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Abstract. Abundant evidence for the occurrence of mod- placement from equilibrium grows bigger. For a sufficiently
ulated envelope plasma wave packets is provided by recerimportant excitation amplitude, it is known that nonlinearity
satellite missions. These excitations are characterized by may be strong enough to balance spatial delocalization (i.e.
slowly varying localized envelope structure, embedding themode separation due to dispersion) and thus result to the for-
fast carrier wave, which appears to be the result of strongnation of propagating localized structures (solitary waves,
modulation of the wave amplitude. This modulation may be solitons). On the other hand, weakly nonlinear effects enter
due to parametric interactions between different modes orinto play as the wave amplitude acquires (even small yet) fi-
simply, to the nonlinear (self-)interaction of the carrier wave. nite (non negligible) values, moderately beyond the linear ap-
A generic exact theory is presented in this study, forproximation. The generic signature of this mechanism is the
the nonlinear self-modulation of known electrostatic plasmaappearance of secondary phase “harmonics” in the Fourier
modes, by employing a collisionless fluid model. Both cold spectrum of the system observed, in addition to a nonlinear
(zero-temperature) and warm fluid descriptions are discussethodulation of the wave's amplitude, manifested as a slow
and the results are compared. The (moderately) nonlinear osAariation of the wave’s amplitude in space and time. The oc-
cillation regime is investigated by applying a multiple scale currence of amplitude modulation may be due to parametric
technique. The calculation leads to a Nonlinear 8dmger-  wave coupling, interaction between high- and low- frequency
type Equation (NLSE), which describes the evolution of the modes or, simply, self-interaction of the carrier wave (“auto”-
slowly varying wave amplitude in time and space. The NLSEor “self”-modulation). Furthermore, analytical and numeri-
admits localized envelope (solitary wave) solutions of bright- cal studies have established the relevance of these phenom-
(pulses) or dark- (holes, voids) type, whose characteristicena with modulational instability, which may lead to energy
(maximum amplitude, width) depend on intrinsic plasma pa-localization via localized pulse formation, as known in fields
rameters. Effects like amplitude perturbation obliguenessas diverse as Nonlinear Optics, Condensed Matter Physics
(with respect to the propagation direction), finite tempera-and Biophysics (Davydov, 1985; Hasegawa, 1989; Infeld,
ture and defect (dust) concentration are explicitly consid-1990; Remoissenet, 1994).
ered. Relevance with similar highly localized modulated Charged matter (plasma), a nonlinear and dispersive
wave structures observed during recent satellite missions isnedium “par excellence”, provides a typical paradigm for
discussed. the study of such mechanisms. As far as plasma modes are
concerned (Krall and Trivelpiece, 1973; Stix, 1992), the oc-
currence of such phenomena has been confirmed by exper-
iments related to the nonlinear propagation of electrostatic
(ES, e.g. ion-acoustic) (Watanabe 1977; Bailung and Naka-
mura, 1993; Luo et al., 1998; Nakamura et al., 1999; Naka-

In a wide variety of physical contexts, the dynamics of prop- 4s 2001 I | ic (EM
agating periodic excitations (waves) is dominated by a com nura and sarma, ) as well as electromagnetic (EM, e.g.

petition between the effects of “mode dispersion” and “non-:Nh'Stler) fwa}ves (KOSU(I)V’ 2003). Re(éel.nt numerlgalsﬁmlw(r-
linearity” of the medium. The latter mechanism, which is ig- ;(;B)A':'S 0 eeﬁtron cyclz_ otron Wa\t/)esH( lasson alng7o ;97&12’
nored when studying harmonic (linear) wave propagation in ) (as well as earlier ones, by Hasegawa, ' )

the small-amplitude limit, generally increases when the dis-also predict such a behaviour. _ ) )
In the context of Space Physics, moving localized electro-

Correspondence td. Kourakis static structures have been reported by recent spacecraft mis-
(ioannis@tp4.rub.de) sions e.g. the FAST at the auroral region (Delory et al., 1998;

1 Introduction
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Fig. 1. Modulated structures, related to “chorus” (EM) emissionin = i
the magnetosphere (CLUSTER satellite data; reprinted from Santo- ,_il_ =0 A6 &
lik, 2003). o
=100 -1.8
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Ergun et al., 1998a, 1998b; Pottelette et al., 1999), as well as T.meT ustfJar:er 0616 'L?UT ek Freque1|';::l\,n' -:kHz:-1IJ
the S3-3 (Temerin, 1982), Viking (Bosim, 1988), GEO-
TAIL and POLAR earlier missions in the magnetosphereFig. 2. Electrostatic noise wave forms, related to modulated
(Matsumoto et al., 1994; Franz et al., 1998; Cattell et al.,electron-acoustic waves (FAST satellite data; figure reprinted from
1999, 2003; McFadden et al., 2003) (also see many refPotteIette et al., 1999). The co-existence of a high (carrier) and
erences therein) (the interpretation of the Viking measure-2 low (modulated envelope) frequencies is clearly reflected in the
ments, Bostrom, 1988, has recently risen some doubt; sef°UNer spectrum, in the right.
the thorough discussion in McFadden et al., 2003). Some
of the localized structures reported therein bear qualitative
characteristics which are reminiscent of solitary electrostaticnd Shukla, 2004a) and dust-ion acoustic (DIA) ES modes
waves and are strongly believed to be related to ion acoustShukla and Silin, 1992; Amin et al., 1998; Kourakis and
tic waves; see the discussion in (McFadden et al., 2003)Shukla, 2003a, 2004b), in addition to magnetized plasma
It should be stressed that both compressive and rarefactivBlodes, e.g. the Rao EM dust mode (Kourakis and Shukla,
large amplitude structures have been observed (Matsumotg004c).
et al., 1994; Franz et al., 1998; Cattell et al., 1999, 2003) The purpose of this paper is to provide a “generic”
(also see many references therein). Note that it was recentlynethodological framework for the study of the nonlinear
suggested by McFadden et al. (2003) that neither the velocfself-) modulation of the amplitude of electrostatic (ES)
ity dependence of the observed potential structure amplitudeplasma modes. The results which follow cover a variety of
nor their asymmetry should be taken for granted, since the}gS modes. We mean to emphasize the generic character of
may be attributed to intrinsic measurement errors. Finally,the nonlinear behaviour of these modes, so focusing upon a
the observed phase speeds lie over an extended region specific mode is avoided on purpose. Where appropriate, de-
values, sometimes even above the ion sound velocity; thestils regarding specific modes may be sought in (Kourakis
facts seem to suggest that plainly employing the soliton (Ko-and Shukla, 2003a, b, 20044, b, d), where some of this mate-
rteweg — deVries, KdV) picture may not suffice for the elu- rial was first presented.
cidation of the generation of these solitary structures and an |n the following, we study the modulational instability of
alternative instability mechanism may be present; also seelectrostatic plasma waves propagating “along” the magnetic
the discussion in (Berthomier et al., 1998; McFadden et al.field, so that the Lorentz forces can be omitted. Amplitude
2003). Localized modulated wave packets, in particular, aremodulation is allowed to take place in an oblique direction,
encountered in abundance e.qg. in the Earth’s magnetospherg; an angley with respect to the carrier wave propagation
where they are associated with localized field and/or densityirection. By assuming the wave’s amplitude to vary on
variations simultaneously observed (Pottelette et al., 19995low space and time scales, s&yand7 (see definitions be-
Alpert, 2001; Santolik, 2003). The occurrence of such wavelow), we shall seek an evolution equation for the amplitude
forms is, for instance, thought to be related to the broadbandy (x, T), establish its oscillatory solution and then establish
electrostatic noise (BEN) encountered in the “auroral” regionan explicit criterion for modulational (in)stability. Our aim
(Pottelette et al., 1999). is to trace the influence af on the conditions for modula-

Recent ana|ytica| studies have Supp"ed evidence forti0n3.| |nStab|||ty onset, and determine the magnitude of the
the relevance of nonlinear modulational effects in dust-aSSOCiated |nStabl|lty grOWth rate. We shall also examine the
contaminated plasmas (“Dusty” or “Complex” Plasmas), Possibility of the formation of localized excitations and dis-
where a strong presence of mesoscopic, massive, chargédiss their characteristics. Exact new expressions are derived
dust grains strongly affects the characteristics of the plasmdor quantities of interest, in terms of the system’s dispersion
(Verheest, 2001; Shukla and Mamun, 2002). The modificalaws and the intrinsic plasma parameters.
tion of the plasma response due to the presence of dust gives The manuscript is organized as follows. In the next Sec-
rise to new ES/EM modes, whose self-modulation was re-tion, the analytical model is introduced. In Se&twe carry
cently shown to lead to modulational instability and soliton out a perturbative analysis by introducing appropriate slow
formation; these include e.g. the dust-acoustic (DA) (Rao efspace and time evolution scales, and derive a NLS-type equa-
al., 1990; Amin et al., 1998; Tang and Xue, 2003; Kourakis tion which governs the (slow) amplitude evolution in time
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Rl in the backgroundo( = i, o’ = e, d) (Shukla and Mamun,
: " | 2002; Kourakis and Shukla, 2003a; Kourakis and Shukla,
o s i i' MW\NHW by 2004b).

) 2.1 Ageneric fluid description

1 . L
[ 1 2 3 time (hra) 4

_ _ _ A standard (single) fluid model to be employed for the dy-
Flg.. 3. Localized envelope structures in the magnetosphereygmic speciea consists of the first moment evolution equa-
reprinted from Alpert (2001). tions, namely the density, (conservation) equation, the

mean fluid velocity equation and the pressure equation:

and space. The exact form of dispersion and nonlinearityon,
coefficients in the NLS-type equation is presented and dis- 57
cussed. In Secd, we carry out a stability analysis of the

+ V- -(mgUy) =0

NLSE allowing for a thorough study of the DA wave stabil- 9Ua Uy -VUy = _e g V Pu

ity in various regions of the physical parameters involved. 9¢ My MgNg

We pursue the analysis in Sebt.by discussing the possibil-

ity of the existence of localized solutions of the NLSE, and o, Uy - Vpy = —¥ pa V - Uy, 1)

identifying their forms in different parameter regions. The
relevance of the formalism with known plasma modes is dis-where n,, u, and p, respectively denote the “density”,
cussed in Sec6. Finally, our results are briefly discussed “mean” (fluid) “velocity” and “pressure” of species. The
and summarized in the concluding Sett. parametery = cp/cy = 14 2/f denotes the specific
heat ratio (forf degrees of freedom), e.¢. = 3 in the
) _ one-dimensional (“1d”) case, = 2 in the two-dimensional
2 The model: formulation and analysis (“2d”) and y = 5/3 in the three-dimensional (“3d") case;

. also,y = 1 if an adiabatic evolution is considered.
In a general manner, several known electrostatic plasma e electric potentiad obeys Poisson's eq.:

modes (Stix, 1992; Swanson, 2003) are adequately described

by (single) fluid models; ES plasma modes are thus asv?® = —4r Y qorngr = 4w e (ne—Zini+...). (2)
sociated with propagating oscillations which are related to o"=a,{a'}

“one” dynamical plasma constituent, saymassn,, charge
qu = SaZye; e is the absolute electron charge;= s, =
qa/lq«] = 1 is the charge “sign”), against a background o
one (or more) constituent(s), say(massn,, chargeg, =

sqa' Zyre, Similarly). The background species is (are) often aS-g, ngo=— Z o’ N0 - (3)
sumed to obey a known distribution, e.g. to be in a fixed (uni- o

form) or in a thermalized (Maxwellian) state, for simplicity,

depending on the particular aspects (e.g. frequency scaleg}2 Reduced description

of the physical system considered. For instance, the “ion- , i .
acoustic” (IA) mode refers to ions(= i) oscillating against By choosing approprlate _scales for all qua_ntltles, the ab_ove
a (much hotter) electron background & ¢), which may be system of evolution equations may be cast into the following
considered to be Maxwellian (Krall and Trivelpiece, 1973; form:

Kourakis and Shukla, 2003b); the “electron-acoustic” (EA) on

where all the particle species appear in the right-hand side
f (“rhs”). Overall charge neutrality is assumed at equilibrium,

mode (Krall and Trivelpiece, 1973; Kourakis and Shukla, §; +V- () =0, “)
2004d) can be modelled as electron oscillations=£ ¢)

against a background of ions’(= i), which are practically au +U-VU=—sVe— g Vp, (5)
immobile (fixed), and so forth (Krall and Trivelpiece, 1973; 97 n

Stix, 1992). The coexistence of “hoti)and “cold” () elec-

tron populations, observed in the upper parts of the Earth’'s;- +u-Vp=—y pV-u (6)
magnetosphere (Berthomier et al., 1998), may also readily

be accommodated in this description, in order to study its(the indexa will be understood where omitted, viz.= s,).
influence on IA & = i, @’ = ¢, h) (Kourakis and Shukla, The re-scaled (dimensionless) dynamic variables are now:
2003b) and EAd = ¢, o’ = i, h) (Kourakis and Shukla, n = ny/ng0, U = Uy/cx, p = po/meokpTy), and
2004d) waves. As regards “dusty plasma” modes, the DAp = |q|®/(kpT:), Wheren, g is the equilibrium density
mode describes oscillations of dust grains= d) againsta  andc, = (kzT./m4)Y/? is a characteristic (e.g. sound) ve-
Maxwellian electron and ion background (= e, i) (Shukla locity. Time and space are scaled over appropriately chosen
and Mamun, 2002; Kourakis and Shukla, 2004a), while DIA scalesig (€.9.@, %, = (47nq,092/ma)~"?) andro = c.to;
waves denote |A oscillations in the presence of inertial dustT,, is the fluid temperature (so pressure at equilibrium is:
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po = ng0kpTy), andTy is an effective temperature (related (for j = 1,2,...,d + 3; see footnote3; the condition
to the background considered), to be determined for eacls("il = S(."l)* holds, for reality). The wave amplitude is
problem under consideration is Boltzmann’s constant).  thus allowed to depend on the stretched (“slow”) coordinates
The temperature rati@, / T is denoted by, in this “warm X = e(x — ) tandT = €2t; the real variablé., to be de-
model” (Chan and Seshadri, 1975; Durrani et al., 1979) (therermined, will later be interpreted as the wave’s “group veloc-
so-called “cold model” is recovered far = O; see that jty” along the modulation direction. The amplitude mod-
Eg. 6) then becomes obsolete). The Lorentz force term wasylation direction ¢ ) is assumed “oblique” with respect
omitted, since wave propagation along the external magneti¢o the (arbitrary) propagation direction, which is expressed
field is considered here. The system is closed by Poisson'sy the wave vectok = (k,, ky) = (k cosd, k sing) ; cf.
equation, which may now be expressed as (Kako and Hasegawa, 1976; Chhabra and Sharma, 1986;

2, _ _ A = —s(n—h Mishra et al., 1994), where a similar treatment is adopted.
Ve ’ [n * ;na e /(na,oqa)] sn=m. (1) Note that (not having taken the magnetic field into account
in the analysis) this is essentially a “2d” physical problem,
although readily applicable in a three-dimensional (“3d") de-
N No' qo’ 1 scription, for completeness. We shall limit ourselves to con-
n= = Zsot’ Zyng (8) . . . .

o Ne.0qa Sa ZaMa,0 sidering two axesy andy) in the following.

According to the above considerations, we set:

Note that the neutralizing background (reduced) density

is a prior? a function of the potentiap (note thath = 1
for ¢ = 0, due to the equilibrium neutrality condition); fur- 55, _, 5/5: — € .9/0X + €23/3T,
thermore, it depends on the physical parameters (e.g. back-

ground temperature, plasma density, defect concentration, "9/8x — 0/0x +€0/0X

involved in a given problem. The calculation in the specific ’

case of IA waves is explicitly provided below, for clarity. (while 8/3y remains unchanged) and

2.3 Weakly nonlinear oscillation regime V2 o V24 2¢ 02/020X + €202/0 X2,
What follows is essentially an implementation of the long
known “reductive perturbation” technique (Taniuti and Ya-
jima, 1969; Asano et al., 1969; Shimizu and Ichikawa, 1972; 4 _ 4™ 4™
Kako, 1974; Kakutani, 1974), which was first applied in the o Al(") el = ( —ilw A" — e ﬁ + €2 ﬁ)
study of electron plasma (Taniuti and Yajima, 1969; Asano

so that

et al., 1969) and electron-cyclotron (Hasegawa 1970, 1972) xellfn,
waves, more than three decades ago. o ite S . 3Al("> 6
Equations 4)—(7) describe the evolution of the state vec- V4, €' = <llk AT tex a—x> e,

tor? S = {n,u, p, ¢} which accepts a harmonic (electro- ®
static) wave solution in the for8 = Spexpli (kr — wt)] + 240 6y _ [ 2,2 4 () 04

X X - 0 =AM VA e = I°k= A" + 2¢ilky
c.c., in the weak amplitude approximation, i.e. ffy; <« 1. X
Once the amplitude of this wave becomes non-negligible, a 2 4(m)

) . . . . 2074 il6
nonlinear harmonic generation mechanism enters into play: +e %7 et (9)

this is the first signature of nonlinearity, which manifests its

presence once a slight departure from the weak-amplitud _ . : ) i
(linear) domain occurs. In order to study the nonlinear (am-(?Or any!—th phase harmonic amplltudé among the com

. . . . . (). ;
plitude) modulational stability profile of these electrostatic Ponents ofS™; obviously, 61 here denotes the elementary
waves, we consider small deviations from the equilibrium Phased1 = kr — wr.
stateS© = (1,0, 1, 0)7, viz. S= SO 4+ SD 4252 | By expanding neap ~ 0, Poisson’s eq. may formally be
wheree « 1 is a smallness parameter. We have as-castin the form

(n) _ 00 (n) ; _
sumed thé‘tSj = Y2 Sj7 (X, T) explil(kr — wb)] V2 — b ad o $® s B, (10)

1A factor w2 8 is omitted in the right-hand side of Eqr)( .
' where the exact form of the real coefficientsa’ andg (to

be distinguished from the species indices above, obviously)
are to be determined exactly for any specific problem, and
wherei = Zin; /n, g = const contain all the essenu_al depende.nce.on the plasma param-
3Note thatS e 9+3 in a d— dimensional problemd = eter.s.. !\lote that the right-hand side in Eg0) cancels at
1,2, 3). equilibrium.
4In practice, only terms with < n do contribute in this summa- The system O_f Eqgs4—(6) and _(10) determif‘es the eV_0|U'
tion. This simply means that up to 1st harmonics are expected foition of the physical system considered, and is the basis of the
n =1, up to 2nd phase harmonics foe= 2, and so forth. analytical study which follows.

since equal to 1 forg = a);}x.
2This is only not true when the background is assumed fixed,
e.g. for EA waves (i.esq, = —s,» = —1, n, = n; = const),
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2.4 A case study: ion-acoustic waves in terms e.g. of the potential correctiqﬂf) = 1, along with

the dispersion relation
In order to make our method and notation concise and clear,

let us explicitly consider the simple case of “ions” (thus= 2 Bk?
iandgy = qi = +Ze, i.e.s, = +1) oscillating against w = k241
thermalized “electrons” (viza’ = e andgy = g, = —e,
i.€.5q = —1; ne = n,0e¢®*87)). Adopting the scaling
defined above, and using the equilibrium neutrality condition
ne.0 = Zin; g, it is a trivial exercise to cast Poisson’s E8) (
into the (reduced) form:

V29 = —(wpiro/ce)? [n — TG = —(n — &59) The amplitudes of the 2nd and Oth (constant) harmonic cor-
rections are obtained in order €2 (the lengthy expressions
can be found in the Appendix); retain that the former (later)
are proportional tay2 (|y |2, respectively).

The compatibility condition obtained far= 2 andl = 1

+yok?. (12)

See that the expected acoustic behaviour k is obtained
for low wavelengths, i.e. fok « 1.

3.2 2nd-order quantities - group velocity

where we took:tg = ro/cs = a);’} and¢ = T,./(Z;T,).
Now, expanding neap ~ 0, viz. ¢§¢ ~ 1+ £¢ + £2¢2/2 +
£343/6 + ..., we have:

Vi~ Ep+E°9%/24+£%3/6— (n— 1). provides exactly the constraint:

Finally, setting the temperature scdleequal toT, = Z; T, do (k)

for convenience (so thai = 1)°, one recovers exactly A = . = Ve (13)
X

Eg. 10) withae = —1/2,¢’ = 1/6 andg = 1.

The amplitude modulation of ion-acoustic waves was firstsuggesting that the parameterdenotes the velocity, at
studied for parallel modulation (i.e. in the direction of propa- which the wave’s amplitude travels along the modulation di-
gation, viz.0 = 0) in (Shimizu and Ichikawa, 1972), and for rectionx; for parallel modulation (vizé = 0) this is simply
oblique modulation in (Kako and Hasegawa, 1976); as ex-the “group velocity"dw (k)/dk ©; see Eq.A12) in the Ap-
pected, those results are recovered from the formulae belowpendix for the exact expression foy.

. . 3.3 3rd-order quantities - the envelope evolution equation
3 Perturbative analysis a P g

By substituting the perturbative series defined in the previ- A.t this stage, one has obtained a solution up to second order,

ous Section into Eqs4]—(6) and (L0) and isolating distinct
orders ine, we obtain a set of reduced equations for the har-
monic amplitude at eactth-) order. Solving at each order
and substituting in th following one, one successively obtains @ @ . s
a linear homogeneous (Cramer-type) system of equationst€ { +{ny” exp2i(kr — wt)] + C-C-}} + O(e”)

whose solution provides the amplitudes of théh harmonic
n (n) (”) (n) (n)
contributions at ordee™ (i.e. n;", Uypyo PL_o D0 for the density (see that we have takéﬁ = 0, with no loss

l.. 01, 2 o for.everyn =123.). The compat| of generality), along with analogous expressions for the other
bility condltlon obtained at each order, appearing e.g. as theState variables, namely velocity components,, pressure
requirement of a determinant to be equal to zero, need alsgmd potential ’ >

be taken into account. Isolating the evolution equations far = 3 and/ =

de:je dfrt]a"; of thg ted|ous|calcfulat|on ar<te ?x;t)hcnly Pr0" 5ne obtains an explicit condition for suppression of * secular
vided in the Appendix, So only a few essential SIeps are €Xyo mq» 16 pe obeyed by the potential correctipni.e. a com-

posed in the following, for clarity. patibility condition in the form of a “nonlinear Scbdinger—
type equation” (NLSE)

n & no+ e {n{P expli(kr — wr)] + c.c.)

3.1 1st-order quantities — dispersion relation

i i i i oy 0%y
The first harmonic amplitudes are determined (to ordet") i +P 3%2 +Q|¥]2y =0. (14)
as
1
o _ 1Kk oa K (1>_P§)11 P— : o
nyp. =¢ B v = w CoSH Uy, = wsSing Uyy = (11) This is a — physically expected — constraint which is imposed

by the equations fon = 2 and/ = 1 (1st harmonics at 2nd or-
SNote that a different choice faf, would lead to a modified  der). Alternatively, one may assume a dependence’,pn: €"x
right-hand-side in Eq.10), i.e. a factorf # 1 would precede the (plus a similar expansion foy, z andz) forn = 0,1, 2, ...; the
firstterm (ing). This might, of course, also be a legitimate choice of condition for annihilation of secular terms then rea&ls(l)/aT +
scaling; however, the following formula are not valid — and should @ 1) @)
be appropriately modified — in this case. Obviously though, the(3 [k)DATT /X1, L. ?1) f(‘l) (X1 — vgT) (for any of the
qualitative results of this study are not affected by the choice of1Stharmonic amplitudes;™ € {S; ), which essentially amounts
scaling. to the same constraint.
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1 composition (if more than one species is present in the back-
H ground), and so forth. Also note the approximate expressions
obtained in the end of the Appendix, which are valid for large

n wavelength (i.e. small wavenumber) values.
A [\ /\ /\‘ A A A

oY "-W U V V U \[Z\DV A 70 4 Modulational (in)stability analysis

It is known (see e.g. in Hasegawa, 1975, 1989; Remoissenet,
-\Olf 1994) that the evolution of a wave whose amplitude obeys
H u Eqg. (14) depends on the coefficient produe), which may

be investigated in terms of the physical parameters involved.
T To see this, first check that Eql4) supports the plane
(Stokes’) wave solutiony = g expi Q|vo|2T); the stan-
dard linear analysis consists in perturbing the amplitude by
setting:@ = @o + € 1}1,0 cos(kX — &T) (the perturbation
wavenumbek and the frequency should be distinguished
from their carrier wave homologue quantities, denoted by
andw). One thus obtains the (perturbation) dispersion rela-
tion:

&% = PR2(PR? — 20191012). (16)

One immediately sees that HQ > 0, the amplitudey is
~T0 50 “unstable” fork < «/2Q/P|v1,0l; i.e. for perturbation wave-
lengths larger than a critical value. KQ < 0, the ampli-
tudeyr will be “stable” to external perturbations. This “mod-
ulational instability” mechanism is tantamount to the well-
known “Benjamin-Feir” instability, in hydrodynamics, also
(b) long-known as an energy localization mechanism in solid
state physics and nonlinear optics (Hasegawa, 1989; Infeld,
1990; Remoissenet, 1994).

This type of analysis allows for a numerical investiga-
tion of the stability profile in terms of parameters e.g. like
wavenumbetk, perturbation (obliqueness) angte temper-
atureT,, background plasma parameters etc. A few known
ES modes have already thus been investigated; see in6Sect.
below.

20

Fig. 4. “Bright” type modulated wavepackets (fatQ > 0), for
two different (arbitrary) sets of parameter values.

The “dispersion coefficientP is in fact related to the cur-
vature of the dispersion curve as

2 /
p o 100 _ }[w”(k) cogh + wlik)sinze} (15)

= 2wz T2
. . . 5 Envelope excitations
(the prime denotes differentiation); see that the expected de-

pendence? = 9%w/20k%, which is familiar from nonlinear |t should be pointed out that the evolution Ef)is known
optics (Hasegawa, 1989) is obtained for= 0. The full {5 pe integrable (Infeld, 1990; Remoissenet, 1994). Its lo-
expression for is given by Eq. £20) in the Appendix. calized solutions, which can be rigorously obtained via the
The “nonlinearity coefficient’Q, which is due to the car-  tedious Inverse Scattering Transform method, are properly
rier wave self-interaction, is given by a lengthy expression,speaking “solitons”, in the sense that they satisfy an infin-
reported in the Appendix. ity of conservation laws; they have been shown analytically
Both coefficients? and @ are functions of, 6 and  (and confirmed numerically) to survive collisions between
(in addition to, o, for Q), as expected. The exact general gne another and also exhibit a robust behaviour against ex-
expressions obtained (see in the Appendix) may be “tailokernal perturbations.
fit” to any given electrostatic plasma wave problem (via the  The modulated (electrostatic potential) wave finally resuilt-

form of the parameters, o', B), in view of a numerical in- ing from the above analysis is of the fofm
vestigation of the wave’s amplitude dynamics (e.g. stability

profile, wave localization; see in the following). One thus ¢£1> — ey cogkr — wt + ©) + O(ed).
obtains the (tedious) analytical form #fand Q in terms of
intrinsic plasma parameters such as background plasma den- 7|n fact, the potential correction amplitude herejis = 2y,
sity, temperature, defect concentration, background speciefsom Euler's formulae’ + e~'* = 2cosx (x € R).
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Note that once the potential correctiaél) is determined,
density, velocity and pressure corrections follow from
Eq. (11). The slowly varying amplitudgo(X, T) and phase
correction®(X, T) (both real functions of X, T}; see in
Fedele and Schamel, 2002a; Fedele et al., 2002b for details)
are determined by (solving) EdL4) for

0.7

o
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¥ = Yo expi®). -0.
The different types of solution thus obtained are summarized
in the following. (a)
1
5.1 Bright-type envelope solitons 0.75
0.5
For “positive” P Q, the carrier wave is modulationally “un- 0.25 n n
stable”; it may either “collapse”, due to (possibly random) = A"AV : V"VIO =55 3%
external perturbations, or lead to the formation of “bright” -0.25 U
envelope modulated wavepackets, i.e. localized envelope 0.5
“pulses” confining the carrier (see Fig), given by (Fedele 0.75
and Schamel, 2002a; Fedele et al., 2082b) -1
V2 (X —uT (b)
Yo = (wo) secf(Te) : 1
2 0.75
1 v 0.5
@ = ﬁl:veX + (Q — E)le . (17) 0. 25 n n
Al N
where v, is the envelope velocityZ and Q represent the S sl VVU flvas 2025
pulse’s spatial width and oscillation frequency (at rest), 05
respectively. We note thal and v satisfy Lyg = 0.75
(2P/Q)Y? = const (in contrast with KdV solitons (Re- 1
moissenet, 1994), whed&?y = const instead). Also, the
amplitudeyg is independent of the pulse (envelope) velocity (C)
v, here. !
It may be pointed out that, although the bright (envelope) 0672
soliton phase profile remains constant as it propagates (see o '25
Fig. 6), its phase bears a (slow) space and time dependence, ' A,\ﬂ ﬂA
thus allowing for a slight deformation of the wave packet Sl 0 LOUVTR0 2
internal structure during propagation; see e.g. Bjgvhere 0.5
this effect is clearly pointed out. 0.75
-1
5.2 Black-type envelope solitons (d)
For PQ < 0, the carrier wave is modulationally “stable” 1
and may propagate as a “dark” (“black” or “grey”) envelope 0.75
wavepackets, i.e. a propagating localized “hole” (a “void”) 0.5
amidst a uniform wave energy region. The exact expres- 0.25 f\
sion for “dark” envelopes reads (Fedele and Schamel, 20023; 75 510 15“vn u"V“zs
il
Fedele et al., 20028) -0.25
0.5
X—v, T
Yo =1v' tank(T',") , 078
1 2
O = ——[veX + (2P 0y'? — v—e)T] (18) (e)
2P 2
(see Fig7a); againL'y’o = (2| P/ Q)Y (=cst.). Fig. 5. Bright envelope soliton propagation, at different tings<

8These expressions are readily obtained from (Fedele andn satellite observations, e.g. see Fg.

Schamel, 2002a; Fedele et al., 2002b), by shifting the variables
therein to our notationast - X, s > T, pm — pg, @ — 2P,
qo— —2PQ, A= L, E— Q, Vg — u.

-+ < 15 (arbitrary parameter values): cf. the structures encountered
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AVEAVE MALRHENE

(@ V
Attt

(b) i 5'\

T T
-0.75 -1t

-1

©) (b)
0.7 Fig. 7. “Dark’-type modulated wavepackets (f&Q < 0) of (a)

0.5 “black” and (b) “grey” kind. See that the amplitude never reaches
0.-p5 zero in the latter case.

-1 W W 1

-g.25
-0.5 5.3 Grey-type envelope solitons
0.75

-1 The “grey”-type envelope (also obtained frQ < 0) is

(d) given by (Fedele and Schamel, 2002a; Fedele et al., 2802b)

1
1/2

0.7 2 X—-vT

5 Yo = v [1 —d seci"r(Tﬂ
0.25

and
1 0.5 0.5 1

Oozg e 0= |vex - }Vz_szWZ T+0©
-0.75 —2r|° 20 0 0

-1 1 d ta.n X;}jf T)

(19)

—S sin~ 77
(e) [l —d2 secﬁ(%)}

Fig. 6. Bright envelope soliton profile (centered), at different times )

n < --- < tg (arbitrary parameter values). Contrary to the previous Here ®o is a constant phase;S denotes the product
figure, the envelope width here is comparable in order of magni-S = Sign(P) x sign(v, — Vo). The pulse widthL” =
tude to the carrier wavelength. Notice the variation in the localized (| P/ Q|)Y/?/(dv¥" ) now also depends on the real parameter
packet's internal structure, due to the (slow) phase variation in time d, given by:

4 = 1+ (v, — V)2/2PQY"?) < 1.
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PQ preduct, mu = 1, algma = 0.

(@)

PQ product, muz

(b)

Fig. 8. The region of positive (negative) values of the prodB@,

i.e. related to modulational instability (stability), are depicted in
white (black), in the “wavenumber (horizontal axis) — “modula-
tion angle”« (vertical axis) plane. These plots refer to “ion-acoustic
waves”: (&) o = 0 (cold model);(b) o = 0.05 (warm model)
(reprinted from Kourakis and Shukla, 2004b).

The (real) velocity parametdfy = const satisfies (Fedele
and Schamel, 2002a; Fedele et al., 2002b)

Vo—+/2IPQIY"3 < v, < Vo++/2IPQI¥"3.

Ford = 1 (thusVy = v,.), one recovers the “dark” envelope
soliton.

415

PQ product, o = 0.5, algma = 0.

(@)

PQ product, mi = 0.5, msigma = 0.085

(b)

Fig. 9. Similar to Fig.8, but for “dust-ion acoustic waves” (see in
the text):(a) o = 0 (cold model){b) o = 0.05 (warm model). We
have considered a “negative” dust char§es g4 0/q; 0 = 0.5 (i.e.
w=ne0/(Z;n; o) = 0.5). The dust presence strongly modifies the
stability profile, enhancing instability here (reprinted from Kourakis
and Shukla, 2004b).

6 Explicit examples — known plasma modes

The theory presented here has been recently applied in a
variety of plasma modes, for instance: ion acoustic waves
(Kourakis and Shukla, 2003a, 2004b) and electron-acoustic
waves (Kourakis and Shukla, 2004d). Some previous results
regarding parallel modulation were thus generalized to ac-
count for oblique modulation (with respect to the propaga-
tion direction). In the following, we shall briefly summarize
some of these results.
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PQ product, mu = 1.5, sigma = 0.

(@)

PQ product, mu = 1.5, sigma = 0.05

3

(b)

Fig. 10. Similar to Fig.8, but for dust-ion acoustic waves in the

presence of a “positive” dust charg@) o = 0 (cold model);(b)

o = 0.05 (warm model). We have takén= g4 0/¢; 0 = 0.5 (i.e.

u =ne0/(Z;n; o) = 1.5). The positive dust charge seems to favor
stability (cf. to the previous figure) (reprinted from Kourakis and
Shukla, 2004b).

6.1 lon-acoustic waves

6.1.1 Obliquity effects

Allowing for obliquity (by an angle) between the modula-
tion and propagation directions (cf. the early study by Kako
and Hasegawa, 1976) was shown to modify the wave’s sta-
bility profile rather dramatically: the value df., reduces

for small values ob (say, up to 0.4 rad, roughly) and then
increases to infinity (prescribing stability) for highey 1A
waves are globally stable to trasverse modulation ¢fes

7 /2). observe the black region in Figa.

6.1.2 Thermal effects

Furthermore, allowing for a finite ion temperature (“warm”
model, i.e.oc # 0; see Eqs.4)—(6) above), one withesses

a dramatic modification of the stability profile, mainly via
the appearance of a second wavenumber threshold, beyond
which stability is recovered: short carrier wavelengths are
stable in this“warm” description (cf. Figs8a and8b), as

first suggested by Chhabra and Sharma (1986).

6.2 Dust effects

The obligue modulation of the “dust-ion acoustic” ashgt-
acoustic ES plasma modes (Shukla and Mamun, 2002) was
studied in (Amin et al., 1998; Kourakis and Shukla, 2003a,
2004b) and (Tang and Xue, 2003; Kourakis and Shukla,
2004a), respectively. The generic profile outlined above was
here also recovered.

The presence of negative dust particulates was shown to
modify the IA wave stability profile, by slightly favoring in-
stability. In the case of positive dust, on the other side, stabil-
ity was slightly enhanced instead. These results are depicted
in Figs.9 and10 (to be compared to Fig). A similar qual-
itative behaviour was witnessed for the DA mode (Tang and
Xue, 2003; Kourakis and Shukla, 2004a).

6.3 Two-temperature effects

The co-existence of distinct electron populations, say “hot”
and “cold” electrons, which is observed in the boundaries
of the Earth’s magnetosphere, has been shown to affect the
modulation behaviour of ion acoustic (Kourakis and Shukla,
2003b) and electron-acoustic waves (Kourakis and Shukla,
2004d). Some of those results are depicted in Higiso 12,
where the presence of the minority electrons appears to yield
an important effect even in regions which would have been
stable otherwise. Notice the appearance of new instability
regions, even for high values of the modulation angle (lateral
modulation).

The main result of previous studies of the parallel modula-7 Discussion and conclusion

tion of ion-acoustic waves, namely the existence of a critical

wavenumber, sak,, above which the produdt Q becomes

positive (i.e. instability may set in), is reproduced via the for-

malism presented here.

We have studied the nonlinear mechanism of amplitude mod-
ulation (due to carrier self-interaction) of electrostatic plasma
modes. We have shown that the slow variation of the wave’s
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PQ product, nu = 1004, nu=10

N
o

©
ul

modulation angle (rad)

0 0.5 i 1.5 2 2’5 3

(@)

PQ product, nu = 1005, nu=10

N

©

modulation angleg (rad)

wavenumber k /K |,

(b)

Fig. 11. Similar to Fig.8a (c = 0, i.e. cold model), but for ion (b)
acoustic waves in the presence of two background electron popu-
lations (*hot” and “cold” electrons; the former are dominant here). Fig. 12. A {k — 6}-plane plot qualitatively similar to Figga (for

Parameter values arda) density ratiov = ny/n. = 100/4 = o = 0, i.e. cold model), but for “electron acoustic waves” in the
25/1, temperature ratig¢. = 73,/T, = 10; (b) v = ny/n. = presence of two background electron populations. Parameter values
100/5 = 20/1, temperature ratip = T}, /T, = 10 (reprinted from  are: (a) density ratiov = nj/n, = 2/1 (hot electrons dominant);
Kourakis and Shukla, 2003b). (b) v = np/ne = 1/5 (cold electrons dominant) (reprinted from

Kourakis and Shukla, 2004d).

amplitude in space and time may be modeled via the long-

established multiple scale (“reductive perturbation”) methodcitations of either bright or dark (black/grey) type. These lo-
(Taniuti and Yajima, 1969; Asano et al., 1969). One thus ob-calized excitations (exact solutions of a nonlinear amplitude
tains explicit conditions for the occurrence of “modulational evolution equation) provide an efficient model for the elec-
instability”, which is related to wave collapse, or may possi- trostatic envelope structures which are abundantly observed
bly result in the formation of “localized envelope structures”. during satellite missions and also in laboratory experiments.
The criteria thus obtained, in terms of the systems’s physi- It may be mentioned that the results presented herein
cal parameters, determine the wave’s modulational stability(and, in particular, the numerical results in the previous Sec-
profile and predict the occurrence of localized envelope ex+tion) should be somehow questioned in wavenumber regions
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(n—1)

where the electrostatic mode considered may be subjectto ., )

p
K. (n) 1
Landau (collisionless) damping. As a matter of fact, this is Hop™ + ily K-u = 4 0X
not an issue in the case of dusty plasma modes (IAW, DAW), 5 (1-2) au(" 1
) - I D
where the wave's phase speed lies far from the characteristig- 5T +y X

thermal velocities of the constituents (Verheest, 2001, Shukla 1)
and Mamun, 2002). However, this should be taken into ac Z Z (n—n’) <'l’k 4 duy )
count in the analysis, e.g. with respect to electron- acoust|c Pi—r X
waves (see the discussion in Kourakis and Shukla, 2004d),
since it is known that Landau damping effects (obtained V|a Z Z
a kinetic description of ES modes) cannot be predicted by

n'=101=-—c

n=1l'=—cc
fluid models. "
. . . ) ) . 3M(n 1) ,
The methodology employed in this _artlcle appliesin avari- (. Uz(” z/n )Pz(/n ) 4 ”§7_1r’l))x> =0, (A3)
ety of known electrostatic modes, which can be described b X ’
a single fluid model. A generalization of this formalism for d
plasma modes in the presence of an external magnetic field"
is on the way and will be reported soon. — (%2 +1) ¢(n) Ty nl(n)
1 -2
+ 2ilk, ¢(” ) + 82451(11 )
Appendix A  Perturbative analysis — details 8X X2
Al Harmonic amplitude evolution equations +a Z Z ¢,(”1/n)¢(")
=1/=
By substitut_ing into Eqs_.40—(6) and (L0) and isolating _dis— Y Z Z ¢(n —n") ¢(n ) ¢(n,,)
tinct orders ine, we obtain the:th-order reduced equations 111" 1"
n',n"=1101"=—0c0
(n-1) = 0. (A4)
on
—ilwn(n) + ilk - u(") )LE;—X
5 (n—1) A2 First order ine: first harmonics and dispersion relation
Bnl(rh ) 0
oT 0X The first order ¢ = 2) equations read
(0.¢] o
Z [llk u"" —ilon™® + itk -u® = 0, (A5)
=ll=—c0 0@ - @
0 [ oy -1 —ilou,” + szlk¢ +ilop "k =0, (A6)
+a_x<”” - )] =0 (A1) —ilop® + ilyk-u® =0, (A7)
and
(n—=1) (n=2)
au au
—ilou}" ko™ — ! ! 22 1) @
ilou™ + si oh 9X oT (k“+1D ¢ +sBn~ = 0. (A8)
3¢,("_1) N For! = 1, these equations determine the first harmonics of
s X . the perturbation. The following dispersion relation is ob-
0 o 'y ) ( " au™) tained
n—n n n—n'— I
+ 2:11 |:zlk Uy Uy gy 3% ] , 12 ,
w=l1l=-c0 = k?. A9
(-1 @ k241 tro (A9)
+o llp(") k + — X . . . .
! Restoring dimensions, one may easily check that the stan-
o oo dard DAW dispersion relation (Rao et al., 1990; Shukla and
+ Z Z 81 ,7)) {—zl wu! "y osil kqb(") Mamun, 2002) is thus exactly recovered:
n'=1l'=—00 5
P B ag D W K y ksTa >
—a—L L +5 x P’dk2+k% my
X aT X
S (n'=n") | (") pk + yvd k? (A10)
g1/ n'—n" n == — v .
=+ Z Z [ll k- ul/fl” ul// 1+ k2 )”DS}‘f Y th.d
n//:1 l//: v
v au The first harmonic amplitudes may now be expressed in
P A it -0 (A2) . ) (1) :
“o-max THx terms of the first order potential correctlwﬁ ; we obtain
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the relations and
2
@ _ 1+K o ) 1 Y 2
ny _ST¢1 ulx:zs; —1—23016 cog o
1) @
=ci ¢, w 14427 g
+{vg—coS0 — oy -,
kou® = @ 1K k B 1 ox
‘U = won’ =so——— ¢y
B . (2D 3¢>§l)
=c (11) ¢(1) =1 C5 B_X . (A14)
2 . e . ~
P = yn (1) —ys 1+k o The choice of the value of is arbitrary; we shall takd = 0.
! gt The equations for = 2,1 = 2 provide the amplitudes of
=c (11) ¢(1) ’ the second order harmonics, which are found to be propor-

- (D)
1+ 2 o tional to the square of the correspondmﬁ elements e.g.

”(113( =% Z cosp n = 5 cost) " in terms ofg{"
1) @
=c5 91 N _ [EA n (1+k2)2] (22 02
u® = Zsingn® = 1+—k2 sinf ¢(1) (A11) 2 “ 4
Ly Tk L k ’ o  (1+doe

k-uy” =
retaining, for later use, the (obvious) definitions of the coef- 2

ficientSc(ll) (j = 1, ..., 5) relating the state variables to the
1st- order potential correcticxmil) (SOC(ll) 1).

6570 |:2s aB? + 381+ kDA + 2k?)

2
+2y%0 A+ kD2 1+ 4k2)} PP

= ApD? = 22,7
A3 Second order im: group velocity, Oth and 2nd harmon- - 1 2 71 ) 2
ics 2 1 (14 k) 22 ,(1)2
pé)zy[g/&ﬂ/—ﬁz =2 o,
The second orden(= 2) equations for the first harmonics
provide the compatibility conditionz = ve(k) = ;’,? — and
o' (k) cost = [(1+k2)2 + yo ] cosd; the group velocity, 42 1 {sﬁ [_ N (1+k2)2} }¢(1)
can be cast in the form 2 4k2 +1 w B2
s 1+k?)? 3 = 22 (1)2
Vg (k= LHor O Y vicoss,  (A12) = ¢ - (A15)
k3 [B+oy (1+k?))2 ~ B _ . _ L
where we have denoted Notice that these expressions are “isotropic” i.e. independent
o of the value ob.
by = B+oy@d+k9) (A13) The nonlinear self-interaction of the carrier wave also re-

[B+oy(1+k2)1%
Note thatvy — 1 in the limitoc — 0O, recovering exactly
Eq. (43) in (Amin et al., 1998).

sults in the creation of a zeroth harmonic, in this order; its
strength is analytically determined by taking into account the
[ = 0 component of the three first third-order reduced equa-

The 2nd-order corrections to the first harmonic amplitudestions (i.e. Egs. £1)—(A3) for n = 3,1 = 0) together with

are now given by

n® 2 995"
= A1+ k%) — 2k coso
ﬂ[ (1+k%) ] — X
2 991
1 9x
(1)
@) @ 1 2 Ay
K-u” =onj —sﬁ(l-i-k)( —;C 5'9> 9X
_ 1) 991
T2 hx
2 2
p® =y n@
_ ey %)
=icy s
X
&)
_ 9
o) =i A—i,

the corresponding fourth 2nd-order equation (i.e. Egt)(
forn = 2,1 = 0). The result is conveniently expressed in
terms of the square modulus of the<£ 1,/ = 1) quantities,
e.g. interms qu)(l) (¢(1)) ¢£1)

n® _—11 1425 k2 +2 cofe
(1+ 2)2 2 2
—i—yaT(y—i- 2cog6 — 1) [1¢)”
= B|¢<”|2
= = (2 50p2,
—1 cost
k.u® — 2 14 k22
O = Faye—v g (2Bt

X COSH
+kvg [B A+ k% + 25aB)
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tfoy(y - DA+ kz)z]}
= C;ZO) |¢§-1)|2
P2 — |:B + ﬁ—w — 1) (1+ K22 )} 6”2
= %117,
62 = (sBB +2a) |2
_ (20) | ¢(1>|2, (Al6)
and
" o (14 k?)? 2
Up, = |:vgB _ZT SO | lé1 |
= (20602, (AL7)
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Note that, just likev; defined abovey, — 1 wheno — O;
see that relation (51) in (Amin et al., 1998) is recovered from
Eq. (A20) in this case. If, furthermore, we sgt= 1 (in ad-
dition too = 0) in all expressions describing our dispersion
law i.e. Egs. A9), (A12), (A20) above, we obtain, respec-
tively, Egs. (3), (11), (4) in (Kako and Hasegawa, 1976).

It seems appropriate, here, to point out the qualitative dif-
ference betwee® given in Eq. A20) as compared to rele-
vant previous expressions: the existence ahay affect the
sign of the P coefficient. For instance, taking = 0 (i.e.
v1 = v = 1), P is readily seen to be negative for parallel
modulation, i.e. setting = 0; however, folo £ 0 this is no
longer the case, sincB changes sign at some critical value
of k (to see this, study the sign o3 versusk). Furthermore,

a similar remark holds for the effect of an oblique modula-
tion on the sign ofP; we will come back to this subtle point

Itis expected, and indeed verified by a tedious yet straightforin the next subsection.

ward calculation, that upon settilg= 0,s = —1 in expres-

The “nonlinearity coefficientQ = —A3z/A; is due to the

sions @A15) and @A16), one recovers exactly Egs. (44)—(49) carrier wave self-interaction. Distinguishing different contri-

in (Amin et al., 1998) (given Eq. (42) therein).

Notice, for rigor, that for “vanishing obliqueness” i.e. if
6 — 0, one obviously hak - u(”) — ku\" (by definition),
implying the conditioncy™” — k ¢ (for & — 0) which is
indeed satisfied for all, l by the above formulae.

A4 Derivation of the Nonlinear Sctidinger Equation

Proceeding to the third order ian (n = 3), the equation
for I = 1 yields an explicit compatibility condition to be

butions,Q can be split into five distinct parts, viz.

Q= Qo+ Q01+ Q2+ 03+ Qa, (A22)
reflecting the similar structure of3
Az= AQ + AP + AD + AP + AP (A23)

In order to trace the influence of the various parameters, let
us define all quantities in full detail. F|rsA(0) (as well as
Qo = A(O)/Al) is related to the self-interaction due to the

imposed on the right-hand side of the evolution equationszeroth harmomc Viz.

which, given the expressions derived previously, can be cast
; 0 11 (20 11) (20
into the form AQ = —BIP (§P e + §Pe)
2 (ll) (20 2, (11 (20
dy 2¢ . ) —sw2akcy ey —wd+k)e; ey,
Alﬁ+1A2dX2+lA3|W| ¥ =0, (A18) (A24)

wherey = qb;l) denotes the amplitude of the first-order while Aéz) (related toQ, = —Agz)/Al) is the analogue quan-

electric potential perturbation; coefficients , 3 are to be
defined. Now, multiplying by A7, we obtain the familiar

form of the Nonlinear Sclidinger Equation
oY 32y
0. Al9
iop+P aXerQIt/flw (A19)

Recall that the “slow” variablegX, T} were defined in
Sect.2.

The “dispersion coefficientP = —A>/A1 is related to
the curvature of the dispersion curve as

_ 1 9%w
2 9k2

the exact form of P reads

_ ; [a)”(k) co26 + o' (k) sng} :

11 4
P(k) = E% (%) [Vl — (v + 3%&)2) cos 9] , (A20)
where we have defined
12 2
V2:,33 3B+yoc@B—k)(1+k%) (A21)

3[B+yo (L+kH)4

tity due to the second harmonic

AR = R (DR | D (2D
5020 k2P (14 k2 0P
(A25)

(n])

All coefficientsc;”” were defined previously. NowQ; =

Agl)/Al is 5|mply the nonlinearity contribution from the
cubic term in Eq. 10d) (often omitted in the past)
AP = 435 a)(c(ll)) k2, (A26)

Finally, AY (related toQs = —AYY /A1) is the @-related)
result of the third line in Eq.A2)

3 20 2
AY = o k2 (1+K?) [y s (? — £?)

+2y c3

5 2)) + 26;11)%22)] ,

11 (22) + Céll) (6';20)

(A27)
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while AS” (and Q4 =
in Eq. (A2)

A(34) —w(1+ k2) |:(a) e

—A(34)/A1) is due to the last two lines

)) (c(22) _ Cl ))

—2cM (@2 — sk ) + (e (11))26{11)]. (A28)

We note thatA; is everywhere defined as

AL = —s g A+ k%2 »?, (A29)
i.e. by using Eq.A9)

_ 1 1 [(e? 2
ATt = - S35 o2 (ﬁ —ya) (A30)

(reducing to:AIl = —s 2 for o = 0). Remember that
Q3 and Q4 are plainly absent from the previous results in
(Amin et al., 1998) —i.e. fos = 0 —and so is, in factQ1.

Substituting from the expressions derived above for the co-

eff|C|entSc(" ) and re- arranging, we obtain

11 1 1

Qo = +Z?(l+k2)2ﬁ+y0—v§

{ﬂkz[ﬁ[3+6k2+4k4+k6

+20 B(s (2% +3) + 2av7)]
+yo[(r+DA+kD3

+2a B (208 +s5y (1+k%?)]
+[B 2+ 4% + 3k* + k® + 250)

+2y 0 (L + k%% (L +k? + sap)] cos 29}
+2A+kD* (B + yo) w? cog 6

Fk(1L+k?) [,Bk2+a)2(1+k2)} Yo
w

[,3 A+Kk+25af) + y(y — Do (1+k2)2:|

X cos@} , (A31)
_ 3ad'B k2
01= P20 11k22 (A32)
1 1 1
Q2=

TR w21+ k22 "
{2,3 k2 [5sa B (1 + k%)% + 20283
+2y%0 A+ KkH* 1+ 4k?)

+ B (1—}—1(2)3(34—9/(2 + 2say20):|
+ (1A +k?)30? [/3 (3 + 92 + 6k* + 2508)

+2y%0 A+kH% 1A+ 4k2)} } . (A33)
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Finally, the coefficientsQ3 = —A(33)/A1 and Q4
—A(34) /A1 can be directly computed from EqA27)—(A29)
above; the lengthy final expressions are omitted here.

Once substituted in EqAQ2), these expressions provide
the final expression for the nonlinearity coefficignt One
may readily check, yet after a tedious calculation, that ex-
pressions A31) and @A33) reduce to Egs. (53) and (54) in
(Amin et al., 1998) for = 0. However, the remaining coef-
ficientsQ1, O3, Q4 were absent in all previous studies of the
DA waves, to the best of our knowledge. Their importance
will be discussed in the following. Note th&t;, Q> do not
depend on the angte

A5 Behaviour of coefficients for smail

A preliminary result regarding the behaviour (and the sign)
of the NLSE coefficients? and Q, at least for long wave-
lengths, may be obtained by considering the limit of small
k < 1inthe above formulae.

The parallel¢ = 0) and obliquef # 0) modulation cases
have to be distinguished straightaway. For small valugs of
(k <« 1), P is negative and varies as

L3 b
Ploo > =2 J5a

in the parallel modulation case (i.¢.= 0), thus tending to
zero for vanishing, while for6 # 0, P is positive and goes
to infinity as

—,,3;;)/0 Sirf e

for vanishingk. Therefore, the slightest deviation Byf the
amplitude variation direction with respect to the wave prop-
agation direction results in a change in sign of the dispersion
coefficientP. Given the importance of the coefficient prod-
uct P Q (to be discussed in the next Section), one may won-
der whether this is sufficient for the stability characteristics
of the DA wave to change. Let us see what happens with the
Q in the limit of smallk.

For all casesQ varies as~ 1/k for smallk « 1; the exact
expression in fact depends on the arfijlén the general case
(@ # 0), the result reads

(A34)

Pl (A35)

11 )
Q‘g#o ATy ﬁ[ﬁ (2sap +3) +2y°o]

1
x[B8 2saf+3)+y (y + Dol i (A36)

A careful study shows tha® is negative, in fact, for all pos-
sible values of the physical parameters of interest ¢, &,
y, o — all positive — “and”s &+ 1). For vanishing, how-
ever, the approximate expression f@r yet apparently quite
similar, is now “positive”, i.e.

1 1
1283 /B +yo
1
X[ﬂ(2socﬂ+3)+y(y+1)a]z

Qlyo ~ + [B (2sap + 3) + 2yo]

(A37)
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