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Abstract

A model of the mean-field interacting boson gas trapped by a weak harmonic
potential is considered by the boson random point fields methods. We prove that
in the Weak Harmonic Trap (WHT) limit there are two phases distinguished by
the boson condensation and by a different behaviour of the local particle density.
For chemical potentials less than a certain critical value, the resulting Random
Point Field (RPF) coincides with the usual boson RPF, which corresponds to a
non-interacting (ideal) boson gas. For the chemical potentials greater than the
critical value, the boson RPF describes a divergent (local) density, which is due
to localization of the macroscopic number of condensed particles. Notice that it is
this kind of transition that observed in experiments producing the Bose-Einstein
Condensation in traps.
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1 Introduction and Main Results

1.1 Weak Harmonic Traps

We consider the quantum statistical mechanical models of boson gas equipped with a
r-parameterized family of one-particle Hamiltonians of harmonic oscillators:

d

1 *? a1
hwaZ(‘a—x;*?‘;)’ ()

J=1

which are self-adjoint operators in the Hilbert space §) := L?(R?).

In this setup a ”thermodynamic limit” corresponds to x — oo (i.e. the "opening”
of the trap [DGPY]), which we call the Weak Harmonic Trap (WHT) limit. Notice that
the set C°(R?) is a form-core of the operator ([-J)) and that this set is also a form-core
for the operator (—A)/2. Here A is the standard Laplace operator in R%. Then (see
e.g. [Kd]) one obtains the strong resolvent convergence:

lim h, = (—A)/2 . (1.2)
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In spite of convergence ([.2), there is a drastic difference between the properties of the
infinite Ideal Boson Gas (IBG) systems prepared via the WHT limit and via standard
thermodynamic limit (TDL) lim;_. A, = R? with the one-particle operators t :=
(—A/2), with a "non-sticky” (e.g. Dirichlet) boundary conditions [VVZ)]. Here A, C
R? is a bounded open region of unit volume |A;_;| = 1 containing the origin x = 0
whose boundary dAj_; is piecewise continuously differentiable and

AL = {fE € Rd|L71l‘ € AL:1} , L > 0. (13)

In fact, it is known that the Bose-Einstein Condensation (BEC) occurs for dimensions
d > 1in the IBG via WHT limit x — oo, while for dimensions d > 2 in the IBG via TDL,
see ([L.I3) and [DGPY], [PeSny]. Similarly, it is well-known that thermodynamic proper-
ties of the boson gases are very sensible to different ways of taking the thermodynamic
limit [LePd] or to the different choices of the boundary conditions [VV7]].

The purpose of the paper is to examine the position distribution of the mean field
boson model in WHT limit and to compair its behaviour to those of the mean field
boson models in TDL or ideal boson models in WHT limit.

Our method is based on the theory of Random Point Fields (RPFs) (see e.g. [DV]).
The usual boson and the fermion RPFs [y}, M74, M77 have been formulated in a
unified way in terms of the Fredholm determinant together with other related RPFs,
which are indexed by fractional numbers, in [ShTd]. They have been re-derived as
theories which describe position distributions of the constituent particles of quantum
gases in the thermodynamic limit for canonical ensembles in [ITg]. It was shown that
the Random Point Field (RPF) corresponding to fractional numbers [EhTd)], describes
the gases which consist of particles obeying the parastatistics [[I'1d]. The RPF describing
a homogeneous Bose-Einstein condensation have been studied for the first time in [TTH],
where the RPF is given by the convolution of usual boson RPF and another RPF. The
latter one seems to describe position distribution of the condensed part of the constituent
bosons. This RPF has been re-formulated using the Cox process. [EK|]

These theories of RPF's yield a precise information about the position distribution
of the constituent quantum particles, although they are not suitable to characterize the
quantum systems completely (however see [FEH, H]).

1.2 1Ideal and Mean-Field Boson Gases in the WHT

Recall that in the grand-canonical Gibbs ensemble the partition function of the IBG
trapped by harmonic potential ([[.1) is given by

Sow(Bp) =Y " Trgp [@"Gh(S)] - (1.4)
n=0
Here 97, = (@"L*(R?)) symm is the n-fold symmetric Hilbert space tensor product of

$ = L*(R?), G.(B) = e P the one particle Gibbs semigroup. The zeroth term in ([C4)
equals to 1 by definition. We consider the case of positive inverse temperature 3 > 0
and of negative chemical potential p < 0.



The spectrum of the operator ([.1]) is discrete and has the form:
Spec(h,) = { €.(s) == |s|1/k|s=(s1, ,sa) €ZL} (1.5)

where |s]; := E;l:l

eigenfunctions of the states for s € Z< are given by

s; and Z! is the set of all non-negative integers. The normalized

d

bux(t) =~z 6u(e/VR) = [T 1z (a/V/R) (16)
j=1
where for each component j, ¢, is related to the Hermite polynomials H,,(z) by
s, () = (299 80 /m)TV2H, (aj)e™ 0, j=1,....d. (1.7)
The ground state is denoted in this paper by
KM@:wémexm—@oA>, (L8)
where x = (11, ,24) € RY, |2]? = Z;l:l 3.

Integral kernel of G.(3) = e P has the explicit form (the Mehler’s formula for
oscillator processes):

exp{—(2x)'tanh(8/2x)(|z[* + |y|*) — |z — y|*/ (2K sinh(3/k))}
{(mr(1 — e-20/%)yir '

G(Bsa,y) = (1.9)
Here the operator G,(8) belongs to the trace-class €;(L*(R?)), with the trace-norm
equals to TrG.(B) = 1/(1 — e ¥/%)4 = O(k?) for large k. The largest eigenvalue of
G(0) coincides with the operator norm ||G.(5)| = 1. We write all the eigenvalues of

operator G ([3) in decreasing order:
R P LR

The expectation value of total number of particles is given by

1 0InEg.(Bp) 1
Nn(ﬁau) - _ﬁT — ; W . (1.1())
sehy

Since the value ([LI0) diverges in the WHT limit k — oo as k% | one introduces the
scaled quantity [DGPY], [PeSui]:

= DY A s D1 (1.11)

sEZd

which is a Darboux-Riemann sum for the integral

. dp N
oo =l = [ =3

[07

eﬁus

(1.12)
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Since k% may be interpreted as the effective “volume” (cf. Remark [[1), p(3, 1) and
px(B, 1) are regarded as the expectation value of effective space-averaged density of the
system, which has non-homogeneous space distribution. One defines its critical value as
usual:

pe(3) := sup p(B, ) = ¢(d)/37. (1.13)

n<0

Notice that ([.13) is bounded for d > 1. Therefore, if p > p.(3), the IBG in the
WHT limit £ — oo manifests a BEC in the scaled oscillator ground state ([-§) with the
expected space-averaged condensate density:
. 1 1
po(B) = p = pe(B) = lim —5——5mm— - (1.14)

Moreover the expected local density po(3)(z) can be defined such that
1 Qu(x)?
po(B)(z) = /}Lrgo kd e=BR.(Bp) — |

holds. Here 71, (5, p) is the unique root of the equation, p = p.(8, 1) cf. ([.I1)). Their
limits satisfy

(1.15)

Tim 7,8, < pe()) < 0 and Tim 7, (8, > pe(5)) = 0, (1.16)

especially
1
(B, > pe(B)) = —
Blp — pe(B))r
The integrated density of states N, (F) for the operator h, is given by

Nio( ZdZQ — |sh/k).

sEZd

+ o(k™%) . (1.17)

Then from its Laplace transform

| e ) = (sl expl-t/m)
0

we obtain the k — oo limit

Edfl
[(d)
In terms of these density of states, (1) and ([LI2) are written as

*  dNL(E) * dN(F)
P8, 1) —/0 e 1 PO —/0 E T
It is instructive to compare these results with properties of the IBG “prepared” via

standard thermodynamic limit L — oo ([33) for e.g. Dirichlet boundary conditions. It
is well-known [ZB] that in this case the expected boson density is

pAL ﬁ M |AL| Z eB( SL(] (119)

AN(E) = dE . (1.18)




Here {1,(j)};>0 is the spectrum of the one-particle operator ¢;, and p < min;>ge(j) —
0 as L — oo. It also has the expression

© dNL(E
/)AL(@M):/O eB(E—Liu()_)1 (1.20)

in terms of the integrated density of states {NL(E)}1~0. The thermodynamic limit

N(E) = limj_..c Ni(E) is independent of "non-sticky” boundary conditions [RSIV]
and given by

aWE) - 2 1.21
)= Gmyrriagz) (121
Then we get the limit of the expected density
_ . * dN(E)
p(B, 1) = LIEEOPAL(57M) :/0 BE—) _ 1 (1.22)
The critical particle density for the IBG is
_ _ * dN(E
) = s (5. = [ SEEE = a2 ems)" (1.23)
“<0 0 e - 1

Note the difference between p.(3) and p.(3). In particular ([.23) is bounded only when
d > 2. Thus thermodynamic properties of the IBG in the standard TDL A; — R? and
the WHT limit K — oo are different in spite of delusive impression that they have to
produce identical systems.

Now we consider the mean-field interacting bosons trapped in the harmonic potential
(L0). Its grand-canonical partition function is given by

S ) Z Pm=Ant o) Ty g 1@"Ge(B)] (1.24)

We consider the case of § > 0, A\ > 0 and arbitrary p € R. Hereafter, we suppress the
symbol A from the left-hand side of ([.24), since we fix A > 0 in the rest of the paper.

Remark 1.1 The scaling with the “volume” k% (imposed by the WHT) is a conven-
tional way to consider the Bose-Einstein condensation in traps, see [DGPY, [LSSY)],
[PeSnd]. Our definition of the MF interaction in WHT applies a space-average over the

"volume” k%, which plays the same réle as |Ap| in the standard mean field model where
the mtemctwn has the form An*/2|AL], see e.g. [ZH].

Notice that X > 0 corresponds to repulsive mean-field (MF) particle interaction,
whereas A = 0 is the case of the IBG ([I.]).

In the present paper we consider in ([I.24) only the "square” mean-field repulsive
interaction Us := An?/2k% . Although application of the Large Deviation technique makes
it possible to consider also the case of the general MF interaction Us = r%®(n/k?),
where ® : R — R is a piece-wise differentiable continuous function bounded from below,

see [IT7].




To study the non-homogeneous condensation and the space distribution of the con-
stituent bosons in the system ([.24) we use the RPF v, g, i.e., the probability measure
on the space of locally finite point measures with generating functional:

Eli,ﬁ“u(f) : = ER767IIJ‘ |:ei<f,£>:| (1'25>
1 = n—pBAn?/2x% n —
= S T T (8 (GB)e )
=\ ) 2=

where f € Co(RY), f > 0. Here E,ﬁﬂyu[ . } stands for expectation with respect to
Vi g (d€), and € denotes the integral variable which represents locally finite point mea-
sure, see [DV, [Ta, [TTH, [[Id]. The measure v, 5, describes a finite RPF whose Janossy
measure can be given explicitly, see Remark P-T].

In the present paper we study the properties of the MF interacting boson RPF v, 3,
in the WHT limit k — oo by analyzing the generating functional ([.25). To this end
we first define the MF critical chemical potential

[ [T

000y €PIL — 1 N (B-p) —1  pd

This critical parameter is similar to the critical chemical potential fi.(3) := X p.(3) for
the standard homogeneous MF boson gas via TDL, see e.g. [ZB] and ([-23).

1.3 Main Results
Now we can formulate our main theorem:

Theorem 1.2 (i) Let i < p.(8) (normal phase). Then the RPF v, 3, defined by
(1.23), converges weakly in the WHT limit k — oo to the boson RPF vg,.. corresponding
to the generating functional:

Egr(f): = Egp[eV9] (1.27)
= Det[l+V1—ef r.GB1—r.GB) V1t ] "

Here Bg,. | - | denotes expectation with respect to the measure vg,. , Det stands for the
Fredholm determinant, G(3) := e®2/? is the heat semigroup on $ and r, = r,(3, u, \) €
(0,1) is a unique solution of the equation :

_ ¥ _dN(E)

(ii) For u > ux.(8) (condensed phase), the generating functional ([.23) has the following
asymptotics:

lim #long,u(f) o) (T (4 ) N e ), (129)

K00 /2 )\

where Ky = (G(8)"2(1 - G(ﬁ))—l/ﬂm)* (G320 - GE) V=) is

a positive trace-class operator on § = L*(R?) for d > 2.
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Remark 1.3 For dimensions d > 1 the integral is finite. This gives an idea
that the BEC' is possible for the case p > py.(3) and dimensions d > 1. However, in
the present paper we assume d > 2 to be able to prove our main theorem. In fact for
d = 2, the operator Ky is not a trace-class operator and the Fredholm determinant is

not well-defined, see [T1H].

Remark 1.4 Because of a technical difficulty, actually we do not have results for the
critical case p = iy .(3).

Remark 1.5 The heat semigroup G(3) is appeared here since its kernel

G(B;x,y) = (2r )2 l—ul/20

is the point-wise limit of the Mehler kernel ([[.3), as k — oo. Therefore the generating
functional of the resulting RPF ([[_27) in (i) has exactly the same form as that for the
standard homogeneous IBG in the non-condensed phase, see eq.(2.13) in [[1d], see also
Sh'lal. That is, the position distribution of the model in the non-condensed phase is
coincides with that of the standard IBG. However, it is the integrated density of states
N (E) that is appeared in ([I.28), instead of N (E). It implies that the dependence of r.,
as a function of parameters, especially (3, is different from standard IBG or the standard
MF-model.

Remark 1.6 The RPF describing BEC for homogeneous IBG is given by the convolu-
tion of two RPFs [TTH]. One convolution component is the usual boson RPF, while the
other component seems to describe the position distribution of the condensed part of the
constituent bosons. The behaviour of the generating functional in case (ii) shows that
the latter component overwhelms the former in the present model. It is to be noted here
that the latter can not be explained by the particles in the ground state alone, it contains
the effect of the interference between “the condensed part” and “the normal part” [EK],
although the intensity of the RPF is proportional to the square of the ground state wave

function, as (I.19).

The sharp contrast between two regimes (i) and (ii) in Theorem [[.L3 may be seen by
the expectation values.

Corollary 1.7 For the case (i) u < pro(8) (normal phase )

B, [(f,6)] = T [f n.G(B)(1 - r.G(B)"] = pr. / dz f(z)

Rd

holds, where p,, is given by

pr. = 1:.G(B)(1 —r.G(P) Zr /(27 3n)Y2.
n=1
For the case (ii) p > pa.(5) (condensed phase),
lim inf Brp, ”;d%f Ol n _ﬂff/;’;(ﬁ ) /R dx f(z) (1.30)

holds, where f € Co(R?).



The weak limits of the RPFs concerns the limit of the local position distribution
of particles. In this sense, the results of Theorem [[. and Corollary [.7 in regime (i)
may be interpreted as follows: in the WHT limit the position distribution of the MF
interacting bosons in neighbourhoods of the origin of coordinates (i.e. the bottom of
the WHT potential) is close to that of a free IBG corresponding to the unconventional
parameter ([[.2§). The information about the particle position distribution in domains
distant from the bottom of the WHT are missing in the limit v, . In order to take this
“tail” particles into account we use the standard definition of the grand-canonical total
number of particles for our model :

1 0InZE.(8, 1)
KB op
1

_ B(un—AIn2/2x%) n
_ L N Tron  [©"Gu(B)] .
K/d :H’A</B,M) 2 ﬁsymm[ ( )]

Pl (B, 1) (1.31)

Since k¢ is interpreted as the effective volume of the model, p,(_f(;f) (3, ) represents the

effective total space-averaged density of the non-homogeneous system ([.24).
Theorem 1.8 The WHT limit of ([[.31)

(B, p) = lim pl' (B, 1) = lim w7Tr [r.G(1 = 7.G) 7] (1.32)

K— 00

exists and satisfies :

(1) (1 < pre(B))

(tot) B dN(E) B (tot) '
oy (B, p) = /[()po)d ToE 1 and  Bp =logr. + A3p," (B, ) ; (1.33)
(i) (1> pre(B))
A8, 1) = n/A (1.34)
It also holds that
PN (B) = Tim p\* (3, 1) = ¢(d)/B" (1.35)
p—pic(B)

Remark 1.9 The readers should not to confuse two “densities” : p,.. in Corollary
and pgf‘)t) (B, 1) defined above. The p,, can be interpreted as the limit of the “local”
density around the origin of coordinate of non-homogeneous RPF v, g ,, on the other
hand the pf\mt) (B, ) retains the information about the expectation of the total number of

particles with respect to v, g, through the WHT' limat.
Note that p* (3) coincides with ([[13) of IBG in the WHT.

Remark 1.10 Qualitatively different behaviour of the space distributions of bosons de-
scribed in Theorem [I.3 can be understand heuristically with the help of Theorem [I.§ in
the following way. Consider the WHT limit k — oo:

9



In case (i) the bosons are distributed almost uniformly in the region of radius k
according to the kernel (I.9).
On the other hand, in case (ii) (condensed phase) the condensed part of particles

( (tot) (ﬁ W) — pf\toct) (8)) = k4 — prc(B))/ X is localized in the region of radius O(k'/?)
accordmg to the proﬁle of the square of the ground state wave function €),.. Whereas the
particles outside of the condensate essentially spread out over the region of radius k.

The paper is organized as follows. Preliminary estimates and results concerning the
WHT limit for the mean-field interacting boson gas (A > 0) are collected in Section 2.
Section 3 and 4 are dedicated to the proof of Theorem [[.3 and [[.§, respectively. We
reserved Section 5 for summary and conjectures.

2 Preliminary Arguments and Estimates

In this section, we write the expectation ([CZJ) as the ratio Z.(3, i) /Z(3, 1t). The
representations of =,.(3, j1) and Z,.(3, i) are given in the form of integration of Fredholm
determinants. We also give the miscellaneous estimates needed for the evaluation of
these integrals.

2.1 Z.(f8p) and (6, n)

In terms of the projection operator on " = ®@"L?(R?) onto its subspace Neymm, the
grand-canonical partition function can be written as

Zem pan2/zet 1 — 7 Tranpeen (97 Gu(8)U(0)].

' UGSn

where the second sum is taken over the symmetric group §,, and
U@)p1 ® - @ Pn = Po1(1) @+ ® Qp1(n) for 0 € S, 01, ,0n € L*(RY).

Hence we have

Bun—pBAn? 2k
Em(ﬁau) = Ze Z/ )(xjal‘a 1])))dx1 d
jf

n=0 0€S
eﬁun—ﬁ)\nQ /2k4

_ Z—'/ Per {Go(B) (@1, 2)}, o, - do
n! (R <ij<

n=0
here Per stands for the permanent of the matrix {G,(3)(;, xj)}1<ij<n .

Remark 2.1 The point field v, g, of ([LZ) can also be defined in terms of Janossy
measures or exclusion probability [DV]]. This means that v, s, is a finite point field,
which assigns the probability

eﬁunf,@)\nQ/Z@d

Per {Gli<ﬁ><x27 xj)}lgi,jgndxl ce d.Tn

10



to the event {dX } there are exactly n points, one in each infinitesimal region

d i i) 1 d
[T () ) +def)), (a5 =@, a) =1 ).
As in [[TTd, [TTH], we use the generalized Vere-Jones’ formula [EhTd, M] in the form

1 dz
| Per {J(sx) hicusen oy - d, = . ,
n!/ er{J (@ ) heisen din * fsr(o) 2mizn 1 Det(1 — 2J)

where r > 0 satisfies ||rJ|| < 1. S,(¢) denotes the integration contour defined by the
map 0 — (¢ +rexp(if), where 0 ranges from —7 to m, r > 0 and ( € C. Then we obtain

_ = Bun—Bin? 2k dz
IU) = e % o )
; s,(0) 2miz" M Det(1 — 2G,(5))

where r € (0, ||G.(8)||7') = (0,1). Note that the zeroth term is 1 in this expression.
Let us substitute

e[ [z e (= P+ isp 2inte+is)). (1)

If s > 0 satisfies

eﬁu—ﬁ)\s/nd <r,

we can take the summation over n together with the complex integration and a scaling
of = to get

Ee(B, 1) = \/W BAs? /2r / % e~ BN +2isz) /267
=P 1) = 2mKd 27T’l Z — ePButBA(iz— S)/Hd)Det[]_ _ ZG (ﬁ)]

—281‘ K $2
K BAs2 /2% / ; e /28X |
27 B g Det[l — efutiz=02/mG ()]

Note that after z-integration, r disappears and (R.2) is valid for any s satisfying exp(5u—
BAs/k?) € (0,]||G.(8)]|7). We will estimate the integral in the spirit of saddle point
method. Here, we extract the main part from the integral. Let s = s,,r = r, be the
unique solution of the system:

r=exp (B — BAs/k?)
s =Tr[rG(B)(1 = rGu(B))7"].
Obviously, the condition r, € (0,]|G.(3)]|™!) is fulfilled. Hence, we can substitute in

(B2) s by s.. Using the product property of the Fredholm determinant, we get for
denominator of ([.27) the representation:

(2.2)

(2.3)

66)\8%/2/@‘1 e ISKT—K a2 /26

=B 1) = \/ 278X Det[1 — .G ()] /]Rdx Det[l — (e = 1)rxGo(B)(1 = reGu(F)) ]
(2.4)

11



For the numerator of ([.23), we introduce bounded symmetric operators

Gu(B)(f) = Gu(B) el Gu(B)? (2.5)

indexed by function f € Cy(R%), f > 0, which we skip below for simplicity. Then for
generating functional ([.25) one gets the form: E, 5 ,(f) = Z.(0, 1) (f)/Zx(5, p), where

(B, 1)(f) = (B mewmﬂwmwaw1

n=0

Kjd eﬁ)\§i/2/@d J e—zs,.;a: k22 /28N 06
-\ 2762 Det[1 — 7,.G(3)] /R " Det[l — (¢ — D)inGa(B) (L — 71Cu(B)1] (2:6)

Here (5, 7,) is the unique solution of

{f exp (B — BAG/ )
5= T [FGL(B)(1 — 7G.(8))71].

[1]x

(2.7)

Obviously, 7. € (0, ||G.(3)||™"). Note also that r,, and 7, satisfy the following conditions
respectively:

LT Gu(5)(1 = raGu() ) = 2B 23)
LT GA0)(1 = 7Ga(9)) ) = P (2.9

Since by definition (B2) one obviously gets: G,.(3) < G.(B3), the operator G ()
also belongs to the trace-class C;($)). We put the eigenvalues of G () in the decreasing

order 3
3 = 1G.(B)]] = §

Then, we have gj(- o> g](“) (j =0,1,2,--+) by the min-maz principle.

2.2  Approximations of One-Particle Gibbs Semigroups

Here we establish some relations between Gibbs semigroup {G.(5)}s>0 and the heat
semigroup {G(3)}s>0. Let Py be the orthogonal projection on $) onto its one-dimensional
subspace spanned by the vector €2, and put Q. := I — P..

Lemma 2.2 For any r € (0,1),

V1= e [rGu(B) (1 — rGu(B) ™ = rG(B) 1 —rG(B) ' |V1—e 1|l — 0, (2.10)
||\/1_6 QH H le_Qm K )Qm)_l\/l_ei —Kf||1 — 0 (211)

hold in the limit k — oo, where || - ||1 stands for the trace norm in Ci(L*(R)).

12



Proof : First, we show the estimates

n n A l‘2+ y2 .
|GR (B2, y) — G (G52, y)| < — (1+| | R' | ) if nB/k<1, (2.12)
B/efnﬁ/zvu ‘.CL’ _ y|2
Ka/2 (1

|G2(ﬁa x, y) - Qn(x)Qn(y)| <

) if nB/k>1, (2.13)

where A" and B’ depend only on d and . In fact, by the Mehler’s formula one gets for
nf/k < 1 the estimate:

G (Bsz,y) — G™(B52,y))|

S (gmlg)dﬂ (1 _272%/;/5)6”2 — e ( - tanh(;f/%) (ol +1yF*) - 2/@511:(%;//{))
b | e (= O o) —afep (-

S (27m15)d/2 (A:ﬁ - |x|22+m|y|2% " (%)22}@!2;—@2;/@) exp (- m@lﬁlg—(i;m)

¢ ()

Here we have used ([A.Q) for the first term, (A4, [A.q) for the second term and (A4,
A.§) for the third term at the second inequality and (A.§) at the last inequality.
On the other hand for ng3/k > 1, we obtain:

|G2(ﬁa x, y) - Qm(x)Qn(y)|

1 1 4/2 tanh(ng/2k) |z — y|?

S (7K )4/2 <1 - 6—2"5/H) —jexp ( B 2K (Il + 1) - 2/{sinh(nﬁ//{))
1 tanh(n3/2x) [2* + yl” |z — yl”

* (7K )4/2 P ( a 2K (Il + |y|2)) e ( B 2K )’exp ( 2% sinh(nﬁ/&))
1 2 + lyl* |z — yl®

* (k)2 P ( 2% )‘exp ( 2% sinh(nﬁ/m)) a 1‘

1 . 1 nf3 |z — yl”
¢ L (e o (M) 1) ¢ )
(WI{)d/Q( c * e\ 9 i 2k sinh(nf/k)
Blefn,@/2/i (1 |l’—’y|2>

<
A kd/2

R

where we have used ([A.J) for the first term, (A.J[A.7) for the second term and (A.4,A.9)
for the third term.
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Now, let us show the second limit (R.11]), notice that the inequality:

MG Bz, y) — G"(B5 2, y) — () 0.(y)]

[k/6]
A |z + |y|? 1
< X (o (1 Ny

0 Blefn,@/2/i |ZL‘ _ y|2 1
* Z ( K2 (1 A ) * (27Tnﬁ)d/2>

n=[r/B]+1

2 2
K

holds for C”, which depends only on d and 3. The integer part is denoted by [-]. Here
we used the estimates (B.19), (R.13) and

O(1) (d/2 > 2)

Z d/2 - = O(N*2) (1 <)d/2<2
e O(log N) d/2=2

and so on. Now put

A(K : \% 1—e~ Q/@ /@ Q/@ H(B)Qn)_l V 1 - 67f~

Then, since ||Q.G«(8)Q.|| = e ?/* < 1, one gets in the limit N — oo the operator-norm
convergence:

AW = /1— e ZQH W(3)"QuV1— e — AW >0 (2.14)

Recall that Theorem 3.1(i) and Proposition 2.3(i) of [[[IH] yield the strong convergence:

=V1-e Y GP)"Vi—et 5Ky >0 (2.15)

for N — oco. Moreover, we also have the following estimate for the operator norm.

1AV — Knl| = sup (6, V1 —e ZQH S(B)"Qu — G(B))V1 — eI ¢)]

lloll=1

< sup / da / /T — e T/ 1= e T |6(2)6(y)|
supp f supp f

16l1=1
N
XY |G, y) — GM(Bi 2, y) — Qul(@) ()]
n=1

14



<|[WV1—e /| sup ZIG” Bia,y) — G™(B;2,) — Qi (2) Q0. (y)| — 0

T,y Esupp f

for k — oo uniformly in N. Here ||v/1 — e~/]|| stands for the L? norm of the function.
We have used Cauchy-Schwarz inequality at the second inequality. The standard 3e-
argument yields that A® — K ¢ strongly when x — oo.

On the other hand, since the operators A", K are non-negative, we have for k — oo
the limit:

o0

IASI = 1Kl = TrA® —Teky =3 (60, (A% = Kj)o)

n=1

= ZZébn,vl—@ (Q/@ m(ﬁ K 1—e~ gbn
1
(¢n> V 1—e~ (Q/@ m(ﬁ K 1—e~ gbn

Il
—_
-
I

n

NE
NE

X
I
S
I
L

Trv1— e 7(QuGr(3)Qx — G(B))V1 —ef

WE

—~

1

= Z/ f<1—ef<f>><GL<ﬁ;:c,x>—le;x,x)—m(x)?)da:w,

=1

where {¢,,}°°, is an arbitrary complete ortho-normal system in §). Note that we can
exchange the order of summations over n and [, since

Tr A®) = Z(gf)n, V1—e Q.G (B)QuV1 — e To,)
n,l

and

Tr Ky = Z((bn, V1-— e*fle)\/l —eTo,)
n,l

are convergent non-negative sequences. Here we used (B.14) and (2.17) in the third
equality above. Thus, we get lim, .., A% = K; in €($)) by the Grimm convergence
theorem, see e.g. [A.

Let us consider the first limit (R-I0). Since the identity rG.(3)(1 — rG.(8))~! =

Yoo "G ()™ holds in the operator norm topology and G(3;z,y) > 0 ,(by virtue of
Lemma 2.2(ii) in [TTH]) we get the representation:

[rGo(B) (1 =rGu(8) ] (w,y) = > _ "G (B2, y).

Similarly, one gets the representation:
[rG(ﬁ)(l —rG(B) ZT"G" B;x,y)

15



In fact the series in the right-hand side of the above representations are point-wise
convergent because the uniform estimates

e < (v =) e < (55)"

hold for all K > 0, x,y € R? and n € N. Here we used ([A1]) for the first inequality.
Hence we obtain the estimate

|[rG(B)(1=rG(8)) ] (x, )= [rG(B)(1—rG(B) "] (x,y)| < ) r"|Gr(B; 2, y)—G"(B; z,y)]
n=1
_ [</5] A , 2|2 + |y|? s . 1 \d/2 1 2 \d/2
D e DY ’“Km) +(ﬁva> ]
n=1 n=[n/B1+1
A |x‘2 + |y|2 T[n/erl
<;ﬁ(l—?“)(lJr K )+Cl—r

which tends to zero when x — oo, uniformly in z,y € € for any compact set €, where
C denotes a constant which depends only on d and on f.

Thus,
sup |[rGe(B)(1 = rGu(B) ] (2, y) = [rG(B)(1 = rG(B) "] (2, y)| — 0
x,yEsupp
holds. We get the first of the announced limits (PI0)) by the similar (even simpler)
argument to the second one. This finishes the proof of the lemma. O

2.3 Estimates for the Scaled Mean-Field Interaction

In the followings, we use the notation B, := O(H“), which means that there exist two
numbers ¢; = ¢ > 0 such that

kY = B, = cak”.
Next, we put W, := (G«(3))"/>V/1 — e~/ and define D, := G,.(8) — G.(8) = W, WV*.
Lemma 2.3 For large k > 0, the following asymptotics hold:
(Q, Dile) = |[WEQ? = [|V1 = e |21+ 0(1)) /()2

Te D, — V1 — e T]P(1 + o(1))
(rr(1 — e-20/m)) 2

and
657 =387 = (e, (Dy = DQula” = QuGr(A)Qu) ' QuDi) %)
_ Lol AT 1 WO — QuGa(B) QT QW T — e )

(7k)4/2

= O(k™?) .
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Proof: For simplicity of notation we suppress everywhere below the index x in gj(-”), []J(-”), Q)

and in Q..

Note that the first equality is a straightforward consequence of definitions ([L.§),
(B.H). The second equality can be derived directly from the Mehler’s formula.

Now by the min-mazx principle, for d > 2 and x large enough, we obtain from the
value g; = exp(—[/k) the following estimates:

g = 12002 (2G(0)0) =1—(Q D.Q) (2.16)
= 1-0k ") >g=1-0E"H>5.

Hence the eigenspace of the operator G, (B) for its largest eigenvalue g is one-dimensional.
Let Q be the normalized eigenfunction corresponding to go and let Q=aQ+Q , with
(Q,9) =0. Then G,.(3)Q = §oQ yields

aG(B)Q+ G(B) = agoQ + G .
Applying to this relation orthogonal projector P (on ) and Q = I — P, we obtain:

ago — a(Q, D) — (2, D) = ago,
—a@Q D)+ QGK(B)QQ/ = g .

Since QGL(6)Q < QG.(B)Q < g1 < jo, the operator jo — QG,()Q is positive and
invertible. It follows from the second identity that

Q' = —aljo — QGL(6)Q]'QD,Q. (2.17)

Together with the above first identity,

go— G0 = (9 (Dy DHQ[QO_QGE) QI 7'QD,)Q)
= (W, (1= W:Q[go — QG.(3)Q) ' QW, )W Q) (2.18)

follows.
For brevity, we put

X' = WrQlgo — QG.(AQIQW,. , X == W:Q[l — QG.(3)Q"'QW,

and ~ -
X = WiQlgo — QG(8)Q] ' QW .
Then we get . -
X-X'=-XX,
and hence

X=X1+X)"! and 1-X=(1+X)"" (2.19)
By definition of W, and ([[.§) one gets for large x the asymptotic:

1 —ef(mr)" 1 +0(k™)) .
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By virtue of (2.1§) it implies the representation:

go— Go = (mr) "2 (V1—eF, 1+ X)W1 —e HA+0(k™)) . (2.20)

Now, we want to replace in the right hand side of this representation the operator
X' by X . Note that (2.IT)) yields ||X — K¢|| < |[|X — K¢||1 = o(1). Then by 1 — gy =

N

O(,.(d/2)’ Go—91=0(k1), 1 =g, =0(k™!) and ||[W*Q|| = O(/{*d/‘l), we find that
X=X = (1= 90)[[WiQlg — QG ()R '1 — QG.(B)Q] ' QW,.]]
50 Q[ - QGL(B)Q) QW
do — G
= O(k"™?)|1X]| = O~ )| K| ,

<

which implies || X'|| < ||Kf||(1 + o(1)). Hence (B:20) yields

(5020 = (VI= e, (140 V=06 = AT o)

Since the upper bound (wr)%?(go—go) < (wr)¥?(Q, D.Q) < ||v/1 — e~7||? is obvious,
we get desired estimate gy — jo = O(k~%2). Notice that the proof of the equality

= = o (VT [ XY T )
follows from (E20) and the estimate:
(V1—e ! 1+ X)VI—ed) = (VI—ed,(1+X)"V1—eT)
< V1= e [P+ X)L+ X)X = X)) =o(1) .

Here ||v/1 — e /|| stands for the norm in § = L*(R?), while the other || - || for the
operator norm on ). This remark finishes the proof of the lemma. O

2.4 Evidence of Two Thermodynamic Regimes

Now we return to the conditions (P.§). We need the behavior of r, and 7, to prove the
main theorem. Here we consider the behavior of r,, which classifies the phase separation.
That of 7, is postponed to Section 4.

Proposition 2.4 (a) {r,} converges to r. € (0,1) for kK — oo, where r, is the unique

solution of
u logr, 1 redp
ro_ 1 _mdp 92.21
X" Bx /[ovoow T (2:21)

if and only if 3% < C(d)X .

(b) k(1 —r.) — BN/ (B — C(d)N), and hence limy_,oo 7 = 1, if and only if B >
C(d)A.

(c) limy oo s = 1 and k%(1 — r.) — +oo , if and only if ¢ = C(d)\.

18



To this end let us introduce the notation:

o . = é( +10,1)% for neZzZl,
K
and define for r € [0,1], v = 1,2 and k € [1,00), the functions aV(-;T),a,(,“)(-;r) on
[0, 00)* by
Tef‘p‘l
ay(p;r) = (1 = re-leh)v
and by

a[(ﬁ) (p 7‘) — O lf p - Dé"@)
v a(Bn/r;r) if pedy for ne Zt —{0}.

It is easy to show the following fact. (See [ITH] for detail.)

Lemma 2.5 There exists a constant ¢ which depends only on d > 2 and 3 > 0 such
that
0<al™(p;r) < a(cp;1) € L'([0, 00)7)

holds for r € [0,1] and v = 1, 2.

Remark 2.6 If a series {r,} C [0,1] converges tory € [0, 1], a,(,”)(-, re) — a,(+,7r9) holds
a.c.. Then the lemma and the dominated convergence theorem yield

Tr [reQeGr(8)Qk(1 — 1. Q:Gr(8)Qk) 7] 1 i T,igj(ﬂ)

kd K £
= (%) /[o,oo)d a(y“)(p; ) dp — (%)/{ y ay(p; o) dp

Proof of Proposition B4: If r, — r. € [0,1), then by (£-§) and the above remark one
gets:

as kK — O0.

uw logry 1 (x) T
L il r Vdp & —— 8
)\ ﬁ>\ + /Bd /[;)700)01 al (pﬂ Tfi) p + (1 _ T,Q)K,d
logr, 1 1 ¢(d)
— + = a1(p; 7« dp<—/ ar(p;1)dp = —= .
B B J0,00) 1(pir) B J10,00) 1P 1) B4

Since equality holds at the limit actually, (B.2]]) follows. Similarly, if r, — 1 and
k%(1 —r,) — oo, then one obtains:

uw logry 1 (x) T
~_ _ r d 'k
\ B Jrﬁd/[om)dal (pi7s) p+(1—7”,@)/‘€d

— %/{0 )dal(p;l) = @

ﬁd
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Finally, if x4(1 — 7,) — a > 0, we get

1 d
H:—+—C<d)>—<<d> and a:—ﬁ)\ .

P T 57 — C(A)N
On the other hand, if {r, } does not converge, by compactness we can take two convergent
subsequences {r.,} (i = 1,2) with different limits 0 < 7(!) < v® < 1. Then above
arguments yield

logr® 1 / ) logr® 1 )
+— ar (p; V) dp = +—/ ai(p:r®) dp
B fp T B fg T

which contradicts to the strict monotonicity of the function

| 1
h(r) = % + @ /[o,oo)d ai(p;r)dp . (2.22)

Similar arguments are valid for the cases ) =0 or r® = 1. If r, — 1 but x%(1 —r,)
does not converge, we again get a contradiction. O

3  Proof of Theorem

3.1 The case i < p.(f) (normal phase).

Let us recall that for the weak convergence of random point fields, it is enough to
prove the convergence of the generating functionals. Therefore, we have to evaluate the
integral in (B.4). We begin with estimates of the Fredholm determinant in the integrand.
For all values of xz, we have

‘Det (1 — (e - 1>%)

_ .2 r:Gx(5)
= Det [1+4s1n 2 —TnGn(ﬁ))Q} >1

Set a € (d/3,d/2). Then for |z| < k™%, we have

2

iz THG,@(ﬁ) -1 - . THGH(B) z? THGH(ﬁ) d—3a
Det [1—<€ —1>mi| = exXp |:Z.I'Tr W—ETY (1 — THGH(/Q))Z} (1"‘0(1‘{& ))
(3.2)
In fact,
0 (k)
log of the Lh.s. = — Y log (1 — (" — I)an
nz_% ( 1-— Tﬁgﬁl )>
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_ i 7Gx (B) (em - 1)2
= (DT e Tr(

where R; = O(k%73%) since r, — 7, € (0,1) and
rGal(B) 10 (_rag0” Ny TGel) ’
< = .
r 11— Tme(ﬁ)} h ( ( )> o 1- TNGN(B) O(/{ )

For the last equality, we recall (R.§) and Proposition P.4(a).
Similarly, we have

i TKGK(/Q) o . "L‘Q TKGK(/B) d—3a
(e —1)Trm— (zx——)Trm—l—O(ﬁ )

1-— rﬁgom

and

= > o 3 iniéf()g)y =573 Ti éf()ﬁ)y + O

Thus we get (B.J) and the following lemma.

Lemma 3.1

end(ﬁu—logrﬁ)2/26)\(1 4 O(Hd—?)a))
V14 BT [, G (B)(1 — r.G(B))2]Det(1 — r,G.(B))

(B, 1) =

Proof :  From the above estimates and (P.3), we have
— 18k T—K x2/26)\

/ o Det[l — (e = 1)r.G(B)(1 = rxGr(B)) ]

_ /"’” de e A2 /26 —isx+ixTr [1.Gr(3)(1— r""G"(ﬁ))_l}*mQTY[Tme(ﬁ)(lfrnGn(ﬁ))_Q]/Q(1_'_O<Hd73a>)_'_R2

— /_Z dz exp [— <5_j\ + Tr a T“ng(i)ﬁ)y)x;} (14 O(k**)) + Ry + Ry,

e—zs,ix K x2/26)\ - d%
. | o
x| >k Det[l - (em - 1)T,£G,€(ﬁ)(1 - T’HGH(ﬁ)) ]
for some ¢ > 0, thanks to (B.]), and

= oo [ G ) 2l o)

:O( 7c/lid 2a)

for some ¢ > 0. Then, the lemma follows from (£.4) and (£.3). O
For =.(5, 1), we have the following asymptotics:

)
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Lemma 3.2

end(ﬁu—log 7r)2 /28N (1 4 O(Hd—?)a))

VL BT [, G (B)(1 — 7. Ce(8)) 2 Det(1 — 7, Ci(5))

[1]:

(0, 1) =

To show the formula, we note that ”tilded” quantities are close to corresponding ”un-
tilded” ones. In fact, the following asymptotics is established. Then it is obvious to get
Lemma .2 by a similar argument.

Lemma 3.3 For large k one gets:

(4) T 2 Ty,
(47) P — 1o = O(k™7),
@ m[E]-ow. w iGcgﬁgm} -
) e ] G fﬁffgi)ﬂ»?] —ow
Proof : (i) Let hy be the functions on (0, 1) defined by
h(r) = l(;% + %Tr . iiéf()ﬁ) = k;g; + Rd@rr_ 5t % /[Ovoo)d a\” (p;r) dp

We also introduce the function &, on (0, g(({‘)‘l) by

ho(r) = 087 | Ly Ge(B)

- ﬁ)\ ’%d 1_Téli<ﬁ>.

Since G () > é,@(ﬁ), h, > h, follows. Obviously h, and h, are strictly increasing
continuous functions. Then we have r, < 7, because r, and 7, are solutions of h,(r) =

/A and h,.(r) = p/\, respectively. (Recall (2-8) and (2:9).)

(ii) From h,(7) = hy(rs), we have

1 R i s ;
ﬁ log T—R < () — he(14) = hie(1) — huo(14)
_1n [;(G (8) = Gu(B) 5| = O(x™%)
K4 1-— TKGK(/B) " " 1- rme(ﬁ) '

Here we have used Lemma P.3 and the fact that r, is bounded away from 1. The desired
estimate follows.
(iii) Since we already know that 7,7, — r. € (0,1), we get these estimates readily

from (B.§) and (R.9).
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(iv) This can be derived by the telescoping together with (ii) and Lemma P.J. O

Now, let us consider the limit of the ratio Z,.(8, 1)/Z.(8, i) to derive ([27). From
Lemma B.1] and Lemma B.3, we have

Eg,. [e ¢ lim
Byrs [6 ] k—o0 B (3, 1)

Zu(Bop) _ L BT Gl D) (L= 1 Ga(8)
<5\ T T 7 Gal 9)(1 = 74 Gie(5)

X Det[]_ - fﬁ?ﬁ(ﬁ)] Det[]_ - T,‘QGK(/B):I end(Qﬁ)\)_l[(ﬁﬂ*logfn)Q*(ﬁﬂ*logTN)Q}.
Det[1 — 7#,G,.(3)] Det[l — 7.G(5)]

Lemma B3 yields that the first factor is equal to 1+ O(x~%). For the second factor, we
note that

<(9) rG () .
1—e" —G)\/ \/1 m 1—€f )
T* ﬁ _Tn
-V e TRem| T rG e
o7 "=Gx(0) -
\m l_efm 1_“1_)0

holds, where || - ||; stands for the trace norm. Together with (2.I0),

Det[l - fném(ﬁ)]
Det[l - fnGm(ﬁ)]

= Det[l + /1 - T“ s

TG

follows. Similarly for the third factor, we have

= Det[l + fm(GH(ﬁ) - én(ﬁ))(l - fnGn(ﬁ))il]

- —_G(B) -
(mvl—e ] = Det[ll ++V1—e fm 1 —e /]

Det[l - fnGn(ﬁ)]
Det[1 — r.G.(B)]

1 i“i’éf()ﬁ)]wwd)) = exp (—f“;r m(ﬁu log 1) +O(k~ ))

where we have used Lemma and (R.§). Tt also follows from Lemma that the

fourth factor is equal to

T — 7w  TeGo(B) ]

- Det[l . 1-— .G (5)

fﬁ — Tk

= exp (— Tr [
T

el ; P

exp [QBAQBM log r,.7x) log <1+ Hr“)] = exp [—T“T’f ﬁ)\(ﬁ,u—logm)—l—()( )]
Thus we get ([[.27). Since convergence of generating functionals yields the weak

convergence of random point fields, Theorem [ZA(i) follows. O
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3.2 The case i > u.(f) (condensed phase).

Let us put:
(x) reg)” () 1 1
=, &Y =log (1+—) and 0% = log <1+—)
L, 0 ) )
Kg_] p] Py

for j =0,1,--- . Then it follows from (B.J) and Proposition P.4(b) that

= K K 1 ’%d ﬁdﬂ—gd)\ A K A —
se=pp, p === ( 5dA())<l+o<1>>=o<md>, e = 0.
=0 "

(%)

Since g\ = e/ we have

and

el <50 < el el

Note also that s, = O(k%) holds because of (£3), (2J). By Remark 2.4 and rxg5 € (0,1)

ij“ﬂ = O(k%). (3.3)
and (AI0), we get

0o () 00 (f‘”v) (k)
H (1 - pj—) = exp <Zlog (1 - pj—)) = exp < _ TP +O(/£_d)>.
() () ()
j=1 Do j=1 Do Do
Similarly, we have

ﬁ (€ — 1)) = exp ( pr) 1) + O (k" ))

7j=1
= exp (— 8 (s, — pi”) + O(x*2))
since pgn)(e‘s(ﬂ) — D <P 1) =1/2 for j=1,2,---
Lemma 3.4 For large k we have the asymptotics:

271_5)\ ﬁdflend(ﬁpflogrﬂ)2/2ﬁ)\
e?rd (ﬁd:u - C(d))‘)Det(l - THGH(ﬁ))
Proof : As in the proof of Lemma B.I], we start with the integral

Ex(B, 1) = (1+0(1)). (3.4)

_ 2
ISk k22 /28

1= / e Det[l - (ezx - ]‘)THGK(/Q)(]‘ - TKGK(/B))_l]
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00 e isnZ—K 422 /28X oo—id(r) co—id(*)
— o0 Hj:O(l — (6“’ — —oco—id(r) —oco—id(r)

Since 1 + pé ) _ el p( ) = (1+ p(“))(l  pile=2nmies” )), the integrand of Z; has simple
poles at z = 2nm — ze ( Z). Let us calculate Z; by means of residues:

> 1 —ispz—r22 /28
Ty = —2mi Z Res [ ‘ ;2nm — ieé“)

K i(z—2nm ze() o iz K
e AR (1= ) [T (1 - (e — D)py”)

Ve 5k eé ) gl e(ﬂ)2/2,6’)\

= S s (LH0(e )
(1 +p(() )) H]’:1<1 — P )/p(() ))

27Tﬁd)\671+0(11_d)
= (3= (N
Here the pole z = —ie(()”) gives the dominant contribution in the second equality. In the

third equality, we have used the relations above this Lemma.
On the other hand, we have

oo efsﬂé(’i)fnd(:ﬁfzg('@)2)/26)\
22| </ dr == ot 5() ()
—00 szo (1 — (et o™ — l)pj )|

92 ~O(k1)
S \ Wf - (%) = o(Z1),
K (5" — 1)py” — 1
where we have used

iz K (r) K () K
[T = (= = 1pi) = (e = Dp? = DI = (& = 1)p}?)|
7=0

Jj=1

> (" = Dpi? = 1) exp(=6" (s — pf”) + O(+7)),

which follows from

2 ® K K iz A (r
1_(ezx+6()_1)p():(1+p§ ))(1_ 4509) — 5]))

and §(* V>0, W -l <0 (j=1,2,---). Note also that 5(””)péﬁ) = O(k%1) holds.
From (@) and the first equahty in () one gets desired expression for the asymptotics
of Z.(8, ). O

In order to obtain the corresponding asymptotics for éﬁ(ﬁ, i), we use the following

estimates about ﬁg-”) = fH§§R)/(1 'f’ng(n)) (j=0,1,---).

Lemma 3.5

o B0+ 0(1)) A mdf2
L = L@y PO
=00, =06, A7 =06, YA =0
j=1 j=1



Proof : Proposition R.4(b) , Lemma B.J(i) and Lemma B.J yield
1-O0(k™ ) =re <7 < g7 =14 0(k%?), (3.5)

which implies |1 — 7| = O(k~%2). Note that the argument which shows r, < 7. in the
proof of Lemma is also valid for the present case. In the variational formula

gp =Sup ————~—— = sup )

AKY) (@/), ?/)) aRe} (@/)a ?/))

we can use as ¢ a linear combination of two eigenfunctions K=Y 4¢5(:p/ VE) of G.(B)
perpendicular to € (e.g., with s = (1,0,0,---) and s = (0,1,0,---)). Then we get
3" >1—-0(k™). Together with g@ < g%ﬁ) =1-0(r™), g%ﬁ) = 1—O(r™") follows.
Thus O(k) = (H) pgﬁ) > --- holds.

Now we get

D57 =285 \—u—ng] /(0= 7)1 = 57))
Jj=1 j=1
Ok~ "5\ /(1= g\,
j=1

which implies

ST = (14 O(r ) Zgﬁ/ — ).
=1 i=1
On the other hand, because
o ~(K) 00 (%) 0o (8) _ ~(k)
J; 9; 9" — 4 Tr D, )
‘Z j~/{ _Z ’ n‘gz ]n ’ ~(Kk < K ~(Kk :O</€)’
S S-S a-ga-g")  -g”)-g)
we have - -
Il 9 L g ¢(d)
F Z . ~(n) o F 1— () + O< ) ﬁd + 0<1)7
j i j=1 9;

where we recall Remark P-§. Thus we have x~¢ > oD ] = 379¢(d) + o(1). Using (239),

we get "
Tedo log T ,LL 1 po C(d)
Ckd 2 : — N 3d +o(1)

kA1 —7F g(ﬁ)) BA X

which yields the first and the third equality.
To prove the remaining last bound, it is enough to show that

<2 (j=1,2,-1) (3.6)
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hold for large enough &, because of > °° i1 p] M2 O(k%). In fact, in the expression

() gy L+ (s — 1)/7s
L=y 1= (e = )3 /(1= 1"

(s =) fr = O(?) and |(Fy = 13" /(1 = 1) < (7 = 7)/(1 = re0”) =

O(k1~4/2) hold. Because of 5 < ¢, we also have 13" /(1= r.3”) < p{”. Thus we

get (B-4). O

It is obvious now that the next Lemma can be derived along the same line of reasoning
as the proof of Lemma 4.

Lemma 3.6 For large k one gets the asymptotics:

_[2mpu piten(Gulern) 20
H(ﬁ”u) B \/;(ﬁdu _ ((d))\)Det(l o fmém(ﬁ)) (1 + 0(1))- (3.7)

In order to calculate the limit of éﬁ(ﬁ, 1) /Zx(B, 1), we use the following lemma,
where we put

g((]n) = (le én(ﬁ)Qn) "‘ fn(Qm é/{(ﬁ)@/fu(l - fﬁQHéH<ﬁ)QR)71QHéH<ﬁ)QH)'

[1]:

() = (1=5")(1+o(1) = O(s),
(ii) L= fdy” = (1= 7g5™) (1 + 0(1)).
Proof: From Lemma B.J and Proposition R.4(b), we have fﬁgf{‘) — 7, = o(k~%). Hence
(i) follows from 7, — 7, = 7 (1 — §§) + 7™ — 7, 7 = 1 4+ O(k%?) and Lemma 3.
By virtue of Lemma we get

G = 98" = (Wi, WrQuI(G5” = QuGa(B)Qn) ™ = (7! = QuGa(3) Q) 1QuW W)

= (Wi, WiQu(3” = QuGal(0)Q0) ™ (7 = 3077 = QuGa(8)Qu) ™ QuWVI),

(3.8)
which yields gé g((f) > 0 since 7, < g0 Recall that || X|| < 1 and ||W Q(()H)H =
O(k=%*). ( See (B.19) and its next line.) Then we also get from (B.§) that

- ~(r)
~(Kk ~(Kk 1 Teg * ~ — * (K
g(() ) - g(() ) < 7O(W W Q/@( - QKGK(/Q)QH) 1QKWHWRQ§] ))

1_Tng1
1 — 7.3y vy (K) (12 (k) 1-d/2
<7||X||||WHQO 7= (1= 7xgy )O(r 7).

_rmgl
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Hence we obtain the asymptotics (ii):
L=l = 1= 7™ + 73" = 307) = (1= 7gy”) (1 + o(1)). 0

Now, taking into account (B.4) and (B.7), we can find the asymptotics of the gener-
ating functional ([.29):

d

[ _<f,§)} _ én(ﬁnu)

Eepple =B P ( N (261 — log 1.7y log r“) Det[l — 7 Qs Cr(8) Q4]

26\ Th Det[1 — 7.G(3)]

 Det[l = 7QuG(B)Qx] Det[l — reQuGr(B)Qs]  Det[l — rxGu(H)]

_ — 1+o0(1)).
Detll = 7x0uCn(3) Q0] DAL~ 7eQuCr(5)@e] Detll — 102Gl )
(3.9)
By virtue of Lemma B.7(i), for the exponent of the first factor, we have
d ~ s ,u'%d ~(K)
2ﬁ>\(2ﬁﬂ log 77 ) log P — (1 =G0 )1 +0(1)).

For the second factor, we use the Feshbach formula, which claims
DetA = DetB Det(C — K* B K),

where

A_( B -K\_ 1 0\ (B 0 1 —B'K
“\-kT" ¢ )" \-k"B' 1)\0 C-K"B'K)\0 1 )

This formula and Lemma B.7(ii) yield

Det[l — 7QxGa(B)Qn] _
Det[l — fﬁGli<ﬁ)]

1
1= 7o (257, Go(B)257) — (A, 7eCa (D) Qu (1 — 7o QuGn(8)Qr) L QT Gr(3)257)
=1/(1 - 735”) = (1 +0(1)) /(1 — 7uis”).

Since

Det[l — .G (0)]
Det[l — 7.Q.G.(5) Q4]
then Proposition P.4(b) and Lemma B.j yields for the product of factors in (B-9):

:1_Tn7

(the 2nd factor) x (the last factor) — 1

in the limit Kk — oo.

Now, since Lemma B3 and (R:I1]) give

IWI— e ”sz V=T = Kl
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< IV (f“ N res o A

Hivi 1?22: n(gﬁ b=t = Kilh

=1 [[V1 Q” ()9 V1= e L1 = 7QuGu(8)Qu) ]

Gn(ﬁ)Q

+Wﬁ1 e VT T Kl =0

for k — oo, we obtain the limit:

Det[l - fﬁQ/@GK(ﬁ)QH] _ _ 1
Det[l - fﬁQKéK(/B)QH] Det[l + fﬁQH(GH(ﬁ) - Gn(ﬁ))@m(l - fﬁQnGn(ﬁ)Qm)_l]

— Det + Tli \/ 1 - e Qn ,Lg TRQI{ R(ﬁ)Qli)il \/ 1 - eif]il — Det[l + Kf]il
for the third factor in (B.9). Here we have used the cyclicity of the Fredholm determinant.

Lemma B7(i), (B3), (B33) and Proposition P4(b) yield
Det[l - TRQRGR<B)QH] _ 1
Det[l - annGn(ﬁ)Qn] Det[l - (,Fli - Tn)QnGli(ﬁ)Qn(l - TﬁQnGli(ﬁ)Qn)il]

= exp (fR;T“Tr : i“iéiéfgg'bﬁ +O(1)> = exp ((1 " )[ a1 61;)g T“—l inm] +O(1)>

= exp{(1 = g7 )s*C(A)(1 -+ 0(1))/5}.
Thus, by Lemma P.J and (B.11]) we get for the product in (B.9):

(the 1st factor) x (the 4th factor)
d/2 d,
= exp ( . <71T;20<1>> ) uﬁdi(d)h(m’ (1+K;) W1 - e*f)>.

Now Theorem [(ii) follows by collecting in (B-J) the asymptotics of factors that we
find above. U

4  Proof of Theorem 1§

We start with the grand-canonical expectation value of the total number of MF inter-

acting bosons in the WHT ([[.37)):

d (tot) 1 J _
Nn,)\(ﬁ’u) =Kk p/{)\ (ﬁ :u) ﬁ‘—‘l{(ﬁ )alu (ﬁ M)

where we use for Z,(3, 1) the expression (B.3) after the z-integration where the values
of s and r are not fixed yet. The differentiation with respect to p can be converted
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into differentiation with respect to x in the Fredholm determinant. Then integrating by

parts we obtain
o

Nea(B,p) = s — ER(T ,S)
where
xe—zsx k42 /28
/Rdl‘ Det 1— ezm _ 1)TG (ﬁ)(l _ T’G,i(ﬁ))*l] (4.1)

pIsT—K a2 /28 1
[/ Det 1— (e — 1)rGu(B)(1 —rGL.(B))" 1)
Then we put s = s, and r = r, such that (B.3) holds, and if we prove R(r,,s,) = o(1),
then ([[.32) follows as a consequence of this asymptotics.
To this end notice that for the case (i) p < p(3), we get R(r., sx) = O(k~%?) from
the estimates in the proof of Lemma B.1].

For the case (ii) g > p.(B3), using the notations of the proof of Lemma B.4, one
obtains for the first factor in (f.1]):

T efisnxfﬁdx2/2,8)\

/ da Det[l - (em - 1)Tme(ﬁ)(1 - THGH(ﬁ))_l]

Therefore, we get that R(r.,s.) = O(k™%).
The other properties stated in the Theorem [[.§ follow straightforwardly from Section
P4 and the line of reasoning developed for the proof of Proposition P.4. O

= —i{foIl + O(Il) .

5 Concluding Remarks and Conjectures

In the present paper we consider a model of mean-field interacting boson gas in traps
described by the harmonic potential. For this model we study the position distribution
of the constituent bosons in the WHT limit by means of the RPF method.

It is shown that there are two phases distinguished by the boson condensation. In
one domain of parameters, the resulting generating functional for the RPF is the same
as for the non-interacting boson gas, for unconventional values of the IBG parameters.
Whereas in another domain, the generating functional describes divergence of the density
due to the localization of macroscopic number of particles.

Our results are obtained via analysis of the generating functional. We do not intend
to start the analysis using the characteristic functional here. However, we would like to
mention a topic on the central limit theorem as a conjecture.

Let us consider E, 5, [e~¥] for small f € Cy(R?) in the sense of the sup-norm ||+ | o
By Theorem [[.A(ii) we obtain:

Bugule™09) =

e {2 [ )+ s Gy -6+ ] )

This leads us to conclusion that the following claim might be true:
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Conjecture 5.1 Let &, be the random point measure on R with distribution given by
Vg Jor £ >0, and £ be the Lebesque measure on R Then for k — oo the random

field

/ / _
() (e ) g

converges in distribution to the Gaussian random field on R with covariance

(1+G(B)(1-G(B)" .

We finish by some remarks about the method of the RPF approach to the BEC in
the WHT limit used in the present paper:
(i) It could be applied to a general “non-quadratic” mean-field interaction Up :=
k1®(n/k?), where ® : € R +— R is a piece-wise differentiable continuous function
bounded from below [T7], as well as to the van der Waals particle interaction, which is
more local than the mean-field [{eS-7]. We guess that for this kind of interaction the
particle distribution will spread as k“ with some large a even for condensed particles.
(ii) The method has to be compared with the scaled external field perturbation of BEC
considered in [deS-7], [Pd]. We suppose that this could clarify the concept of the choice
of “effective” volume, since it is important for description of the local particle density
measured in the WHT limit BEC experiments as well as its definition of the mean-field

interaction [DGPY], [LSSY), [PeSud].
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A Miscellaneous formulae

I <l+a2<2V(20) for
_6*1'

9 /2
og(ix) — 1< Az for

1—e 22

1 /2
0< (7) —1< Be™® for

1—e 2
where A and B are constants depending only on d.

l—e*<z for

tanhz <z A1l for =
2
|cothz — 1] < € e for x
e—1
sinh :
1< <1l4+x for
x
1 - 2 . ¢
< r
sinh = 1—1/626 ¢
72
|—10g(1—l‘)—l’|<m for
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x> 0.
x € [0,1],

z>1,

(A.8)

(A.9)

(A.10)
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