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Abstract

SAMP (subsystems and moving packets) is a recently developed method for modelling preferential flow and solute movement
in porous media, and for determining the fate of ‘new’ and ‘old’ water and solute when the new enters a region containing the
old. In 2 SAMP model, the modelled region (e.g. the unsaturated zone) is divided into cells, and the pore space within each cell
is divided into many (often 100 or more) subsystems. Packets of water, containing solute, move within and between the cells,
from subsystem to subsystem, thus simulating the bulk movement of water and solute. A theory is developed here for repre-
senting molecular diffusion in the liquid phase of porewater as interpacket diffusion, and this theory is implemented in the
SAMP 1 one-dimensional vertical-column model. The model is found to exhibit appropriate sensitivity to its parameters, and
is successfully calibrated against existing laboratory breakthrough data for tritium movement in Glendale silty clay loam. The
quality of fit achieved to the laboratory data is found to be significantly better when interpacket diffusion is simulated than when
it is not. The main parameters for the model are those for the matric potential and unsaturated hydraulic conductivity func-
tions, and thie only parameter requiring calibration is the internal scale, which affects both interpacket diffusion and the way
packets move within the soil. Theoretical and numerical comparisons show there are similarities between the internal scale and
the coefficient for solute exchange between the dynamic region and dead-space in the two-region (mobile-immobile) model of

van Genuchten and Wierenga (1976).

Introduction

The SAMP (subsystems and moving packets) approach to
modelling the non-steady movement of water and solute in
unsaturated porous media was developed recently by Ewen
(1996ab; hereafter referred to as PA and PB). It was devel-
oped in response to the need for a new generation of
models for simulating the complex non-equilibrium move-
ments (e.g. preferential flow) which commonly take place

- in the unsaturated zone. SAMP models can be used to
solve Richards’ equation; to simulate advection and dis-
persion of solute in soil containing dead-space; to simulate
preferential water and solute movement in soil containing
macropores; and to determine the fate of ‘new’ and ‘old’
water and solute when the new enters a region containing
the old.

In a SAMP model the modelled region (e.g. the unsat-
urated zone) is divided into cells, and the pore space
within each cell is divided into many, often 100 or more,
distinct independent thermodynamic subsystems. Discrete
packets of water (which may contain solute) are moved

from subsystem to subsystem, within and between the
cells, and these movements simulate the effects of equilib-
rium and non-equilibrium movements of water and the
advection and bulk dispersion of solute.

The parameters for a SAMP model are those for the
matric potential and unsaturated hydraulic conductivity
functions, as used with Richards’ equation, plus a further
parameter, the internal scale. The internal scale controls
the mixing of old and new waters, and the degree to which
non-equilibrium moisture states can be sustained in the
soil. It has the symbol A.

Molecular diffusion in the liquid phase of pore moisiure
is not accounted for in the original SAMP theory. It is
considered here, as part of a wider investigation of the
nature of the internal scale. A theory is developed for
interpacket diffusion, and this theory is incorporated in an
upgraded version of the SAMP 1 one-dimensional verti-
cal-column model. The upgraded model is then tested
against existing laboratory data for breakthrough experi-
ments involving the movement of tritium through columns
of Glendale silty clay loam.
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SAMP 1 Model

Full details of the basic SAMP theory are given in PA,
where the theory is developed from first principles and the
assumptions made are discussed. SAMP 1 models the
movement of water and solute in a vertical column of plan
area a and length B, which is divided into cells of plan area
o and thickness 8. Each cell contains pore volume V
(V=a6p, where p is the cell porosity), and each is divided
into N subsystems, numbered 1 to N. Each subsystem in
a given cell can be considered to be uniformly distributed
within the cell. The low-numbered subsystems contain
water which is strongly held by the soil matrix (i.e. the
water contained in small pores and in thin layers adjacent
to the walls of larger pores), and the high-numbered sub-
systems contain loosely held water (i.e. the bulk of the
water in large pores in the matrix and in distinct macro-
pores). The strength with which water is held in a given
subsystem is related, through the SAMP theory, to the
matric potential function for the medium contained in the
cell. Each subsystem has the capacity to hold mass 7 (one
packet) of porewater (m=p}’/ N, where p is the density of
the porewater). At any given time, each subsystem must
either hold a full packet or be completely dry. The mois-
ture state of a cell can therefore be represented by an N-
bit binary number, M. For example, if N is 8 and only
subsystems 1, 2, 3, 6, and 7 are saturated (i.e. hold a
packet) then M = 01100111 = (1),(0)(1)3 , where the sub-
scripts indicate the number of times the digit in the cor-
responding brackets is repeated, and leading zeros are
neglected.

The subsystems in a cell are independent, and each
packet is a single conceptual entity. For a cell containing
n packets, the volumetric moisture content, 8, is np/ N and
the internal equilibrium state is (1),. If a given cell is not
in internal equilibrium, packets can move within it, from
subsystem to subsystem, as a result of the spontaneous
tendency for internal equilibrium to be approached (e.g. as
happens when macropore water is absorbed by the matrix).
In PA, this type of movement is called I-type movement.
There are two other types: R-type and M-type. R-type
movement involves packets moving from cell-to-cell under
the action of gravity or spatial gradients in matric poten-
tial, and M-type movement involves movements in large,
distinct macropores. The equations describing the move-
ments of packets are based on Darcy’s law, and give the
probabilities of given moves taking place. The actual
moves which will take place for a given cell for a given
timestep are determined from these probabilities, using
random numbers supplied by a random number generator.
It is not practical to reproduce the probability equations
here as there are too many of them (see PA).

SAMP 1 simulations proceed timestep-by-timestep, and
for each timestep each cell is considered in turn: first the
bottom cell, then the cell above it, etc., all the way up to
the top cell. For each cell, the three types of movement are
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considered in turn, and all the necessary movements are
completed before the next cell is considered. However, if
a given cell is a boundary cell, injections and discharges of
water packets are completed before the movements are
considered, to ensure the boundary conditions are main-
tained.

Each packet of porewater has a fixed label-digit, e.g. 2’,
allowing it to carry information about the quality of the
porewater. For example, if the internal state of a cell is
(1)60(1)93, the solute state, .S, might be the base-3 number
(2)5102(1)5(2)10(1)77 showing that 16 of the packets (those
labelled ‘2’) have entered the column since the start of the
simulation, and the other 83 (labelled ‘1’) were present at
the start of the simulation. The ‘2’s can also be inter-
preted, if required, as indicating a given concentration of
solute; and the movement, scattering, and retardation of
contaminated (i.e. solute containing) packets interpreted as
representing the effects of advection, dispersion, and dead-
space. Many label-digits can be used simultaneously in one
simulation, allowing the study of any combination of the
effects of old and new, contaminated and uncontaminated,
and of injections with time-varying concentrations of one
or more chemical. A given label-digit can, of course, be
associated with several properties; e.g. a cocktail of chem-
icals in new water.

Solute diffusion was not considered in the basic SAMP
theory; it considered only the mechanical movement of
solute associated directly with the movement of packets.
To simulate solute diffusion requires that solute can move
between packets. As a result, if solute diffusion is to be
modelled, the solute state, .S, will not be adequate as the
sole simulation variable. In the new theory presented here,
each subsystem will therefore be given, in addition to the
usual label-digit, a concentration in the form of a base-10
number. (An alternative approach involving the extension
of the concept of solute state, and which uses solute pack-
ets which move from water packet to water packet, is con-
sidered briefly in the discussion section.) There are,
therefore, two simulation variables in the upgraded
SAMP 1 model. The first is .S (one base-3 number per cell)
which now indicates only the source of the packets (old
water, new water, etc.), and the second is the subsystem
concentration (one base-10 number per subsystem), which
equals the solute concentration in the packet currently
contained in the subsystem, or zero if the subsystem is
dry.

INTERNAL SCALE

One change is required to the existing SAMP theory in
preparation for the development of the new theory for
interpacket diffusion. It will be seen later that interpacket
diffusion depends on a diffusion coefficient and the inter-
nal scale, A. The diffusion coefficient can be obtained from
the literature (it is a property of the solute, not of the soil),
and the internal scale can be calibrated against concentra-
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tions measured in breakthrough experiments. The internal
scale simultaneously controls three processes: I-type
movement; R-type movement; and interpacket diffusion.
It is therefore important that internal scale is used consis-
tently across all three processes. Also, it is important to be
strictly consistent with the physical interpretation of inter-
nal scale, so its numerical values can be analysed from a
physical point of view.

In PA it was shown that the probability that an I-type
movement will take place from subsystem 7 to subsystem
J in the same cell is proportional to Fj, where
Fy=Akkj/ (ki+kj). The source of the conductivity ratio in
this equation is the harmonic-mean conductivity for move-
ment between the subsystems: 2k;k;/(k;+kj). In PA, the
factor ‘2’ from the harmonic mean was, for simplicity,
assumed absorbed in A. However, to maintain the full
physical nature of the definition of Fy, it is redefined here
as Fi=2Akik;/ (kit+k;).

Property and Simulation Data

In steady-flow pulse breakthrough experiments a steady
flow with constant solute concentration is maintained
through a column of soil for a long period. The solute con-
centration in the inlet water is then increased (or
decreased) and kept high (or low) for a period of time
before being returned to the original value; and the nature
of the solute movement in the column is inferred from the
effect this solute pulse has on the concentration in the
water discharging from the column. The experimental data
required for a SAMP 1 simulation of a steady-flow pulse
breakthrough experiment involving downward vertical
flow in an unsaturated soil are:

Co¢p — inlet solute concentrations before and during the
pulse (e.g. kg m™3)

D — diffusion coefficient for solute in porewater (m?2
—~1
s

K(0) — unsaturated hydraulic conductivity of soil, as
function of volumetric moisture content (m s)

/ — length of column ()

p — porosity of soil (-)

0 - flow rate (m s7Y)

t1,t; — time at start and end of pulse (s)

0,  — moisture content at base of column (-)

“y(6) — matric potential of soil, as function of moisture
content (m).

The hydraulic properties for each subsystem 7 in a given
cell are the subsystem conductivity, £;, and the total poten-
tial, @;. These are determined in SAMP 1 from the soil
hydraulic property functions and the elevation, z, mea-
sured at the centroid of the cell (PA Eqns 13 and 10):

k= K(%) - K(%} 1<isN) (1)

and

&, =y, +z (ISi<N @

where ¥, the subsystem potential, is given by PA (Eqn.
11):
i/N
vi=N Jwesp asisn @

(i-1)/N

Full data sets giving the hydraulic property functions
and breakthrough data for a (very nearly) conservative
solute such as tritium are very rare. The two breakthrough
experiments considered here are experiments 5-2 and 5-3
of van Genuchten and Wierenga (1977; hereafter referred
to as VGW77). The soil is Glendale silty clay loam
(GSCL), which has a porosity of 0.5, and the following
property functions (Wierenga, 1977):

0<0325 y=-784x10" exp(-31.36) (m)
K=116x10" exp(92.18) (ms™)
60>0325 yw=-458x10" exp(-15.50) (m)
K =223x10" exp(26.30). (ms™)(4)

The experiments involved the flow of a 0.01 N CaCl,
solution through a 30 cm core of GSCL, subject to a pulse
of tritium with an activity of 23,000 cpm mi'. In experi-
ment 5-3 (all but one of the SAMP 1 simulations are for
this experiment), the average volumetric moisture content
in the core was maintained at 0.395 by a steady flow of 8.22
¢m day™'; the pore-volume time was 1.443 days, and the
pulse lasted 2.763 pore-volumes. For experiment 5-2, the
corresponding data are: 0.401; 16.6 cm day™'; 0.725 days;
2.080 pore-volumes.

VGW?77 ran 10-day batch equilibrium adsorption tests
to determine the retardation factor for tritium in GSCL.
These were unsuccessful, as the factor is very low.
Adsorption is neglected in the SAMP 1 simulations.

Values of the coefficient for the self-diffusion of liquid
water with tritium as a tracer are given by Wang et al.
(1953). From their Figure 2, it can be estimated that JogD
= —5.36 — 973/T, where D has the units m2? s and T is
the absolute temperature. Assuming the breakthrough
experiments were run‘at 20°C, the appropriate value for D
is, therefore, 2.1X10® m? s1. The data on which the
above equation is based were obtained using a capillary
method, which in some ways recreates the effect of diffu-
sion into and out of dead-end pores. Small capillaries
between 19.4 and 47.4 mm in length and 0.187 and 0.220
mm? in area were filled with tritiated water, and their ends
submerged for a period in a stirred bath of ordinary dis-
tilled water. The diffusion coefficients were determined
based on the amount of tritium remaining in the capillar-
ies on their removal from the bath.

SIMULATION DATA

The simulation data are:
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N — number of subsystems per cell (-)

N, — number of cells in column (-)

U — number of timesteps between diffusion calculations
6

Ot — timestep (s)

A - internal scale (m2).

The SAMP 1 model of the experiments is set up so that
the top surface of the top cell corresponds to the top of the
soil column, and the bottom surface of the bottom cell cor-
responds to the bottom of the soil column, so the thick-
ness of each cell, 8, is B/ N,. Steady flow is simulated by
injecting one packet of water into the top cell every »
timesteps. (It is usual for the magnitude of &t to be cho-
sen so that the time between injections [i.e. p8E/(QN)] is
exactly wdt, and w is 2, 4, or 8.) Conditions at the bottom
boundary are controlled by having a false cell (i.e. cell 0)
below the bottom cell, and fixing the moisture content in
this false cell. The initial condition in the column is set
assuming that steady equilibrium flow is taking place. The
‘standard’ simulation (run 1, discussed later) has N = 100,
N;=30, U=10, 6t = 13.139 s and » = 4.

In the breakthrough experiments, the pulse starts at
time zero, so the tritium concentration in the inlet water
rises at the beginning of the simulation, stays high for a
period, then falls to zero. The packets in the column at the
start of the simulations have label-digit ‘1’ and concentra-
tion zero; during the pulse the injected packets have the
label-digit ‘2> and concentration one; and the packets
injected after the end of the pulse have label-digit ‘3’ and
concentration zero.

Interpacket Diffusion

The dispersion of solute in porous media is effected by
both (molecular) diffusion and the mechanical mixing
associated with water movement (Fried and Combarnous,
1971). When considering the bulk migration of solute, the
direct contribution of diffusion can be significant, espe-
cially when the velocities of water movement are very low.
This contribution has, for example, been considered by
Millington and Shearer (1971) and Schaefer et al. (1995),
who studied the relationship between the bulk migration
rate, the liquid-phase diffusion coefficient, and resistances
which describe the effect of the matrix. Diffusion has,
however, a secondary effect on solute migration. It affects
the concentrations at the pore-scale by allowing move-
ments of solute between points in the liquid phase which
are not strongly connected by water movement (e.g. diffu-
sion into and out of dead-end pores). SAMP models are
designed specifically to simulate the strongly coupled
movements of water and solute, so bulk solute migration
under diffusion is not a significant process in SAMP sim-
ulations, and it is the secondary effect of diffusion on
solute migration which is of interest here.

In the SAMP approach each subsystem is assumed to be
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in direct contact with every subsystem in its cell. To
model the secondary effect of diffusion on migration, it is
therefore necessary to model the diffusional exchange of
solute between each pair of subsystems in each cell. This
exchange is similar in nature to the exchange between the
dynamic region and dead-space in the two-region (mobile-
immobile) model developed by Deans (1963), as used in
the models of Coats and Smith (1964) and van Genuchten
and Wierenga (1976). (Fliihler er al., 1996, used the term
“lJateral solute mixing” to describe these exchanges, and
reviewed the modelling of lateral solute mixing for both
two-region and multi-region models.) Setting SAMP to
one side for a moment, and applying Deans (1963)
approach to a cell in which there is a dynamic region and
dead-space, the exchange rate, 4 (kg s7!), from the dynamic
region to dead-space is given by:

4= %ow — % )

where V/p is the total volume of soil in the cell, ¢ and ¢ *
are the concentrations in the dynamic region and dead-
space, respectively, and o (s7!) is an exchange coefficient.
This can be viewed as a finite-difference analogue of Fick’s
law; say the general concentration in the porewater is C,
and there are two finite-difference cells, with nodal con-
centrations ¢ and ¢*, then:
_ dC _ AD *

1= -ADZ = L2 (ot (©)
where A is the effective area for diffusional exchange, D
the coefficient for solute diffusion in porewater, and 8 the
distance between the nodes.

Fick’s law of diffusion is analogous to Darcy’s law, and
the coefficient for liquid-phase diffusion, D (m? s71), will
be treated is the SAMP theory in an analogous manner to
the unsaturated hydraulic conductivity (Eqn. 1): the sub-
system diffusion coefficient, for all subsystems, will there-
fore be pD/N, where the porosity, p, accounts for the
presence of the matrix. Using a finite-difference analogue
of Fick’s law, assuming both subsystems ¢ and j in the
same cell are saturated, the rate of diffusion from subsys-
tem ¢ to subsystem j is given by:

_ ﬂ(fi‘fj) v
_ANiax ™)

where, in this case, A is the effective area of contact
between the packets, ¢; the concentration in subsystem 7,
and 8y the average distance over which diffusion takes
place. The volume of each packet is I’/ N, so the resulting
change in concentration in subsystem j over period 6 is
g6t/ (V/ N), giving:

&, = N&Ai”]g—(q —¢) ®)



Interpacket Diffusion in SAMP Model for Water and Solute Movement in Unsaturated Soil

Table 1. Breakthrough simulations run using SAMP 1.

Run Expt. LogioA DX10° N N¢ U RMSD

1 5-3 3.55 2.1 100 30 10 0.043

2 5-3 3.69 2.1 50 30 10 0.041

3 5-3 3.29 2.1 200 30 10  0.044

4 5-3 3.45 21 100 60 10 0.041

5 5-3 3.64 2.86 100 30 10  0.041

6 5-3 3.55 2.1 100 30 1 0.042

7 53 13.68 0 100 30 10 0.110

8 5-3 10.68 0 100 30 10  0.170

9 5-3 16.68 0 100 30 10  0.167
10 5-3 3.55 0.021 100 30 10 0419
11 5-3 3.55 0.21 100 30 10 0.245
12 5-3 3.55 21.0 100 30 10 0.116
13 5-3 3.55 210.0 100 30 10  0.144
14 5-2 3.77 2.1 100 30 10  0.058
15 5-3 1I,...5 2.1 100 30 10 see Fig 3

where A is the internal scale (=A4/ V8y). The form of this
equation is similar to that for the probability for I-type
movement from subsystem 7 to subsystem j (derived from
Darcy’s law): from PA Eqns 20-22, if both subsystems are
saturated, the probability equation can be written in the
form:
e} = NOF,(v, ;) = NOA =20y, —y)
ki +k, ©)

UPGRADING SAMP 1

The theory above was implemented in the SAMP 1 model
for a single solute. A concentration is allocated to each
packet when it first appears in the simulation, and the con-
centration in a given packet changes subsequently only as
the result of interpacket diffusion. When a given packet
moves from one subsystem to another it carries its solute
with it, and each saturated subsystem takes on, as its sub-
system concentration, the concentration of the packet it
contains; dry subsystems have zero concentration. The
computer processing times for SAMP 1 are increased con-
- siderably by the computation of interpacket diffusion, so
the interpacket diffusion calculations are carried out only
once every U timesteps (typically U = 10).

In the calculation of interpacket diffusion for a given
cell, each pair of subsystems is considered in turn. The
calculations start with the highest-numbered subsystem,
and involve its pairing with the second highest subsystem,
the third highest subsystem, etc. Calculations are then car-
ried out for pairs based on the second highest subsystem,
then the third highest, etc. In total, (N — 1) + (N - 2) +
(N —3) +. . .+ 1 pairs are considered (= 4950 for N =
100). When a given pair is considered, the concentrations

of both subsystems are updated before the next pair is con~
sidered. (The results were found to be insensitive to both
the order of calculation and the updating procedure used.)
Based on Eqn. 8, the equation for calculating the change
in concentration for subsystem pair 4, is:

&; =—8; = MMUSIAPD(c, — ¢,) (10)

where M; is 1 if subsystems 7 is saturated, and zero other-
wise.

Results

Table 1 gives details of the breakthrough simulations car-
ried out using SAMP 1. The values in italics in this table
are calibrated values, found by minimising the root-mean-
square-difference (RMSD) between the SAMP 1 break-
through concentration and the measured concentration.
(The SAMP 1 breakthrough concentration is found by -
averaging the concentration in the packets leaving the col-
umn; typically each average is calculated over a few hun-
dred packets.) For runs 1-4, 6, 7 and 14, the optimisation
routine BRENT from Press et al. (1986) was used to cali-
brate A, and for run 5, the routine AMOEBA, also from
Press et al. (1986), was used to simultaneously calibrate A
and D. The quality of fit of the SAMP 1 results to the lab-
oratory measurements can be seen in Figs. 1 and 2.

For runs 1-6, RMSD lies in the very narrow range
0.041-0.044, showing that the quality of fit is insensitive
to N, N,, U, and to whether A is calibrated for fixed D, or
A and D are calibrated simultaneously. There is no inter-
packet diffusion in runs 7-9, and by comparing the RMSD
values-and breakthrough concentrations (Fig. 1) for runs 1
and 7 it can be seen that there is a substantial improve-
ment in the quality of fit when interpacket diffusion is
simulated.
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Fig. 1. Simulated and measured breakthrough concentrations for
experiment 5-3.
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Fig. 2. Simulated (line) and measured (circles) breakthrough con-
centrations for experiment 5-2 (run 14).

Runs 8-13 and 15 show the sensitivity to A and D. The
sensitivity to A is best illustrated by run 15 (Fig. 3) which
involved 41 simulations with JogipA set to 1.0, 1.1, 1.2, etc.
(the results for /og1pA less than 2 are not plotted in Fig. 3
since I-type movement is so greatly restricted at these low
values of A that a steady flow cannot be maintained).

The calibrated value for A varies strongly with D.
LogipA is 3.55 for D = 2.1 X 10~ m? 57! (run 1) and 13.68
for D = 0 (run 7). The main reason for this is that, as dis-
cussed below, both A and D affect the timing and shape
of the breakthrough curve. Fig. 4 shows the distribution
of the label-digits ‘1’ and ‘2’ after one pore-volume of time
in run 1. The new water, label-digit ‘2’, is confined mainly
to a band, approximately covering subsystem numbers 50
to 80. The lower-numbered subsystems do, however, play
a significant role in solute movement, as can be seen in the
concentration distribution shown in the lower part of Fig.
4; solute gets into these subsystems mainly by interpacket
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Fig. 3. RMSD for a range of internal scale, for the parameter set
Jor run 1.

diffusion. The results for run 7 (logipA = 13.68; D = 0)
would look quite different if plotted alongside Fig. 4. The
band containing label-digit ‘2’ would be much wider and
less fragmented, and the subsystems with label-digit ‘1’
would have zero concentration. Despite this, runs 1 and 7,
have similar breakthrough curves. If the pulse for experi-
ment 5-3 simply moved through the full saturated portion
of the pore space without delay or dispersion, the break-
through curve would be a perfect (square) pulse, rising to
unit concentration after one pore-volume of time, and
falling back to zero concentration after 3.763 pore-vol-
umes. As can be seen in Fig. 1, however, both runs 1 and
7 have slightly early breakthrough, reaching a concentra-
tion of 0.5 after approximately 0.9 pore-volumes, and both
curves have a rounded shape, which shows the effect of
dispersion within the column. For run 1, one of the main
controls on timing and dispersion is the strength of inter-
packet diffusion: the stronger the diffusion, the greater the
mixing in the cells, the later the breakthrough, and, in gen-
eral, the more rounded the breakthrough curve. In con-
trast, in run 7 there is no interpacket diffusion (D = 0),
and the sole controlling parameter on timing and disper-
sion is A: the greater is A, the wider the band of label-digit
‘2’, the greater the delay in breakthrough, and the greater
the dispersion as a result of the natural I and R-type move-
ment within the band.

Fig. 5 shows the distribution of the label-digits and con-
centration for run 1, after four pore-volumes of time. The
tritium injection pulse ended after 2.736 pore-volumes,
and the subsystems with label-digit ‘3’ contain packets
injected since that time. It can be seen that much of the
original water (label-digit ‘1’) is still in the column, espe-
cially in subsystems 1-50, and there are also some packets
with label-digit ‘2’; which were injected during the pulse.

Both Figs. 4 and 5 show that interpacket diffusion, with
D = 2.1 X 10° m? 57\, is not perfectly efficient at spread-
ing the solute within a cell. For example, for cell 5 in
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Fig. 4. Moisture and solute distributions after one pore-volume (1.443 days) of time for run 1. Top section shows label-digits (‘I’ for old water
and 2’ for new); bottom section shows subsystem concentration multiplied by 10 and rounded to the nearest whole number (X’ represents 10).

Fig, 5, the concentration in the low-numbered subsystems
is around 0.3, which is substantially greater than the con-
centration in the High—numbered subsystems (0.1-0.2).

The runs for experiment 5-3 with D = 2.1 "X 10 m? s!
all have similar calibrated values of A. In considering the
differences between the calibrated As for the different runs
it is important to recognise there is some variability
between simulations as a result of the stochastic nature of
the model. For example, during the calibration process
which gave the value for A for run 1, the BRENT routine
had difficulty in finding an exact minimum: Fig. 6 shows
the RMSD values calculated during the final stages of the
calibration. Based on this figure and Fig. 3, it is reasonable
to say that the calibrated JogjpA for run 1 is 3.55 = 0.02.

For run 6 (U = 1) the calibrated A is the same as for
run 1 (U = 10). It therefore appears that reducing the
computation run times by carrying out interpacket diffu-
sion calculations only every 10th timestep, rather than
every timestep, does not affect the quality of the results
obtained.

The effect on A of increasing the number of cells used
by a factor of two can be seen by comparing run 1 (30

cells) and run 4 (60 cells). The calibrated A for run 1 is
3.55 £0.02, and for run 4, 3.45 £ 0.02, so there is only a
small difference (—0.10 + 0.04) between these. Larger dif-
ferences arise when the number of subsystems is varied
from 100 (run 1) by a factor of two: 0.14 £0.04 for 50 sub-
systems (run 2) and -0.26 * 0.04 for 200 subsystems
(run 3).

Discussion

It is clear from the results of the SAMP 1 simulations that
the inclusion of interpacket diffusion improves the quality
of the simulations. However the cost of including inter-
packet diffusion is very high: a typical simulation of exper-
iment 5-3 involves over (.7 billion calculations of the
diffusional exchange between pairs of subsystems, and
takes around 20 minutes of processing time on a single
processor on a medium-performance UNIX workstation.
The strength of the movement of solute under inter-
packet diffusion can be considered in terms of the rate of
decay of the difference in concentration between an iso-
lated pair of saturated subsystems. Say the isolated sub-
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Fig. 5. Moisture and solute distributions afier four pore-volumes of time (5.772 days) for run 1. Top section shows label-digits (I’ for old
water; 2’ for water injected during the tritium pulse; ‘3’ for water injected since the end of the pulse); bottom section shows subsystem con-

centration multiplied by 10 and rounded to the nearest whole number.
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Fig. 6. RMSD for simulations run during the late stages of the cal-
tbration of internal scale, A, for the parameter set for run 1.
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systems are given the numbers 1 and 2, and their initial
concentrations are ¢o1 and cpp, respectively. Converting
Eqn. 10 to an ordinary differential equation and solving it
gives the concentration in subsystem 1 after time £ ¢} =
0.5[co1 + co2— (co2— co1)exp(—2ApDt)]. The time for the dif-
ference in concentration between the two subsystems to
fall to half its initial value is therefore —in(0.5)/(2ApD),
which for run 1 gives 25.84 hr (= 0.746 pore-volumes).
This shows that interpacket diffusion is a slow process rel-
ative to the rate of injection of packets (1 packet per 52.556
s in run 1), and that quite large values can be used for the
effective timestep, Udt, for the calculation of interpacket
diffusion (U6t = 131.39 s for run 1).

Based on the evidence above that interpacket diffusion
is a slow process, a new, computationally-efficient method
is being developed for simulating interpacket diffusion.
This method is more in the spirit of the SAMP approach
than the method developed here; and uses packets of
solute which move from subsystem to subsystem. A state
variable, similar to .S, records the (integer) number of
solute packets in each subsystem, and the states change
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only as a result of the movement of solute packets. The
main complication with this approach arises in its exten-
sion to modelling soil conditions in which there is both
diffusion and adsorption of solute to the matrix.

VGW77 fitted two models to their breakthrough data:
the convection-dispersion equation (they based this on
Lindstrom ez al., 1967), and their own (now widely used)
two-region model (van Genuchten and Wierenga, 1976).
Based on the simulation results in VGW?77, for experiment
5-3 the convection-dispersion equation gives an RMSD =
0.155, and the two-region model an RMSD = 0.011.
SAMP 1 (RMSD = 0.043) therefore gives a much better
fit than the convection-dispersion equation, but a poorer
fit than the two-region model (which has four calibrated
parameters, compared to one in SAMP 1).

By definition, A = A/ V'8, where A is the area of con-
tact between each pair of subsystems, 7" the pore volume
of the cell, and &y the effective distance over which I-type
movement and interpacket diffusion takes place. Before
trying to interpret the physical meaning of the calibrated
value for A it is important to be aware of the difficult task
A performs as the sole calibrated parameter. Its effect on

interpacket diffusion and I-type movement is relatively

straightforward and physical (Eqns 8 and 9). However, its
effect on R-type movement is not straightforward. The
probability, €R, of an R-type move taking place during
period 6 from a given cell (cell A) to the cell below (cell
B) is independent of A, but the probability of an R-type
move taking place from a given subsystem 7 in cell 4 to a
given subsystem j in cell B does depend on A. From PA
Eqgns 33-35:
am bm
ef =€%, /) Y e, a11)
r=1 =1

where

wu

-1
an 1 V6§
e; = L'k, Mf(— + —) (12)
¥ ¥ ]; ,yF 2(Xku

where L5,; is zero unless subsystem 7 in cell A is saturated
and subsystem j in cell B is dry, in which case it is one;

am is the highest-numbered saturated subsystem in cell A, -

bm the highest-numbered saturated subsystem in cell B,
and M+, is one if subsystem # in cell A is saturated, and
zero otherwise. (When comparing the results here with
those in PB it should be noted that F has be redefined, and
yis Nét in PB but is unity here and in PA.) In effect, the
probability that it is subsystem 7 which releases a packet
when there is an R-type move from cell 4 to cell B
depends on F, and hence on A [since Fyj = 2Akk;/(k; +
kj).]. Eqns 11 and 12 are less physical than the equations
which link A to interpacket diffusion and I-type move-
ment, and, as discussed in PA, some arbitrary choices were
(necessarily) made in their derivation.

For run 1, logioA = 3.55, so A = 3,548 m2. In PA an
equation was derived for A for packet movement between

aggregates and a coarse interaggregate material: A = 12(1
— )/ (a?p), where fraction f of the soil comprises interag-
gregate materials, and the aggregates are cubes with side
length 4. There are n aggregates per cell [# =
(11 )YW/(a?p)], and A was assumed equal to the ratio of the
total surface area (6n4%) of the aggregates in the cell to the
product of the pore volume (/) and the distance from
the surface to the centre of an aggregate (¢/2). To get an
indication of the physical scale of the calibrated value of A
for run 1, if £= 0 and p = 0.5, the calculated side length,
a, for A= 3,548 m~2 is 8.22 cm. This is large, and shows
that the connections between the subsystems are quite
weak, which is a conclusion supported by Figs. 4 and 5:
the weak connections result in non-equilibrium flow, as
shown by the fragmented nature of the distribution of
water packets in subsystems 60-100.

It should be expected that A is insensitive to V, pro-
vided ¥ is large enough to cover a representative sample
of the pore structures seen within the soil. This seems to
be borne out by the close agreement between the calibrated
values for A for runs 1 and 4 (run 4 has packets half the
size of those in run 1). The area A (and perhaps &y), on
the other hand, should be expected to vary with the num-
ber of subsystems, N, in the cell, so A should vary with
N. Theoretical bounds for the relationship between A and
N can be estimated in a simple fashion. Say the porewater
behaves as a very large number (>>N) of subvolumes with
linear dimension 4; then AxN-! and dyxaxl, so A =
A/(V8y)xN-1. Taking the other extreme view, say each
subsystem contains a volume with typical linear dimension
a; then @3 oN-1 Aog?2oeN-2/3 and GyoxaxN-13, so
AxN-13_ For run 1, logipA = 3.55 and N = 100; the
expected range for logipA when N = 50 is, therefore,
3.65-3.85, which spans the calibrated value, 3.69 (run 2).
For N =200 the range is 3.25-3.45, which also spans the
calibrated value, 3.29 (run 3). The calibrated value for A
therefore behaves as expected: decreasing with N, such
that it is proportional to a value lying between N~ and
N-1/3,

It is possible to compare the calibrated values for A
against the values for g, the exchange coefficient VGW77
found on calibrating their two-region model. Comparing
Eqns 5 and 7, if N = 2, ap = Ap2D/ 2. For experiment 5-3
(logr1pA = 3.55) this gives op = 0.93X10°6 s71. The value
from VGW77 is 3.13 X 10°% s'1. For experiment 5-2 the
corresponding figures are 1.55 X 1076 57! and 3.59 X
10-¢ s7'. For both experiments, the calculated and cali-
brated values for ¢ are similar. However, it is not appro-
priate to take this analysis further since there are
significant differences between a two-subsystem SAMP
model and the two-region model (which, for example, has
regions which are unequal in size).

Conclusions

Theory has been developed for within-cell interpacket
913
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diffusion in SAMP models, and this theory has been
implemented in the SAMP 1 one-dimensional vertical-
column model. SAMP 1 was successfully calibrated against
existing laboratory tritium-breakthrough data for columns
of Glendale silty clay loam. The main parameter control-
ling interpacket diffusion is the coefficient for solute dif-
fusion in porewater. This is a property of the solute, not
the soil, anid for tritium diffusion in water a value of 2.1
X 10 m? s~! was obtained from the literature. The sole
calibrated parameter is the internal scale. This affects
interpacket diffusion, and the way packets move through
the soil. Calibration was carried out with and without
interpacket diffusion, and the quality of the fit between the
SAMP 1 results and the laboratory data found to be sub-
stantially better with interpacket diffusion. Many simula-
tions were run, and SAMP 1 was found to exhibit
appropriate sensitivity to the number of cells and subsys-
tems used, and to the diffusion coefficient.

The similarity between interpacket diffusion and the
exchange of solute between the dynamic region and dead-
space in a two-region (mobile-immobile) model was inves-
tigated, and theoretical and numerical comparisons suggest
there is a link between internal scale and the exchange
parameter in the two-region model of van Genuchten and
Wierenga (1976).
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