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Abstract. We use a four-dimensional variational data assim-is even difficult to set initial conditions for simulations mod-
ilation (4D-VAR) algorithm to observe the growth of 2-D eling the behavior of individual plumes in the present mantle
plumes from a point heat source. In order to test the presince tomographic data can be noisy, and the resolution can
dictability of the 4D-VAR technique for 2-D plumes, we per- vary greatly with location.

turb the initial conditions and compare the resulting predic-
tions to the predictions given by a direct numerical simula-
tion (DNS) without any 4D-VAR correction. We have stud-
ied plumes in fluids with Rayleigh numbers betweef 46d

10" and Prandtl numbers between 0.7 and 70, and we fin he adjoint equations allows the simulation to move back-

the quality of the prediction to have a definite dependenchard in time to correct inaccuracies in the initial conditions

on both the Rayleigh and Prandtl numbers. As the RayIEigrtCourtien 1997 Errico, 1997. For example, a weather fore-

number is increased, so is the quality of the prediction, dU€., ¢ is started with a set of initial conditions. These initial

]EO an increase of ?e |nert|aITehffe(r:]ts n the a?j].O'ntbﬁquqt'onsconditions consist of measurements of the state of the atmo-
or momentum and energy. The horizon predictability time, sphere and oceans at a given time. As the simulation is com-

gr how far mtoRtheI fl,mrjlre th(at)4Q—VAR meth?r?] can p;edu;t, uted, the meteorologists continue to collect more weather
ecreases as Rayleigh number increases. The quality of the . o+ fture times. Variational data assimilation allows

prediction is decreased as Prandtl number increases, hOVYhem to add these observations into the model. The simu-
ever. Quality also decreases with increased prediction time.Iation can then move backward in time to correct the old ini-

tial conditions and give results closer to the new observations
when the model reaches the point in time at which the new
1 Introduction observations were taken. This method allows meteorologists
to continually improve the data integrated into the simulation
Scientists often do not know the exact initial conditions for with time and leads to more accurate forecasts. It also allows
a numerical simulation. For example, a meteorologist candata that occurs after the analysis time to be integrated into
never know the exact state of the atmosphere at a given timehe simulation Zhu et al, 2003. For example, in climate
Therefore, there will always be errors in the initial condi- research one would want to integrate observations about the
tions for meteorological forecast®dley, 1991). Due to the  present state of the atmosphere into a model that provides
instability of the atmosphere with respect to small amplitudejnformation about the past state of the atmosphere.
perturbations, two slightly different states may evolve into — o .
appreciably different statekg¢renz 1982. This means that Lack of kno_vvledge ab(_)ut the |n|t!al conditions is a com-
atmospheric forecasts have an intrinsic upper bound to prer_non problem in geophysical modeling. Often g_eophysmsts,
dictability of about two weeksLorenz 1984. Similarly, want. to use the current state of a syste_m to prgdlct a system’s
geophysicists cannot know the exact position of the contj-Previous state. A common example is locating the source

nents in the past, nor the full temperature and velocity fieldsOf a groundwater contamlrllan't. 'I_'h|s requires one FO back-
ard model the present distribution of the contaminant to

at a given instant. Consequently, any numerical simulation off{v The adioint i ide the ideal f
mantle convection will always have uncertainties in the initial IS source. The adjoint equations provide the ldeal means o

I : dealing with these questions because they express the back-
2 I I-Zadeh 12009. |
conditions Bunge et a|.2003 Ismail-zadeh et 8] 2009 It ward probability of a state, or the likelihood of the present

Correspondence taC. A. Hier Majumder state resulting from a previous statéeupauer and Wilsgn
(cathy@msi.umn.edu) 2002.

The effect of inaccurate initial conditions can be decreased
using variational data assimilatiolC@urtier et al. 1993.
This method was developed by meteorologists to increase
he accuracy of weather prediction®gley, 1991). Using
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The adjoint equations have also been used to find théehavior of a plume whose initial conditions are not exactly
thermal state of the Earth’s mantle in the mid-Cretaceousknown. We vary the Rayleigh number fronx 10° to 3x 10’
(100 mya) Bunge et al.2003. This mantle study begins and the Prandtl number from 0.7 to 70 in order to test how
with the present state of the mantle as known from seismiahe predictability changes with Rayleigh and Prandtl number.
tomography. It then moves backward and forward in time
while using variational data assimilation to incorporate data ) _
from past plate motions and decrease the residuals. The cof 1he 4D-VAR technique and the equations of the
rection process becomes stationary after 100 iterations, and PlUMme
the final (.)utputilsatherrne}l picture of thg ”.‘a”.“e 100 mya. The 4D-VAR variational assimilation method can be de-

Four-dimensional variational data assimilation (4D-VAR) __ . . . . o

- .~ scribed in the following way. First, a cost function is con-
takes advantage of the powers of both the adjoint equations

- P L Feived to measure the error between the forecast and the ob-
and variational data assimilation. It uses a periodic update Oservations'(ala rand and Courtief98%. Then the adjoint
the adjoint sensitivity field to integrate time distributed ob- g . y

; . ; . i hich I h [ f thi
servations into the simulatioD&escu and Navor2003. It equations, which are used to evaluate the gradient of this cost

. . - function, ar tain lyin variational pr r
has been used in simulations of floods in river and dam sys-u ction, are obtained by applying a variational procedure

tems Bélanger and Vincen2005 Bélanger et a).2003. to the Lagrangian problenCpurtier et al. 1993. The cost

. . . . - ... function and its gradient are minimized by a minimization
These simulations need river height as an initial condition. 9 y

; : . . algorithm, such as the steepest descBotrden and Faires
The river height, however, can be quite variable due to pre- . : . . . i

Y : - 1993, in order to find the optimal initial conditions that will
cipitation and water discharge throughout the watershed. Itis . :
) . . . . . give the optimal forecast.
impossible to know in advance the exact river height this type
of system will experience. Therefore, the initial river height 5 1 The cost function

used is always erroneous. With variational data assimilation

the modeler can develop a simulation that is less dependenWhen using a variational method, it is necessary to write the

on the error in the initial river height. problem as a functional that one wants to minimize. This
This study focuses on the behavior of thermal plumes.functional is known as the cost function. It is a measure of

Plumes of type are important to a wide variety of phenomenathe error between the observations and predictions that one

including mantle convectionK@minski and Jaupar2003 wants to minimize. In general, the cost function is written:

Lithgow-Bertelloni et al.2001), deep sea thermalkdvelle, i

1997, solar convectionRast 1998 2000, and fires Cete- J = / / f($,x, 1) dx dt, (1)

gen et al. 1998. Many advances have been made in the n JQ

past ten years on the development of laboratory experimenwheref (W, x, t) is a scalar function defined on a domain,

tal techniques for the study of fin_ite Prandtl plummses Q, and a time interval[t1, 2] (Sanders and Katopodes

et al, 1993 Cetegen et al.1998 Lithgow-Bertelloni etal. 2000, 7 (W, x, 1) is a function of that represents the state

2001, Kaminski and Jaupar2003. The 4D-VAR technique  yariaples, such as the speed or the temperature. In this study,
discussed here can be used as an optimal control tool to allowhe cost function used is:

experimentalists to check their ongoing experiments in real "
time or even as a prediction technique to help determine they — = / (Hcal — Hobs) (Heal — Hopo)dt dx, (2)
expected behavior at some future time. Although the method QJn

developed here deals with finite Prandtl plumes, it can be easyhere fy, is the forecasted convective heat flux, dighsis
ily adpated for use with the infinite Prandtl equations. This the observed convective heat flux. The heat flux is calculated
would allow the technique to be used to incorporate seismicat each grid point by taking the vertical velocity, and the

tomography data available for mantle plumkt(tellietal,  temperature7:
2004 Zhag 2001 into numerical models.
The goal of our study is to use the 4D-VAR method to H# = v:T. ©)

prove that we can predict the behavior of turbulent, finite- 5, cost function is similar to the objective functional of the
Prandtl plumes even if we do not have a complete kn0W|edge(emperature used bigmail-Zadeh et al(2009 except that

of their initial conditi_ons. WE_’ know b°th_ t_h_e initial g_nd final e took into account errors in both the velocity and temper-
states of a plume with a defined set of initial conditions. We 4 re field by using the heat flow.

call this data our “observations”. We take our defined initial

conditions and add a small error to them. We then use th@.2 The adjoint equations

4D-VAR method to test whether we can predict the behavior

of the plume using the erroneous initial conditions. We referThe 4D-VAR problem can be formulated as follows: we
to the plume calculated from the erroneous initial conditionswant to find the trajectory in space-time for the variables of
as the “forecast” or “prediction”. For a given time, we iter- stateWw that minimize the cost function (E8) while obeying
ate forward/backward and look at the residuals between théhe physical equations (¥, x, r) =0, which act as the con-
observation and forecast after the iterations are done. Westraints. Therefore, this is a problem of minimization with
vary the time to test how long we can accurately predict theconstraints {alagrand and Courtigt987).
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Usually, when trying to solve a problem with constraints, — —
one uses the Lagrangian. The formulation of the undeter- e Read initial conditions
mined Lagrangian multipliers are constructed for the system ¢

that one wants to study:

e Direct simulation

2
LU, %) = J(3)+/ / *(x,0)-ET, x, 1) dx dt, (4) v

n Jo o Output: first forecast (DNS)
whereJ (¥) is the cost function and (x, ¢) are the unde- ¢

termined Lagrangian multipliers, also called the adjoint vari-

ables Ganders and Katopodek999. It has been demon-

strated that finding the stationary point of the cost function

with the constraint< (¥, x, t) =0 is equivalent to finding

the stationary points of the Lagrangian with respec¥aind

A (Dimet and TalagrandL986). ¢ ¢
When we minimize the Lagrangian, the stationary points e Minimization (steepest descent)

that we want to find are saddle points; rather than the abso- ¢

lute maximums or minimumdimet and TalagrandL986).

In order to accomplish this task, we will apply the variational e New initial conditions

operators to the Lagrangian. Here, the displacement direc- ¢

tions are the physical variables of the system as well as the

adjoint variables. Taking the variation of the Lagrangian, we

e Read observations

e Cost function (J) e Adjoint equations (ﬁ)

e Direct simulation

obtain: ¢
SL = 73?5 §U 4+ 775 e e Output: optimal forecast
oL — L —
= B_Tﬁg v+ 8_78 A (5)  Fig. 1. Algorithm for the 4D-VAR method.

Also note that we have linearized the problem in the same

step Ehrendorfer 1992. For an arbitrary displacement the initial conditions. One can also use the boundary condi-
(8W, §1), we are at a minimum only §£=0 (Daley, 1991). tions as control variableS¢hiter et al, 1993. In our prob-
This indicates that the derivative of the Lagrangian with re-lem, we have removed the constraints since no restrictions

spect to each direction must be zero: are applied to the initial conditions.

or Finally, the gradient of the cost function (E2). with re-
— = EW,x,1)=0 (6) spect to the initial vertical heat flux is given by the adjoint
d A variables evaluated at time=r, (Courtier, 1997):

and Viip = u*(x, 2.7 = 12) (8)
% = Adj(%) + A 0, @ Vuw = w*(x,z, T =12) 9)
oy U Vipy = P*(x,z,T =12) (10)
where Adj1) represents the adjoint equations after integra- vJ = T*(x, z, T = t). (11)

tion by parts §chidter et al, 1993. Note that Eq. §) is the

system of equations that one had at the beginning and th&.3 The 4D-VAR data assimilation algorithm

Egs. 6) and (7) are the Euler-Lagrange equatiofsroet and

Talagrand1986. Starting from initial conditions obtained by current exper-
Unfortunately, an efficient means for directly solving the imental observations or a previous numerical simulation,

Euler-Lagrange equations does not exist. This situatiora direct simulation generates a traditional (DNS) forecast

forces us to reformulate our problem to one without con- (Fig. 1). After reading the observations taken at the end of

straints Talagrand and Courtiel987. Since the physical the forecast period, the initial error between the forecast and

equations of the model are deterministic, it is evident that thethe observations is calculated. This initial error will provide

state of the system at the time of the observations depends first guess to a minimization algorithm.

only on the initial conditions¥g, of the system. Therefore, In this theoretical study, we needed to vary the accu-

the cost function is an implicit function of the initial condi- racy and the input parameters to test the 4D-VAR tech-

tions. It is by varying the initial conditions that we will solve nique. Since we were testing the validity of the technique,

the physical equations while minimizing the cost function we did not use real data. Many experimental studies have

(Ehrendorfer 1992. According the theory of optimal con- been conducted on the behavior of finite Prandtl number

trol (Lions, 1969, the control variables of the problem are plumes Kaminski and Jaupart2003 Lithgow-Bertelloni
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et al, 2001, Cetegen et al.1998 Moses et al.1993. The (Tritton, 1988. The Re and Pe are related to the Rayleigh
4D-VAR method introduced here will allow integration of number Ra) and the Prandtl numbeP¢) of the plume by:
experimental studies into numerical models. The technique

could also be used to incorporate the tomographic data availX® = PeRe (20)
able of mantle plumesdMontelli et al, 2004 Zhag 2001). and

For the data assimilation run, we have perturbed the ini- Pe
tial conditions with a sinusoidal function. A direct simula- pr = —. (21)
tion with the perturbed initial conditions permits us to obtain Re

a simple forecast. After reading the observations (obtained 5 The adjoint equations for a localized thermal plume
previously), we calculate the initial error between the fore-

cast and the observations. Then, we use a minimization algoFollowing the method in SecR.2, we obtained the adjoint
rithm, such as the steepest descent, in order to minimize thequationsarchuk 1995:
cost function (Eq2) with the aid of its gradient (Sec?.2). o *

o1
When the minimum has been found, we have the new initial— = v . Vu* — u +w ow + —V2u* +uv?p*
conditions. These initial conditions are optimal because adt 9z dx Re
irect simulation usi i i 92 P* o%p* AT*  3J
second direct simulation using them will be an optimal fore- — 2w + _ (22)
cast. The final error between this forecast and the observa- 9x2 0x0z 0x ou

tions will be minimal.

Jw* N ou* ou* 1 _o, P
2.4 The direct equations for a localized thermal plume . — VYW tugm w4 p ViwT + wVEP
2 px 2 px* *
The physical equations describing Rayleigérrd convec- — 2u °P" Zw% ﬂ — ﬂ (23)
tion with the Boussinesq approximation that we used are: dxdz 9z dz  dw
ou™ ow* 9J
V-v=0 12 V2p*t = - 24
(12) ax + 0z dP (24)

ov VP4 vy yTe 13)  ar* 1 aP*
— =0V X ®W— e v e
ot Re ) =0 VT* 4+ —V2T* 4 u* — -2 (25)

L ot Pe 0z oT
oT
=Y VT + P_eVZT’ (14)  wherer=r—1 is the inverse time. The initial conditions are:
wherew is the vorticity Hier Majumder et al.2004. The 4,2, 7ln) =0 ux(x,z,17l,) =0
equations have been nondimensionalized with the free-fallsv(x, z,t]4,) =0 v*(x,z,¢t|,) =0
velocity: ST(x,2.1]) =0 T x(x,2.,) =0 (26)

U=\agATL,, (15)  and the boundary conditions are:

whereqx is the coefficient of thermal expansignis the grav- ux(0,2,6)=0 ux(Ly,z,¢)=0
itational accelerationAT is the initial temperature differ- vk ©0.2.6)=0 vk(Ly.2.0)=0
ence between the heating point and the surrounding fluid, o o
and L, is the box height. The RayleighR¢) and Prandtl T+02z00=0 Tx(Ly,z,1)=0

(Pr) numbers are the nondimensional numbers often used in? *« (0,z,1) =0 P x(Ly,z,1) =0 (27)
thermal convection equations. We defiRe as:

gOlATL3 M*(.X,o,t)zo u*(-vaZ9t):O
Ra = ——, (16)

KV v¥(x,0,) =0 wvx(x,L;,1)=0
wherex is the thermal diffusivity and is the kinematic vis- 7 * (x,0,) =0 T *(x,L;, 1) =0
cosity. The Prandtl number is defined as: Px(x,0,t)=0 Px(x,L,,t)=0 (28)

Vv
The nondimensional numbers that appear in E§8) é&nd 9x |y—o 9z |;=0
(14) are the Reynolds number: av* ~0 v* .
UL, ax oo 9z |,
Re = : (18) * *
P aP
Vv =0 =0
and the Bclet number: 9x =0 9z |;=0
UL aT* aT*
Pe=—= (19) p =0 5 =0
K X lx=0 2 Iz=0
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ou* ou™*
0x x=L, 9z =L,
av* ~0 av* ~0
0X |y=p, B 9z =L, B
opP* oP*
0X |y=p, 0z |,—p.
oT* oT*
= =0. (29)
0X |y—p, 0z =L,
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3 Prediction: what can be expected for the 4D-VAR?

We start with a plume defined by a temperature and velocity 1 0.03
field (Fig. 2a). We use this temperature and velocity field as
exact initial conditions for a DNS. We save the temperature
and velocity field at each iteration of the DNS to create the
observations. We then take the plume defined by the exac
initial conditions from the DNS and perturb its convective
heat flux. This perturbation produces an error in the initial a) b)
temperature and velocity fields that needs to be corrected by

the 4D-VAR technique (Fig2b). The same perturbation is rig 2. plume withRa=1x10° and Pr=7. This shows a plume

used for_aII Rayleigh and Prandtl n_umbers. A grid size of geveloped from a 2-D point heat source. We use this plume to de-
64x192 is used for all runs. The timestep and number offine the initial conditions for our simulations(a) Defined initial

iterations is set optimal for a given run. The 4D-VAR al- temperature field for observationg) Error map showing differ-
gorithm is relatively fast to compute. Individual simulations ence between the defined initial temperature and the erroneous ini-
took no longer than a few hours on an IBM Power4 System:tial temperature.

pSeries 690 (Regatta).

We did not use a multigrid or continuous deformation grid
so we needed to have the same equally spaced grid for ea
run throughout time and space. It is desirable to use a coarsdr =07 and 70.
grid because it requires less comp.utatlonal tlme._ Thls_ can b%.1 Direct numerical simulation
dangerous, however, in systems with strong nonlinearities. In

our case, a turbulence model, such as a large-eddy simulatiofye ysed the functioErr(r) to measure the difference be-
(LES), was not used. This means that the grid size must bgyeen the observations and the predictions created from
large enough to account for features that occur at the turbughe perturbed initial conditions. Err(t) is a measure
lent dissipation scale. Numerical diffusion, an artifact due toof the difference between the predicted convective heat
a coarse grid, may produce an artificially stable solution over,x (Hea(x, y)) and the observed convective heat flux

the computational grid. Indeed, if the grid is too large, there g . (. ')} after the prediction has been run for a given
is not enough resolution. The small-scale process will notijme ¢ where time is scaled by the free-fall time:

be accounted for, and dissipation will occur purely through
numerical diffusion Roache1976. Since the turbulent dis- , _ U (31)
sipation at small-scales increases with the turbulent Reynolds L.’

number, the grid size must increase in each direction as th
turbulent Reynolds number increases:

a=1x10". For Ra=1x1(P, simulations were also run at

9vheretd is the dimensional timel/ is the free-fall velocity
(Eg. 15), and L, is the box height. The error quantity is

N ~ Re,. (30) defined as:

Err(t) =< H, ,y) — H , 1), 32
whereN is the number of grid points anile; is the turbu- rr(t) =< Hear(x, y) = Hops(x, ) > (©) (32)

lent Reynolds number. Since our grid is static in time andwhere<> is the quadratic mean ovér, y).

space, it must have adequate resolution to model the maxi- For the DNS methodErr(¢) att ~ 0 is the same as the

mum turbulent Reynolds number that occurs throughout timeinitial error applied to the defined initial conditions to cre-

and space during the simulation. ate the erroneous initial conditions. Since no correction has
To test the predictability of the 4D-VAR method, we ran been applied, the prediction is wrong by the same amount as

DNS and 4D-VAR simulations starting with the erroneous the error added to the initial conditions. As time increases,

initial conditions for both simulations. Simulations were Err () remains roughly the same. FBu=1x 10 it begins

run for Pr=7 atRa=1x10°, Ra=2x10°, Ra=3x10°, and  to increase only after=0.3 (Fig. 3a). The time at which the
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Fig. 3. Comparison between DNS and 4D-VAR at different times after an initial perturbation has beenfetfbx 10°. Squares represent
Err(t) when Heg is calculated using the DNS method. Diamonds repregents) when Hg is calculated using the 4D-VAR method.
Time, 7, is scaled by the free-fall timga) Ra=1x10P. (b) Ra=2x10P. (c) Ra=3x10P. (d) Ra=1x10".
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4.7

4.6

4.5

4.4

Cost Function

4.3

4.2

4.11

Fig. 4. Minimization of the cost function foRa=1x10P, r=0.01.

error begins to increase decreases #ith For Ra=2x10P,
Err(t) begins to increase after 0.20 (F8fp), andErr(¢) in-
creases after 0.15 fdta=3x 10° (Fig. 3c). ForRa=1x10’,
the error starts to increase immediately (RBd). The error

x10™

4
lterations

~N L

3.2 4D-VAR

The 4D-VAR method is used to decrease the errors due to the
perturbed initial conditions. The cost function is minimized
with the steepest descent method through use of its gradient
calculated from the adjoint equations. We have shown the
minimization of the cost function for an example plume of
Ra=1x10P, Pr=7 (Fig.4). The free-fall velocity forecast
time for this simulation was 0.01. The cost function is mini-
mized by 14% over 7 iterations.

The error near~0 in the 4D-VAR case is significantly
lower than in the DNS case (Fi@). The correction is maxi-
mal and the error is minimal a very short time afte0. In
fact, Err(t) is almost 0. This indicates that the erroneous
initial conditions have been fully corrected by the 4D-VAR
method. As time isincreaseflyr(¢) increases, and the qual-
ity of the 4D-VAR prediction degrades. At some time, known
as the horizon of predictability, the 4D-VAR prediction is no
better than the DNS prediction to which no correction was
applied.

3.2.1 Effect of Rayleigh number

The horizon of predictability depends on Rayleigh num-

in the direct simulation begins to increase after nonlinear, in-ber. ForRa=1x1P the horizon of predictability was 0.25
ertial terms become important. These terms are larger witf{Fig. 3a). For Ra=2x10° it decreased to 0.20 (Figb).
increasing Rayleigh number. Therefore, we cannot predict afor Ra=3x 1P it decreased further to 0.17 (Fi§c), and

long with increasing Rayleigh number.

for Ra=1x10' it is about 0.14 (Fig3d). As the Rayleigh
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Fig. 5. Quality of the 4D-VAR prediction,Q(¢), versus free-fall  Fig. 7. Quality of the 4D-VAR prediction,Q () versus free-fall
time, r. All plumes have a Prandtl number of 7. Four different time,z. The Quality is defined as the difference between the error of
Rayleigh numbers are shown:x10P, stars; 210, diamonds; the DNS and the 4D-VAR simulations. Data is shoRa=1x 108,
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Fig. 6. Comparison of the DNS and 4D-VAR prediction for Fig. 8. A more random perturbation on the initial temperature con-

Ra=1x10°, Pr=7 with double resolution. DNS is shown with ditions for Ra=1x10°, Pr=7. The initial conditions are the same

diamonds and 4D-VAR with squares. as shown in Fig2a. Scale for the nondimensional temperature
ranges from O for black to 0.06 for white.

number increases, the nonlinear, inertial terms become more

important, and the horizon of predictability decreases.  nympers. This is due to the fact that the higher the inertia
The quality of the 4D-VAR method is compared for dif- i, 5 system, the more difficult it becomes to deterministi-
ferent Rayleigh numbers n Fig. We defined the quality of 411y compute its exact state through time. Therefore, for
the 4D-VAR prediction as: the higher Rayleigh numbers the quality of the 4D-VAR pre-
diction decreases more rapidly in time than for the lower

O(t) = Err(t)[DNS] — Err(t)[4D-VAR]. (33) Rayleigh numbers pidly

The quality increases with the Rayleigh number for small This means that a higher inertial system is not as likely
forecast times. This is due to the fact that the inertia in-to be affected by small fluctuations; therefore, it has bet-
creases with the Rayleigh number. As the inertia increaseder predictability Lorenz 1963. This is known as the but-
the plume becomes less sensitive to initial conditions. Asterfly effect. If a highly inertial system, such as the atmo-
the forecast time increases, the quality decreases. This dephere, were very sensitive to small perturbations, a butterfly
crease in quality, however, is less drastic for lower Rayleighflapping its wings in Brazil could cause a tornado in Texas
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Fig. 9. Comparision of DNS and 4D-VAR prediction for a more
random initial perturbation of a plume witRa=1x10°%, Pr=7.
DNS prediction is shown by diamonds and 4D-VAR prediction by
squares.
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Fig. 10. Comparision of DNS and 4D-VAR prediction for a more
random initial perturbation of a plume WitRa=2x10°, Pr=7.
DNS prediction is shown by diamonds and 4D-VAR prediction by
squares.

(Lorenz 1972. Although the quality of the prediction im-
proves withRa, the horizon of predictability decreases with
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Fig. 11. Comparision of quality of 4D-VAR prediction for plumes
of different Rayleigh number with a more random initial perturba-

tion Ra=1x10°, Pr=7 is shown by diamonds, ankla=2x10P,
Pr=T7 is shown by squares.

nificant digits on the IBM Regatta used in this study. There is
a small decrease in the horizon of predictability from 0.25 to
0.22 indicating that it may be slightly more difficult to pre-
dict higher resolution simulations for a longer time period.
We see that there is a 12% improvement in the quality of
the prediction near~0 for the doubled numerical resolution
(Fig. 7). The improvement in the quality of the prediction
due to the increased numerical resolution, however, drops as
the forecast time increases. This indicates that we can im-
prove our short term predictions by using double precision,
but that it does not tend to improve longer term predictions.

3.2.3 Effect of initial perturbation

We also tested the method with single precision using a more
random perturbation of the initial conditions (Fig). This
perturbation was created by linear superposition of several
different sinusoidal perturbations. We found that the horizon
of predictability increased foRa=1x10°, Pr=7 from 0.25

for the original perturbation to 0.30 for the more random per-
turbation (Fig.9). For Ra = 2 x 10%, Pr=7, the horizon of

Ra. This means that although we can generate better predigPredictability increased from 0.20 to 0.25 (FId). There is
tions for higher inertial systems, we cannot generate predicalso significantimprovement in the quality of the predictions

tions for as long as we can for lower inertia systems.

3.2.2 Effect of numerical resolution

for the more random initial perturbation (Figjl) versus the
more regular perturbation (Fi%). By perturbing different
modes we do expect the response of the system to be slightly
different due to the fact that each scale has an intrinsic hori-

In order to test whether we used adequate numerical reszon of predictability Lorenz 1969. However, the general

olution in our simulations, we also ran the prediction for
Ra=10°, Pr=7 in double precision (Fig6). Our simula-

tions were run using 32 bit single precision which gives 7 sig-

conclusion still holds that the larger Rayleigh number flow
has a shorter horizon of predictablity but a lower quality pre-
diction.
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Fig. 12. Quality of the 4D-VAR predictionQ(¢), versus free-fall time for Ra=1x10P. (a) Diamonds represen®r=70, and squares
represent’r=7. (b) Diamonds represemr=7, and squares represafit=0.7.

3.2.4 Effect of Prandtl number act initial conditions are not well known. The 4D-VAR cor-
rection only works for a limited time, however. The time
We next ran simulations @a=1x10° with Pr=0.7 and 70  |imit for the prediction is known as the predictability time.
using single precision and the more regular perturbation. For e saw that as the inertia of the system increases with in-
agivenRa, the 4D-VAR predictions are better foralowr  creasing Rayleigh number, the predictability time decreases.
at small forecast times (Fig2). This is due to the fact that  Hgwever, we also saw that we can generate better 4D-VAR
inertia strengthens aBr decreases. We were only able 10 predictions for higher inertial systems. The quality of the
study plumes with Prandtl numbers up to 70 in this study. pregjction increased with increasimy and decreasing.
Previous studies of plume behavior with Prandtl numberstherefore, we conclude that there is a trade-off in the finite
up to 20000 Kiier Majumder et a].2004 have shown that  prandtl system. As inertia increases, the quality of the pre-
there are still significant differences between finite and infi- giction increases, but the horizon of predictability decreases.
nite Prandtl plumes even at these Rayleigh numbers. It would . o
. . - . ...~ There are many other geophysical applications where a
be interesting to conduct similar studies on the predlctabmtyk | fth . ity is | .
of high and infinite Prandtl number plumes. Although our now edge of the predlctgbl Ity Is |mporta}nt. Water can sig-
method can theoretically handle hiaher Pralndtl numbers i,[nlflcantly alter the behavior of mantle minerals. Water has
y g ' _a significant effect on the rheology of both olivindgi and

would be necessary to deal with the increasing stiffness oﬁ N .
the finite Prandtl number convection equations along with the ohistedt 2000. Despite its importance in mantle dynam

. A . ics, researchers are just beginning to develop models on how
resulting large grid sizes. For example, plumes with Prandﬂconvection may distribute water in the manRichard et al
numbers on the order of $Gat Rayleigh numbers of £0 y '

would require grid sizes of 5221536 Hier Majumder et al. 2003. We are currently working on applying this method

2009. Since each step of the forward solution is needed toto determine how well simulations can predict mantle wa-

L ; . . ter distribution despite a lack of knowledge about the initial
solve the adjoint solution, the major computational expens

e . ,
of the adjoint method is the memory resources needed foplstrIbUtlon of water in the Earth's mantle.

storage of the forward solutioDgescu et al2003. Meth- The method in this study could also be adapted to sedimen-
ods that have been developed for using the adjoint method@rY transport problems. In high Rayleigh number flow, such
with the stiff equations of atmospheric chemistry could prove S in this study, diffusive processes are relatively weak. This
useful for predictability studies of the large Prandtl numbersiS Similar to the Navier-Stokes equation of turbulent flow in
plumes Elbern et al, 1997 Daescu et 812000 Sandu et a. sediment transport where the viscous term is negligible in

2003 Daescu et a]2003. relation to the turbulent momentum exchang@ifford and
French 1993.
Another potential use of the adjoint method would be in
4 Conclusions the modeling of sedimentary basins. Inverse methods have

been used in the past to model the development of sedi-
We found that the 4D-VAR method is successful at correct-mentary basins. For example, reverse modeling has been
ing simulations that have erroneous initial conditions for fi- used to restore the initial conditions of a sedimentary de-
nite Prandtl plumes. This technique can increase the abilityposit before deformation due to Rayleigh-Taylor instabilities
to model plume phenomena for which observations, such asreated by salt dome&é@us and Podlachikg\200]). In-
laboratory and seismic data, are available, but where the exverse methods and sensitivity analysis have also been used to
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(White and Bellinghan2002 Bellingham and Whitg2002. Press, Cambridge, 1991.
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