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Abstract. When studying transverse modes propagating par- By contrast, a large amplitude theory for parallel electro-
allel to a static magnetic field, an apparent contradictionmagnetic modes is either lacking or, when such large am-
arises between the weakly nonlinear results obtained fronplitude stationary structures are explained in terms of os-
the derivative nonlinear Scbdinger equation, predicting en- cillitons, the latter approach does not agree with what is
velope solitons (where the amplitude is stationary in the waveknown from the weak amplitude treatments. Indeed, the re-
frame, but the phase is not), and recent results for whistler osductive perturbation analysis leads for parallel electromag-
cillitons, indicating that really stationary structures of large netic modes in ordinary plasmas (where the ion and elec-
amplitude are possible. Revisiting this problem in the fluid tron masses are very different) to the derivative nonlinear
dynamic approach, care has been taken not to introduc&chibdinger (DNLS) equation as the typical nonlinear evo-
charge neutrality from the outset, because this not only nefution equation. As is the case with the KdV or mKdV equa-
glects electric stresses compared to magnetic stresses, whitions, the DNLS equation is a perfectly integrable nonlin-
is reasonable, but could also imply from Poisson’s equa-ear evolution equation, with an infinite number of conserved
tion a vanishing of the wave electric field. Nevertheless, thedensities or first integrals, and hence witksoliton solutions
fixed points of the remaining equations are the same, whethefior every integetv.

charge neutrality is assumed from the outset or not, so that Nevertheless, the DNLS solitons are not completely sta-
the solitary wave solutions at not too large amplitudes will tionary structures but envelope solitons, where the amplitude
be very similar. This is borne out by numerical simulations is stationary in the wave frame, but the phase is not, the latter
of the solutions under the two hypotheses, showing that theshowing a slow increase with time. Recent resultalginin

lack of correspondence with the DNLS envelope solitons in-et al, 2003 2004 concerning parallel propagating electro-
dicates the limitations of the reductive perturbation approachmagnetic oscillitons indicate that really stationary nonlinear
and is not a consequence of assuming charge neutrality.  solutions can exist in ordinary plasmas for these modes. Al-
though the oscillitonsSauer et a).2001, 2002 2003 Sauer
and Dubinin 2003 Dubinin et al, 2003 2004 superficially
look like envelope solitons, the phase is stationary for the for-
mer but not for the latter. Given the earlier weakly nonlinear

) ._results, we would, however, not expect such truly stationary
In recent observations of space plasmas strongly nonlln-Solutions to be possible, unless the DNLS equation is not
ear wave phenomena have begn Seen. qu electrostatme appropriate nonlinear evolution equation for oscillitons
modes the theoretical Iarge_amplltudt_a explanations based o weaker amplitude.

the Sa_gdeev or on the fde_dynarr_uc treatment tally well This conundrum disappears in the study of similar waves
both with obgervatlons and with earlier knowledge_ based on,, electron-positron plasmasérheest and Cattaer2004),
weakly nonlinear approaches, where the reductive perturpeca e the positive and negative particles have the same
ba“‘?r! techniques lead to thg Korteweg-de _Vrles (Kd\_/) O mass and opposite charges. Such a symmetry equalizes the
modified KdV (mKdV) equations as the typical paradigm. scales and the reductive perturbation approach generates a

Si”?"ar conclusions can be dr_awn for modes that propagatg, .o, mKdV-type equation, which is nonintegrable except
obliquely or perpendicularly with respect to an external mag-¢, linearly polarized modes/erheest1996, and then sta-

netic field. tionary solitons are possible, of both large and small ampli-
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Because of the mentioned differences between the DNLS he last equation and the parallel component of the first show
envelope solitons and the whistler oscillitons, we revisit thethat B,=Bg is constant. Since in the wave frame there is
description of parallel propagating electromagnetic modesno time variation for stationary nonlinear structures, some of
As in earlier studiesSauer et a).2001, 2002 2003 Sauer these equations can easily be integrated,ithe sole inde-
and Dubinin 2003 Dubinin et al, 2003 2004 we will use  pendent variable remaining. We thus arrive from the continu-
the fluid dynamic approach of studying nonlinear stationaryity Eq. (1) at conservation of parallel (mass) flux per species,
structures in their own reference frame, but without imposing
charge neutrality a priori (the plasma approximation), in an’’ %x = "0V )
attempt to clarify the possible role played by that assumptionCombining the equations of motion E®) (with Maxwell’s

A number of first integrals can be derived and this yields equations Eq.3), four additional and distinct global integrals
a corresponding reduction in the number of equations left toof motion arise,
solve. As we will indicate after a careful analysis of the ex-

isting framework and of a discussion of possible solutions in anomj(vjx —V)+ B? _ ﬂ =0,
terms of fixed points of the remaining differential equations, 5 2oV 2V
it is not the assumption of charge neutrality that is respon- Bo
sible for the discrepancy with the DNLS results. We offer njom;Vvj| = A7 B,
some suggestions as to the direction(s) in which to extend J o
our present understanding of these interesting nonlinear wavez njOmj(sz'x + UJZ'L — V3 =0,
types, of undoubted heliospheric importance. 7
njomﬁvjz.L
2 Basic equations and multispecies invariants Z =0, )

7 qj

We repeat some of the methodology from an earlier paper owalid for general plasma compositions. For intermediate

solitary structures in electron-proton plasm&erheest and details of the derivation we refer tderheest and Cattaert

Cattaert2004, where the equal masses gave rise to a mixing(2004, and remark that our multispecies invariants gener-

of all scales and hence to exceptional results. The x-axis ofilize the ones obtained Hyubinin et al.(2003 2004 for

the reference system is taken along the direction of the exstandard electron-ion plasmas.

ternal magnetic fielo=Boe,, and we look at solitary wave

structures propagating along the static field, so that the only .

spatial coordinate is. In the frame moving with the non- 3 Electron-ion plasmas

linear structure, all plasma species have an undisturbed re(—N ialize th its obtained so f |

erence speetl along the x-axis at——oo. The standard set e now specialize the results obtained so far to an electron-
ion plasma, wherg,=—e, ¢q;=+-e¢, andn.o=n;o=ng due to

of cold multispecies plasma equations includes per species . Lt .
nuttisp P q . P P charge neutrality in equilibrium. Contrary to what is done
the continuity and momentum equations,

in a recent description of whistler oscillitonBybinin et al,

an; o 2003, we will not yet assume that charge neutrality always
+ —(jvjx) =0, Q) X
ot ox holds, but will explore the consequences of that ansatz at a
v, v j later stage.
a—tj“rvjxa—xj:%(E—i-VjXB), (2) 9
J

) ) 3.1 Discussion of first integrals
wheren; andv; refer to the number density and fluid ve-

locity of each plasma species, with chaigeand massn;,  The first integrals Eq.4) and &) become for electron-ion
while E andB are the electric and (total) magnetic fields, re- plasmas,
spectively. When we treat standard electron-ion plasmas, we

will use the subscriptg=e for the electrons ang=i for the MeVex = NivVix = noV, (6)
ions. To be able to still go to the positron limit, however, we . Bi eoE? . NY: 7
will for the time being avoid usingz,<m;. The systemis "¢’ + v ot 2uonoV  2ngV (me +m)V, (1)
closed by Maxwell’'s equations Bo
sE 3B MeNVel +miVi| = ooV 8)
& X -—+ — =0, 2 2 2 2 2
g)é ?LtaE mevy, +miv;y, +mev,| +miv;, = (me+m;)Ve, 9)
€ X azza-f-ﬂoznjqjvj', mgUeZL:mizvizL' (10)
/ This set of invariants amounts to 7 scalar algebraic relations
Soaﬁ — anqj, between the 11 dependent variablgsn;, vex, Vey, Vezs Vix,
dx 7 Viy, Viz, By, B; andE,. In principle we will need to use at
3B, most 4 differential equations to determine the system com-
=0. (3)  pletely.

0x
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expressE, in terms of the parallel velocities and @of with

we represent the three perpendicular vector variables in a pahe help of Eq. 19). This yields

lar decomposition through amplitudes and phases as

Vel = V.1 (€ COSa, + € SiNa,),
V| = vu(ey cosu; + €; Sing;),

B, =B, (e, cosp + e sing), (11)

and replace thus,,, v, viy, vi;, By and B, by three ampli-
tudesv,,, v;1, B, and three phases,, «;, 8. After scalar
multiplication of @) by, respectivelym,v.; andm;v;,, we

see that due to Eql(Q) the l.h.s. are equal, and so are the

r.h.s.,
meB1 Ve =miBy V. (12)
Keeping in mind thatr,v. 1 =m;v; 1 , this is equivalent to

cosa, — B) — code; — )
. (oo, L% T 0e
=23|n< > —ﬁ)sm( > )_O.

In a similar vein we postmultiply Eq8J vectorially byB
to obtain

(13)

MmeVel X Bl +m;vi xB =0, (14)
from which it follows that
sin(a; — B) + sin(et, — B)

- 2$in(ai e _ ﬁ) cos(ai ;ae> =0. (15)

Because sif{a; —a.)/2] and co$(«; —a,)/2] cannot vanish
together, the combination of EqLY) and (5) only allows
the possibility that

sin(“" ;“e _ 5) _o, (16)

in other words, the phases are locked in the sense that

o +a, = 2B. a7

One can also multiply8) scalarly byB; and obtain
2uonoV

Bl = % m;v; 1 coSa; — B). (18)

Since phase differences like—g or a; —a, frequently oc-
cur, we introduce for later use=2(«; —8)=0o; —a.. Other
operations on Eq8] yield equivalent results, given the rela-
tion (17) between the phases.

Among the remaining first integrals, E@)(can be com-
bined with Eq. {0) to link perpendicular velocity moduli like
v;1 to the parallel velocities, yielding

2 2
2 e (vz _mea?, +m)
il
m;

m; +me
which we will use later on. Finally, squaring the relatid8)
gives an expression fo?i which can be used in Eq7)(to

(19)

2uon2V>2m;m Mmev2, + mjv?
Ei: Hong 21 e 2 Mebex iViy (1+COS§0)
eoBg m; + me
2ngV
+ %0 [mevex +mjviy — (m; +me) V], (20)

which is, however, an unwieldy expression that cannot read-
ily be used to extract further restrictions on the admissible
solitary wave solutions. We will therefore use a more indi-
rect way of discussing possible scenarios.

3.2 Equations of motion

Here we decompose the perpendicular ion equation of mo-
tion

dv;

1
mivix? = eBoVi| X € + evix& x B, (21)

into amplitude and phase changes,

dvii _ ponoVe
dx Bo
dOl,'
dx

v; 1 Sing,

eBg n; noVe
Bo

22
noV m; (22)

There are analogous and sometimes, like for the electron am-
plitude equation, equivalent results for the electrons, so that

dvei  ponoVe

sing,
dx Bo Vel ¢
d B \%
Je _ £70 Re Hono¥e (1 + cosp). (23)
dx noV m, Bo

Results are expressed in the ion quantities where possible.
Using Eq. (7) it follows that

eB n; n 2uongVe
_ o <_l n _e> 4 cHomove
noV \m; M 0

dgo_

(1+ cosp). (24)
dx

In the above expressions, one can when needed substitute
andn, in terms of the corresponding parallel velocitigg
andv,, with the help of mass flux conservation E).(

Rearranging the parallel equations of motion is slightly
more complicated, and it is here that some of the possible
implications of assuming quasi charge neutrality will mani-
fest themselves. We start the discussion from

dviy e nonoVe o
Viy— =—FE, — ve, Sing,
129 dx m; X il @
dvey e uonoVe o .
Voy—— = — — — vs, Sing. 25
ex o ", x Bo el @ ( )

Multiplying these equations byzlz andm?, respectively, and
subtracting the resulting expressions allows us to write the
parallel electric field in an indirect way as

1 dv; d
E,=———— ml-zvix Vix _ msvex Vex .
e(m; +m,) dx dx

(26)
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When the derivative is taken aﬂ‘f as given in Eq.Z0), and present set has the advantage of expressing the derivatives
E, (but notd E, /dx) is replaced by the expressio®6j, one  of four variables in terms of these same variables. Strictly
finds after some interesting algebra the equivalent of Poisspeaking, one of the four differential equations28)(could

son’s equation. This is not altogether surprising, since Bg. ( have been replaced by information coming from the invariant

was obtained by using i.a. Poisson’s equation. (20). At the end one would still need to solve one of the other
Suppose now that we assume charge neutralityn,.=n, phase equations in ER2) or (23) for «; or ., respectively,

then mass conservation Ed) (leads to equal parallel ve- in order to determine all variables completely.

locities for ions and electronsy;,=v.,=v,. Of course, The conditions for the fixed points are

charge neutrality implies from Poisson’s equation that

god Ex /dx=0. In order to admit a nontriviat, but yet con- ~ Vex = Vix»

sider quasi charge neutrality, we formally take the limit that _ BS ( 1 4 1 > _1

g0—0, i.e. using a strictly nonrelativistic treatment, whereby T 2uonoV \miviy  Mevex ’

the electric stresses can be neglected in comparison to theg, = 0,

magnetic stresses. We rewrite the expressi@for E, for 2 2
; it 2 MeVp +mvy, ;
equal parallel ion and electron velocities as Ve— B r— sing = 0. (29)
m; ne

m; —m dv
E,= % Uy d;’ (27)  This shows that in a fixed point, vanishes, not because

Poisson’s law has been used, but resulting from the two par-
and see thatt, vanishes whemn;=m,, in an electron-  g|le| equations of motion. Also, the parallel velocities are
positron plasma\erheest and Cattae2004. Thus, over-  equal, implying charge neutrality, =n;.
all charge neutrality and equal parallel velocities can con- Mathematically speaking, there are two separate fixed
sistently be assumed when dealing with an electron-positromoints, one with two possibilities for the phaseFirst comes
plasma, and in ordinary electron-ion plasmas the electric efy,, =y, =V, implying from Eq. (9) thatv; | =v., =0, and
fects remain small, as long as we deal with nonrelativisticfrom Eq. (18) also thatB ; =0. The phase is given through
phenomena under the plasma approximation. )

COSp = i <i + i) -1, (30)

2uongV2 \m;  m,

3.3 Fixed points

To continue our general discussion and in analogy with theand there are two opposite values for This fixed point
earlier treatment bpubinin et al.(2003 for the charge neu- @grees with the first one obtained Bybinin et al.(2003,

tral case, we are looking for stationary solutions, with the @ We will show pelow, when their normalized variables are
disturbance vanishing at infinity, so that the state at infinity USed andn, <m; is assumed.

must be an equilibrium point. Hence we now turn to the fixed The other possibility is that we suppose=v;x#V,
points for the set of equations consisting of Poisson’s equaVhich leads to sigp=0 and hence cas=1. Consequently,
tion from Eq. @), the phase Eq2¢) and the two Eq.25),  Ed- @9 thenyields

wherev?, has to be replaced by EqL9) andv?, similarly B2 1 1
2,272 = Vi = == 31
byml. v, /mg, Vex = Vix donoV <mi mg) (31)
dEx _engV _ enoV It is readily seen that we recover the second fixed point dis-
dx E0Vix  EQVex cussed bybubinin et al.(2003, again by going to their nor-
do 1 1 malized variables and assuming that<m;.
P eBo m; Vi + Mo Vor Indged_, assuming .charg_e neutrality from the outset and
2uonoVe rewriting in our fully dimensional notation the remaining set
+ B (1 + cosgp), of two differential equations to be solved, equivalent to those
0 discussed bpubinin et al.(2003, the fixed points have now
dviy eE, .
= to be determined from
dimivie d Bo/1 1\ 2uonoV
4 ebo nonoVe
2 2 — = - — 4+ — )+ ———— (1 +cosp),
- —ul(;no\/eme <V2 _ MeVex T iV m,le> sing, dx Ux (mi me> Bo ( )
0M; Vix m; +m, dve HonoVe (V2 _ v2> sin (32)
dl)ex _ EEX dx - BOUx X @.
dx MMeVex , , The fixed points here are the solutions of
Vem; mevs,. + m;v; )
_ Horo¥emi (2 Melex THilix ) vy, (28) B2 11
BomeVex m; +me cosp=—|—+—) -1,
2uonogVuy \m;  me

Such a set of equations remaining to be solved is not unique, ) o\ L
and other choices could have been made instead, but the(V - vx) sing =0, (33)
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Fig. 1. The structure of oscillitons propagating with velocity=0.505V 4, in an electron-proton plasma obtained under two different
assumptions. The results shown in the left column are obtained assuming charge neutrality. The plots in the right column are obtained
without this assumptionf=V?2, /¢?=0.01).

and correspond exactly to those derived in the full treatmentto the valueV,, / ., whereQ, is the (absolute value of) the

It has to be remarked that the second fixed point is not ac_electron gyrofrequency. The oscilliton speed itself is taken

cessible to the solitary wave solutions we are looking for, asV=0.505V4,. The night column represents the results of

because the invarian@) is not obeyed for the boundary nume rlcarllly solvmgtfolr_tth(fa Ofﬁ'”'ton structure ;N'tho_lFL as-
conditions imposed. Nevertheless, the fixed points of the septMing charge neutrality, for the same parameters. he am-
plitude of the oscillitorv, remains almost the same, although

Eq. 28) or (32) will help in discussing possible solutions of ) I
these equations in a phase space diagram. Since the fix&%ge width broadens. The longitudinal components of the ve-

points are the same, it is reasonable to assume that the so Qcity of the species are now different, providing for a non-

=7 = S
tary wave solutions at not too large amplitudes will be very vanishing eleciric fieldz,. The protons are almast at rest
similar, whether quasi charge neutrality is used or not.

(8vpx=Bv.xm./m;). This vindicates our investigation into
the role of charge neutrality.

This is indeed borne out by numerical computations of
the solutions of Eq.28) and 82), as shown in Fig. 1. The
left column in Fig. 1 represents the oscilliton structure ob-4 Conclusions
tained under the assumption of quasi-neutrality. The upper
panel depicts the transverse electron velocity component8Ve were intrigued by the apparent contradiction between
vey (full curve) andv,, (dashed curve), respectively. The the DNLS results, which predict envelope solitons, where
middle panel shows the modulus of the transverse speedhe amplitude is stationary in the wave frame, but the phase
ve=(v2,+v2)%2. In the bottom panel the longitudinal com- is not, and recent result®@binin et al, 2003 for parallel
ponents of the electron (ion) speed,=v;,) is given, ob-  propagating electromagnetic oscillitons, which indicated that
tained from the integral of motion Eqr) while neglecting  really stationary nonlinear structures of large amplitude and
the term which describes the electric field stresses. All ve-stationary phase exist. Given the weakly nonlinear reductive
locity values are normalized to the Afim speed/4, based  perturbation results, we would not expect such truly station-
on the electron mass density. The distands normalized  ary structures to be possible.
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