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Conditionally Independent
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Abstract. A complex repairable system is subjected to corrective maamee
(CM) and condition-based preventive maintenance (PM) astitn order to take
into account both the dependency between PM and CM and thsébgitg of im-
perfect maintenances, a generalized competing risks modebegn introduced in
[5]. In this paper, we study the particular case for whichpgbgential times to next
PM and CM are independent conditionally to the past of the tanance process.
We address the identifiability issue and find a result simdahat of [2] for usual
competing risks. We propose a realistic model with exponksigies and derive the
maximum likelihood estimators of its parameters.
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Introduction

Complex repairable systems are submitted to two kinds ofiteaance action€orrec-
tive maintenance (CMyulso calledepair, is carried out after a failure and intends to put
the system into a state in which it can perform its functioaiagreventive maintenance
(PM) is carried out when the system is operating and intends t@ dtmwvn the wear
process and reduce the frequency of occurrence of systemefaPlanned PMoccur at
predetermined time€ondition-based PMccur at times which are determined accord-
ing to the results of inspections and degradation or opmratbntrols. In this study, we
focus on condition-based PM. Then CM and PM times are botthorarand the sequence
of maintenance times is a random point process.

In [5], we introduced the Generalized Competing Risks (G@RYels. It is a mod-
elling framework for the maintenance process which takdl o account the possi-
bility of imperfect maintenance and the dependency betw&dnand condition-based
PM. The aim of this paper is to study the particular case ofdtmmally Independent
Generalized Competing Risks (CIGCR).

1corresponding Author: Olivier Gaudoin, Grenoble INP, Letioire Jean Kuntzmann, BP 53, 38041
Grenoble Cedex 9, France ; E-mail: Olivier.Gaudoin@imag.fr.



1. Modelling of the maintenance process

The PM-CM process is the sequence of PM times and CM timesitetance durations
are assumed to be negligible or not taken into account. Meimtroduce the following
notations.

e {Cyl}k>1 the maintenance times (CM and PM), will = O.

{Wi}k>1 the times between maintenanceég, = Cx — Cy_1.

K = {Kt}t>0 the counting maintenance (CM and PM) process.

N = {Nt}t>0 the counting CM process.

M = {Mt}t>0 the counting PM process.

{Uk}k>1 the indicators of maintenance typés = 0 if the kth maintenance is a
CM andUy = 1 if the k! maintenance is a PM.

In the following, bold characters denote vectors, for ins&WVy, = (W, ..., Wk).

The PM-CM process can either be written as a bivariate cogptioces$N;, M;}t>o0
or as a colored counting proce$&t, Uk, }t>0. The color associated to an event of the
global maintenance process specifies whether the mairdensupreventive or correc-
tive.

2. Characterization of the PM-CM process

Let Ht = o ({Ns, Ms}o<s<t) = 0 ({Ks, Uk }o<s<t) be the natural filtration generated by
the past of the process&ésand M at timet. It is well known [1] that the maintenance
process is characterized by three stochastic intensitfessCM intensity is:

1
AN = lim —P(Nipat — Ni- = 1/He- 1
v = Jim — (Neyat — N IHt-) 1)
The PM intensity is:
M= lim iP(M — M- = 1/H;-) 2)
U7 At50 At At R

The (global) maintenance intensity is:
1
=N 1M = lim = P(Kigat — K- = 1| He- 3
t v A0 = lim At (Ktat t [Hi-) 3

In a parametric approach, the parametersf the PM and CM intensities can be
estimated by the maximum likelihood method. The likelihdodction associated to a
single observation of the PM-CM process ont[ds :

Ke—+1

Kt . . Ci
Le(0) = [Hig 1-u z?{:“‘} exp[ - > /C 2Kds (4)
i=1 i—1 i—1

In order to build a model of the maintenance process, it i@ssary to express the
probability of instantaneous PM and CM given all the pashef maintenance process.
A realistic model has to take into account both the efficiesicgnaintenance (which is
not necessarily perfect or minimal) and the possible depetydbetween both kinds of
maintenance, due to the fact that CM and PM are linked to tgead@ation process.



3. Usual competing risks models

A simple way of modelling the PM-CM process is the competisg§s (CR) approach,
developed in the context of maintenance e.g. in [3]. Afteldi maintenance, the latent
time to the next failure (or the next CM) is a random variaBle 1. But the failure
can be avoided by a potential PM that can take place at a ratiduary, 1 after the
kth maintenanceZy1 and Yy1 are not observed. The observations are the time to
next maintenanc®k,1 = min(Ykr1, Zk+1) and the type of next maintenantdg, 1 =
v <21} Yk @andZy, g are called theisk variables

In the usual competing risks problem, it is assumed that duples{(Yk, Zk)}k>1
are independent and identically distributed (iid), so W&k, Ux)}k>1 are also iid. This
means that the effect of every PM and CM is supposed to beqterfe

The dependency between each type of maintenance is expit@ssee joint distri-
bution of (Y1, Z1), characterized by thieint survival function

Si(y, 2 =PN1>Yy,Z1> 2 5

A well known problem of usual competing risks models is thne tlistribution of
(Y1, Z1) is not identifiable. In fact, the distribution of the obseiwas {(Wi, Uk)}k>1
depends only on thgub-survival function§] :

S}l(z) = P(Zl > Z, Zl < Yl) = P(Wl > Z, U1 = 0) (6)
S,(Y) =PM1 >y, Y1 <Z1)=PWy >y, U1 =1) (7)

The assumption that thgYy, Zx)}k>1 are iid is not realistic because the effects of
all CM and PM are not perfect. Moreover, PM and CM should besddpnt because:

e PM and CM are linked to the degradation process.
e The aim of PM is to reduce the frequency of failures, so PM khdalay CM.
e CM can have an influence on the future PM policy.

Then, it is interesting to generalize the usual competisgsrimodels in order to
take into account any kind of imperfect maintenance effadtany kind of dependency
between CM and PM.

4. Generalized competing risks models

By ageneralized competing risks modéICR [5]), we mean a competing risks model for
which the couple$(Yk, Zk)}k>1 are not assumed to be iid. The coupl€di, Ux)}k>1
are therefore also not iid. Thus, the effect of every PM and & be imperfect. The
usual competing risks objects are naturally generalizeidtibgducing a conditioning on
the past of the PM-CM process.

The CM-PM conditional generalized survival functi@si

Sc+1(Y, Z Wi, Uk) = P(Yirr > Y, Ziya > 2| Wi, Uk) (8)
Thegeneralized sub-survival functioase:

71 (@ Wi, Uk) = P(Ziy1 > Z, Ziy1 < Yira | Wi, Uk) ©)



Ste Vs Wi, Uk) = P(Yicr1 > Y, Yier1 < Zipa | Wi, Uk) (10)
Theconditional survival functionsf the risk variables are:

$2,1(Z Wi, Uk) = P(Zk1 > 2| Wi, Uk) (11)

Stiep1 (¥; Wik, Uk) = P (Vi1 > Y [ Wi, Uy) (12)

The maintenance intensities can be written in terms of the@\survival func-
tions:

0
[—a_ZS([_+1(y —Ck=»2—Ck s Wk, UKt-):|

- +1(t = Cko» t = Ck o s Wk—, Uk-)

W= = (13)

0
[—@SKF-H(Y —Ck—»2—Ck s Wk s UKt_):|

M= ®Y 14
t - +1(t = Ck -, t = Ck, s Wk, Uk,-) (14)

d
A= =g St = Cios t = G Wi, Ui ) (15)

Finally, the likelihood (4) can be rewritten.
Lt(0) = - +1(t = Ck—, t = Ck s Wk, Uk,-)

Kt 5 Ui 0 Y
[H [—@S(y, zWi_q, Ui—l)] [——S(y, z; Wi_1, Ui—l)i| ](16)

i1 ww L 92 (W, W)

It can be seen that the PM-CM intensities and the likelihoegesd only on the
values of the PM-CM survival functions on the first diagoridien, there will be here
the same identifiability problem as in classical competisgsrmodels.

5. Conditionally independent generalized competing risks models

The most simple way of building a GCR model is to make a coowiii indepen-

dence assumption. The risks variab{€¥x, Zx)}k>1 are said to beonditionally inde-

pendentif they are independent conditionally to the past of the rneaiance process:
vk >0, Vy >0, Vz>0,

Sc+1(Y, Z; Wik, Uk) = Sy, (Y; Wk, Uk) Sz, (Z Wk, Uk) (7)

The corresponding GCR models are called ¢baditionally independent general-
ized competing risks models (CIGCRIpte that PM and CM are dependent through the
past of the maintenance process.

The maintenance intensities are:



A =2zt = Cios Wi, Uk,D) (18)
A" = vt = Cios Wi, Uk) (19)
2= i, 12t = Ci—s Wi, Uk, (20)

wherelx denotes the hazard rate of the random variable
The conditional survival functions can be expressed agifume of the maintenance
intensities:

z
Szk+1 (Z; W, Uk) = exp (_/0 /1(I;\Ik+u (k’ W, Uk) du) (21)

y
St (Wi, Ui = xp(— [ 180k Wi, U du) (22)
Then, a CIGCR model is identifiable. Now we have an identifiigtiesult, equiva-
lent to that of [2].

1. Two CIGCR models with the same CM and PM intensities hageséitme gener-
alized joint survival function.

2. For every GCR model, there exists a CIGCR model with thees@M and PM
intensities.

The first result confirms that, for a CIGCR modgl, 1 is identifiable for allk. The
second one proves that it is not true for all GCR models. Threorder to predict the
future of the maintenance process, it is possible to use &€RI@odel. But in order to
obtain information on the failure process without PM, aidtial assumptions are needed
on the joint distribution of Y11, Zk+1) given (W, Uy).

6. Exponential CIGCR models

An exponential CIGCR model is such that the conditionalritigtions of Yx;1 and
Zy+1 given (Wy, Uy) are exponential, with respective parametéfqWy, Uy) and
1% (Wy, Uy). Then, the conditional survival functions are:

S22 W, Ug) = @74 Wi 2 (23)
k+1
Stia (¥ Wi, Ug) = €74 Wiy 24
k+1
The joint survival function is:
Ser1 (s z Wi, Uy) = 74 WieUy=2 0 Uz (25)
and the conditional distribution &k 1 is also exponential:
St (3 Wi, Uy) = 74 Wie U422 Wiebig (26)

The maintenance intensities and the conditional subdrfuvertions can easily be
derived:



A =25 (Wik, Uk) 27

A =2Y Wk, Uk,o) (28)

A% (Wi, Uk) Y z
Z, W U = d e (Wk’Uk)+)~ (Wk,Uk) z 29
521042 Wi U AY (Wi, Ug) + 42(Wi, Uy) (29)

Y (Wi, Ug) Y z
Wi, Uy) = > e+ WiU)+47 (Wi, UK y 30
St Vs Wie U0 = 3y Gy + 22 Wi, Ui (30)

Finally, the likelihood function associated to the obs&oraof the maintenance
process on [(X] is:

Kt
Le@) = [ [A#(Wi—1, Vi) % 2Y (Wi g, U )Y
i=1

Ki-+1
xexp(— > [ Wiit, Uiy + 22 (Wisg, Uiy vv.) (31)

i=1

In order to build an exponential CIGCR model, it is necessaefine howly and
Az depend on{W(, Uy). In other words, we have to find a model of the influence of past
CM and PM to next CM and PM.

7. A tractable exponential CIGCR model

The dependency between PM and CM can be expressed on theifgjlavay. If there
have been lots of failures (CM) in the past, the system isel@lile enough. To improve
it, the PM have to be performed sooner than expected. In etbeits, CM accelerate
PM. Conversely, if there have been lots of PM, the PM shouldydthe occurrence
of failures. In other words, PM delay CM. We will build a modehich reflects these
assumptions.

We first assume thaf; andY; are independent and exponentially distributed with
respective parametedg andlp. We consider here that delaying a maintenance is mul-
tiplying the concerned rate by a constank 1. Similarly, accelerating a maintenance is
multiplying the concerned rate by a constgnt 1.

Then, if the first maintenance is a PM{ = 1), we assume that :

o Y (W, 1) = Zp (PM frequency is unchanged).
e 1%(Wy, 1) = alc (CM frequency is decreased : CM is delayed).

If the first maintenance is a CMJg = 0), we assume that :

e .Y(Wi,0) = B, (PM frequency is increased : PM is accelerated).
e 1%(Wy, 0) = ic (CM frequency is unchanged).

Both cases lead to :
o 1Y (Wi, Up) = 2pptYs,



o 2% (W, Up) = AcaVr.
With the same assumptions on next maintenances, we obtain:
k
v > -U) N
AT (Wi, Ug) = Appi=t = Apf "k (32)
k
> Ui M
A2 (Wi, Uy) = Acai=t = Lea™Mex (33)
where N¢, and Mc, are respectively the numbers of CM and PM occured beitbte

maintenance. Note thic, + Mc, = k.
The maintenance intensities of this model are:

AN = Jea™ (34)
At = pp™ (35)
2 = 2ppMN 4 Soa™ (36)

The model parameters have a simple practical interpretatio

e /¢ characterizes thimitial reliability : it is the failure rate of the system if it is not
maintained.

e /p characterizes thimitial preventive maintenance policy is the PM rate if the
system is replaced by a new one at each failure.

e o characterizes theM efficiency. the smallew: is, the more PM will manage to
delay failures.

e /3 characterizes theeactivity of the maintenance tearthe largerg is, the more
PM will be anticipated in case of failure.

The likelihood function associated to the observatiol afaintenances between 0
andt is:

k
Li(Ap. Ac, . B3 W, Ui) = [ [Gea™ei-1)179 (2 ppNei-1)Yi
i=1

k+1
X exp(— Z [,1 pﬂNci-l + Aca MCi—l] wi) (37)

i=1
with Wis1 =t — Cx.

Then, itis easy to prove that the maximum likelihood estorsi p, 1c, & andf are
such that:

hp= Mo 5.— N
P~ k+1 €7 k41

> pNeaw 2 aaw
i=1 i=1

(38)

& andj are solution of two implicit equations :



k k+1 k+1
[Zﬂ - Ui>MCa—1] [Z&M‘“‘i—lwi} = No, a1 Mc, ;W (39)

i=1 i=1 i=1

k k+1 k+1
|:Z Ui NCi_1:| |:Z[;,Nci_1vvi:| = Mc, ZﬁNCi—l Nc,_, Wi (40)
i=1 i=1

i=1

With these estimates, it is possible to assess the systahilig} and the efficiency
of both types of maintenance.

8. Discussion

The generalized competing risks provide a general frame¥asrthe modelling of the
maintenance process, with possibly dependent CM-PM andriiegt maintenance. The
conditional independence assumption allows to build stnmpbdels with a practical in-
terpretation. The identifiability property shows that, &arch kind of data set, a CIGCR
model can be adapted.

The properties of the exponential CIGCR model have to beietudhe model
should be applied to real data. Finally it is possible todwaither models, for instance
with different CM-PM dependency assumptions (random siigtay), or with Weibull
distribution instead of exponential.
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