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Abstract. When studying transverse modes propagating par-
allel to a static magnetic field, an apparent contradiction
arises between the weakly nonlinear results obtained from
the derivative nonlinear Schrödinger equation, predicting en-
velope solitons (where the amplitude is stationary in the wave
frame, but the phase is not), and recent results for whistler os-
cillitons, indicating that really stationary structures of large
amplitude are possible. Revisiting this problem in the fluid
dynamic approach, care has been taken not to introduce
charge neutrality from the outset, because this not only ne-
glects electric stresses compared to magnetic stresses, which
is reasonable, but could also imply from Poisson’s equa-
tion a vanishing of the wave electric field. Nevertheless, the
fixed points of the remaining equations are the same, whether
charge neutrality is assumed from the outset or not, so that
the solitary wave solutions at not too large amplitudes will
be very similar. This is borne out by numerical simulations
of the solutions under the two hypotheses, showing that the
lack of correspondence with the DNLS envelope solitons in-
dicates the limitations of the reductive perturbation approach,
and is not a consequence of assuming charge neutrality.

1 Introduction

In recent observations of space plasmas strongly nonlin-
ear wave phenomena have been seen. For electrostatic
modes the theoretical large amplitude explanations based on
the Sagdeev or on the fluid dynamic treatment tally well
both with observations and with earlier knowledge based on
weakly nonlinear approaches, where the reductive pertur-
bation techniques lead to the Korteweg-de Vries (KdV) or
modified KdV (mKdV) equations as the typical paradigm.
Similar conclusions can be drawn for modes that propagate
obliquely or perpendicularly with respect to an external mag-
netic field.
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By contrast, a large amplitude theory for parallel electro-
magnetic modes is either lacking or, when such large am-
plitude stationary structures are explained in terms of os-
cillitons, the latter approach does not agree with what is
known from the weak amplitude treatments. Indeed, the re-
ductive perturbation analysis leads for parallel electromag-
netic modes in ordinary plasmas (where the ion and elec-
tron masses are very different) to the derivative nonlinear
Schr̈odinger (DNLS) equation as the typical nonlinear evo-
lution equation. As is the case with the KdV or mKdV equa-
tions, the DNLS equation is a perfectly integrable nonlin-
ear evolution equation, with an infinite number of conserved
densities or first integrals, and hence withN -soliton solutions
for every integerN .

Nevertheless, the DNLS solitons are not completely sta-
tionary structures but envelope solitons, where the amplitude
is stationary in the wave frame, but the phase is not, the latter
showing a slow increase with time. Recent results (Dubinin
et al., 2003, 2004) concerning parallel propagating electro-
magnetic oscillitons indicate that really stationary nonlinear
solutions can exist in ordinary plasmas for these modes. Al-
though the oscillitons (Sauer et al., 2001, 2002, 2003; Sauer
and Dubinin, 2003; Dubinin et al., 2003, 2004) superficially
look like envelope solitons, the phase is stationary for the for-
mer but not for the latter. Given the earlier weakly nonlinear
results, we would, however, not expect such truly stationary
solutions to be possible, unless the DNLS equation is not
the appropriate nonlinear evolution equation for oscillitons
of weaker amplitude.

This conundrum disappears in the study of similar waves
in electron-positron plasmas (Verheest and Cattaert, 2004),
because the positive and negative particles have the same
mass and opposite charges. Such a symmetry equalizes the
scales and the reductive perturbation approach generates a
vector mKdV-type equation, which is nonintegrable except
for linearly polarized modes (Verheest, 1996), and then sta-
tionary solitons are possible, of both large and small ampli-
tudes.
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Because of the mentioned differences between the DNLS
envelope solitons and the whistler oscillitons, we revisit the
description of parallel propagating electromagnetic modes.
As in earlier studies (Sauer et al., 2001, 2002, 2003; Sauer
and Dubinin, 2003; Dubinin et al., 2003, 2004) we will use
the fluid dynamic approach of studying nonlinear stationary
structures in their own reference frame, but without imposing
charge neutrality a priori (the plasma approximation), in an
attempt to clarify the possible role played by that assumption.

A number of first integrals can be derived and this yields
a corresponding reduction in the number of equations left to
solve. As we will indicate after a careful analysis of the ex-
isting framework and of a discussion of possible solutions in
terms of fixed points of the remaining differential equations,
it is not the assumption of charge neutrality that is respon-
sible for the discrepancy with the DNLS results. We offer
some suggestions as to the direction(s) in which to extend
our present understanding of these interesting nonlinear wave
types, of undoubted heliospheric importance.

2 Basic equations and multispecies invariants

We repeat some of the methodology from an earlier paper on
solitary structures in electron-proton plasmas (Verheest and
Cattaert, 2004), where the equal masses gave rise to a mixing
of all scales and hence to exceptional results. The x-axis of
the reference system is taken along the direction of the ex-
ternal magnetic fieldB0=B0ex , and we look at solitary wave
structures propagating along the static field, so that the only
spatial coordinate isx. In the frame moving with the non-
linear structure, all plasma species have an undisturbed ref-
erence speedV along the x-axis atx=−∞. The standard set
of cold multispecies plasma equations includes per species
the continuity and momentum equations,

∂nj

∂t
+

∂

∂x
(njvjx) = 0, (1)

∂vj

∂t
+ vjx

∂vj

∂x
=

qj

mj

(E + vj × B), (2)

wherenj andvj refer to the number density and fluid ve-
locity of each plasma species, with chargeqj and massmj ,
while E andB are the electric and (total) magnetic fields, re-
spectively. When we treat standard electron-ion plasmas, we
will use the subscriptsj=e for the electrons andj=i for the
ions. To be able to still go to the positron limit, however, we
will for the time being avoid usingme�mi . The system is
closed by Maxwell’s equations

ex ×
∂E
∂x

+
∂B
∂t

= 0,

ex ×
∂B
∂x

=
1

c2

∂E
∂t

+ µ0

∑
j

njqj vj ,

ε0
∂Ex

∂x
=

∑
j

njqj ,

∂Bx

∂x
= 0. (3)

The last equation and the parallel component of the first show
that Bx=B0 is constant. Since in the wave frame there is
no time variation for stationary nonlinear structures, some of
these equations can easily be integrated inx, the sole inde-
pendent variable remaining. We thus arrive from the continu-
ity Eq. (1) at conservation of parallel (mass) flux per species,

njvjx = nj0V. (4)

Combining the equations of motion Eq. (2) with Maxwell’s
equations Eq. (3), four additional and distinct global integrals
of motion arise,∑

j

nj0mj (vjx − V ) +
B2

⊥

2µ0V
−

ε0E
2
x

2V
= 0,

∑
j

nj0mj vj⊥ =
B0

µ0V
B⊥,∑

j

nj0mj (v
2
jx + v2

j⊥
− V 2) = 0,

∑
j

nj0m
2
jv

2
j⊥

qj

= 0, (5)

valid for general plasma compositions. For intermediate
details of the derivation we refer toVerheest and Cattaert
(2004), and remark that our multispecies invariants gener-
alize the ones obtained byDubinin et al.(2003, 2004) for
standard electron-ion plasmas.

3 Electron-ion plasmas

We now specialize the results obtained so far to an electron-
ion plasma, whereqe=−e, qi=+e, andne0=ni0=n0 due to
charge neutrality in equilibrium. Contrary to what is done
in a recent description of whistler oscillitons (Dubinin et al.,
2003), we will not yet assume that charge neutrality always
holds, but will explore the consequences of that ansatz at a
later stage.

3.1 Discussion of first integrals

The first integrals Eq. (4) and (5) become for electron-ion
plasmas,

nevex = nivix = n0V, (6)

mevex + mivix +
B2

⊥

2µ0n0V
−

ε0E
2
x

2n0V
= (me + mi)V , (7)

meve⊥ + mivi⊥ =
B0

µ0n0V
B⊥, (8)

mev
2
ex + miv

2
ix + mev

2
e⊥ + miv

2
i⊥ = (me + mi)V

2, (9)

m2
ev

2
e⊥ = m2

i v
2
i⊥. (10)

This set of invariants amounts to 7 scalar algebraic relations
between the 11 dependent variablesne, ni , vex , vey , vez, vix ,
viy , viz, By , Bz andEx . In principle we will need to use at
most 4 differential equations to determine the system com-
pletely.
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Given thatv2
e⊥=v2

ey+v2
ez, v2

i⊥=v2
iy+v2

iz andB2
⊥
=B2

y+B2
z ,

we represent the three perpendicular vector variables in a po-
lar decomposition through amplitudes and phases as

ve⊥ = ve⊥(ey cosαe + ez sinαe),

vi⊥ = vi⊥(ey cosαi + ez sinαi),

B⊥ = B⊥(ey cosβ + ez sinβ), (11)

and replace thusvey , vez, viy , viz, By andBz by three ampli-
tudesve⊥, vi⊥, B⊥ and three phasesαe, αi , β. After scalar
multiplication of (8) by, respectively,meve⊥ andmivi⊥, we
see that due to Eq. (10) the l.h.s. are equal, and so are the
r.h.s.,

meB⊥ · ve⊥ = miB⊥ · vi⊥. (12)

Keeping in mind thatmeve⊥=mivi⊥, this is equivalent to

cos(αe − β) − cos(αi − β)

= 2 sin

(
αi + αe

2
− β

)
sin

(
αi − αe

2

)
= 0. (13)

In a similar vein we postmultiply Eq. (8) vectorially byB⊥

to obtain

meve⊥ × B⊥ + mivi⊥ × B⊥ = 0, (14)

from which it follows that

sin(αi − β) + sin(αe − β)

= 2 sin

(
αi + αe

2
− β

)
cos

(
αi − αe

2

)
= 0. (15)

Because sin[(αi−αe)/2] and cos[(αi−αe)/2] cannot vanish
together, the combination of Eq. (13) and (15) only allows
the possibility that

sin

(
αi + αe

2
− β

)
= 0, (16)

in other words, the phases are locked in the sense that

αi + αe = 2β. (17)

One can also multiply (8) scalarly byB⊥ and obtain

B⊥ =
2µ0n0V

B0
mivi⊥ cos(αi − β). (18)

Since phase differences likeαi−β or αi−αe frequently oc-
cur, we introduce for later useϕ=2(αi−β)=αi−αe. Other
operations on Eq. (8) yield equivalent results, given the rela-
tion (17) between the phases.

Among the remaining first integrals, Eq. (9) can be com-
bined with Eq. (10) to link perpendicular velocity moduli like
vi⊥ to the parallel velocities, yielding

v2
i⊥ =

me

mi

(
V 2

−
mev

2
ex + miv

2
ix

mi + me

)
, (19)

which we will use later on. Finally, squaring the relation (18)
gives an expression forB2

⊥
which can be used in Eq. (7) to

expressEx in terms of the parallel velocities and ofϕ, with
the help of Eq. (19). This yields

E2
x =

2µ0n
2
0V

2mime

ε0B
2
0

(
V 2

−
mev

2
ex + miv

2
ix

mi + me

)
(1 + cosϕ)

+
2n0V

ε0
[mevex + mivix − (mi + me)V ], (20)

which is, however, an unwieldy expression that cannot read-
ily be used to extract further restrictions on the admissible
solitary wave solutions. We will therefore use a more indi-
rect way of discussing possible scenarios.

3.2 Equations of motion

Here we decompose the perpendicular ion equation of mo-
tion

mivix

dvi⊥

dx
= eB0vi⊥ × ex + evixex × B⊥, (21)

into amplitude and phase changes,

dvi⊥

dx
=

µ0n0V e

B0
vi⊥ sinϕ,

dαi

dx
= −

eB0

n0V

ni

mi

+
µ0n0V e

B0
(1 + cosϕ). (22)

There are analogous and sometimes, like for the electron am-
plitude equation, equivalent results for the electrons, so that

dve⊥

dx
=

µ0n0V e

B0
ve⊥ sinϕ,

dαe

dx
=

eB0

n0V

ne

me

−
µ0n0V e

B0
(1 + cosϕ). (23)

Results are expressed in the ion quantities where possible.
Using Eq. (17) it follows that

dϕ

dx
= −

eB0

n0V

(
ni

mi

+
ne

me

)
+

2µ0n0V e

B0
(1 + cosϕ). (24)

In the above expressions, one can when needed substituteni

andne in terms of the corresponding parallel velocitiesvix

andvex with the help of mass flux conservation Eq. (6).
Rearranging the parallel equations of motion is slightly

more complicated, and it is here that some of the possible
implications of assuming quasi charge neutrality will mani-
fest themselves. We start the discussion from

vix

dvix

dx
=

e

mi

Ex −
µ0n0V e

B0
v2
i⊥ sinϕ,

vex

dvex

dx
= −

e

me

Ex −
µ0n0V e

B0
v2
e⊥ sinϕ. (25)

Multiplying these equations bym2
i andm2

e , respectively, and
subtracting the resulting expressions allows us to write the
parallel electric field in an indirect way as

Ex =
1

e(mi + me)

(
m2

i vix

dvix

dx
− m2

evex

dvex

dx

)
. (26)
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When the derivative is taken ofE2
x as given in Eq. (20), and

Ex (but notdEx/dx) is replaced by the expression (26), one
finds after some interesting algebra the equivalent of Pois-
son’s equation. This is not altogether surprising, since Eq. (7)
was obtained by using i.a. Poisson’s equation.

Suppose now that we assume charge neutrality,ni=ne=n,
then mass conservation Eq. (6) leads to equal parallel ve-
locities for ions and electrons,vix=vex=vx . Of course,
charge neutrality implies from Poisson’s equation that
ε0dEx/dx=0. In order to admit a nontrivialEx but yet con-
sider quasi charge neutrality, we formally take the limit that
ε0→0, i.e. using a strictly nonrelativistic treatment, whereby
the electric stresses can be neglected in comparison to the
magnetic stresses. We rewrite the expression (26) for Ex for
equal parallel ion and electron velocities as

Ex =
mi − me

e
vx

dvx

dx
, (27)

and see thatEx vanishes whenmi=me, in an electron-
positron plasma (Verheest and Cattaert, 2004). Thus, over-
all charge neutrality and equal parallel velocities can con-
sistently be assumed when dealing with an electron-positron
plasma, and in ordinary electron-ion plasmas the electric ef-
fects remain small, as long as we deal with nonrelativistic
phenomena under the plasma approximation.

3.3 Fixed points

To continue our general discussion and in analogy with the
earlier treatment byDubinin et al.(2003) for the charge neu-
tral case, we are looking for stationary solutions, with the
disturbance vanishing at infinity, so that the state at infinity
must be an equilibrium point. Hence we now turn to the fixed
points for the set of equations consisting of Poisson’s equa-
tion from Eq. (3), the phase Eq. (24) and the two Eq. (25),
wherev2

i⊥ has to be replaced by Eq. (19) andv2
e⊥ similarly

by m2
i v

2
i⊥/m2

e ,

dEx

dx
=

en0V

ε0vix

−
en0V

ε0vex

,

dϕ

dx
= − eB0

(
1

mivix

+
1

mevex

)
+

2µ0n0V e

B0
(1 + cosϕ),

dvix

dx
=

eEx

mivix

−
µ0n0V eme

B0mivix

(
V 2

−
mev

2
ex + miv

2
ix

mi + me

)
sinϕ,

dvex

dx
= −

eEx

mevex

−
µ0n0V emi

B0mevex

(
V 2

−
mev

2
ex + miv

2
ix

mi + me

)
sinϕ. (28)

Such a set of equations remaining to be solved is not unique,
and other choices could have been made instead, but the

present set has the advantage of expressing the derivatives
of four variables in terms of these same variables. Strictly
speaking, one of the four differential equations in (28) could
have been replaced by information coming from the invariant
(20). At the end one would still need to solve one of the other
phase equations in Eq. (22) or (23) for αi or αe, respectively,
in order to determine all variables completely.

The conditions for the fixed points are

vex = vix,

cosϕ =
B2

0

2µ0n0V

(
1

mivix

+
1

mevex

)
− 1,

Ex = 0,(
V 2

−
mev

2
ex + miv

2
ix

mi + me

)
sinϕ = 0. (29)

This shows that in a fixed pointEx vanishes, not because
Poisson’s law has been used, but resulting from the two par-
allel equations of motion. Also, the parallel velocities are
equal, implying charge neutralityne=ni .

Mathematically speaking, there are two separate fixed
points, one with two possibilities for the phaseϕ. First comes
vex=vix=V , implying from Eq. (19) that vi⊥=ve⊥=0, and
from Eq. (18) also thatB⊥=0. The phase is given through

cosϕ =
B2

0

2µ0n0V 2

(
1

mi

+
1

me

)
− 1, (30)

and there are two opposite values forϕ. This fixed point
agrees with the first one obtained byDubinin et al.(2003),
as we will show below, when their normalized variables are
used andme�mi is assumed.

The other possibility is that we supposevex=vix 6=V ,
which leads to sinϕ=0 and hence cosϕ=1. Consequently,
Eq. (29) then yields

vex = vix =
B2

0

4µ0n0V

(
1

mi

+
1

me

)
. (31)

It is readily seen that we recover the second fixed point dis-
cussed byDubinin et al.(2003), again by going to their nor-
malized variables and assuming thatme�mi .

Indeed, assuming charge neutrality from the outset and
rewriting in our fully dimensional notation the remaining set
of two differential equations to be solved, equivalent to those
discussed byDubinin et al.(2003), the fixed points have now
to be determined from

dϕ

dx
= −

eB0

vx

(
1

mi

+
1

me

)
+

2µ0n0V e

B0
(1 + cosϕ),

dvx

dx
= −

µ0n0V e

B0vx

(
V 2

− v2
x

)
sinϕ. (32)

The fixed points here are the solutions of

cosϕ =
B2

0

2µ0n0V vx

(
1

mi

+
1

me

)
− 1,

(
V 2

− v2
x

)
sinϕ = 0, (33)
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Fig. 1. The structure of oscillitons propagating with velocityV = 0.505VAe in an electron-proton plasma obtained under two different
assumptions. The results shown in the left column are obtained assuming charge neutrality. The plots in the right column are obtained
without this assumption (γ = V 2

Ae/c2 = 0.01).

Fig. 1. The structure of oscillitons propagating with velocityV =0.505VAe in an electron-proton plasma obtained under two different
assumptions. The results shown in the left column are obtained assuming charge neutrality. The plots in the right column are obtained
without this assumption (γ=V 2

Ae
/c2

=0.01).

and correspond exactly to those derived in the full treatment.

It has to be remarked that the second fixed point is not ac-
cessible to the solitary wave solutions we are looking for,
because the invariant (20) is not obeyed for the boundary
conditions imposed. Nevertheless, the fixed points of the set
Eq. (28) or (32) will help in discussing possible solutions of
these equations in a phase space diagram. Since the fixed
points are the same, it is reasonable to assume that the soli-
tary wave solutions at not too large amplitudes will be very
similar, whether quasi charge neutrality is used or not.

This is indeed borne out by numerical computations of
the solutions of Eq. (28) and (32), as shown in Fig. 1. The
left column in Fig. 1 represents the oscilliton structure ob-
tained under the assumption of quasi-neutrality. The upper
panel depicts the transverse electron velocity components
vey (full curve) andvez (dashed curve), respectively. The
middle panel shows the modulus of the transverse speed,
ve=(v2

ey+v2
ez)

1/2. In the bottom panel the longitudinal com-
ponents of the electron (ion) speed (vex=vix) is given, ob-
tained from the integral of motion Eq. (7) while neglecting
the term which describes the electric field stresses. All ve-
locity values are normalized to the Alfvén speedVAe based
on the electron mass density. The distancex is normalized

to the valueVAe/�e, where�e is the (absolute value of) the
electron gyrofrequency. The oscilliton speed itself is taken
asV =0.505VAe. The right column represents the results of
numerically solving for the oscilliton structure without as-
suming charge neutrality, for the same parameters. The am-
plitude of the oscillitonve remains almost the same, although
the width broadens. The longitudinal components of the ve-
locity of the species are now different, providing for a non-
vanishing electric fieldEx . The protons are almost at rest
(δvpx'δvexme/mi). This vindicates our investigation into
the role of charge neutrality.

4 Conclusions

We were intrigued by the apparent contradiction between
the DNLS results, which predict envelope solitons, where
the amplitude is stationary in the wave frame, but the phase
is not, and recent results (Dubinin et al., 2003) for parallel
propagating electromagnetic oscillitons, which indicated that
really stationary nonlinear structures of large amplitude and
stationary phase exist. Given the weakly nonlinear reductive
perturbation results, we would not expect such truly station-
ary structures to be possible.
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The fluid dynamic approach of studying nonlinear station-
ary structures in their own reference frame was then fol-
lowed, but we did not introduce charge neutrality from the
very beginning. However, the fixed points of the set of re-
maining differential equations to be solved turn out to be the
same, whether charge neutrality is imposed from the begin-
ning or not. It therefore is reasonable to assume that the soli-
tary wave solutions, the oscillitons, will be very similar at not
too large amplitudes, and this is indeed borne out by numeri-
cal computations of the solutions of the two sets of equations.

Hence we conclude that the discrepancies between the
whistler oscillitons and the DNLS envelope solitons are
not at all attributable to the plasma approximation of quasi
charge neutrality, but indicate that the correct nonlinear evo-
lution equation corresponding to oscillitons is not yet avail-
able, the derivation of which, moreover, is not obvious at all.
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