. Heht. Swith matrix for TWTA redundany on ommuniation satellites. InReord of the IEEE 1978 National Teleommuniations Conferene, pages 185�191, Birmingham,AL, USA, Deember 1978.[4℄ S. Pérennes and D. Tóth. Design of fault tolerant �ow networks. In preparation.
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