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Abstract. Arbitrary truncations in the Galerkin method com- infinite sets of time-independent basis functions; then projec-
monly used to derive low-order models (LOMs) may violate tion of the PDEs onto these functions yields a finite system
fundamental conservation properties of the original equa-of ODEs (the LOM) for the time evolution of the coefficients
tions, causing unphysical behaviors in LOMs such as un-in truncated expansions.

bounded solutions. To avoid these, energy-conserving LOMs The method, however, does not provide criteria for select-
are developed in the form of coupled Volterra gyrostats,ing modes, while in arbitrary truncations fundamental con-
based on analogies between fluid dynamics and rigid bodervation properties of the fluid dynamical equations may
mechanics. Coupled gyrostats prove helpful in retaining inbe violated, resulting in LOMs with unphysical behaviors
LOMs the Hamiltonian structure of the original equations. (throughout the paper “conservation” means “conservation
Examples of Hamiltonian LOMs describing 2-D and 3-D in the absence of forcing and dissipation”). This has been
Rayleigh-Benard convection are presented, including the cel-demonstrated, in particular, by attempts to extend the cele-

ebrated Lorenz model and its 3-D analog. brated Lorenz (1963) model of 2-D Rayleigteard con-
vection,
x=o0(y—x),

1 Introduction y=—xz+rx—y, @)
z =xy — bz.

Low-order models (LOMs) reveal basic mechanisms and ) o ) )
their interplay through the focus on key elements and retain/A €Ommon misconception is that modal truncations will
ing only minimal number of degrees of freedom. Following always conserve quadratic invariants of the original equa-
the pioneering work by Lorenz (1960, 1963) and Obukhovtions. This is not the case when the forcing is thermal (such
(1969), they have been widely employed in studies of atmo-2S flxed. temperatures_at the boundaries in Raylagha&i.
spheric dynamics and turbulence (e.g., Lorenz, 1972, 1982¢c0nvection) thus coupling the momentum and heat equations.
2005; Obukhov, 1973; Obukhov and Dolzhansky, 1975: For example, the important and widely discussed Howard-
Charney and DeVore, 1979:Kén and Wiin-Nielsen, 1980; Krishnamurti (1986) model of convection with shear lacks
Legra and Ghil, 1985; Yoden, 1985; Howard and Krish- €N€rgy conservation and, as a result, has trajectories going
namurti, 1986: Shirer, 1987: De Swart, 1988: Gledzer ett© infinity. Thiffeault and Horton (1996) restored energy
al., 1988: Tsonis, 1992: Wiin-Nielsen, 1992; Frisch, 1995 conservation in the model by adding a term to the Galerkin
Roebber, 1995; Bokhove and Shepherd, 1996; Holmes et altemperature expansion. Hermiz et al. (1995) noted that the
1996; Kwasniok, 1997, 2004; Bohr et al., 1998, Majda angHoward-Krishnamurti (1986) model lacked total vorticity
Timofeyev, 2000; Van Veen et al., 2001; Koo and Ghil, 2002; conservation, which they remedied by adding a term to the
Majda et al., 2003; Biferale, 2003; Lakshmivarahan et a|_,streamfunction expansion. Their model, however, still lacked
2003; Maas, 2004; Roebber and Tsonis, 2005). LOMs ar&Nergy conservation. Another example of a LOM lacking en-
commonly derived from the original PDEs by employing the €'Y conservation is the model of 3-D Rayleigkrtrd con-

Galerkin method: fluid dynamical fields are expanded intoVection by Das et al. (2000) (see Sect. 2.2.2 below).
To avoid unphysical behaviors, it was proposed

Correspondence toA. Gluhovsky (Gluhovsky, 1982, 1986a) to construct LOMs in the
(aglu@purdue.edu) form of coupled 3-mode nonlinear systems known in
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126 A. Gluhovsky: Energy-conserving and Hamiltonian low-order models

mechanics as Volterra gyrostats (Volterra, 1899; see alsdors; 2) provides for optimal mode selection (resulting in the
Wittenburg, 1977), smallest LOM that still describes the effect of interest); 3)
allows a modular implementation of the Galerkin technique
with gyrostats as elementary building blocks (see, Gluhovsky
et al., 2002). At the same time, gyrostatic truncations do
not in general capture the Hamiltonian structure of the origi-
Gyrostat (Eqg. 2) can be thought of as a rigid body contain-nal equations, which may allow for other unphysical behav-
ing an axisymmetric rotor that rotates with a constant an-iors. For example, the mentioned above energy-conserving
gular velocity about an axis fixed in the carrier. In this modification by Thiffeault and Horton (1996) of Howard-
interpretation,l;, i=1, 2, 3, are the principal moments Krishnamurti (1986) model can be converted to couple gy-
of inertia of the gyrostatw is the angular velocity of the rostats (Gluhovsky and Tong (1999), but it still lacks the vor-
carrier body, and is the fixed angular momentum caused ticity conservation. This may also have unpleasant conse-
by the relative motion of the rotor (the gyrostatic motion). quencies, such as “that the rigid boundaries act as a constant
The development of LOMs in the form of coupled gyrostats virticity sink” (Hermitz et al., 1995).

is based on Obukhov's modular approach to constructing Since the conservative part of various models in geophys-
LOMs (Obukhov, 1973; Obukhov and Dolzhansky, 1975) ical fluid dynamics (the primitive equations, shallow wa-
and on the following findings: (i) Lorenz model (Eq. 1) is ter equations, quasi-geostrophic equations) is Hamiltonian,
actually the simplest Volterra gyrostat (within the vertical the most consistent way to retain in a LOM the fundamen-
bars in Egs. (3) below, we call it the “Lorenz gyrostat”) with tal conservation properties of the original system is through
added constant forcing and linear friction (Gluhovsky, 1982), maintaining the Hamiltonian structure (Salmon, 1983, 1988;
Shepherd, 1990). Note that gyrostat (Eq. 2) has two quadratic

Loy = (I2 — I3) wow3 + hpwz — h3wy,
bap = (I3 — I1) waw1 + haw1 — hws, (2
Izwz = (I1 — ) wow3z + hiwy — hows.

1oy = | (12 = I3) w3 —oror + F, invariants (the kinetic energy;=Y" I;w?/2, and the square
lwz = | (I3 = ) w3w1 — h1w3 | —a2w2, ®) of the angular momentunt;=Y" (I; hy 2) and may be
I3z = hiw2 | —a3ws, g9 =) jwi+h;)), y

presented in the Hamiltonian form,
i.e., Egs. (3) may be converted into Egs. (1) by a IinearM' — M. H] )
change of variables. (ii) Effective existing LOMs for atmo- ~ '~ * "’ ’
spheric circulations and turbulence can be transformed intgvhere M;=1;;, with Hamiltonian H=E, Poisson bracket
coupled gyrostats (Gluhovsky 1986a, b). (iii) LOMs that do [/ g]=—aijk(Mk+hk)§—A’;,.a"—A2, and Casimir invariantC.
not have a gyrostatic form typically do not retain the energy Although modal truncations generally destroy the Hamilto-
conservation property of the original equations, which resultsnian structure (the Jacoby property Eq. 23) so that it is dif-
in unphysical behavior (Gluhovsky and Tong, 1999). Theficult (and often believed impossible) to develop a Hamilto-
discussed above Howard-Krishnamurti (1986) model cannohian LOM with more than 3-modes for a problem at hand
be converted to coupled gyrostats, but its modification that(see, however, Zeitlin, 1991), it will be demonstrated in this
conserves both energy and total vorticity is a system of coupaper how gyrostatic LOMs become instrumental in con-
pled gyrostats (Gluhovsky et al., 2002). structing Hamiltonian multi-mode LOMs.

Lorenz (1960) and Obukhov (1969) insisted that a LOM  In Sect. 2, gyrostatic LOMs originating from the Rayleigh-
should retain conservation properties of the original equa-Bénard convection (RBC) are reviewed. In Sect. 3, some of
tions. Obukhov (1969) showed that the simplest such LOMthese LOMs are shown to be Hamiltonian. Being of fun-
is equivalent to the Euler rigid body (system (2) without its damental importance in nonlinear dynamics where it is the
linear terms), which was also derived by Lorenz (1960) asmost carefully studied example of nonlinear systems exhibit-
the simplest model of atmospheric dynamics. As noted bying self-organization and transition to chaos, RBC promotes
Arnold (1991), similar 3-mode LOMs were introduced by understanding of many real-world fluid flows as well, sharing
Kolmogorov in 1958 at his seminar on dynamical systems.a number of important properties with other pattern-forming
Pasini and Pelino (2000) discuss Kolmogorov and Lorenzprocesses (Getling, 1998). RBC is the principal mechanism
systems in a geometric framework. Obukhov also suggestedf mesoscale shallow convection (Agee, 1987; Atkinson and
systems of coupled Euler gyroscopes for modeling homogezZhang, 1996), it is also important for studies of flows in other
neous flows (Obukhov, 1973). The linear terms in Eqgs. (2)geophysical fluids (in the oceans, in the liquid core of the
are caused by the relative motion of the rotor. Unlike linear Earth) and in astrophysics (e.g., Meyer-Spasche, 1999). At
viscous terms, they do not affect the conservation of energythe same time, from both experimental and theoretical point
or phase space volume. In LOMs, they occur due to variouf view RBC is a particularly simple and accessible case of
“inhomogeneous” factors peculiar to geophysical fluid dy- convection, which is the prevalent type of fluid motion in the
namics (stratification, rotation, and topography) (Gluhovsky Universe (Emanuel, 1994). Thus, the gyrostatic approach il-
1986a, Gluhovsky and Tong, 1999). lustrated below with LOMs of the RBC has a considerably

Restricting LOMSs to have a gyrostatic form 1) ensures en-wider applicability. In Sect. 4, new areas are outlined where
ergy conservation, thus preventing certain unphysical behavLOMs in the form of coupled gyrostats may be useful.

Nonlin. Processes Geophys., 13, 1233 2006 www.nonlin-processes-geophys.net/13/125/2006/



A. Gluhovsky: Energy-conserving and Hamiltonian low-order models

2 Gyrostatic LOMs for Rayleigh-Bénard convection

The Rayleigh-Bnard problem deals with the convective
overturning that occurs in a fluid heated from below. The
fluid is confined between two horizontal planes0O and
z=H maintained at constant temperaturég:at the lower
surface andlp—AT at the upper one. It is commonly de-

scribed by the Boussinesq equations (e.g., Chandrasekhar

1961),

W u-Vu=—pyVp+vVu+[1+e(To—T)lg.
V.-u=0,
T tu-VT =« V2T,

whereu is the velocity,g is the gravitational acceleration,
p is the pressureyg is the density at temperatuf®, ¢ is

the coefficient of thermal expansion, amandx are the co-
efficients of kinematic viscosity and thermal diffusivity, re-
spectively. Horizontal periodic boundary conditions with pe-
riod 2L are assumed. The nondimensional parameters for th
problem are the Rayleigh numbRu=gs AT H3/«k v char-

acterizing the relative importance of the thermal buoyancy

and the stabilizing effect of diffusion, and the Prandtl num-
ber Pr=v/x describing the relative importance of viscous
and thermal diffusion.

For developing LOMs in the form of coupled gyrostats,
it is lc:onvenlent to write Egs. (2) in terms of variables
Xi= Ii

E=Y x?/2):

X1 = pxox3+bxz —cxo,
X2 = qx3x1+cx1—axs,
X3 =rxix2 +axoy — bxy;

(6)
p+qg+r=0.
wherep=J(I>—1I3), g=J (I3—11), r=J (11— 1),
T=(I1 12 13)"Y2, p+q+r=0; a=Jh117/%, b=Jha13/?,
c= Jhg[l/z

LOMs in the form of coupled gyrostats possess a hum-
ber of features shared with the Navier-Stokes equationsiz =

(Gluhovsky, 1982; Gluhovsky and Tong, 1999) that Lorenz
(1960, 1972) and Obukhov (1969) consider desirable for
LOMs: (1) They are quadratically nonlinear. (2) In the invis-
cid, unforced limit, they have at least one quadratic integral
of motion (E=)_ xl.2/2, interpreted as some form of energy);
they also conserve phase-space volume (Spnakx; /x;=
which implies the Liouville theorem). (3) Their solutions are
bounded (even when there is linear viscous friction and con-
stant forcing) (Gluhovsky and Tong, 1999).

2.1 LOMs for 2-D Rayleigh-Bnard convection

w; (the kinetic energy in these variables becomes

127

[-order approximations for nondimensional stream function
¥ (¢, x, z) and the deviation from equilibrium vertical tem-
perature profil@(z, x, z) (the fluid is assumed to circulate in
(x, z) plane with no motion in y-direction),

v O, x,2) =

0O, x,z) = Z Om.n(t) COSamx Sinnz

Z Ym.n(t) Sinamx Sinnz,
)
+ anleo,n(t) Sm”lZ,

is defined by the firstterms of the ascending sequence,

8)

of the eigenvaluep,, ,=a?m? + n? of the linear problem
that determines the basis functions {ofz, x, z). In Egs. (7),
the sums are over the setof pairs{m;, n;} from Eq. (8),
m;, n;>0, 1<i<l; a= max n;, anda=H/L (see Egs. 5).

1<i<l
e When sequence (8) is limited & 1, series (7) become
most severely truncated to

P11 = Pmyny = Pmanz = = Pmy,ngs

v O(t, x,2) = Y1.1(t) sinax sinz,
0 (t,x,z) =611(1) cosax sinz + 6o, 2(t) sin,

©)

(the mode corresponding # 1(r) decays exponentially).
This results in the simplest LOM for 2-D RayleigheBard
convection,

fo2 = —§¥11011 — 4cbo2,
011 = a¥r11602 — K (a® + 1)611, (10)
Y11= 56011 — v(@® + Dy

Then applying one linear change of variables transforms sys-
tem (10) into Lorenz model (Eq. 1), while another such trans-
formation leads to the LOM equivalent to Egs. (3),

X1=|— x2x3 —a1x1+ F,
X2 = X3X1 — X3 | —a2x2, (11)
X2 | —O3X3,

where the Lorenz gyrostat (3) has a particularly simple form
(Gluhovsky, 1986b; Gluhovsky et al., 2002). Note that be-

icause our interest here is focused on the conservative part of

equations, same symbolB for the external force and; for
dissipative coefficients) are used in all LOMs throughout the
paper, although the actual values of such constants are not
the same in different models (e.g., LOM (3) and LOM (11)).

In general, the LOM resulting from the Galerkin proce-
dure based on expansions (7) can be presented as a multi-
layer system of coupled gyrostats (Gluhovsky, 1986b). Ev-
ery layer of the system is composed of Lorenz gyrostats (of

Extensions of Lorenz model (Eq. 1) have often yielded am-different time scales) having one common mode and cor-
biguous results: for some combinations of modes a strangeesponding to the eigenvalues with the same second index;
attractor appeared, while for other combinations it seemedor example, Lorenz gyrostats in the first layer correspond to
to vanish. Treve and Manley (1982) introduced a con-p11, p2,1, P31, -.., those in the second layer correspond to
sistent procedure for mode selection in the 2-D Rayleigh-p21, p22, p32, ..., etc. The layers are connected by sub-
Bénard problem producing energy conserving LOMs. Theirsystems of Euler gyroscopes (gyrostats 3 or 6 without linear

www.nonlin-processes-geophys.net/13/125/2006/ Nonlin. Processes Geophys., 133126066



128 A. Gluhovsky: Energy-conserving and Hamiltonian low-order models

terms). The number of Lorenz gyrostats in each layer andvhered,=k./p11/0r1. Note that gyrostats in LOMIQ) are

the number of layers are determined by the aspect ratio andf different time scaledk‘l. Variablesx1—x7 are linearly re-
the order of approximation. The approximation of order lated tofg2, 611, V11, 621, W21, 031, V31, respectively, in
will have only one layer ifo; 1<p1 2, i.e.,a?l’+1<a’+4,0r  expansions (7). As the order of approximation is increased
a<+/3/(12—1). For instance, the following LOM composed by one, one more Lorenz gyrostat is added to the system.
of three Lorenz gyrostats is a valid third-order approximation

for 2-D Rayleigh-Eenard convection whe<./3/8: 2.2 LOMs for 3-D Rayleigh-Bnard convection

X1 = | —dix2x3 —dox4x5 —d3xex7 —a1x1 + F,

X2 = |dixgx1 — dix3 —a2x2,

3 = dixz —03X3, To obtain LOMs for 3-D Rayleigh-8nard convection, Tong

;4 = davsxy = jzf’ _g“i“' and Gluhovsky (2002) used the following Galerkin expan-
5= 2X4 —U5X5, . . .

o = dax7xy  — dax7| —aexs, sions for the dimensionless three components of the veloc-

i7= daxg | —a7x7, ity and the temperature deviation from the conductive steady
(12) state profile,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

vy = u(t) sinax cosz } +uw(t) sinax cosay oS Z,
vy =, v(t) Sinay cosz ' +w(r) coSax Sinay cos Z,
—! i H | . (13)
v, =, —au(t)coSax Sinz — av(t) cOSay Sinz , —aw(t) COSax COSay Sin 2z,
6 =1 6002(t) Sin 2z + 6101(¢) COSax Sinz + Bo11(¢) COSay Sinz | +6112(t) COSax COSay Sin 2 + Hgoa(t) Sin 4.

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Lorenz (1963) modes are retained in expansions (13) folEuclidean space), they have natural analogs on arbitrary Lie
each horizontal direction, and interaction modes for velocityalgebras. The following quadratically nonlinear system on
(w) and temperatured{12) are added as well as modgpa the Lie algebra of the group S
whose role is explained in the end of Sect. 2.2.2.

i + 25 = i =) Y Queluy.
ki, j
1§i,j,k§n, /\,->O, QijZ—jS. (16)

2.2.1 Ananalog of Lorenz model (Eq. 1)

Considering only the expansions within the box in Egs. (13)¢ 7 /-

results in the simplest LOM of 3-D RayleighéBard convec-

tion, is called the n-dimensional rigid body. Equations (15) are
obtained from Eqgs. (16) by settimg=3 and denoting

X1 = f —x1|—x2x3 —X4X5

X2 = —aox2 |+x3x1 —Xx3

i3 = —aaxs +x2 (14) @1=821 w2=1831, 3= 32

%4 = —ou4xg +X5x1 —X5 hh=J2+2r, l2=x+Ais I3=2iz+ A2 a7)
X5 = —a5X5 +x4

Following this design, thei-dimensional gyrostat may be
defined as the:-dimensional analog of Volterra equations
(Egs. 2):

the 3-D analog of the Lorenz model (Eq. 1), where two

Lorenz gyrostats describe the dynamics in the z) and

(y, z) planes, respectively. In Egs. (14), variahlges x5 are

linearly related td9go2, 6101, 4, G011, vinexpansions (13). .

When LOM (Eq. 12) is composed of two Lorenz gyrostats, (?»i-l-)»j)Qij:k; O =2 ) Qi Rk —hi Rk,

it is similar to LOM (Eq. 14); the difference is that gyrostats . . S

in LOM (Eq. 12) are of different scales. lh#i_hlf Lik=n ki >0 Qj=-Q

Equations (14) may be considered from another angle. As™”/ — /"

revealed by Arnold (1966), when equations of Euler rigid (18)

body (Egs. 2) without linear terms),

. Equations (2) result from Egs. (18) by setting=3 and

Ilcf)l = (I2 — I3) waws, adding to Eq. (17h1=h21, ho=h31, h3a=h3.

Ihawy = (I3 — 1) waw1, (15) E . . .

Iaios = (I — L) s, .quatl.ons for the forced regime are obtained by
adding in each of Eqgs. (18) the terms of the form

are viewed as a quadratically nonlinear system on the Lie-«;;2;;+N;j, o;j=a;;>0, N;j;=—N;;. For example, at

algebra of the group SO(3) (the group of rotations of 3-Dn = 3, settingh,=A3, ho=h3=0 andN;;=0, except for

Nonlin. Processes Geophys., 13, 1233 2006 www.nonlin-processes-geophys.net/13/125/2006/



A. Gluhovsky: Energy-conserving and Hamiltonian low-order models 129

No1=—N1o=F, we get LOM (Eq. 3). Atn=4, denote in  converts Eqgs. (20) into Egs. (14). The dissipative coeffi-

addition to Eq. (17), cientsy; in Egs. (14) are obtained from those in Egs. (20) as

w8 = Q1. w5 = p. ws = s (€M He fori=1, 2, 4, and(C ;Y fori=3, 5,

Ia=ra+2r, Is=ra+ro Ig=rs+ Ara, and constantF in Egs. (14) is calculated from that in
(19)  Egs. (20)agAC~ i) F.

Thus, while the Lorenz model (Eq. 1) of 2-D Rayleigh-
Bénard convection is a 3-dimensional (Volterra) gyrostat in
the forced regime, its analog for the 3-D RayleiglerABrd
convection may be considered as a 4-dimensional gyrostat in
the forced regime.

o1 = 021, 02 =031, 03 =032, 04 = 043,
a5 = 042, O = 043,

and seth p=A3=A4, h;;=N;;=0, save forhp1=—h1o=h1,
and Nyj=—N1>=F. Then because of the symme-
try condition Ao=A3=A4, the equation forwg becomes
lzwe=—0wpws, i.€., wg—0, while the equations for the re-
maining modes take the form of two coupled Lorenz gy-2 22 An 8-mode LOM of 3-D Rayleigh-&hard convec-

rostats in the forced regime: tion

haoy = | (I1 — [3)wws +(1 — I3)waws —ajw1 + F,

hap = | (I3 = I)wswr — hiwg —0w2, When full expansions (13) are used, the Galerkin procedure

ﬁZZ z h1wz (s IDwswy — hios :Zjﬁj results in the following LOM in variables; —xg linearly re-

T — hywa ﬂswsj lated to 6po2, 6101, 4, Bo11, v, Opos, O112, w, respectively
(20) (Tong and Gluhovsky, 2002),

Finally, the linear change of variables,
X1 = Aw1, x2 = Awz, x3 = Bws, x4 = Aws,
xs=Bws, T=Ct;

(T -1 p_ -1 _ -1/2
A= 1—I3)hi", B=I"I3A, C = (I113)""“h1,

X1 = f1—o1x1 | —x2x3 —X4X5

X2 = —a2x2 +x3x1 —x3 —(1/2)xsx7

X3 = —w3x3 +x2 — (B/2)xsx8

X4 = —4x4 +x5x1 —X5 —(1/2)x3x7 1)
X5 = —u5Xs5 +x4 — (B/2)xgxs3

X6 = f2 — apxp —2Bx7xg

X7 = —a7x7 +2Bxgxe —Pxg | +(1/2)x3xs | +(1/2)x5x2

Xg = —ogxg +Bx7 +Bx3x5

I 1l Il v \% VI

that consists of six coupled gyrostats: three Lorenz gyrostatal. (2000) that has pathological solutions exponentially di-
(1, I, and IlI), Euler gyroscope VI (a gyrostat without linear verging to infinity. This system cannot be converted to cou-
terms), and two degenerate gyroscopes (IV and V). Takerpled gyrostats form: it turns out that nonlinear terms of gyro-
alone (i.e., withx3=0 for gyroscope V) a degenerate gy- stat Ill in Egs. (21) are absent while its linear terms have the
roscope is just a simple oscillator, but when coupled, as insame sign, causing violation of the energy conservation.
Egs. (21), with other gyrostats having time-varying mage

it becomes a nonlinear system. o
o ) i 3 Hamiltonian LOMs
Both models (14) and (21) exhibit behaviors peculiar to 3-

D dynamics: steady state solutions (that include 2-D rolls ina finite-dimensional Hamiltonian dynamical system may be
either x or y directions, symmetric square convection cells,yritten (Shepherd, 1990; Morrison, 1998) as
and intermediate planforms), as well as periodic and chaotic .

regimes that may coexist in the same parameter region. Howz; — Jij—, (22)
ever, due to severe truncation, steady state solutions in LOM dx;

(Eq. 14) have stability regions contradicting the experimentalwhere is the Hamiltonian function antiis an antisymmet-
results. The larger LOM (Eqg. 21) is free of these drawbacksric matrix (Jij=—J;i) that needs to satisfy the Jacobi condi-

and has a larger variety of regimes. tions
Excluding thefpoa(?) sin4; term in the temperature ex- 3Jjk 3 Jyi 3Jij
pansion (13), results in the seven-mode system by Das e{il_axl + lea_xl + Jkla_x, =0, (23)

www.nonlin-processes-geophys.net/13/125/2006/ Nonlin. Processes Geophys., 133126066



130 A. Gluhovsky: Energy-conserving and Hamiltonian low-order models

(repeated indices imply summation). Thus, the search fo3.2 LOM (Eqg. 12) for 2-D Rayleigh-8nard convection
Hamiltonian structure “should consist of identifying the fun- with small aspect ratio
damental objects, H, andJ, and demonstrating thdtpos-
sesses the requisite abstract-algebraic properties” (Shephefdhe conservative part of this LOM has Hamiltonian form
1990). . !

Gyrostatic LOMs are particularly helpful for developing (22) with Hzlglxiz/z’
Hamiltonian LOMs. First, they all conserve the phase-space

volume and possess a constant of motion, [ 0 —dixz3 O —doxs O —dax7 0 ]

_ 2 dix3 0 —-dp O 0 0 0
H=) w2 24) 0 4 0 0 0 0 0
(representing some form of energy), which is a good candi-y — | 47,z 0 0 0 —-d, O 0 (26)
date for the Hamiltonian function. 0 0 0 d O 0 0

Second, any system of coupled gyrostats is readily pre- dsx7 0 0 0 0 0 —ds
sented in form (22) with easily determined antisymmetric 0 0 0 0 0 d3 O

matrix J, for which it is pretty straightforward to check Ja-
cobi conditions (Egs. 23). If they are not met, one may try t0 gnd Casimir invariamjz% (x2+4x2+x2) +x1.

reduce the LOM to a Hamiltonian one by deleting certain gy-

rostats (as demonstrated below with LOM (Eq. 21) reduced3.3 LOMS for 3-D Rayleigh-Bnard convection

to a Hamiltonian LOM (Eq. 28)). The new reduced LOM is

still a system of coupled gyrostats with an integral of motion Similarly, in the 3-D Rayleigh-Bnard problem, the conser-

of form (24) thus providing for an easy check of the Jacobivative part of LOM (Eq. 14) (the 3-D analog of the Lorenz
conditions. . G 5
model) is Hamiltonian wittH= )" xi2/2,

3.1 The \olterra gyrostat i=1

The first example is provided by Egs. (6) that have Hamilto- 0 _33 01 _8‘5 %
nian form (22) with #=(x?+x2+x2)/2 and antisymmetric *3 -
matrix =01 0 00 (27)
xs 0 0 0 -1
0 —c  pr2tb 00 0 1 0
J = c 0 gxi1—a |, (25)
—(px2+b) —(gx1—a) O

and Casimir invarian€=3 (x2-+x2) +x1. The larger LOM
obeying Jacobi conditions (Eq. 23). The system has ondEq. 21) (without friction and forcing) is not Hamiltonian.
Casimir invariant corresponding to the conservation of theHowever, by deleting gyrostat VI in Egs. (21) we obtain a
square of the angular momentum. Hamiltonian LOM,

—X2X3
+x3X1 — x3
X2

—X4X5
—(1/2)xsx7

X5X1 —X5 —(1/2)x3x7

o 28)
—2Bx7xg

2Bxgxe  —Pxg| +(1/2)x3xa | +(1/2)x5x2

Bx7

The Euler gyroscope in Egs. (21) (gyrostat VI) may destroy
the Hamiltonian property even when coupled with only one
Lorenz gyrostat. To defend its removal, note that Galerkin

8
with H= )" xi2/2 and the antisymmetric matrix of rank 8,
i=1

0—-x3 0—-x5s 0 O 0 0]
X3 03 1 05 0 0 —lw 0 method per se does not provide any guidance on the selec-
01 0 0 0 205 0 tion of modes to retain in the truncation, so that the presence
1 of particular gyrostats in the resulting LOM, dependent on
J|*s 0 0 0-1 0 —5x3 0 29)
|0 0 0 1 0 O 0 0
0 00O OO 0 —-28xg0
03xs 0 3x3 0 28¢4 O -
0 0 0OOO 0 B8 0
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the choice of the retained modes, is therefore somewhat atarly, it would be useful to consider LOMs in the form of cou-
bitrary. The idea behind the methodologies described in thepled gyrostats. For example, in an interesting study of mix-
manuscript is to select (via gyrostats) those modes that resuihg and transport phenomena in 2-D thermal convection with
in an energy-conserving LOM, then keep gyrostats that helpa large-scale flow (Joseph, 1998), the Howard-Krishnamurti
retaining the Hamiltonian structure. (1986) model was used to model the Eulerian velocity field.
In view of the above discussion of serious deficiencies in the
model (see Sect. 1), it seems worthwhile to employ instead
4 Concluding discussion its gyrostatic modification (Gluhovsky et al., 2002) with a
more sound physical behavior.
In this paper, an approach was described to the development
of low-order models in geophysical fluid dynamics in the 4.2 Predictability
form of coupled gyrostats. Such systems always possess a
guadratic integral of motion (interpreted as some form of LOMs are increasingly employed in predictability studies
energy), which eliminates certain unphysical behaviors thatand climate modeling (Roebber, 1995; Van Veen et al., 2001;
often plague LOMSs obtained through ad hoc Galerkin trun-Roebber and Tsonis, 2005). Boffetta et al. (1998) anthPe
cations. At the same time, coupled gyrostats do not necesand Kalnay (2004) used LOMs obtained by coupling two or
sarily retain the Hamiltonian property of the original equa- three Lorenz models (Eqg. 1) (representing the slow and the
tions, which may allow for other unphysical behaviors. Yet, fast dynamics). LOM (Eq. 13) (or its two-gyrostat version)
the gyrostatic structure was shown to provide for an easywith appropriate forcing and linear friction is also such a sys-
development of multi-mode Hamiltonian LOMSs, contrary tem, butit describes a “real” flow: 2-D RayleigteBard con-
to a widespread belief that only 3-mode truncations can berection with large aspect ratio. In general, gyrostatic LOMs
Hamiltonian. This is not a systematic procedure for deriva-will permit to work with larger LOMs where gyrostats are
tion of Hamiltonian LOMs, but there is no general method coupled in a realistic way.
for determining whether or not a system is Hamiltonian.
The Hamiltonian property may be found too limiting for 4.3 Coherent structures
LOMs, and non-Hamiltonian LOMs are often quite success-
ful. Still, stripped from many attributes of the original equa- An organized character at larger spatial scales of most turbu-
tions, itis desirable that, in general, LOMSs should retain theirlent flows is generally observed, mainly from visualizations
fundamental properties. (Bonnet and Delville, 2001). Experimental results show that
Although much work in nonlinear dynamics is associated coherent structures actually cover the whole spectrum of mo-
with coupled oscillators (see, however Sarasola et al., 2005tons. In spite of observational successes, the problem of de-
and d’Anjou et al., 2005), coupled gyrostats should also re-scribing turbulent systems with coherent structures remains
ceive attention as fundamental nonlinear systems that coul@ formidable theoretical challenge (Tabeling, 2002). But
play the role of elementary building blocks in LOMs for as noted by Lumley and Yaglom (2001), “It can be very
problems of geophysical fluid dynamics and turbulence. In-profitable to model flow as coherent structures plus a pa-
deed, gyrostatic LOMs have also been developed for 2-Drameterized turbulent background, and so construct a low-
and 3-D turbulence (G|uh0vsky, 1987, 1993, G|uhovsky anddimenSional model of the flow. Such models ... have been
Tong, 1999) and for the quasigeostrophic potential vorticity very helpful in shedding light on the basic physical mecha-

equation (Gluhovsky et al., 2002). nisms.”
We conclude with indicating other possible applications of Although eigenfunctions of the suitably chosen linear dif-
gyrostatic LOMs. ferential operator (usually Fourier modes) are commonly
used as basis functions in the Galerkin method, any suitable
4.1 Lagrangian chaos set of basis functions may be employed. Empirical orthog-

onal functions (EOFs) are used in a procedure suggested by
Fluid mixing is directly related to features of Lagrangian Lumley (1981) (also see Holmes et al., 1996; Rempfer, 2000)
chaos and is increasingly studied using methods of nonlineafor extracting coherent structures from experimental or sim-
dynamics (Ottino, 1989). The motion of fluid particles can ulated data. Other choices include principal interaction pat-
be chaotic (Lagrangian chaos) even in the absence of Eulderns (PIPs) and optimal persistence patterns (OPPs) (e.g.,
rian chaos (i.e. when the velocity field is regular). Laboratory Hasselmann, 1988; Kwasniok, 1996, 1997, 2004; DelSole,
experiments by Solomon and Gollub (1988) have given ev-2001; Crommelin and Majda, 2004).
idence of chaotic advection in 2-D time periodic Rayleigh- The problem is that the resulting LOMs may have unphys-
Bénard convection. On the other hand, Bohr et al. (1998)ical solutions. As noted by Achatz and Schmitz (1997) about
showed that Lorenz model (Eq. 1) exhibits Eulerian chaosan EOF-based atmospheric LOM, “long-term integrations of
without Lagrangian chaos. They note that LOMs provide “athe model are not possible since after about 20 days its en-
convenient way to study the Lagrangian behavior”. Particu-ergy starts to grow without bounds”. D’Andrea and Vautard
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(2001) also admit that “it cannot be excluded that non con-D’Andrea, F. and Vautard, R.: Extratropical low-frequency vari-
servation of energy in the low dimensional model creates ad- ability as a low-dimensional problem. Part I: a simplified model,
ditional spurious variability in the long climatic run. ... Ad  Quart. J. Roy. Meteorol. Soc., 127, 1357-1374, 2001.

hoc experimentation should be used”. In general, LOMs doP"Anjou, A., Sarasola, C., and Torrealdea, F. J.: On the character-
not have to be of coupled gyrostats form to preserve certain ization od different synchronization stages by energy considera-
conservation properties of the underlying equations. Still,  toM J of Phys., 23,238-251, 2005,

. S . - . 'DelSole, T.: Optimally persistent patterns in time-varing fields, J.
since the problem is similar to that with traditional Galerkin ", - © Sci.. 58, 1341-1356.

apprOXimati,onS discussed in the pappr, In some cases it maye Swart, H. E.: Low-order spectral models of the atmospheric cir-

be worthwhile to have the LOM modified to become a system  ¢jation: A survey, Acta Appl. Math., 11, 49-96, 1988.

of coupled gyrostats with sound physical behavior. Emanuel, K. A.: Atmospheric Convection, Oxford Univ. Press,
1994.
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