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ABSTRACT riodogram have already been studied for correlated cehtere

This paper deals with the probability distribution of speet Gaussian process [1][2][31' The stuo!y presented here dsten
the results in two ways. Firstly, previous works make no ref-

gram coefficients related to a correlated centered Gaussian : o
. ) . . erences about the impact of the nature of the analysis window
process. It is shown that the windowing operation and th o S
. : : hat we found non negligible. Secondly, the probability-dis
presence of correlation between input samples may mtmdu%

. ; . ributions are given in terms of the generalized hypergg¢eme
heteroscedaticity and correlation between the real and-ima . ; . )
) ) : ._ric function, that may be expanded into a sum of exponential
inary parts of the Short Time Fourier Transform. The im-

pact of this phenomenon on spectrogram distribution is—evaig:]fﬁggrset[i]él ;-:Ve;g ?;(2:]?23'3\2 Se?/;elur;?; ii?!ﬁhperacggg:
uated in terms of deviation from the chi-square distributio P ' P

A numerical method is provided to calculate the probabilityIty to approximate the spectrogram coefficient distribogio

4 g 5 .
density function of the spectrogram coefficients and devia\—NIth the well-definedy” law [4] that is known to be the exact

. . SRR . distribution for an uncorrelated Gaussian process.

tion from the chi-square distribution is evaluated using th ) ] o .
Kullback-Liebler divergence. This measure of deviation is Ve investigate the probabilities of spectrogram coeffisien
used to control the validity of a chi-square approximation. defined as the squared modulus of the Short-Time Fourier

Transform (STFT) of the signal. In section 2 we show how
second order statistical characteristics of the input@ssand
windowing operation intervene in the STFT probability dist

: . . bution. Sectior8 proposes a simple way to compute the prob-
The spectrogram ISa W|dely_ used tlme-frequency_represe_ntab”ity density function of the squared modulus of a Gaussia
tion for the anal_y5|s of multl-cqmponent nor_1-stat|ona|g/-_s| vector. Deviation from the ? distribution is then evaluated
nals. As a main advantage, it does not display any 'merl]sing the Kullback-Liebler Divergence. In sectidywe pro-

ference terms as opposed to other quadratic time-frequen%se an illustration of the impact of the analysis window’s

representatlt_)ns like the Wigner-Ville distribution. Houee, nature for an exponentially correlated Gaussian sequenrtte a
this feature is counterbalanced by a loss of energy Conce[ﬁ'nallydiscuss the validity of &2 approximation in sectiof.
tration. When the signal under investigation is random, its

spectrogram is a random field, and the energy at every time-
frequency location is distributed as a particular probgbil
law. In a time-frequency detection context, we have to de-
cide if a given time-frequency location contains energy tha
originates from the signal or not. The determination of the
spectrogram probability laws corresponds to a first stepwheGiven a discrete analysis windawn| of length\/, the Short-
using probabilistic approaches such as Bayesian ones. ~ Time Fourier TransfornX, [n, k] of a discrete signat[n] is

In this paper we focus on the probability distribution of formed by the successive Discrete Fourier Transforms of the
spectrogram coefficients related to a centered stationamgG Windowed signal. The spectrogra$iy'[n, k] corresponds to
sian process with covariance matfix No hypothesisis made the squared modulus of the STFT or equivalently to the sum
on the whiteness of the process aRds thus not necessar- Of the squares of the STFT real and imaginary paXtsin, k]
ily diagonal. From a detection point of view, the case undend Xy, [n, k] respectively. We thus start from the following
study corresponds to the null hypotheBiswhere only Gaus-  definitions:
sian noise is present at the investigated time-frequermylo
tion. Probability distributions of spectral estimatesngspe- S¥n, k] = X" [n, k]* + X% [n, k]2, Q)

1. INTRODUCTION

2. PROBABILITY DISTRIBUTION OF STFT REAL
AND IMAGINARY PARTS
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In the sequel, we consider the random vector T N vt e e
. 0O O‘.S ‘1 1‘.5 2‘ 2.‘5 é 3‘5 A‘l 4‘5 5
X[n, kT = [X},[n, k] X, [n, K]). 1 .
\ - = =M m, =0, m,=0, 021=1, c§=1‘ p=0)
Equations (2) and (3) express the real and imaginary par aky '= 1= M(m,=0,m,=0, 0%=1, 6325, p=0) ]
of the STFT as linear combinations of signal samples. A: 4 ‘\ e MA(my=0, m=0, 071, 035, p=0) |
x[n] are centered Gaussian variables (not necessarily indepe ,/\,‘\
dent), X" [n, k] and X}, [n, k] are also distributed as centered | ‘\:\
Gaussian law.X[n, k| is thus a zero-mean Gaussian vector 1 :”%,:._m
defined by three parameter$, o7 ando?; (for clarity of no- . ‘ v
tation we drop the time-frequency locatipn k] in the prob- ° 2 ! ° X 0 ? " *
ability parameter notations): Fig. 1. Central Gaussian squared modulus distributions and
corresponding experimental histograms for a) differenteso
X[n, k] = < Xy, K] > ~ N{< 0 > ( op oy )} lation coefficients and b) different ratio of variances. &cle
’ X[, K] 0)'\ o of case the dashed line corresponds to the cegtrelstribution
From equations (2) and (3), we obtain
02 = WTC,RCLIW (4) bea2D Gaussian vector and?(my, ma, 0%, 03, p) the dis-
9 T tribution of its squared modulu¥ = G? + G2, expressed in
o; =W SiRSW ) terms of its five parameters.
ol = WIC,RS,W (6)

Wheno? = 02 = ¢% andp = 0, X is proportional to
a chi-squared variable with two degrees of freedom and non-
centrality parametem? + m3. For other conditionsX de-
viates from ay? variable and may be identify as a quadratic

wherelV is the analysis window vector artg, (resp.Sk) is
the cosine (resp. sine) diagonal matrix,

WT = [w[0] -+ w[M — 1]] form in Gaussian variable¥ = G* I,G wherel, is the2 x 2
identity matrix. Distributions of this kind have been exten
Cr = diag [cos(—kam)] sively studied in the past [5]. Expression of the charastieri
m=0,M—1 function of X are given in terms of the singular values of the
) ) m covariance matrix ofs. However the Fourier inversion lead-
Sk = diag [Sm(*%kﬁ)} m=0.M—1 ing to the probability density function remains difficult.

In this paper we propose a geometrical approach to com-
3. PROBABILITY DISTRIBUTION OF A GAUSSIAN pute the probability density function (pdf) of the Gaussian
SQUARED MODULUS squared moduluX'. This approach avoids the use of singular
value decomposition and Fourier inversion and has revealed
From equation (1), the distribution of spectrogram coedfits  computationally very efficient. Looking in th&, G2) plan,
Si'[n, k] corresponds to the distribution of the squared modthe pdfps(g:1, g2) of vectorG is a bidimensional Gaussian
ulus of the 2D Gaussian vectof[n, k]. This section first distribution. The probability’[X = ] that X equals a given
presents a simple way, based on geometrical considerationgluex corresponds to the probabilif)[G? + G2 = z]. The
for the calculus of such a probability distribution in a gen-density of probabilitypx (z) thus corresponds to the density
eral case. Deviation from the chi-squared distributiom@nt  of probability of G over the circle centered at (0,0) with ra-
evaluated using the Kullback-Liebler divergence. dius/z. To adapt the notation to the problem’s geometry, we
express the pdf aff in cylindrical coordinatesi(z (g1, g2) —
3.1. Numerical calculus of the probability density func-  pc(r,0)). This leads to the use of an unique integration on
tion of a Gaussian squared modulus the angular coordinate ovél 2] for the calculation of the

pdfpx (z) of X. Thatis:
Let

o=@ ) {(n )k 7)) pate = [ vt o
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Spectrogram coefficient distributions for a correlated cen
tered Gaussian process correspond to the centrahcase

0.002

my = 0 with 07 = 02 ando3 = o?. Figure 1 presents o
some centered Gaussian Squared Modulus (GSM) distribt

tions for different values of the correlation coefficieng(fie b)
1-a)) and ratio of variances’ /o2 (figure 1-b)). For each dis- 0012
tribution, the histogram of0° realisations of the correspond- ~ °* oot
ing variable is also plotted so as to validate the accuracy ¢ ZZZZ g
the method. We may note that heteroscedaticity (differenc £ 2 o
of variances) tends to stretch the distribution along trentju 0002 0002
axis, whereas correlation acts in the opposite way andeight 0 0
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o _ o Fig. 2. a) Kullback-Liebler Divergence of the GSM law from
3.2. Deviation from a chi-square distribution the 2 distribution as a function of ratio of variance$/ o2
and correlation coefficient b) KL-Divergence profile gb =

As mentioned above, when the components of veGthiave c ! > )
c) KL-Divergence profile aty = o5.

the same variance and are decorrelated, the Gaussian d;qua(?e
modulusX is proportional to a2 variable. We are interested
in the evaluation of the departure from this probabilityicis  of the nature and length of the window used for the Fourier
bution as heteroscedaticity and correlation increasedsaiw analysis of correlated process is evaluated. We use an ex-
the vector's components. For this purpose, we calculate thsonentially correlated process, or Ornstein-Uhlenbed&eno
Kullback-Liebler Divergence of the central GSM distrilarti  whose autocorrelation function is
from the centraly? distribution as a function of the ratio of
variancess? /o3 and correlation coefficient. For a given I(t) = Tgexp <ﬂ)
value of these parameters, we compute a sdibfrealisa-
tions of the corresponding centered Gaussian vegtdfrom . Lo : .

. . ) o herel', is set tol in this experiment and. is the correla-
this set we estimate by a near maximum likelihood meth0(¥.v o ;

. . . ion time in the process. We compute the ratio of the STFT

[6] the degree of freedom and proportionality coefficient real and imaginary part variance$/o? and their linear cor-
of the nearest centraf? distribution. The Kullback-Liebler ginary p ‘

. v, . X e
Divergence7 (M?|[x?) of the GSM distribution from the? relation coefficienp = _a,.i/.m.aZ along frequencies using dif

I ferent types of analysis window. Results are only reporbed f
distribution is then calculated as

the rectangular and Hanning windows. The other windows we
~+oo 2 (2 used (Kaiser, Blackman, Gaussian and Hammin ive sim-
J(M?|[x*) = /0 ppmz(z) log [%] d ilar re(sults as for the Hanning one. Experiments?o)rgved that
X neither the window lengtti/ nor the correlation time, are
Results are reported in figure 2. Figures 2-b) and 2-c) showeterminant on their own as results are invariant for a @st
the KL-divergence profiles g = 0 ando; = o3 respec- ratio of these two parameters. We thus define a correlation
tively. We can observe that the GSM distribution is highlytime ratio

Te

similar to ax? distribution when the ratio of variances does N\ = M
not exceed .5 or when the linear correlation coefficient lies Te
between-0.2 and0.2. and compute the results for several values of it.
Figure 3-a) depicts the correlation and ratio of variances
4. IMPACT OF WINDOWING FOR AN profiles along the frequency axis obtained with a rectarrgula
EXPONENTIALLY CORRELATED PROCESS window. As the correlation time ratia increases, the in-

fluence of the correlated noise tends to vanish: the real and
For a centered process, the probability distribution offiec-  imaginary parts of the STFT tend to be decorrelated and of
trogram is defined by the second order statistical chatigeter similar variances. However, when the length of the analysis
tics of the STFT vectoK[n, k], namelyo?, o7 ando?,. In  window is of the order of the correlation tima & 1), signif-
section 2, we showed how these characteristics depend on tloant correlation between real and imaginary parts appears
analysis windoww[n] and the covariance matriX of the sig-  mid-frequencies and heteroscedaticity occurs at extreeae f

nal (see equations (4), (5) and (6)). In this section, theaithp quencies. When the Hanning window is used (Figure 3-b)),
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Fig. 3. Correlation coefficienp and ratio of variances?/o?
for exponentially correlated noise, using rectangularag@)
Hanning (b) window, for different correlation time ratho

approximation will depend on the ratio between the corre-
lation time in the process and the length of the rectangular
analysis window. Generally, correlation in the processaund
investigation is imposed. Use of long rectangular windaswvs i
thus recommended jf? distributions are chosen to describe
spectrogram coefficients probability. This remark is inaec
dance with [1] where thg? law is derived under the assump-
tion of an infinite analysis window.

In a detection task formulation, presence of signal energy
at a given time-frequency location refers to the hypothHsis
When the noise embedding the signal is Gaussian and white,
spectrogram coefficients are distributed undiras a non-
centraly? variable. The non-centrality parameter of the law
corresponds to the spectral energy of the searched signal. T
impact of a correlated noise remains to be study for this.case

6. CONCLUSION

In this paper, we proposed a look at the distribution of the
spectrogram coefficients of a centered correlated Gaussian
process. We showed that the use of a rectangular analysis
window introduces correlation and heteroscedaticity leetw

no such phenomenon appears: the real and imaginary partsifk real and imaginary parts of the STFT of the signal. We
the STFT remains uncorrelated and of similar variances reshowed the impact of this phenomenon on the spectrogram

gardless to the value of the correlation time ratiand over
all the frequency axis (except for the two first and two last fr

distribution. We also showed that depending on the level
of correlation in the analysed process and the length of the

quency bins, which is a known result [1]). Results are simila rectangular window, a2 approximation may be reasonable.

for Kaiser, Blackman, Gaussian and Hamming window.

For other windows like for example the Hanning one, spec-

As an example, pdfs for the rectangular window at midirogram coefficients remains distributed ag’alaw without

and extreme frequencies corresponding\te= 0.5 are ob-

conditions on the correlation in the process.

servable on figure 1 (dot-dashed curves) where the dashed

curve corresponds to the Hanning window. We deduce from
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