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Abstract. Within a theoretical model context, the sensitivity make the soil water budget become the most important factor
and instability of the grassland ecosystem to finite-amplitudein influencing the growth of vegetation. For this reason, the
perturbations are studied. A new approach of conditionalexistence of vegetation in such region is fragile. Claussen
nonlinear optimal perturbations (CNOPs) is adopted to inves<t al. (1999) and Zeng et al. (2000, 2002) studied the transi-
tigate this nonlinear problem. It is shown that the linearly sta-tions in the Sahel/Sahara region with CLIMBER-2 and Zeng-
ble grassland (desert) states can be nonlinearly unstable witNeelin models respectively. To study the phenomenon of
finite-amplitude initial perturbations, which represent the hu-the coexistence of grassland and desert, and to investigate
man activities and natural factors on the ecosystem. Whenvhether and how human activities and natural factors in-
the moisture index is between the two bifurcation points, aduce the transitions between them, Zeng et al. (1994, 2004)
large enough finite amplitude perturbation can induce a tranand Zeng and Zeng (1996) established simple prognostic
sition from the grassland (desert) state to the desert (grassnodels with two- and three-variable grassland ecosystem.
land) state. The thresholds of such transition along the bifurBoth of the models demonstrate successfully the coexistence
cation diagram of the moisture index are also given by theof grassland and desert. There are quite a few ecosystem
CNOPs approach. The results also support the viewpoint omodels in which there exist multiple equilibrium regimes.
Zeng et al., whose emphasis is on the shading effect of wiltedAmong these models, the models established by Zeng and
grass on the grassland ecosystem. Comparisons between this colleagues are remarkable, since they are mathematically
results obtained by approach of CNOPs and linear singulasimple, possess essential processes, and have shown poten-
vectors are made, which demonstrates that CNOPs is a usé¢ial applicability in theoretical research and in deepening the
ful tool to explore the nonlinear features of the ecosystem. understanding of the mechanism of the ecosystem evolution.

Using linear stability analysis approach and the three-
variable model, Zeng et al. (2004) find that the model has
multiple equilibrium states for certain parameter values and
there exist two bifurcation pointgt; andu,. Figure 1 shows
In semi-arid areas, it is of importance to study the biosphere—_the equilibrium states unde_r different v_alues of the moisture
geosphere interaction and ecosystem transition. The ecosy#dexi. Wheng <y, there is only one linearly stable desert
tem equilibria could coexist with favorable climate condi- equilibrium state (DES, solid line). Fqri<ju<pu, there
tion (Klausmeier, 1999). The transition between different €Xist one linearly unstable grassland equilibrium state (GES,
ecosystem equilibria often occurs due to the change of cli-dashed line), and two linearly stable states, one is GES and
mate conditions (Brovkin etal., 1998). UNEP (1992) showed@nother is DES (solid lines). When> iz, there are one lin-
that transitions between desert and humid climates occur fof@rly stable GES (solid line) and one linearly unstable DES
a ratio of precipitation to potential evapotranspiration, i.e., (d@shed line). In linear analysis, the definition of linearly
11, the “moisture index”, from 0.2 to 0.5. Over this range, stable equilibrium state is as foIIovys. For t.he linearized sys-
the sunlight and temperature are usually sufficient to sup_tem around an equilibrium state, if there is a normal-mode

port grasses, but the irregularity and the lack of precipitationP€rturbation growing exponentially, the equilibrium state is
called linearly unstable. Otherwise, it is referred as lin-

Correspondenceto: M. Mu early stable. But this model is a nonlinear ecosystem, to
(mumu@lasg.iap.ac.cn) study the effects of human activities and natural variations

1 Introduction

Published by Copernicus Publications on behalf of the European Geosciences Union and the American Geophysical Union.



410 M. Mu and B. Wang: Instability and sensitivity of a grassland ecosystem

14t (a)

1.2f

0.8f

0.6} A
(;,L=0.32)

0.4f

x (living grass)

C ‘\ B
02t (1=0.30)' _ (u=0-3?)

Hy Hp
0.3 . 0.35 . 0.4 0.45 0.5
u(moisture index)

0.2 o.'25
1.6
(b)

1.4¢

1.2¢

D
0.8} (1=0.38)

A
(1=0.32)

y (soil wetness)

0.6

HEN

0.4} ¢
(1=0.30)

iP-, éuz

0.2 0. 0.45 0.5

.25 3 . 035 04
ufmmsture index)

120 (€)

D
(1=0.38)

0.8}
0.6} A

0.4f ) B -

z (wilted grass)

0.2}

Ky ) u, )
03 _ 035 04
p(moisture index)

0.2 0.25 0.45 0.5

Fig. 1. The equilibrium states vs. the moisture indexa) living
grassx, (b) soil wetnessy, and(c) wilted grass; . The bifurcation
points are indicated g%, andu,. Solid and dashed lines refer to
linearly stable and unstable equilibrium states, respectively.
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on the ecosystem, we should consider its nonlinear instabil-
ity and sensitivity. In this paper, we use the model of Zeng et
al. (2004) to study whether and how transitions between the
different equilibrium states occur and the sensitivity and sta-
bility of the model to finite amplitude initial perturbations,
which represent the human activities and natural factors on
the ecosystem.

To deal with this nonlinear problem, a new approach
of conditional nonlinear optimal perturbations (CNOPS) is
adopted. CNOPs is proposed by Mu et al. (2003a), and has
been utilized to study ENSO by Mu et al. (2003b, 2007a,
b) and Duan et al. (2004, 2006), and the ocean’s thermo-
haline circulation problems by Mu et al.(2004) and Sun et
al. (2005). Their work shows that CNOPs is a useful tool in
the studies of predictability, sensitivity and nonlinear stabil-
ity analysis.

In the next section, the model and the method of CNOPs
are described. Section 3 is concerned with the instability
and sensitivity analysis of the grassland ecosystem by us-
ing CNOPs and linear singular vectors methods. The final
section is the conclusion and discussion.

2 The model and the CNOPs
2.1 Model

We consider the dynamical ecosystem model of Zeng et
al. (2004). This model considers a single vertical column
of soil and one species of grass, and has three dimension-
less state variablest, the mass density of living grass,

the available soil wetness, andthe mass density of wilted
grass, wherdg=xx*, y=yy*, andz=zz* with (%, 7, Z) and

(x*, y*, z*) being dimensional variables and corresponding
characteristic values. The model is as following

X _ XY Gl y) = Dry) — C) (1a)
— = = =G(x — D —C),

dt dl‘ 1 ’y ’y

dy *d

YYD g P Ey(x,y.2)—E (x, )—R(x, y, 2), (1b)
dt dt

dz 7%dz

E = a7 = F3 = GZ()C, y) — DZ(Z) - Cz(x, Y, Z)7 (lC)

where termg&5, D, andC are the growth (photosynthesis sub-
tracts plant respiration), wilting, and consumption (grazing)
of the living leaves P is the atmospheric precipitation (sys-
tem input), E is the evaporation from the soil surfacg,

is the transpiration, ang is runoff, G, D., andC, are the
accumulation, decomposition and consumption of the wilted
grass. Readers can refer to Appendix A or Zeng et al. (2004)
for detailed description of the model. The parameters and
coefficients in model (1) are given in Table Al. It is clear
from Appendix that Eq. (1) is a nonlinear model. Also note
that in Eq. (1) time is a dimensional variable (units: year).

www.nonlin-processes-geophys.net/14/409/2007/
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In this paper, we fix the two parameters;=0.3, which Using a fourth-order-Runge-Kutta method with a time
is the correction due to the non-opaque cover of the liv-stepdr=0.1, and integrating the model (1) with the ini-
ing grass for the diffusive radiation, ang;=0.7 (see Ap- tial valuesUg and Uo+u6 to time T, perturbation solutions
pendix), which stands for the ratio of potential transpiration (x'(z), y'(¢), z’(¢)) are obtained numerically. The Spectral
to potential evaporation, and let the soil moisture ingexe Projected Gradient (SPG) method is applied to obtain the
the control parameter. In the following, we need the exactCNOP numerically. A detailed description of the algorithms
values of the bifurcation points, which is not given in Zeng can be found in Birgin et al. (2000, 2001, 2003).
et al. (2004). Hence, we repeat their work and find the bi-
furcation points arg.;=0.3104 andu>=0.3745, which are
plotted in Fig. 1. 3 Nonlinear stability and sensitivity analysis

2.2 Conditional nonlinear optimal perturbations It follows from above section that bifurcation poinig and
] o ) u2 separate the parameter interval into three pautsiuy,

Now let us give a _brlef mtrodu_ctlon to_ the method of p1<p<pz and u>up. In this section, we investigate the
CNOPs. Through this paper, variables with a bar stand fof,onjinear stability and instability of the equilibrium states in
unperturbed ones, and primed variables denote the perturbgrese three intervals respectively. To this end, we compute
tions. Let/the/vectorSJo_:.(;o, Yo, Zo) be the initial values,  he cCNOPs and investigate their nonlinear evolutions. Two
U'o=(xg, ¥'0, Z'0) be the initial perturbations tdo. The vec-  hroplems are addressed: (i) whether a linearly stable grass-
torsU(H)=(x(1), (1), z(1)) andU(1)+U'(z) are the solutions  |and (desert) state could be nonlinearly unstable, i.e., there
of model (1) with initial valuesJo andUo-+uy, i.e., exists at least a finite-amplitude perturbation which induces a
- - ~ , — , transition from grassland (desert) to desert (grassland) state;
V() = M;(Uo), U +u@=MUotuo ) ;4 (ii) the role%f moisturé index)in the sensggvity and i?]sta-
where the nonlinear propagator M, is de- bility of the ecosystem.
fined as the evolution operator of model (1),
u')=('(t), y'(t),Z/(t)) is the nonlinear evoluton of 3.1 Nonlinear instability and evolution of finite-amplitude
uy, and (1), y(t), 2())=GE+x' (1), 5+ (1), 242/ (1)). perturbations represented by CNOPs

For a chosen nornjj - || measuringU(¢), the initial per-
turbationug, is called the conditional nonlinear optimal per-
turbation with constraint conditiorjug|| <8 and7 >0, if and

Firstly, our attention is paid to the bifurcation interval
(m1, m2). In this case, GESs represented by the dashed
line in Fig. 1 are linearly unstable, so we only need to in-

only if vestigate the linearly stable GESs and DESs (solid lines
J(Ugg) = max J(ugp), 3 in Fig. 1). To this purpose, a number of values iofin

IUgll=<3 (w1, u2) and the corresponding GESs and DESs are cho-

where sen to calculate their CNOPs. Here we show the results
_ _ of GESA (Fig. 1): x=0.638139 y=0.669322 7=0.649726
J(ug) = [[M7(Up + ug) — M7 (Uo)|, (4)  with §=0.2, 0.4, 0.5 and 0.6; and the results of DBS

é2=0.0, $=0.382380 z=0.0 with §=0.2, 0.3 and 0.5. In the
calculation,x=0.32, T=10.0, i.e. 10 years, is the time in-
terval, over which CNOPs are derived, and the time step

and §>0 is a predesignated constant which represents th
magnitude of initial perturbations.
The CNOP is the initial perturbation whose nonlinear evo-

lution attains the maximal value of the cost functibrwhich dt:(_)'é’ \r']Vh'Ch IS O'll yea.r. q i hod
is constructed according to the problems of interests at a  Vith the Spectral Projected Gradient (SPG) method, we

specified timeT with physical constraint conditions; in this obtain the CNOPs of these two basic states. The components

sense it is called “optimal”. The CNOP can be regarded af CNOPs are given in Table 1. _
the most nonlinearly unstable (or most sensitive) initial per- 1 NeN we investigate the nonlinear evolution of the ecosys-
turbation superposed on the basic state. Under a constraif@™M PY integrating model (1) with the CNOPs plus GE&s

condition, the CNOP drives the ecosystem drifting the far_lpitial values.. In Figs. 2a—c, the three components of the non-
thest away from the basic state at the specified time. In genI_mear evolutions of the ecosystem are represented by curves.

eral, it is difficult to obtain an analytical expression of the FOr the convenience of illustrating the results, the compo-

CNOP, so we look for the numerical solution by solving a nents of GESA are also plotted, which are straight lines
constraint nonlinear optimization problem. there. In cases @&¥=0.2, 0.4 and 0.5, the CNOPs causes the

In this paper, the norm ecosystem to evolve to GES The three variables recover to
GES A shortly after being disturbed with a small-amplitude

lugll = \/(xé)z + ()2 + (2p)? (5) CNOP §=0.2). It tak_es much longer time to recover to GES
A for a larger amplitude CNOP5£0.5). For §=0.6, the
is adopted. CNOP causes ecosystem to evolve to DESHere we take

www.nonlin-processes-geophys.net/14/409/2007/ Nonlin. Processes Geophys., 14, 409-423, 2007
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Table 1. CNOPs of GEA and DESB (1=0.32,7=10.0).

8 CNOPs of GESA 8 CNOPs of DESB

0.2 (-0.109557-0.088154-0.142219) 0.2 (0.161366, 0.039109, 0.111497)
0.4 (—0.257910-0.153492-0.264429) 0.3 (0.228311, 0.077890, 0.178346)
0.5 (—0.369891-0.163359-0.294099) 0.5 (0.337962, 0.170820, 0.326500)
0.6 (-0.584669-0.061464-0.119933) - -

the example 06=0.6 to give the physical mechanism of the sition is as follows. In Figs. 3a—c, whex=0.5, the initial
evolution of ecosystem. Figure 2a—c shows that in this caseyalues satisfy thadx/dt anddy/dt are negative andz/dt
the initial values satisfy thafx/dt anddy/dt are positive s positive, thus at first stage, the mass density of living grass
anddz/dt is negative, so the mass density of living grass x and the soil wetnesg decrease, and the mass density of
and the soil wetnessincrease, and the mass density of deaddead grass increases. The increase ptauses a reduction
grass; decrease at first. Butis very small and; decreases of evaporation of the soil water, and the decreaseaduses
rapidly for about ten years, it causes the evaporation of thea reduction of consumption of the soil water. Therefore, after
soil water increasing, after increasing for about three yearsdecreasing for about four years,increases suddenly. Be-
y decreases suddenly. It induces the living grass lose its livsides, the initial value ok is quite large, so after decreas-
ing condition and viability, after increasing a little for about ing for about seven years, increases, and the ecosystem
twelve yearsy decrease in the end, and the grassland ecosysevolves to the grassland state in the end. The physical mech-
tem becomes a DES irreversibly. Wh&s0.2, 0.3 and 05, anism with§=0.2 and 0.3 can also be given to explain why
the physical mechanism of the ecosystem can also be givethe ecosystem recovers back to DES in the end. For simplic-
to explain why the mass density of living grass decreases foity, it is omitted here.
few years at first, and increases to be GES in the end. Here, |t js demonstrated above that for GESSthe shading ef-
details are omitted. fect of dead leaves plays an important roles in the evolu-
Zeng et al. (2004) pointed that, in the ecosystem with soiltions of the ecosystems. This is also true for DESWith-
surface shaded by plenty of wilted grass, soil evaporatiorout careful consideration, one might think that the more
is reduced significantly, and hence the soil wetness is congrass planted, the larger the positive impacts are. But the
served. Thus, this shading is important for the occurrencedead leaves componerj of the CNOPs for DESB are alll
of vegetation in semi-arid areas. Our results also supporpositive (Table 1), which show that the initial perturbation
their point of view. At first sight the initial perturbation uj=(x;, v, 25)=(8, 0, 0) does not induce the largest impact
uj=(x4, ¥p, 29)=(—4, 0, 0), which decreases the living grass on the ecosystem, but CNOPs does. Takiag.2, 0.3 and
as much as possible, is likely to induce a larger impact thar0.5, and integrating model (1), we get the nonlinear evolu-
other initial perturbations for GES. But Table 1 shows thattions of ecosystem with} plus DESB as initial conditions.
the components of CNOPs of GES A are all negative. ForThe results are shown in Figs. 3d—f. In contrast to the case
§=0.2, 0.4, 0.5 and 0.6, we integrate model (1) to obtain theof CNOPs, evolutions afi; plus DESB all recover back to
nonlinear evolutions of the ecosystem with initial state beingDES B. The largers is, the more time the ecosystem will
uj plus GESA, the results are plotted in Figs. 2d—. Com- need to recover back to DEB. This tells us that CNOPs is
paring Figs. 2a—c with Figs. 2d—f we find that the evolutions the optimal initial perturbations. In Table 1, the components
of CNOPs plus GES\ are faster than that af; plus GESA. of CNOPs of DESB are all positive, and/x approaches 1
For example, whed=0.6, the CNOP causes GESevolve  as the amplitude becomes larger. And at the same tirhe,
to DES B much faster than the initial perturbatio. The increases as the amplitude increases. This shows the impor-
negativeness of componeggtof CNOPs in Table 1 for GES tance of shading of wilted grass and the effect of irrigating.
A does show the important shading effect of wilted grass,This suggests that for DES, we should consider the general
which accords with the opinions of Zeng et al. (2004). effect of all factors and adopt comprehensive actions, such as
For DES B, the nonlinear evolutions of ecosystem with planting grass, irrigating measurably and shading the ground
CNOPs plus DESB as the initial conditions are plotted in With dead leaves etc. at the same time to improve the ecosys-
Figs. 3a—c. In cases 6£0.2 and 0.3, the ecosystems are at- tem. This also supports the conclusions of Zeng et al. (2004,
tracted back to DE®. The three variables recover to DBS ~ 2005a, b).
shortly after being disturbed with a small amplitude CNOP  The above results demonstrate that, in cage-60.32, al-
(6=0.2). It takes longer time to recover to DES with a though GESA (DES B) is linearly stable, it is nonlinearly
larger amplitude CNOP3EO0.3). For§=0.5, the ecosystem unstable, which means that it can be driven to DEEGSES
evolves to GESA, and the physical mechanism of this tran- A) with large enough finite-amplitude initial perturbations.

Nonlin. Processes Geophys., 14, 409-423, 2007 www.nonlin-processes-geophys.net/14/409/2007/
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Fig. 2. The 100-year nonlinear evolutions of the ecosystem, with GEBis CNOPs and perturbatiou%:(—a, 0, 0) as initial conditions.
(), (b) and(c): CNOPs casdd), (e) and(f): u’l case.

With CNOPs being initial perturbation, the behaviour of the out CNOPs and investigate the nonlinear evolutions of the
evolution of the ecosystem also suggests that we should lookcosystem with CNOPs superposed on the basic state. Al-
at a long-term behaviour rather than a short-term one for thehough there are quantitative differences, the essential char-
ecosystem. For other values ofin (11, u2), we also find  acteristics are the same; the components of CNOPs are all
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negative (positive) perturbations with three variables for GES
(DES); wher¥ is large enough, the CNOPs will induce tran- them as the basic states with different parameter values of

sitions from GES (DES) to DES (GES). For simplicity, de- p<u1.

tails are omitted.

Nonlin. Processes Geophys., 14, 409-423, 2007

In case ofu<pu1, there are only DESs, and we choose

We take the case ofi=0.30 as an example to

show the results due to their similarity. Figures 4a—c are the

www.nonlin-processes-geophys.net/14/409/2007/
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Fig. 4. The 100-year nonlinear evolutions of the ecosystem, left (right) column: CNOPs plu€I&EES D) as initial conditions;.=0.30
(1=0.38).

nonlinear evolutions of the ecosystem with CNOPs plus DESponents of CNOPs are all positive and are given in Table 2.
C: ¥=0.0, y=0.353949 z=0.0 as the initial conditions. The The results show that all the CNOPs cause the ecosystem to
amplitudes=0.2, 0.3 and 0.4, an@i=10.0 years. The com- recover back to DEE in this case. The larger the amplitude
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Table 2. CNOPs of DESC (1=0.30,7 = 10.0) and GESD (1=0.38,7=20.0).

8 CNOPs of DESC ) CNOPs of GESD

0.2 (0.157594, 0.037739, 0.117217) 0.8 —0(421196,-0.309181,-0.605806)
0.3 (0.225435, 0.077229, 0.182249) 1.0 —-0(614583,-0.331262,-0.715929)

0.4 (0.285154, 0.123509, 0.251858)  1.04795 —1.04795, 0.0, 0.0)
- - 1.1 (-1.04795, 0.0,-0.334366)
- - 1.2 (-1.04795, 0.0-0.584637)

Table 3. CNOPs of GES§=0.6) and DES §=0.3), from 1£=0.32 to 0.36, and’=10.0.

" CNOPs of GESs CNOPs of DESs

0.32 (~0.584669-0.061464-0.119933) (0.228311, 0.077890, 0.178346)
0.33 (~0.417145-0.209649-0.376878) (0.229372, 0.077854, 0.176995)
0.34 (-0.359608-0.235794-0.418430) (0.230118, 0.078133, 0.175900)
0.35 (-0.329124-0.246764-0.436789) (0.230867, 0.077194, 0.175332)
0.36 (~0.309039,-0.253261-0.447609) (0.231349, 0.076637, 0.174941)

is, the longer time will be used for the ecosystem to get backcover back to GES. These results show that whet9.38,
The results imply that whenp <u1, no matter how large the the ecosystem is humid and conditionally nonlinearly stable,
3 is, the ecosystem is droughty and nonlinearly stable. It iswhich is different from the case of DES, which is uncondi-
impossible to change the desert state into a grassland statmnally nonlinearly stable. The results for other parameters
just by planting grass or irrigating. u>pu2 are similar to those gf=0.38, here, details are omit-
Now let us consider the cage- 11,. In this case, DESs de- ted. All these results demonstrate that whenp, even
noted by dashed line in Fig. 1 is linearly unstable, hence wehough the soil water is plenteous, and the natural conditions
investigate the linearly stable GESs with differgnt Here  are fit for the maintenance of grassland ecosystem, it is of
we show the results of basic state GE8 i=1.04795, importance to keep the balance for the ecosystem, since it is
7=0.882752,7=0.947426 with;.=0.38> 1, and the am-  only conditionally nonlinearly stable.
plitude of perturbations=0.8, 1.0, 1.04795, 1.1 and 1.2.  The above analysis shows that it is of importance to inves-
In this case, to investigate the long-term behaviour of thetigate the character of GES (DES) in the bifurcation interval

ecosystem, we calculate CNOPs 16¢20.0 years, which are (141, 42). To study the effects of moisture indexon the
given in Table 2. The nonlinear evolutions of the ecosys-Pehaviour of CNOPs, we compute CNOPs under the same

tem with CNOPs plus DE® as initial conditions are plot- ~ constraint conditiors=0.6 for GESs and=0.3 for DESs

ted in Figs. 4d—f. The results demonstrate that the ampli2long the bifurcation diagram varying from 0.32 to 0.36
tude§=1.04795, which is equal td, is a threshold. When With step 0.01, and"=10.0 years. The components of the
§<1.04795, for any kind of initial perturbations including CNOPs of GESs and DESs are given in Table 3. The non-
CNOPs, the initial value of is larger than zero, and the linear evolutions of the CNOPs are plotted in Fig. 5, which
ecosystem still recovers back to GES In this case, the are obtained by calculating/ (Uo,+ug, )—M (Uo,), where
ecosystem is nonlinearly stable. But whisn1.04795, itis M is the nonlinear propagator of Eq. (1Je,, is GES or DES
clear from Table 2 that the components of CNOPs of living andu’d‘;t is the CNOP's for the correspondipg

grassx’ is always equal to-1.04795, so the initial values Figures 5a—c show that for moisture index0.32, the

of x are equal to 0, andx/dt, which is equal toF1/x* in CNOP with§=0.6 induces a transition of the ecosystem from
Eq. (1), are null. Thusy is equal to zero all along and the GES to DES. Whep increases, GES becomes more nonlin-
ecosystem involves to DES. In Fig. 4d the evolutions &@r  early stable, and the evolutions of CNOPs with the same con-
8 =1.04795, 1.1 and 1.2 are hardly distinguishable. Besidesstraint condition will not yield such transition. Figures 5d—f
numerical results (not shown here) also demonstrate that anghow that foru=0.33, 0.34, 0.35 and 0.36, the CNOP with
kind of initial perturbation, provided it makes the nonexis- §=0.3 induce transitions of the ecosystem from DES to GES.
tence of living grass in the ecosystem (i.e. its first compo-Figure 3 shows that fon=0.32 ands=0.3, there is no tran-
nent being-1.04795), causes the ecosystem transfer to DESsition of ecosystem. When the moisture index increase, DES
On the other hand, wheir1.04795, if the initial perturba-  becomes more nonlinearly unstable.

tion satisfies thak is larger than 0, the ecosystem will re-
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1.4¢ The differences between CNOPs and LSVs are not only
(@) represented by their patterns, but also by the behaviour of
1.2 the evolutions of the ecosystem with GES and DES plus

LSVs as/initial conditions, which is obtained by calculating
M(Uo-|-u(§8), whereM is the nonlinear propagator of Eq. (1).
Uga is the LSVs of the corresponding GESor DESB. The

. Nonlinearly unstable

o.8r left (right) column of Fig. 6 shows the components of GES
6(; (DES B) and those of the nonlinear evolutions of the ecosys-
06 tem with LSVs plus GES\ (DES B) as initial conditions. It
oah is cllear fromft?]e left columns of Fi%sbz, 3 and Fig. EIS that thhe
' ; evolutions of the ecosystem caused by CNOPs are larger than
o2t Nonlinearly stable the corresponding ones by LSVs. Particularly, fe0.6, the
CNOP induces a transition from the grassland to the desert
0 . . . . . . , much fast than the corresponding LSV.
0.31 0.32 0.33 0.34 0.35 0.36 0.37 0.38
M Furthermore the differences of CNOPs and LSVs are
0.45¢ demonstrated by the fact that in some cases, for the same
osk (D) magnitude, CNOPs yields a transition but LSVs does not.
For example, for GESA with §=0.57 and7=10.0 years,
0-35¢ CNOPs (-0.564252,—0.080339,—0.152529) gives a tran-
0.3f ; sition, but LSVs ¢0.234616,—0.235632,—0.462961) does
& o5 Nonlinearly unstable not, which is shown in the left column of Fig. 7. And
¢ for §=0.42 and 7=10.0, CNOPs (0.297454, 0.132069,
0.2 0.265479) also yield a transition, but LSVs (0.373516, 0.000,
o151 0.192057) does not (see the right column of Fig. 7).
01 Nonlinearly stable
0.05} 3.3 Sensitivity along the bifurcation diagram
(9.32 O.l33 0.l34 O.l35 O.l36 O.l37 0..38
It is clear from the subsection that in the bifurcation inter-
val (1, u2), although linear analysis shows that GES (DES)
Fig. 8. The critical value 0B, vs. the parameter, moisture indgx, IS linearly stable, it can become nonlinearly unstable with
(a) for GES;(b) for DES. a finite-amplitude initial perturbation, which means that a

large enough initial perturbation will induce a transition from
GES (DES) to DES (GES). The implication is, for eacln
3.2 Comparison between the results obtained by ap{uq, u»), a critical value,s., the threshold for the magni-
proaches of CNOPs and linear singular vectors tude of initial perturbations must exist such that GES (DES)
_ is nonlinearly stable whef<é., and vice versa. Now the
To further explore the nonlinear feature of the eCOSyStemquestion is how to find these thresholds. Mu et al. (2004)

linear singular vectors (LSVs) of GESs and DESs are cal-gshowed that the methodology of CNOPs provides a means
culated. Comparisons between their nonlinear evolutions argy, gych a purpose. Following their work, we obtain the

also made. , _ o _ for win (1, u2), and present the results in Fig. 8.
LSVs are obtained numerically by maximizing a modified
version of objective functio in Eq. (4), which is obtained It follows from Fig. 8 that the threshold curve separates

by replacingM in J by its tangent linear model. For GES the plane into two parts. When the magnitude of CNOPs
A and DESB with §=0.2,7=10.0 years and moisture index is larger thars., the ecosystem evolves to DES (GES) with
1=0.32, LSVs are{0.082340-0.082715~0.162414)and the CNOPSs being initial perturbation, which implies that the
(0.177834, 0.000, 0.091516) respectively. For otherSV ecosystem is nonlinearly unstable. If the magnitude of ini-
can be obtained by multiplying them with a proper factor tial perturbations is smaller tha¥, the perturbations would
according to the linear characteristic. Comparing these LSVdrive the ecosystem recovering back to GES (DES). This also
with the CNOPs presented in the first row of Table 1, we confirms the existence of the multiple-equilibrium state for
observe distinct differences of the patterns in the phase spacthe grassland ecosystem from another point of view. When
u decreases (increases), GES (DES) become more and more
unstable.
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Table Al. Values of parameters and coefficients.

Dimensional parameters Dimensionless coefficients

x* 0.1Kgn2 B. Bz v 0.1

y* 240mm y 0

z* 0.1Kgni2 a; 0.5

o* 0.4Kg mfzyrfl af,sg,eé,sd,sé,ec 1.0

e* 1000 mmyr1 €dzr Ecz 1.0

- - ¢rs 0.7

— - A 0.015

- - K1 0.3

- - K; 0.4

— — K] , 1.0

- - £1, s;r , 0.7

- - €1, €2, €3, &5, £3, €3 1.0

4 Summary and discussion That is, thinking about a general effect of all factors and

adopting comprehensive actions, such as planting grass, ir-
Within a simple theoretical model, we have addressed theigating measurable and shading the ground with dead leaves
nonlinear stability and sensitivity of the grassland ecosystenetc. at the same time can improve the ecosystem. This ac-
to finite-amplitude initial perturbations. cords with the viewpoint of Zeng et al. (2004, 2005a, b).

The results obtained show that the moisture indeglays The results also show that CNOPs is a useful tool in the
an essential role in this grassland ecosystem. Whisrless  investigation of the characteristics of nonlinear ecosystems.
than the bifurcation point,, DES is nonlinearly stable, no This method is currently being generalized to be applicable
matter how large the initial finite-amplitude perturbation is. to much more complex models with more degrees of free-
This implies that human activities and natural factors of in-dom. The aim is to tackle these problems eventually in the
stantaneous or short type can not change the natural desaspurse of drought in North China by considering the human
state. In case gf being larger than the bifurcation poinb, activities and natural factors. It is expected that the approach
GES is conditionally nonlinearly stable, which means that if may provide quantitative bounds on perturbations of the land
8<x, no initial perturbations including CNOPs would yield ecosystem, and yields more insights into the land ecosystem.
a transition from it to DES, but fo§>x, if we make a de- Whether the results obtained in this paper depend on the
structive action, such that the initial value ofis null, the  norm is an interesting problem. Besides, it is also worthwhile
ecosystem will evolve to DES. This suggests that, even ifto use other approaches, such as the bred vector of Toth and
the soil is washy and the natural condition is feasible, it isKalnay (1997), the Lyapunov vector and its nonlinear exten-
still important to keep the balance for the ecosystem. Whersion recently proposed by Ding and Li (2006), etc., to deal
w is betweerug anduo, the grassland ecosystem is fragile, with the stability and sensitivity problems of ecosystems. We
GES (DES) is linearly stable but nonlinearly unstable, whichleave all these to future studies.
means that a large enough initial finite-amplitude perturba-
tion can induce a transition from GES (DES) to DES (GES). )

This suggests the importance of the management of humaf\PPendix A
activities when moisture index is in (1, (2). o ) )

The approach of CNOPs also allows us to determine thé* Prief introduction of the three-variable ecosys-
threshold, the critical valug., which is the smallest magni- €M model
tude of the finite-amplitude perturbation that induces a tran-Th. dix will introd the three-variabl i
sition from GES (DES) to DES (GES). For GES (DES), the | > @PPeNdIX Wil introduce the three-variable ecosystem
critical value$,. decreases to zero asapproaches the bi- model developed by Zeng' etal. (.2004)' The qud IS com-
furcation pointuy (u2). This explains how the steady states posed of three ordinary differential equations, in Egs. (1a)
lose their stability when the bifurcation point (u2) is ap- and (1c)
proached. G =a*(1— e ) (1 — e %)

The negativeness (positiveness) of the z-component of
CNOPs for GES (DES) shown in Tables 1-3 demonstrates) = o* (e~ — 1)(1 — e—SQY)—l
that the shading effect of wilted grass is very important for
the maintenance of GES and for the improvement of DES.C = o™y (1 — e %)
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G, = a*a; B (" —1)(1—(3_5215’)_1 Birgin, E. G., Martnez, J. M., and Raydan, M.: Algorithm
813: SPG-software for convex—constrained optimization, ACM
D, = a*ﬁz(esdzz -1 Transactions on Mathematical Software, 27, 340-349, 2001.
Birgin, E. G., Martnez J. M., and Raydan, M.: Inexact Spectral
and Projected Gradient Methods on Convex Sets, IMA Journal of
Numerical Analysis, 23, 539-559, 2003.
C. = a*yz(l— efei?) Brovkin, V., Claussen, M., Petoukhov, V., and Ganopolski, A.:

On the stability of the atmosphere—vegetation system in the Sa-
where dimensional parameter* is the maximum growth hara/Sahel region, J. Geophys. Res. 103, 31 613-31 624, 1998.
rate, the dimensionless coefficiestsy, 8., andy, are ratios Claussen, M., Kubatzki, C., Brovkin, V., Ganopolski, A., Hoelz-
of the maximum or characteristic rates of the corresponding Mann, P., and Pachur, H.: Simulation of an abrupt change in Sa-
process ovew*, «. is the rate of wilted grass accumulation, haran vegetation in the mid-Holocence, Geophys. Res. Lett., 26,

ande’s with different subscripts are exponential attenuation Difosé‘ia‘éoLiliggNon“near T L abunoy exconent and
coefficients (Zeng et al., 2004, 2005b). 9, R s e yap p

h b is b q h . i . predictability, Phys. Lett. A, 364, 396—400, 2007.
The Eq. (1b) is based on the vegetation-soil interaction.n 5, W s " Mu, M., and Wang, B.. Conditional nonlinear

The evaporation term are optimal perturbations as the optimal precursors for El Nino—
" —e2yy —E32 —eqx Southern Oscillation events, J. Geophys. Res., 109, D23105,
Egy=e" (1= "2")e " ((1=0 )40 (1=k1(1—e""%))) doi:10.1029/2004JD004756, 2004.

wheree* is th tential ev rati is th rrection d Duan, W. S. and Mu, M.: Investigating decadal variability of
eéree” 1S the potential evaporatiok, 1S the correction due El Nino—Southern Oscillation asymmetry by conditional non-

to the non-opaque cover of the living grass for the diffusive i car optimal perturbation, J. Geophys. Res., 111, CO7015,
radiation, and the fraction of living grass coverage, is d0i:10.1029/2005JC003458, 2006.

described by y=1—e"¢/*, whereey is a coefficient, and  Klausmeier, C. A.: Regular and irregular patterns in semiarid vege-
differ from ¢,,, depending on the shape and distribution of tation, Science, 284, 1826-1828, 1999.

leaves. Mu, M., Duan, W. S., and Wang, B.: Conditional nonlinear optimal
Transpiration term perturbation and its applications, Nonlin. Processes Geophys.,

10, 493-501, 2003a.

E, = e ¢ps(1— e—£é>')gf(1 _ Kie—fix) Mu, M., Duan, W. S., and Wang, B.: Season-dependent dynamics
of nonlinear optimal error growth and El Nino—Southern Oscilla-

whereg, is the ratio of potential transpiration 3, and"i tion predictability in a theoretical model, J. Geophys. Res., 112,

is coefficient. The moisture index=P/e* substituted the D10113, doi:10.1029/2005JD006981, 2007a.

precipitation termP. Finally, the runoff is Mu, M. and Duan, W. S.: A new approach to studying ENSO pre-

dictability: conditional nonlinear optimal perturbation, Chinese
Sci. Bull., 48, 1045-1047, 2003b.

Mu, M., Sun, L., and Dijkstra, H. A.: The sensitivity and stability
of the ocean’s thermohaline circulation to finite amplitude per-

wherea andKl are coeff|C|e.n.ts. . . turbations, J. Phys. Ocean., 34, 2305-2315, 2004.
All parameters and coefficients are givenin Zengetal. (Ta-\;;, M. Xu. H. and Duan. W. S.© A kind of initial errors

ble 1, 2004). Here, we give their values again for the sake of rejated to “spring predictability barrier” for El Nino events

convenience (Table Al). in Zebiak—-Cane model, Geophys. Res. Lett., 34, L037009,
doi:10.1029/2006GL027412, 2007h.
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