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Abstract. The nonlinear dustgrain-charging and the
influence of the ion density and temperature on electro-
static waves in a dusty plasma having trapped ions are
investigated by numerical calculation. This work is the
first approach to the effect of trapped ions in dusty plas-
mas. The nonlinear variation of the dust-charge is exam-
ined, and it is shown that the characteristics of the dust-
charge number sensitively depend on the plasma poten-
tial, Mach number, dust mass-to-charge ratio, trapped
ion density and temperature. The fast and slow wave
modes are shown in this system. An increase of the ion
teuperature decreases the dust-charging rate and the
propagation speed of ion waves. It is found that the
existence of electrostatic ion waves sensitively depends
on the ion to electron density ratio. New findings of
the variable-charge dust grain particles, ion density and
temperature in a dusty plasma with trapped ions are
predicted.

1 Introduetion

There has been a growing interest in investigating new
properties of dusty plasmas containing charged, micro-
meter-sized dust grains which have been observed in
space cnvironments {Goertz, 1986; Grin et al., 1984;
Melandso, 1892; Tsytovich et al., 1993; Barkan et al.,
1995). Recently, it is pointed out that the wave insta-
bility having negatively-charged dust grains might be
observed at altitudes of 600-700km in the F-region of
the polar ionosphere of the Earth (Chow and Rosenberg;
1996). In actual situations, the dust grains have vari-
able charge and mass due to fragmentation and coales-
cence, However, in studying collective effects involving
charged dust grains in dusty plasmas one generally as-
summes that the dust particles behave like point charges,
Multi-fluid descriptions for collective modes in micro-
particle plasmas were presented by several authors {Go-
ertz, 1989; Verheest, 1992; Srinivas et al., 1996; Nejoh,

1997; 1998). For low frequency nonlinear wave modes,
the dust grains can be described as negative ions with
large mass and large charge. Ion- and dust-acoustic
wave modes in dusty plasmas have been treated by sev-
eral authors {Tsytovich et.al.,1993; Goertz et. al., 1983,
Rao et. al., 1994; Nejoh, 1997a; 1997b; 1998a; 1998b).
We have suggested that high-speed streaming particles
excite various kind of nonlinear waves in space (Nejoh,
1995; 1996a; 1996b). Dust grain particles are charged
due to the local electron and ion currents, and its charge
varies as a result of the change of the parameters such as
the potential, densities, temperatures, etc. Therefore,
since the dust charge-variation affects the characteris-
tics of the collective motion of the plasma, this effect
is of crucial importance in understanding dusty plasia
waves in comparison with negative ion plasmas, which
have the constant charge. However, not many theoreti-
cal works on the effect of variable-charge dust grain par-
ticles have been done in dusty plasmas. In particular,
the effects of the 1on density and temperature have not
been investigated in dusty plasmas with trapped ions.

The motivation of this articles is as follows. If stream-
ing particles exist in space, we often find that they evolve
towards a coherent trapped particle state. This has been
confirmed in experiments (Goree, 1992). The onset of an
ion trapping is also seen in the formation of double lay-
ers (Raadu, 1989) and computer simulation (Borovsky
et. al., 1983) in space. When the amplitude of nonlin-
eal waves becomes large, some lons, in general, would
be trapped in the electrostatic potential trough of the
wave and be carried along with the wave. lon trapping is
essentially a nonlinear phenomenon. There is no doubt
that an ion trapping exists in nonlinear wave phenom-
ena. Thus the inclusion of the effect of trapped ions is
indispensable to considering nonlinear waves. However,
theoretical investigations in relation to the trapped ion
effect have not been considered in dusty plasmas. Hence,
an aim of this article is to show this effect in order to
apply this theory to more extensive nonlinear wave phe-
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nomena in space plasmas.

In this paper, we focus our atlention on electrostatic
waves in an unmagnetized dusty plasma having trapped
ions with the finite temperature. It is therefore in-
structive to examine the effects of the dust-charging,
ion density and temperature and trapped ion temper-
ature in dusty plasmas, which, as pointed out earlier,
are observed as components of broad regions of space
plasmas, from the lower ionosphere to the magneto-
sphere of the Barth. Qur plasma model consists of
Boltzmann distributed electrons with finite tempera-
ture, non-Boltzmann distributed positive trapped ions
with finite ternperature, and the negatively-charged, cold
dust fluid obeying the nonlinear continuity and momen-
tum equations. We derive a nonlinear equation for vari-
able-charge dust grain particles and the conservation
law of energy of electrostatic waves. We show the de-
pendence of the dust grain-charging on the electrostatic
potential, ion density and temperature, trapped ions
and Mach number. Qur results show the existence of
super- and sub-sonic electrostatic waves and illustrate
the dependence of the dust-charge number on the sev-
eral parameters. In section 2, we presenl a new nonkin-
ear equation for variable-charge dust grains and derive
the Sagdeev potential from the basic equations. In sec-
tion 3, we show the numerical results of the nonlinear
equations obtained in the preceding section. It is shown
that the charging effect of the dust grains drastically
changes due to the dust charge, dust mass, ion density
and Mach number. Section 4 is devoted to the conclud-
ing discussion.

2 Theory

We consider a collisionless, unmagnetized three com-
ponent plasma consisting of Boltzmann electrons with
a constant temperature 7., non-Boltznmann warm lons
having a temperature 7; and negatively charged, heavy,
dust particles, and assume that low frequency electro-
static waves propagate in this system. We assume that
the phase velocity of the wave is less than the electron
thermal velocity, and is more than the ion and dust ther-
mal speeds. The velocity of electrons i1s smaller than
their thermal speed.

The electron number density 1s assumed to be the
Boltzmann distribution as,

e, = Ngpeap(e®/T,), (1)

where ng, ngp, e and @& are the electron density, back-
ground electron density, the magnitude of electron charge
and the electrostatic potential.

In order to investigate the effect of trapped jons, we
employ the vortex-like 1on distribution function (Schamel,
1972; Bujarbarua & Schamel, 1981; Schamel & Bujar-

barua, 1983), which solves the ion Vlasov equation. We
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assume that the jon velocities which appear in the dis-
tribution functions are normalized by the icn thermal
velocity v; 14, and hence the terms of the ion thermal ve-
locity in the distribution functions do not appear explic-
itly. The electric potential @ is assumed to be negative,
—¥ < & < 0, where ¥ denotes the maximum ampli-
tude. Since we consider the case y > 1 in (7) of Scharmel
(1972), and use thc normalization, the large amplitude
waves are investigated in this paper. The author limits
his investigation to the case that the wave velocity is less
than the lon thermal velocity ie. v < vyen = /Ti/m,.
Considering the assumptions mentioned above, we can
reduce the ion distribution functions to

| . .
fr= ﬁe.‘rp {——% (v* +2<I>)} JJor |vf > /20,

1 1 /77 9 ) s
= g3 (1) 0+ 20} o vl < VTS

where T;(T;) denotes the free (trapped) ion temperature,
and the subscripts f and t represcnt the free and trapped
lon contributions, respectively. The parameter 7; /T; de-
termines the number of trapped ions. A plateau in the
resonant ion region is given by 7; /7, = 0, and T;/T; < 0
corresponds to a vortex-like trapped ion distribution,
which is of interest to us. It is also noted that the
1on distribution functions, as is stated above, are con-
tinuous in the velocity space and satisfy the regularity
requirements for an allowable BGK (Bernstein-Greene-
Kruskal) solution. With wave velocities in the ion ther-
mal to ion-acoustic range, /T;/m; < v < /Te/my
, the electronic contribution K, becomes indeed small
and negligible, but not the ion one, since the first ar-
gument in K; is O(1) or larger. Hence the trapped ion
contribution is important. Integrating the ion distribu-
tion functions over the velocity space, we obtain the ion
density for the trapped ion distribution as,

1 ed ed ‘
+ni0 §\/%€.rp (v?t) erf ( _f) (2)
where
"N _(Tl/Tf)q)
erf (\/_(jq/Tt,)@) - _\%/0 exp(—z?)dz,

and n;p denotes the equilibrium ion density. Here the
anthor points out that this point of view is a first ap-
proach to the trapped lons in dusty plasmas and there is
more need to investigate the K-effect on wave velocities
above the ion thermal range.
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For one dimensional low frequency acoustic motions,
we have the following two equations for the cold dust
parlicles,

dng a .

()t + b_.;(ndvd) - 0, (SG)
a 7] Qq 3P

(a“da?) i (38)

where ng, vg and my refer to the dust grain density, dust
fluid velocity and dust grain mass, respectively, Here the
dust-charge variable is defined to Qg = eZy , where Z,
iz the charge number of dust particles measured n units
of e.

The Poisson’s equation is given as

i
%}; = é(nﬁ — ni + Zana). (4)
We assume that the phase velocity of electrostatic ion
waves 15 low in comparison with the electron thermal
velocity. Charge neutrality at equilibriumn requires that
Njg = TMep + NgoZq, Where n,g(ng denotes the equilib-
rium ion (dusl grain) density. In this system, the or-
dering, my 3 my » m, holds, as ts obtained in labo-
ratory plasmas. Typical laboratory plasma frequencies
are: 10%Hz, 10°~ %11z, 10°~1°Hz, which have roughly the
same ordering as the mass ratios. Thus, the inclusion
of the mass ratios is equal to considering the motion of
dust particles.

We assume that the charging of the dust grain par-
ticles arises from ptasma currents due to the electrons
and the jons reaching the grain surface. In this case,
the dust grain-charge variable Qg is determined by the
charge current balance equation:

3 a
(&‘f‘vd%) Qu=IL+1. {5)

We have the following expressions for the electron and
ion currents for spherical grains of radius »

I = —Pﬂ'rz(STE/mnc)l/zng(fb)e:rp (i«?“d> , (6a)
and
R ] gLl/2 e}y .
[ = emr (8T fmmy ) ng (B, 1) | 1 — 7] {6b)
i

We note that the effect of trapped ions is included in
the ton current (6b).

We normalize all the physical quantities as follows.
The densitics are normalized by the background elec-
tron density neo. The space coordinate &, time ¢, dust
velocity and clectrostatic potential ¢ are normalized by
the elcctron Debye length Ag = (£¢7./nac?)/?, the in-
verse ion plasma period w.! (20mni /nee?)' /2, the ion

sound velocity C; = (Te-/mi-)lﬂ, and T./e, respectively,
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where m;, £ and e are the lon mass, the permittivity of
vacuum and the magnitude of electron charge, respec-
tively. We study the one-dimensional electrostatic ion
waves in the following discussion.

In order to solve (1)-(4), we introduce the variable
£ = z— Mt, which Is the moving frame with the velocity
M. Then a set of basic equations (1)-(5) reduces to

ne = exp(p), (7)

871,1 a

T 5 (ava) =0, (9a)
Jvg Ovg Zgd¢ _

—52"4—1?9:%—;;%—0, {98)
62

3;5; =n, —n; + Zgng. (10)

Here, ; = T1/T., 7o = To/Te,7pe = Ti/T1,6: = nio/neo
and ug = rng/m;. Here, in the isothermal process, we
assume that 7 > 0. It is significant to consider the
dependence of the trapped ion density n; on the elec-
trostatic potential ¢ and trapped to free ion tempera-
ture ratio 1; in the seuse that electrostatic ion waves
closely connect with the trapped ion density. The ion
density (1) includes the two states of the ion distribu-
tion, namely, (i) in the limit of 77y — (T3 = Tt), ni ap-
proaches the Boltzmann distribution, {ii) 7 — oo means
the state for flat-topped distribution. A figure showing
n; vs ¢ for various values of 7, is shown in an Appendix.

Integrating (9a) and (9b) and using the boundary con-
ditions, ¢ — 0, ng — (5, - 1)/Zd,ni — 6;,vg = 0, at
£ — oo, we obtain the dust grain density as

. :
ng = "*? ! ‘ (1)
Y d 1_+_ i_:)_i]r{%-

At equilibrium, the charge current balance equation
{5) reduces to

—ne(¢)erplaZa)+ \/—“g”: (&, 7, d3) (1 - %) =0.(12)

1

where p; = my/me.a = e?/rT., and the electron (ion)
current I.(I;) 1s normalized hy emr? (8T, fame ) /2. In
order to solve {12} exactly, we derive a following equa-
tion for variable-charge of dust grains as
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Fig. 1. The Mach number of the slow ion wave modes as a
function of the ion-to-electron density ratio §;, in the case of
7y = 0.5 (s0lid line), 1.0 {dotted line) and 2.0 (dashed line), where
r=2x0lpand Dyfpg = 1072,

exp(d + aZd
5 GZd

()4
%\F o1 (F2) e (-5)- e

It is noted that we employed the effect of trapped lons
into (13) through the ion density. We regard (13) as a
new nonlinear equation for the dust grain surface po-
tential in this systemn. Equation (13) includes strongly
nonlinear terms. Then, we can obtain the solution of
(13) by numerical calculation in the next section.
Integration of the Poisson’s equation gives the Energy

Law,

%(@)2+V(¢):o,

5 (14)

where V(¢) denotes the Sagdeev potential. The Sagdceev
potential becomes
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bim [(1 -4 —_ﬂ
Tt T
1 _
& [Erﬁsmerf (\,h’r‘%) exp (—g)]

If there arc no dust grains, i.e. the dust-charge num-
ber is switched off, Z; — 0, and electrons are distributed
with the Boltzmann distribution, eq.{15) coincides ex-
actly with that obtained in Schamel (1972). The present
result includes that obtained earlier.

The oscillatory solution of the nonlinear electrostatic
ion waves exists when the following two conditions are
satisfied: (i) The pseudopotential V(¢) has the maxi-
mum value if @*V(¢)/ds? < 0at ¢ =0.

(13)

ol gy

T ,UM2<0'

(16)
The speed of the wave is defined by the inequality (16).
It should be noted that V(¢) is real, when
—uaM?/2Z; < ¢ < 0. The region of existence of the
plasma potential is characterized by that condition. We
understand that the regions strongly depend on the dust
to ion mass ratio, dust-charge number and the ratio of
the lon {o electron density and temperature. (ii} Non-
linear ion waves exist only when V{gny) > 0, where
the maximum potential ¢ is determined by ¢y =
—paM?/2Z4. This implies that the inequality

M2~ + M2 - -
1”693?(%) erfe TT

1 M?— M2—7
Tht o

11 ’J"ft(f\v’fz—Ti) Tft(ﬁ/fz—‘rg)
T3 30 { 2 TN

Ty
2
FO(M2 = 1) + (6 — 2aM
d
Za(M? - 7)
% (l—\/l-I- PTE ) >0, (17)

halds.

The numerical analysis of the wave velocity gives rise
to the existence of the slow and fast ion wave modes. It
is noted that the fast wave is an ordinary ion-acoustic
wave and the slow one is a slow ion-acoustic wave on
which ion holes or clumps rest. We show the speed
{Mach number) of the slow ion waves as a function of §;
in Fig.1, in the case of ; = 0.5 (solid line}, 1.0 (dotted
line) and 2.0 (dashed line), where » = 2 »x 0.1pn and
Zaflpa = 10-2. On the contrary, we illustrate the fast
wave modes in Fig.2. Fig.2 illustrates the dependence
of the wave speed on the lon to electron density ratio
for r; = 2.0 (solid line), 1.5 (dotted hine) and 1.0(dashed
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Fig. 2. The dependence of the Mach number of the fast wave
modes on the lon-to-electron density ratio &; for 7; = 2.0 (solid
line), 1.5 {dotted line) and 1.0 (dashed line}, where r = 2 x 0.1
and Zd/ﬁd = 10"

line), where r = 2 x 0.1um and Zg/pg = 107%. Fig.3
shows a M — 7; plane for §; = 2000 (solid line), 50 {dot-
ted line) and 4.0 (dashed line). We understand that
the speed of the waves increases as the ion density ra-
tio becomes large. The velocity of the wave and, cor-
respondingly, the amplitude of electrostatic ion waves
significantly depends on the parameters Zy/pq4,d; and
75. It turns out that both fast and slow eleclrostatic
ion wave modes coexisl 1n this system. The criterion
of these modes strongly depends on the dust-charge to
dust mass and the ton-to-electron density ratios.

3 Numerical results of the dust grain-charge
variation and nonlinear ion waves

We examine the numerical analysis of the nonlinear equa-
tions obtained in the preceding section. For illustration
purposes, we consider a dusty plasma in which most
of the background electrons are collected by negatively-
charged dust grains. Such a situation, for example, is
common to the environment of the Earth. Thus, with-
out loss of generality, we calculate the dust-charging ef-
fect concerning electrostatic nonlinear ion waves by nu-
merical calculation. For example a spherical dust grain
of radius 2 x 0.1um and mass density 2500 kg/m® has
a mass 8.0 x 107 17kg so that gy = mg/m; = 4.8 x 1017,
where the ions being protons. In the following dis-
cussion, for the illustration purposes, we employ r =
2 x 01lum, T, = leV, p; = 1836, pg = 10! and
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Fig. 3. A M —7: plane for §; = 2000 (solid line), 50 (dotted line)
and 4.0( dashed line).

a=72x10"%

First, we study the dependence of the dust-charging
eflect on the electrostatic potential. If ¢ < 0, we show,
from (12) or {13), a Z4 — ¢ plane in Tig.4, in the case
of m = 0.4 (solid line} and 0.1 (dashed line), where
§; = 100 and = = 1.0. The dust-charge number grad-
ually increases as the negative electrostatic potential
increases. We understand that the charge number in-
creases as the ion temperature decreases for ¢ < —0.25.
Fig.5 illustrates the dependence of the dust-charge num-
ber on the ion-to-electron temperature ratio 7; , in the
case of ¢ = —0.2 (solid line) and -0.4 (dashed line),
where 6; = 100 and =» = 1.0. We find that, in the
case of ¢ = —{.2 , an increase of the ion-to-electron
temperature ratio decreases the charge number of dust
grains within the range of 7; < 0.1, but an increase of ©;
gradually increases the dust-charge number within the
range of 7 > 0.1. Fig.6 shows the dependence of the
dust-charge number on the ratio of the trapped ion to
electron temperature 7, for ¢ = —0.2 (solid line) and
-0.4 (dashed line), where §; = 100 and = = 0.1. It
turns out that the dust-charge number decreases as the
trapped ion temperature increases. The dust-charging
ratio of the higher, negative electrostatic potential is
higher than that of the lower one. We find that the
dust-charge number Z, lies in 5 x 10* — 10%, as is seen in
Figs.4-6. When the electroststic potential, the ion and
trapped ion temperatures increase, dust grain particles
are highly charged.

Second, in the case of the slow mode, we show a 3-
dimensional potential structure associated with (14) and
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Fig. 4. The variable-charge Z; as a function of the potential ¢

for 7; = 0.4 (solid line) and 0.1 {dashed line), where o = 7.2 X
10-%,8; = 100 and 7t = 1.0,
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Fig. 5. The dependence of the dust-charge number Z4 on the
ratio of the trapped ion-to-electron temperature 7, for & = —-0.2
{(solid line) and -0.4 (dashed line), where a = 7.2 x 1073, 8, = 100
and 7 = 1.0.
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Fig. 6. The dependence of the dust-charge number Z; on the
ratio of the trapped ion-to-electron temperature 7 for ¢ = 0.2

(solid line) and -0.4 (dashed line), where a = 7.2 % 1072, §, = 100
and 1, = 0.1.

(1) in Fig.7, where pg/Zy = 108, M = 0.1, = 0.2
and n» = 2.0, and illustrate a 2-dimensional structure
in Fig.8 in the case where ; = 100 (dashed line), 500
(dotted line) and 1000 (solid line). In the case of the fast
mode, we illustrate a bird’s-eye view of (15) in Fig.9,
where us/Zg = 102, M = 1.2, = 0.2 and 7, = 30.
Fig.10 shows a V{¢) — ¢ plane for the cases of §; == 100
(dashed line), 500 {(dotted line) and 1000 (solid line). We
understand that the existence of nonlinear electrostatic
ion waves drastically changes due to the ratio of the dust
mass-to-charge ratio pg/Z4, ion-to-eleciron density ra-
tio §;, Mach number and the trapped ion-to-electron
lemperature ratio 7. Thus, we understand that the
dust-charge number and the region for existence of non-
linear electrostatic ion waves scnsitively depend on the
significant parameters mentioned above.

4 Discussion

In this article, we have shown the effect of the dust-
charging of electrostatic ton waves in a dusty plasma
whose  constituents  are  Boltzmann  electrons,
non-Boltzmann trapped lons, and a cold dust fluid con-
sisting of negatively-charged, micrometer-sized dust par-
ticles. Such plasmas may exist in space environments.
We find the remarkable properties of the variable-charge
of dust grain particles and electrostatic ion waves ob-
tained here as follows.

{1) Fast (supersonic) and slow {subsonic} ion waves
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Fig. 7. A 3-dimensional structure of the Sagdeev potential for
the slow wave mode, where a = 7.2 x 107%, uy/Zy = 10°, M =

0.1, =0.2and 7, = 2.0.
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Fig. 8. A 2-dimensional potential structure in the cases of §; =
100 (dashed line), 500 {dotted line} and 1000 (solid line) in Fig.7.
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Fig. 9. A bird’s-eye view for the fast wave mode, where a =
T2x 1073 uy/Z4 =108, M =1.2,7;, = 0.2 and , = 30.
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Fig. 10. A V(¢) — ¢ plane for the cases of §, = 100 (dashed line),
500 (dotted line) and 1000 (solid line) in Fig.9.
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can propagate in this system. Dependence of the Mach
number on the ion-to-electron density ratio drastically
changes due to the dust charge-to-mass ratio, trapped
ion and free ion temperatures.

{2) Dependence of the charge-variation of dust par-
ticles on the trapped ion temperature and ion density
is found for the first time in dusty plasmas. The ef-
fect of the trapped ion temperature decreases the dust-
charge number. Since the effect of trapped ions affects
the characteristics of the collective motion of the plasma,
this effect is important in understanding nonlinear waves
propagating in dusty plasmas. The dust-charging effect
is of crucial importance in the sense that the dust-charge
number drastically changes due to the parameters such
as the floating potential of dust particles, plasma po-
tential, ion-to-electron density ratio, dust-to-ion mass
ratio, trapped lon temperature and Mach number.

(3) The region for existence of nomlinear ion waves
varies due to the dust mass-to-charge ratio, and the
ion-to-electron density ratio and the floating potential
of dust grains. In particular, it is found that the ex-
1stence of the fast wave mode depends on the trapped
ions with quite high temperature compared with free ion
temperature.

As is mentioned in this article, the inclusion of trapped
ions is required to consider nonlinear dust waves. If such
waves are present in dusty plasmas, which are observed
in the 1onosphere and magnetosphere of the Earth and
other space environments, the investigation of their pe-
culiar features will contribute to the future development
in dusty plasmas. It is predicted that the wave insta-
bility having negatively-charged dust grains might be
observed at altitudes of 600-700 km in the F-region of
the polar ionosphere of the Earth. In this situation,
our results are important in understanding the charging
mechanism of the streaming of dust grain particles and
confirming the existence of arbitrary amplitude electro-
static ion waves in dusty plasmas with trapped ions.
With wave velocities in the ion thermal to ion-acoustic
range, \/1i/m; < v < /t./m;, the electronic contribu-
tion K. becomes indeed small and negligible, but not
the ion one, since the first argument in K; is O(1) or
larger. Although the author limits his investigation to
the case v < /T;/my, the trapped ion contribution is
very important. The author points out that this work is
the first approach to the trapped ions and there 1s more
need to investigate the K-effect on wave velocities (in
Schamel, 1972) above the ion thermal range.

Appendix: The profile of the trapped ion density

It is significant to consider the dependence of the trapped
ion density n; on the electrostatic potential ¢ and
trapped lon to electron temperature ratio 7, in the sense
that electrostatic ion waves closely connect with the
trapped ion density. In order to investigate the rela-
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Fig. 11. A bird’'s-eye view of the trapped ion density n; depend-
ing on the electrostatic potential ¢ and the trapped ion-to-electron
temperature ratio 7.
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Fig. 12. A V($)— ¢ plane for the cases of §; = 100 (dashed line),
500 (dotted line) and 1000 (solid line) in Fig.11.
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tienship between the ion density and plasma potential
(trapped ion temperature), we show the trapped ion
density n; as the functions of ¢ and 7 associated with
Eq.(8). We illustrate a bird’s-eye view in Fig.11, and a
n; — ¢ plane in Fig.12, for 7 = 0.4 (solid line), 0.7 (dot-
ted line) and 1.2 (dashed line). As is seen in Figs.11
and 12, we find the following. In the case where 7 > 1,
the trapped ion density n; lies in the small range even
if the electrostatic potential ¢ grows, In the case where
7t < 1,n; lncreases exponentlally as ¢ increases. The
lower 7; becomes, the grower n; becomes exponentially.
It turns out that, when 7, becomes lower, this tendency
becomes remarkable.
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