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LIMIT THEOREMS FOR SOME ADAPTIVE MCMC ALGORITHMS
WITH SUBGEOMETRIC KERNELS

YVES ATCHADE AND GERSENDE FORT

ABSTRACT. This paper deals with the ergodicity (convergence of the marginals) and
the law of large numbers for adaptive MCMC algorithms built from transition kernels
that are not necessarily geometrically ergodic. We develop a number of results that
broaden significantly the class of adaptive MCMC algorithms for which rigorous analysis

is now possible. As an example, we give a detailed analysis of the Adaptive Metropolis

Algorithm of Haario et al] (R001|) when the target distribution is sub-exponential in the

tails.

1. INTRODUCTION

This paper deals with the convergence of Adaptive Markov Chain Monte Carlo (AM-
CMC). Markov Chain Monte Carlo (MCMC) is a well known, widely used method to sam-
ple from arbitrary probability distributions. One of the major limitation of the method is
the difficulty in finding sensible values for the parameters of the Markov kernels. Adap-
tive MCMC provides a general framework to tackle this problem where the parameters
are adaptively tuned, often using previously generated samples. This approach generates
a class of stochastic processes that is the object of this paper.

Denote 7 the probability measure of interest on some measure space (X, X'). Let {FPy,0 €
©} be a family of ¢-irreducible and aperiodic Markov kernels each with invariant distribu-
tion m. We are interested in the class of stochastic processes based on non-homogeneous
Markov chains {(X,,0,), n > 0} with transition kernels {P (n; (x,0); (dz',df")) ,n > 0}
satisfying [g P (n; (z,0); (,d8")) = Py(z,-). Often, these transition kernels are of the
form {Py(z,dy)dm, 9,)(d0"),n > 0} where {H;, | > 0} is a family measurable func-

tions, H; : © x X — ©. The stochastic approximation dynamic corresponds to the case
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Hi(0,z) =60+~ H(0,x). In this latter case, it is assumed that the best values for 6 are
the solutions of the equation | H(#,z)m(dz) = 0. Since the pioneer work of
(1999); Holder ([999); [Haario et al] (R00T); [Andrieu and Roberf (R001), the number of

AMCMC algorithms in the literature has significantly increased in recent years. But de-

spite many recent works on the topic, the asymptotic behavior of these algorithms is still
not completely understood. Almost all previous works on the convergence of AMCMC
are limited to the case when each kernel Py is geometrically ergodic (see e.g..
Rlosenthal (P007); [Andrieu and Moulined (R004)). In this paper, we weaken this condition

and consider the case when each transition kernel is sub-geometrically ergodic.

More specifically, we study the ergodicity of the marginal {X,,n > 0} i.e. the con-
vergence to m of the distribution of X, irrespective of the initial distribution, and the
existence of a strong law of large numbers for AMCMC.

We first show that a diminishing adaptation assumption of the form |6,, — 0,,—1| — 0
in a sense to be made precise (assumption B[l) together with a uniform-in-6 positive
recurrence towards a small set C' (assumptions Af|(f) and Afl(fi])) and a uniform-in-6
ergodicity condition of the kernels {FPp,0 € ©} (assumption Afl(f)) are enough to imply
the ergodicity of AMCMC.

We believe that this result is close to be optimal. Indeed, it is well documented in
the literature that AMCMC can fail to be ergodic if the diminishing assumption does not
hold (see e.g. Roberts and Rosenthal (R007) for examples). Furthermore, the additional

assumptions are also fairly weak since in the case where © is reduced to the single point
{0,} so that {X,,,n > 0} is a Markov chain with transition kernel P, , these conditions
hold if Py, is an aperiodic positive that is polynomially ergodic.

We then prove a strong law of large numbers for AMCMC. We show that the diminishing
adaptation assumption and a uniform-in-6 polynomial drift condition towards a small set
C of the form PV <V —cV1=% 4+ ble(z), a € (0,1), implies a strong law of large number
for all real-valued measurable functions f for which supy(|f|/V?) < oo, B € [0,1 — a).
This result is close to what can be achieved with Markov chains (with fixed transition

kernel) under similar conditions (Meyn and Tweediq ([L993))).

On a more technical note, this paper makes two key contributions to the analysis of
AMCMC. Firstly, to study the ergodicity, we use a more careful coupling technique which
extends the coupling approach of Roberts and Rosenthal] (B007). Secondly, we tackle the

law of large numbers using a resolvent kernel approach together with martingales theory.

This approach has a decisive advantage over the more classical Poisson equation approach

(Andrieu and Moulined (P006)) in that no continuity property of the resolvent kernels is

required. It is also worth noting that the results developed in this paper can be applied to
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adaptive Markov chains beyond Markov Chain Monte Carlo simulation provided all the
transition kernels have the same invariant distribution.

The remainder of the paper is organized as follows. In Section ] we state our assump-
tions followed by a statement of our main results. Detailed discussion of the assumptions
and some comparison with the literature are provided in Section R.4. We apply our results

to the analysis of the Adaptive Random Walk Metropolis algorithm of [Haario et al] (R001])

when the target distribution is sub-exponential in the tails. This is covered in Section f

together with a toy example taken from [Atchade and Rosenthal (P0O0F). All the proofs are

postponed to Section [

2. STATEMENT OF THE RESULTS AND DISCUSSION

2.1. Notations. For a transition kernel P on a measurable general state space (T, 5(T)),

denote by P™, n > 0, its n-th iterate defined as
Pe, 4) % 5,(4) P ) [ Plady P ) 00

0, (dt) stands for the Dirac mass at {x}. P™ is a transition kernel on (T, B(T)) that acts
both on bounded measurable functions f on T and on o-finite measures p on (T, B(T))
via Prf() € [ Pr(,dy) f(y) and pP"(-) < [ p(dz)Pn(x, ).

If V:T — [1,400) is a function, the V-norm of a function f : T — R is defined as
|flv dof supy | f|/V. When V' = 1, this is the supremum norm. The set of functions with
finite V-norm is denoted by Ly .

If 1 is a signed measure on a measurable space (T,B(T)), the total variation norm
||| Tv is defined as

def .
lellcy = sup |u(f)|=2 sup |u(A)|= sup p(A)— inf wu(A);
{f:lfli<t} AeB(T) AeB(T) AeB(T)

and the V-norm, for some function V' : T — [1, +00), is defined as || u||v et SUpyg g1y <13 114(9)]-

Let X, © be two general state space resp. endowed with a countably generated o-field
X and B(©). Let {Py,0 € O} be a family of Markov transition kernels on (X, X’) such that
for any (z, A) € X x X, 0 — Py(z, A) is measurable. Let {P(n;-,-),n > 0} be a family of
transition kernels on (X x ©, X ® B(0)), satisfying for any A € X,

/ P (n; (z,0); (da’,db')) = Py(z, A) . (1)
Ax©

An adaptive Markov chain is a non-homogeneous Markov chain {Z,, = (X,,,0,),n > 0}
on X x © with transition kernels {P(n;-;-),n > 0}.
Among examples of such transition kernels, consider the case when {(X,,6,),n > 0}

is obtained through the algorithm: given (X,,60,), sample X, 11 ~ Py (X,,-) and set
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0n+1 = 6, with probability 1 — p,11 or set 0,11 = énH(Xn, 0y, Xn11) with probability
Pn+1- Then

P (n: (w,0); (da',d8)) = Py(w,da’) {(1=pns1) 60(d0) + puss Oz, (ug.0r (@) }

A special case is the case when p,+1 = 1 and 0,41 = H,11(0p, Xp+1), where {H;, 1 > 0}
is a family of measurable functions H; : © x X — O. Then,

P (n; (z,0); (do', d6")) % Py(w,da’) b, (9.0 (d0) .

Such a situation occurs for example if 6,11 is updated following a stochastic approximation
dynamic: 0,41 = 0y, + Y1 H (0, Xnt1).

From {P (n;-,-), n > 0} and for any integer [ > 0, we introduce a family - indexed by [
- of sequence of transition kernels {P(n;-,-),n > 0}, where P (n;-,-) ' p (l+n;-,-) and
we denote by Pg,)e and Eg,)e the probability and expectation on the canonical space (€2, F)
of the canonical non-homogeneous Markov chain {Z,, = (X,,,6,,),n > 0} with transition
kernels {P;(n;;-),n > 0} and initial distribution §(, 9. We denote by @ the shift operator
on Q and by {Fj,k > 0} the natural filtration of the process {Z;,k > 0}. We use the
notations P g and E, ¢ as shorthand notations for ]P’gco’(); and E;O’é.

Set

def
D(979/) = Sug HPG(:Ev ) - PQ’(£> ')HTV .
xe

2.2. Convergence of the marginals. We assume that minorization, drift conditions and
ergodicity are available for Py uniformly in 6. For a set C, denote by 7¢ the return-time
toCx O : 7% inf{n > 1,X,, € C}.
A1 There exist a measurable function V : X — [1,+00) and a measurable set C such
that
(i) sup;supexe Efcl)e [r(7¢)] < +oo for some non-decreasing function r : N —
(0, +00) such that >~ 1/r(n) < +oc.

(ii) there exist a probability measure 7 such that

lim sup V_l(x) sup || Py (x,-) — m|ltv =0 .
n—+00 zex O

(iii) supy PV <V on C° and suppyg{ PV (z) + V(z)} < +o0.
B1 There exist probability distributions &1, &, resp. on X, © such that for any € > 0,
limn P&,ﬁz (D(Qn, Qn_l) > E) = 0.
Theorem 2.1. Assume A[] and Bl. Then

lil}_l sup \Egl,fz [f(Xn) —7(N)]|=0.
TS fh<1}

Sufficient conditions for Afl] to hold are the following uniform-in-6 conditions
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A2 (i) The transition kernels Py are ¢-irreducible, aperiodic.
(ii) There exist a function V' : X — [1,400), @ € (0,1) and constants b, c such
that for any # € ©

PV (z) <V(x) —c VIT%x) 4 ble(z) .
(iii) For any level set D of V, there exist ep > 0 and a probability vp such that
for any 6, Pp(z,-) = eplp(z) vp(:).

We thus have the corollary

Corollary 2.2. (of Theorem [2.]) Assume AR and B Then

lim sup |E§1,£2 f(Xn) —7(f)]|=0.
OO (1 Fli<1}

Assumption Af](f) and Af|([ii) are designed to control the behavior of the chain “far
from the center”. When the state space X is “bounded” so that for example, V' =1 in

Afl(f), then we have the following result

Lemma 2.3. If there exists a probability measure m such that lim, . supxye || P (z,-)—
7()||rv =0, then A[f]) and A[A{i@) hold with a bounded function V and C = X.

Combining the assumptions of Lemma B.J and B[, we deduce from Theorem P.J] the

convergence of the marginals. This result coincides with (Roberts and Rosenthal, P007
Theorem 5). As observed by (200) (personal communication), assumption AP also
imply the “containment condition” as defined in [Roberts and Rosenthal] (2007). Con-

sequently, Corollary .9 could also be established by applying (Roberts and Rosenthal,
P007, Theorem 13): this would yield to the following statement, which is adapted from
Bai (00§). Define M.(z,0) o inf{n > 1, || Py (z, ) — 7 (:)||rv < €}.

Proposition 2.4. Assume A} and Bl. Then for any e > 0, the sequence { M (Xy,0,),n >
0} is bounded in probability for the probability P¢, ¢, and

lim sup |E§1,£2 [f(Xn) =m(H)]|=0.
EmanaR FAVIIESY’

2.3. Strong law of large numbers. Assumptions Afl and B are strengthened as follows
A3 There exist a probability measure v on X, a positive constant € and a set C € X
such that for any 6 € ©, Py(x,-) > le(z) ev(-).
A4 There exist a measurable function V' : X — [1,+00), 0 < a < 1 and positive
constants b, ¢ such that for any § € ©, PyV <V —c V=% £ bl.
A5 There exist a probability measure m and some 0 < 3 < 1 — « such that for any
level set D %< {z eX,V(z) <d} of V,

lim  sup ||P}(z,) — llys = 0.
xXO

n—+o00 p
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B2 For any level set D of V and any € > 0,

lim sup sup Pg)g (D(0p,0n—1) >€)=0.
n >0 DxO

Theorem 2.5. Assume A} and BB. Then for any measurable function f : X — R in
Ly and any initial distribution &1,& resp. on X, © such that & (V) < +oo,

n—-4o0o

lim n~! Zf(Xk) =n(f), P, ¢, — a.s.
k=1

As in the case of the convergence of the marginals, when Af] and Bfj hold with D = X
and 8 =0, Af and Al] can be omitted. We thus have

Proposition 2.6. Assume that Aff and B hold with D = X and 8 = 0. Then for any
measurable bounded function f: X — R and any initial distribution £1,&s resp. on X, ©

lim n~* Zf(Xk) =n(f), Pe, e, — a.s.
k=1

n—-+4oo
2.4. Discussion.

2.4.1. Non-adaptive case. We start by comparing our assumptions to assumptions in
Markov chain theory under which the law of large numbers hold. In the setup above,
taking © = {0,} and H (64, z) = 0, reduces {X,,,n > 0} to a Markov chain with transition
kernel Fp,. Assume that Py, is Harris-recurrent.

In that case, a condition which is known to be minimal and to imply ergodicity in
total variation norm is that P, is an aperiodic positive Harris recurrent transition kernel
(Meyn_and Tweedid, [[993, Theorems 11.0.1 and 13.0.1). Condition Afi|(f]) is stronger

than positive Harris recurrence since it requires supy E,[r(7¢)] < 400 for some rate r,

r(n) >> n. Nevertheless, as discussed in the proof (see remark I, Section fl), the condition
> {1/r(n)} < +oo is really designed for the adaptive case. Afll(H) is stronger than what
we want to prove (since Afl[([]) implies the conclusion of Theorem P.]| in the non-adaptive
case); this is indeed due to our technique of proof which is based on the comparison of
the adaptive process to a process - namely, a Markov chain with transition kernel Py -
whose stationary distribution is 7. Our proof is thus designed to address the adaptive
case. Finally, Bff] is trivially true.

For the strong law of large numbers (Theorem R.5), Bf is still trivially true in the Mar-
kovian case and AR is implied by Af] and AJj combined with the assumption that Py, is
¢-irreducible and aperiodic (see Appendix [A] and references therein). In the Markovian
case, whenever Py, is ¢-irreducible and aperiodic, Al and Af] are known sufficient condi-
tions for a strong law of large numbers for f € Ly 1-a, which is a bit stronger than the

conclusions of Theorem R.§. This slight loss of efficiency is due to the technique of proof
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based on martingale theory (see comments Section P.4.5). Observe that in the geometric

case, there is the same loss of generality in (Andrieu and Moulined, P00d, Theorem 8).

More generally, any proof of the law of large numbers based on the martingale theory
(through for example the use of the Poisson’s equation or of the resolvent kernel) will
incur the same loss of efficiency since limit theorems exist only for LP-martingale with

p>1.

2.4.2. Checking assumptions A[l{}) and AR. Af([H) and Af are the most technical of our
assumptions. Contrary to the case of a single kernel, the relations between Afll(f) (resp.
AR) and A[|({)-AB (resp. AP, Af) are not completely well understood. Nevertheless these
assumptions can be checked under conditions which are essentially of the form Af, AH plus
the assumptions that each transition kernel P is ¢-irreducible and aperiodic, as discussed

in Appendix [A].

2.4.3. On the uniformity in 0 in assumptions AQQ), All{d), AR and Al}. We have formu-
lated A(), Af(H), AR and A[] such that all the constants involved are independent of
0, for 8 € ©. Intuitively, this corresponds to AMCMC algorithms based on kernels with
overall similar ergodicity properties. This uniformity assumption might seem unrealisti-
cally strong at first. But the next example shows that when these conditions do not hold
uniformly in @ for 8 € ©, pathologies can occur if the adaptation parameter can wander

to the boundary of ©.

Ezample 1. The example is adapted from (R003). Let X = {0,1} and {Fy, 0 €
(0,1)} be a family of transition matrices with Py(0,0) = Py(1,1) = 1—0. Let {6,,,n > 0},
0, € (0,1), be a deterministic sequence of real numbers decreasing to 0 and {X,,,n > 0}
be a non-homogeneous Markov chain on {0, 1} with transition matrices { Py, ,n > 0}. One
can check that D(0,,0,_1) < 6,,_1 — 0, for all n > 1 so that B[] and BJ hold.

For any compact subset K of (0,1), it can be checked that Afl([), Afl(d), Af and AH
hold uniformly for all # € K. But these assumptions do not hold uniformly for all 6 €
(0,1). Therefore Theorems .1 and P.§ do not apply. Actually one can easily check
that Py 9, (X, € -) — 7(-) as n — oo, but that E, g, [(n_l Sopey [(Xk) — 7T(f))2:| do not
converge to 0 for bounded functions f. That is, the marginal distribution of X,, converges

to m but a weak law of large numbers fails to hold.

This raises the question of how to construct AMCMC when Afl(f), Afl({), A and Al do
not hold uniformly for all # € ©®. When these assumptions hold uniformly on any compact
subsets of © and the adaptation is based on stochastic approximation, one approach is
to stop the adaptation or to reproject 6, back on K whenever 6,, ¢ K for some fixed

compact I of ©. A more elaborate strategy is Chen’s truncation method which - roughly
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speaking - reinitializes the algorithm with a larger compact, whenever 6,, ¢ K (Chen and
Zh (1986); [Chen et al] (198§)). A third strategy conmsists in proving a drift condition
on the bivariate process {(X,,0,),n > 0} in order to ensure the stability of the process
(Andrieu and Tadid (R00]), see also Benveniste et al] ([[987)). This question is however
out of the scope of this paper; the use of the Chen’s truncation method to weaken our

assumption is addressed in [Atchade and Fort| (R00Y).

2.4.4. Comparison with the literature. The convergence of AMCMC has been considered
in a number of early works, most under a geometric ergodicity assumption. [Haario et al
(R001)) proved the convergence of the adaptive Random Walk Metropolis (ARWM) when
the state space is bounded. Their results were generalized to unbounded spaces in

and Rosenthal (ROOH) assuming the diminishing adaptation assumption and a geometric

drift condition of the form
PV (z) < AV(z)+ blc(x), (2)

for A € (0,1), b < oo and 0 € O.

Andricu and Moulines (R00G) undertook a thorough analysis of adaptive chains under

the geometric drift condition (f]) and proved a strong law of large numbers and a central
limit theorem. [Andrieu and Atchadd (R007) gives a theoretical discussion on the efficiency
of AMCMC under (B).

Roberts and Rosenthal (R007) improves on the literature by relaxing the convergence

rate assumption on the kernels. They prove the convergence of the marginal and a weak law
of large numbers for bounded functions. But their analysis requires a uniform control on
certain moments of the drift function, a condition which is easily checked in the geometric
case (i.e. when AP or A is replaced with (f)). Till recently, it was an open question in the
polynomial case but this has been recently solved by (P00Y) - contemporaneously with
our work - who proves that such a control holds under conditions which are essentially of
the form AP
—

Yang (R007) tackles some open questions mentioned in [Roberts and Rosentha] (R007),

by providing sufficient conditions - close to the conditions we give in Theorems .1 and

R - to ensure convergence of the marginals and a weak law of large numbers for bounded
functions. The conditions in ([Yang, P007, Theorems 3.1 and 3.2) are stronger than our

conditions. But we have noted some skips and mistakes in the proofs of these theorems.

2.4.5. Comments on the methods of proof. The proof of Theorem is based on an argu-
ment extended from Roberts and Rosenthal (2007) which can be sketched heuristically as

follows. For N large enough, we can expect Pé: (Xn, ) to be within e to m (by ergodicity).

On the other hand, since the adaptation is diminishing, by waiting long enough, we can
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find n such that the distribution of X, n given (X,,6,,) is within € to PBJX (Xn, ). Com-
bining these two arguments, we can then conclude that the distribution of X,y is within

2¢ to . This is essentially the argument of [Roberts and Rosenthal (P007). The difficulty

with this argument is that the distance between PGJX (z,-) and 7 depends in general on x
and can rarely be bounded uniformly in z. We solve this problem here by introducing
some level set C of V and by using two basic facts: (i) under Afl(f), the process cannot wait
too long before coming back in C; (i) under Afl(EHi]), a bound on the distance between
PQJZ (x,-) and 7 uniformly in z, for € C, is possible.

The proof of Theorem P.J is based on a resolvent kernel approach that we adapted
from Merlevede et al] (R006) (see also [Maxwell and Woodroofd (R00(])), combined with
martingale theory. Another possible route to the SLLN is the Poisson’s equation technique
which has been used to study adaptive MCMC in [Andrieu and Moulineq (2006). Under

AR and Afi, a solution gy to the Poisson’s equation with transition kernel Py exists for any

fe€Lys,0<B<1—aand gy € Lys+o. But in order to use {gp, 6 € O} to obtain a
SLLN for f, we typically need to control |gg — go| which overall can be expensive. Here
we avoid these pitfalls by introducing the resolvent g,(x,6) of the process {X,,}, defined
by

a0 (2,00 =S (1 - MEY, [f(X))] , eX,0€0,a€(0,1),12>0.
J=0

3. EXAMPLES

3.1. A toy example. We first consider an example discussed in [Atchade and Rosenthal
(B005) (see also [Roberts and Rosenthal (R007)). Let 7 be a target density on the integers
{1,--- K}, K > 4. Let {Py,0 € {1,--- ,M}} be a family of Random Walk Metropolis

algorithm with proposal distribution gy, the uniform distribution on {x —6,--- ,x — 1,2+
1, ,z+ 6}
Consider the sequence {(X,,,0,),n > 0} defined as follows: given X,,,0,,

e the conditional distribution of X,,y; is Py, (Xy, ).
o if X;,11 = X, set 0,41 = max(1,6,, — 1) with probability p,+1 and 6,41 = 6,
otherwise; if X,,+1 # X, set 0,41 = min(M, 6, + 1) with probability p,+; and

0p+1 = 0, otherwise.

This algorithm defines a non-homogeneous Markov chain - still denoted {(X,,0,),n > 0}
- on a canonical probability space endowed with a probability P. The transitions of this

Markov process are given by the family of transition kernels {P(n; (x,0), (dz’,d0"),n > 0}
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where

P(n; (x,0), (dz',df") = Py(z,dz") (Le=ar {Pni1 01v(o—1)(d0") + (1 — ppi1) dp(d6’)}

+Lasar {Pns1 Onrn(o41)(d0') + (1 — pry1) o(d6')}) -

In this example, each kernel Py is uniformly ergodic : Py is ¢-irreducible, aperiodic,
possesses an invariant probability measure 7 and

limsup || Py (z,-) — 7(-)|lrv = 0.
noxeX

Since © is finite, this implies that Afl() (resp. Af) hold with V =1 (resp. D = X and
B = 0). Furthermore, Eg’)g [D(0r,0p+1)] < 2pp41 so that B[] (resp. Bf]) hold with any
probability measures &1, &2 (resp. with D = X) provided p,, — 0. By Lemma combined
with Theorem P.1], and by Proposition P.§, we have

Proposition 3.1. Assume lim, p, = 0. For any probability distributions £1,& on X, O,

(i) supgy <1y [Eey 6, [f (Xn)] = 7(f)] =0
(ii) For any bounded function f

n! Zf(Xk) —7(f), Pe, ¢, — a.5.
k=1
3.2. The adaptive Random Walk Metropolis of [Haario et al] (B001]). We illustrate
our results with the adaptive Random Walk Metropolis of [Haario et al] (R001]). The
Random Walk Metropolis (RWM) algorithm is a popular MCMC algorithm
([970); Metropolis et al] ([953). Let a target density m, absolutely continuous w.r.t. the

Lebesgue measure iy, with density still denoted by . Choose a proposal distribution with
density w.r.t. prep denoted ¢, and assume that ¢ is a positive symmetric density on R?. The
algorithm generates a Markov chain {X,,n > 0} with invariant distribution 7 as follows.
Given X,, =z, a new value Y = = + Z is proposed where Z is generated from ¢(-). Then
we either 'accept’ Y and set X,,+1 =Y with probability a(x,Y") ©f hin (L,n(Y)/n(x)) or
we ‘reject” Y and set X, 11 = .

For definiteness, we will assume that ¢ is a zero-mean multivariate Gaussian distribution
(this assumption can be replaced by regularity conditions and moment conditions on the
proposal distribution). Given a proposal distribution with finite second moments, the

convergence rate of the RWM kernel depends mainly on the tail behavior of the target

distribution m. If 7 is super-exponential in the tails with regular contours, then the RWM

kernel is typically geometrically ergodic (Jarner and Hanser (R00()). Otherwise, it is
typically sub-geometric ([Fort and Moulineq (000, R00J); [Douc et al] (R004)).
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Define
def def T T
Px = / x 7(x) prep(de) X, = / xx’ () pres(dr) — p
X X

resp. the expectation and the covariance matrix of 7 (-7 denotes the transpose opera-
tion). Theoretical results suggest setting the variance-covariance matrix 3 of the proposal

distribution ¥ = c¢,X, where ¢, is set so as to reach the optimal acceptance rate & in

stationarity (typically & is set to values around 0.3 —0.4). See e.g. [Roberts and Rosenthal

(BOOT]) for more details. [Haario et al] (B001]) have proposed an adaptive algorithm to learn
Y, adaptively during the simulation. This algorithm has been studied in detail in

dfieu and Moulineq (R00d) under the assumption that 7 is super-exponential in the tails.
An adaptive algorithm to find the optimal value ¢, has been proposed in
(R00F) (see also (R00G)) and studied under the assumption that 7 is

super-exponential in the tails. We extend these results to cases where 7 is sub-exponential

in the tails.

Let ©4 be a convex compact of the cone of p X p symmetric positive definite matrices
endowed with the Shur norm |- |5, |Als o V/Tr(AT A). For example, for a, M > 0,
©4 = {A+ald: A is symmetric positive semidefinite and |A|; < M}. Next, for —oo <
K < Ky < 00 and O, a compact subset of X, we introduce the space © dof O X O XKy, Ky
For 0 = (u,3,¢) € O, denote by Py the transition kernel of the RWM algorithm with
proposal gy where gy stands for the multivariate Gaussian distribution with variance-

covariance matrix e‘X.

Consider the adaptive RWM defined as follows

Algorithm 3.1. Initialization: Let & be the target acceptance probability. Choose
Xo € X, (1o, X0,¢0) € ©.
Iteration: Given (X, pin, Xn,Cn):
1: Generate Zny1 ~ qp,dprer and set Yoiv1 = Xy + Zpy1.  With probabil-
ity a(Xy,, Yoi1) set Xpyp1 = Y1 and with probability 1 — a(X,,, Y,41), set

Xn+1 == Xn
2: Set
p= pin + (n+ 1)_1 (Xn41 = fin) (3)
Y= En + (Tl + 1)_1 (Xn-i-l - ,Un) (Xn—i-l - Nn)T - En ) (4)
1 _
c=cp,+ ] (a(Xp, Y1) —a) . (5)

3: If (u,X,¢) € O, set pipr1 = Wy, Ypr1 = X and 1 = c. Otherwise, set

Hn+1 = Hn, Zn—i—l = Zn and Cn+1 = Cp-
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This is an algorithmic description of a random process {(X,,,0,),n > 0} which is a non-
homogeneous Markov chain with successive transitions kernels { P(n; (z,0), (dz’,d#")),n >

0} given by

P(n; (z,0),(dz’,dd")) = /qg {a(z, 2+ 2)0p42(d’) + (1 — az,z + 2)) 0y (dz') } - -

(Lip(0,042,21€0}0(0,042,2) (A0") + Lig(0,04221¢0106(d0")) dppes(dz)

where ¢ is the function defined from the rhs expressions of (B) to (f). Integrating over ¢’,
we see that for any A € X,

P(n; (x,0), (do',d8")) = Py(z, A) .
Ax©O

Lemma 3.2. Assume that 7 is bounded from below and from above on compact sets. Then

any compact subset C of X with jure(C) > 0 satisfies AR.

Proof. See (Roberts and Tweedid, [199d, Theorem 2.2). O

Following ([Fort and Moulined (00()), we assume that 7 is sub-exponential in the tails:

D1 7 is positive and continuous on RP, and twice continuously differentiable in the
tails.
D2 there exist m € (0, 1), positive constants d; < D;, i = 0,1,2 and r, R > 0 such that
for |z| > R'
() (e ) <
(i) do|z|™ < —logm(z) < Dglx|™,
(iif) difa|™"" < [Viogm(z)| < Dilz|™ ",
(iv) da|z|™=2 < |V21og ()| < Dolz|™ 2.
Examples of target density that satisfies Df-DP] are the Weibull distributions on R with
density m(z) o< |z|™ !exp(—pB|z|™) (for large |z|), B > 0, m € (0,1). Multidimensional
examples are provided in [Fort and Moulineq (£00Q).

3.2.1. Law of large numbers for exponential functions. In this subsection, we assume that

D3 there exist s, > 0,0 < v <1—m and 0 <n < 1 such that as |z| — +oo,

m(z) >S* 2(m—1)
su 1v—— z ev(dz) =o ||z .
ap [ (1) e mald) =o(le2)

A sufficient condition for Df is that m(z + 2) > w(z)7(z) for any x large enough and
|z| > n|x|Y (which holds true for Weibull distributions with 0 < m < 1). Indeed, we then
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have

m(z) >s*
LV ————= qo(2)piren(dz
/{2,227790“} < 7T(33—|—z) 6( ) L b( )
<C exp(—)\*nﬂx’%)zug /exp(s*DO]Z‘m) exp()\*]zﬁ) 00 () nep(d2)
€

for some constant C' < +oo, and A, > 0 such that the rhs is finite.

Lemma 3.3. Assume D} For 0 < s < s,, define Vy(x) © 4 7 %(x). There exist

0 < s < s, and for any o € (0,1), there exist positive constants b,c and a compact set C
such that

sup PV (z) < Vi(z) — VIm%(x) + ble().
0eO

Hence AIQ—E hold.

Lemma 3.4. Assume DiH}. B} holds and B[] holds for any probability measures &;,&o
such that [ |Inw|?/™d¢; < +o0.

The proof of Lemmas B.d and B.4 are in Appendix C.

Proposition 3.5. Assume DJ{}. Consider the sequence {X,,n > 0} given by the algo-
rithm [5.1.
(i) For any probability measures &1,& such that [ |In m[2/mdg; < 400,
ooup [Ee, 6 [f (Xn)] = 7(f)] = 0.
(ii) There exists 0 < s < s, such that for any probability measures &1,&o such that
[ |x|72d&1 < 400, and any function f € Ly -, 0 <71 <,

nIY (X)) = a(f) . P —as

k=1
The drift function V; exhibited in Lemma 3.3. is designed for limit theorems relative to
functions f increasing as exp(f|z|™). This implies a condition on the initial distribution
&1 which has to possess sub-exponential moments (see Proposition B(H)), which always

holds with & = 6., z € X.

3.2.2. Law of large numbers for polynomially increasing functions. Proposition B.J also
addresses the case when f is of the form 1+ |z|", » > 0. Nevertheless, the conditions on
& and the assumptions DfJf can be weakened in that case.

We have to find a drift function V such that V1=%(x) ~ 1 + |2|"** for some a € (0, 1),
¢ > 0. Under D, this can be obtained from the proof of Lemma 3.3. and this yields
V(z) ~ 14 |z|"FF2=™ (apply the Jensen’s inequality to the drift inequality (R4) with the

concave function ¢(t) ~ [Int]"*++2)/m=1. see (Jarner and Robertd, 003, Lemma 3.5) for
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similar calculations). Hence, the condition on & gets into & (|z|"++27™) < +o00 for some
t>0.

Drift inequalities with V' ~ (—Inm)® for some s > 2/m — 1, can also be derived by
direct computations: in that case, D can be removed. Details are omitted and left to the
interested reader.

To conclude, observe that these discussions relative to polynomially increasing functions

can be extended to any function f which is a concave transformation of 7=%.

4. PROOFS OF THE RESULTS OF SECTION [J

For a set C € X, define the hitting-time on C x © of {Z,,n > 0} by o¢ ey inf{n >

0,Z, €Cx 0} If n(|f]) < +o0, we set fdéff—w(f).

4.1. Preliminary results. We gather some useful preliminary results in this section.
Section gives an approximation of the marginal distribution of the adaptive chain by
the distribution of a related Markov chain. In Section [l.1.9, we develop various bounds
for modulated moments of the adaptive chain as consequences of the drift conditions. In
Section we bound the expected return times of the adaptive chain to level sets of the
drift function V. The culminating result of this subsection is Theorem which gives

an explicit bound on the resolvent function gc(f) (x,0).

4.1.1. Optimal coupling.

Lemma 4.1. For any integers | > 0, N > 2, any measurable bounded function f on XV
and any (z,0) € X x O,

N
A Eﬁf,)g [f( X1, X)) = /XN Py(x,dxy) [] Pownr, dag)f(za, -+ an)
k=2
Nl
<Ifh 32D B D(0:,6:0)]
=1 =1

Proof. We can assume w.l.g. that |f|; < 1. Set zp = (z,t;). With the convention that
[1%_, ax = 1 for a > band upon noting that Jx Po(z, da’Yh(2') = [y, o Pr(0; (2, 0), (da’, b)) h(z)
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for any bounded measurable function h: X — R,

a=|f
Xx©)N

{P(j; zj,dzj1) — Bi(0; (25,0),dzj41) } H Py(0; (z-1,0), dzp) f (21, , xN)
k=j+2

N—
P i (x,0),dz) HPZ —1;25_1,dzg) - -

i k=2

N-— J
Z / 0),dz1) T A= 15200, o) sup |1 () = Pof, ) v
=1 Te

k=2

where we used that

/(x @)N—j-1 H Pl xk 1,0),dzi) f(z1,-- ,zN)
X J—

k=j+2

is bounded by a function =(x1,---,xj4+1) that does not depend upon ¢,k < N and for

any bounded function = on XJ*+1

/x . {P(j: 2z, dzj41) — B(0; (x,0),dzj1) } E(zr, -+ xj41)
X

= /X {P(wj,dwji1) — Pp(j, drjir) } E(1, - 2j41) < sup 1P, (@, )= Fo(,-)llrv [E] -
e

Hence
N1
!
A< Y B sl e —Peo<x,->uw}
Nl N1 j
< B, | S supll Py (@) - By, ()l ] S EY, (D(0:,61)] -
j=1 i—1 TEX J=1 i=1

O

Lemma 4.2. Let u,v be two probability distributions. There exist a probability space

(Q, F,P) and random variables X,Y on (2, F) such that X ~ u, Y ~v and P(X =Y) =

1 — || —v|Tv.

The proof can be found e.g. in (Roberts and Rosenthal, R004, Proposition 3). As a

consequence of Lemmas [L.1] and [..7, we have

Proposition 4.3. Letl > 0, N > 2 and set z = (x,0). There exists a process {(Xp, Xj),0 <
0]

k < N} defined on a probability space endowed with the probability P,”, such that
. ~ N—-1 j
@2,1<Xk:Xk,0§k§N>2l— S ED [D©;,6i1)]

7j=1 =1
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(X0, , XN) has the X -marginal distribution of]P’,(Zl) restricted to the time-interval {0,--- , N},
and (Xo,--- , Xn) has the same distribution as a homogeneous Markov chain with transi-

tion kernel Py and initial distribution 6.

4.1.2. Modulated moments for the adaptive chain. Let V : X — [1,400) be a measurable
function and assume that there exist C € X, positive constants b,c and 0 < o < 1 such

that for any 0 € ©,
PV <V — V= £ ble . (6)

Lemma 4.4. Assume (). There exists b such that for any 0 < 5 < 1,0 € ©: PVFP <
Vi — ﬂcvﬁ_a +blc.

Proof. See (Jarner and Robertq, P002, Lemma 3.5). O

Proposition 4.5. Assume ([§). For any >0, (x,0) € X x ©, and any stopping-time T,

T—1 T—1
cEY), [Z (kac+1)* 7' < V(z) + b EY), [Z ((k+ Dac+ 1)~ 1e(Xy)
k=0 k=0

Proof. The proof can be adapted from (Douc et all, 2004, Proposition 2.1) and (Meyn and
[Tweedid, [[993, Proposition 11.3.2)and is omitted. O

Proposition 4.6. Assume (4).
(i) There exists b such that for any 7 >0,0<3<1,1>0 and (z,0) € Xx ©

l T
B0 [10)] < Vi) 1

(ii) Let 0 < <1 and 0 < a < 1. For any stopping-time T,

|
—

T

EY) (1= a) V(X Lrcto] + B [ D20 =0 {a VO(X)) + Be(l — a)VP~(X;)}

)

j=0
7—1 '

< V(@) + 51— @)y | (1 —a) 1e(X))
j=0

(iii) Let 0 < B3 <1—a and 0 < a < 1. For any stopping-time T and any q € [1,+0o0],

T—1
l .
EY, Y1 - a)vA(X))
j=0
7—1 '
< al/q_l(l — a)_l/q VBJFO‘/q(x) 1+0b Eg,)e Z(l —a)1e(X;) (ac)_l/q ,
j=0

(with the convention that 1/q = 0 when q = +00).
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Proof. The proof is done in the case [ = 0. The general case is similar and omitted. (f) is a
trivial consequence of Lemma [£4. (f) Let 8 < 1. Set 7v = TAN and Y;, = (1—a)"V?(X,,).
Then

Yoy = Yo+ 3 (V= Vi) = Yo+ >_(1=a) " (1= a)VP(X;) - VA(X;1))
=1 i=1
- Yo—i—i(l —ay (Vﬁ(X ) — VA(X, 1) ) —az )i~ VB(X;_1).
j=1
Hence,
TN—1
Eop Yoyl +aBEap | > (1—a) V(X))
=0
=VP(z)+) (1—a) Eup [(Vﬁ(Xj) - Vﬁ(Xj—1)> ﬂjgm]
j>1
<VO@) + > (1= a) By [(=e VI (K1) + Ble(X1)) iz |
j>1

where we used Lemma [I.4 in the last inequality. This implies

TT~—1 TTn—1
Eop Yoyl +aBEap | > (1—a) VI(X))| + (1 —a)BcEep | > (1—a) VI(X;)
j=0 Jj=0
T~—1
<VP(@) +b(1 - a)Eap | Y (1—a) 1e(X;)
j=0

The results follows when N — “+o00.

() The previous case provides two upper bounds, namely for 0 < <1 — q,

)

T—1 T—1
aEyg {Z(l - a)jvﬁ(xj)] <VP()+b(1—a)E,y {Z(l —a)’ 1e(X;)
j=0 Jj=0

and
T—1 _ ~ T—1 _

(1—a) (B+a)) Eup | > (1—a) VX)) | S VIT(2) +bEep | > (1—a) Le(X;)
=0 =0

We then use the property [c < ¢ Ao = ¢ < ¢ 1/4c=14 for any ¢ € [1, +o0]. O

Proposition 4.7. Assume (). Let {r,,n > 0} be a non-increasing positive sequence.

There exists b such that for any 1 >0, (z,0) €Xx0,0<3<1 andn >0,

Z T].H_lvﬁ k) § TTLES,)G [Vﬁ(Xn)] +B Eg?e Z Tk+1]lc(Xk)
k>n k>n

The proof is on the same lines as the proof of Proposition [l.(H) and is omitted.



18 Y. ATCHADE AND G. FORT

4.1.3. Delayed successive visits to an accessible level set of V. Let D € X and two positive
integers n,, N. Define on (9, F, ]P’g)g) the sequence of N-valued random variables {7, n >

1} as

-0 def 1 def o 0T0+n*

def k
=1, A2+, +7rpob , P E R Nt rpo™ TN k>

Proposition 4.8. Assume A} and there exist V : X — [1,+00) and a constant b < +o0
such that for any 6 € ©, PV <V — 14 ble. Let D € X. Let n,, N be two non-negative

integers. Then

l
v(D) EY),

Tp—1
> ]lc(Xk)] <1,

k=0
and if supp V' < +oo and v(D) > 0, there exists a (finite) constant C depending upon
e,v(D),supp V,b,ny, N such that for any 1 >0, (x,0) € X x O and k > 0,

EY, [Tk} <kC+V(x).
Proof. Since V' > 1, Proposition [L.0([{) applied with a =0, 3=a=1,c=1and 7 = 7p
implies
Tp—1
EV, [rp) < V(z) + b EY), [Z ch(Xk)] .

k=0
By AB, we have Py(z,D) > [ev(D)] Le(z) for any (z,6) so that

mp—1 p—1 Tp—1
87/(D) E:(c{)e Z ( k ] Z ng Xk7 = ]E:(Cl,)e Z ]l'D(Xk‘-i-l)] é 1.
k=0 k=0

Hence Eg)e [7p] < V(z) + blev(D)] 7. By the Markov property and Proposition g (])

£, [1'] < n. + V(@) + Hen(D)] " + EY [ES) o]

Zn*+TD

<ne+2bev(D)] 4+ V() +supV +nub .
D

The proof is by induction on k. Assume that Eg,)e [7%] < kC+V (z) with C > 2bev(D)] '+
supp V + (N V n,)(1+b). Then using again the Markov property and Proposition [L4(]),
and upon noting that ]P)(xl’)e(ZTk €D)=

E(, [71] < N+ EY, ] + B [ES ES S (7ol

)

< N +blev(D)]” +E() [ ’“} +EY) V(X ki y)]
< N +blev(D)] " +EY, [T ] +EY, [E< 7"+ [V(XN)]}

< N +b[ev(D)] ! + Eg)e |:Tk] + <supV + Nb> .
’ D
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4.1.4. Generalized Poisson equation. Assume (). Let 0 <a < 1,1 >0and0< 3<1—a.
For f € Ly s such that w(|f|) < +o0, let us define the function

a0 (2,0) < 3" (1 - a) T EG[F(X))] -

j=0

Proposition 4.9. Assume [4). Let 0 < 3<1—a and f € Ly,5. For any (x,0) € X x O,

[>0and0<a<l, QC(LI) exists, and

Fla) = 3 (2.0) ~ B, [ (x1.01)]

1—a

Proof. By Proposition L),

5 5 7 (1
Y, [F(X)])] < flve (VA@)+557). Hence, 3 (x,0)
exists for any x,6,l. Furthermore, gC(LIH) (X4,07) is IP’Q)(,-integrable. By definition of QC(LI)
and by the Markov property,

B |98 (X1,00)] = Yo (1-ap B, [F(X50)] = (1-a) ™ Y (1-a) 'EL, [(X))]

Jj=0 j>1
= (1-a) (3(,0) - (1 - a)f(@)).

O

Theorem 4.10. Assume AR and B. Let 0 < 3 < 1—a. For any e > 0, there exists an
integer n > 2 such that for any 0 < a <1, f € Ly, 1 >0, (x,0) € XXO and q € [1,+00],

(Iflvs) ™

30 (x, 9)‘ <d4e(1—(1—a)") ' n

Vite/a(y) 1 . -1 : 7 fra
al—l/q(1—a)1/q(o‘c) /a <1+b[5u(D)] +2 (14 bny)(1+b) s%pv + /q> .

-1

By convention, 1/q = 0 when q¢ = 4+00. In particular, lim,— (]ﬂvg) (agff) (m,@)‘ =0.

Remark 1. Before dwelling into the proof of the theorem, we first make two important

remarks. Firstly, a simplified restatement of Theorem is the following. There exists

a finite constant ¢ such that for any 0 < a < 1/2, f € Lyp, 1 > 0, (z,0) € X x © and
€ [1,+o0],

3 (.0)| < colflyo ™ (1+ a¥/avItela(a)). (7)
This follows by taking € = 1, say, and upon noting that n (1 — (1 — a)")_1 < 2" 1/a. The

second point is that if we take a1, a9 € (0,1) we can write

5 50 _ a2 — a1 IRV =S| (l) (I+k)
Yay (x,9) Yas (:Ev 0) (1 — al)(l — a2) X kz>0(1 (11) E |:ga2 (Xkyek)] .

By ([]) and Proposition [.q (i), it holds

gt(lll)(:lj 6) — ()(m 9)‘ < er [flys las —ar a2—1a1—2+1/qvﬁ+a/q($), ®)
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for some finite constant ¢, for all 0 < aj,as < 1/2, f € Lys, 1 >0, (z,0) € X x © and
€ [1,+o0].

Proof. Let € > 0. Let us consider the sequence of stopping times {7%, k > 0} defined in
Section where (D, N,n,) are defined below.

Choice of D, N,n,. Choose a level set D of V large enough so that v(D) > 0. Choose
N such that

N-1
1 .
— sup [|[P(z,)) —7()|lys <€, 9
N ;:Om@ 1Py () =7 ()lly (9)
the existence of which is given by A}, and such that - since o + § < 1, -

(ac)™" N7 (sup VAte | pNBte | b[auwﬂ—l) <e. (10)
D

Set ey X N—2{e <supD VB4 bN! Z;V:_ll j5>_1}1/(1_5) (which can be assumed to be
strictly lower than N ~2 since B > 0). By BE, choose n, such that for any g > n,, [ > 0,
SuUPpxe P;l,)e(D(@q,@q—l) > €en/2) < en/4.
By Proposition [[.§, ]P’g?(,(Tk < 4o00) =1 for any (z,0) e XxO,1>0, k> 0.
Optimal coupling. With these definitions, sup;>; supy>; Eg’)g [E(ZT;H) [D(6;, Hi_l)]] <en,
upon noting that ]P’g)e(n* < 7%) =1 and D(#,0") < 2. We apply Proposition [i.J and set
def{Xk—Xk,0<k‘<N} We have for any [ >0, k > 1, (z,6) € X x O,

N—
EL) (P02, (& }<Z
7=1

Observe that D, N and n4 do not depend upon a,l,z,6 and f.
Proof of Theorem [.1(. Assume that for any 0 < a < 1,1 > 0, (z,0) € X x © and
k>2,

J
E [ T (92'792'—1)]} < N2y <1. (11)
1

1=

N—-1
EY, ) F (X)) | | < 1 Flve 3Ne (1 —a)mHE=DN 0 (19)
]:0

We have

§0(,0) = D (1~ )" S L [FX)1jcr] + 3 L [FX) Lok gjrun]

Jj=0 k>1

On one hand, by Proposition [L.q([i]) applied with 7 = 7p and Proposition [L.g,

Tp—1
S = aHEY, [F(X)1000] | = B [ 3T (1 - )t F(X;)
j=0 j=0
)= . VA+a/a(z) (1 4 blev(D)) 1)

7 ( _ Ny B v, F —1/q
S ’f‘vﬁ Emﬂ Z (1 CL) V (X]) S ‘f’Vﬁ al—l/q (1 _ a)l/q (aC) °
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Applied with 7 = 7p, Propositions [L§(J and (i) and [.§ yield

Tp+Nw+Tp0l™* +mp_q

- _ . 1 — - . _
FIE D20 = ) MEY, [F(X) Locjen] | = IFI5E [ES > (1—a)*' F(X;)
§>0 Jj=Tp
0 | oo |TRETT
l Tp+1 i+1v,3 )
< Ex,@ EZTD Z (1 - a)j 14 (X])
j=0
. . ny—1 ' l . Tp—1 .
<E, [ES | 3 (1= a) VO || +ED, [ESTT YT (10— a) VO(x))
j=0 Jj=0

(1 +En*)(1 +5) —1/q B+a/q
al=1/a(1 — a)l/a (ac) S%pV '

l

Tp—1
+EY, l(l — )V YN {Z (1= ay ™ |f] (Xj)]

J=0

<2

For k > 1,

o |7 it E
E, g Z (1—a)’™ (X))

By Proposition [Lqf]) and () applied with 7 = 7p, Proposition [.§ and Eq. ([d), and
upon noting that 7% > n, + (k — 1)N ]P’EQ 0)"2-S-

S (1= @) EY, [F(X)Lokecpin]

T,

< |flys B (1= a6 (3Ne+ (1= a)N (VP9 (X ) + Blev(D)] ' Hao) ™

<|flys (1 — a)"*+(k_1)N <3NE + (ozc)_1 sup Eg) [VBJ””(XN) + blev(D )
r,Dx0O ’
<|flys (1 — a)"*+(k_1)N <3N€ + (ac)™ (Sup yhte L pNBte 4 blev(D >>

<de|flys (1—a)t=DN

where we used the definition of N (see Eq. ([[()) and Proposition [LG(f). This yields the
desired result.

Proof of Eq. () . By the strong Markov property and since 7% > n, + N (k—1) ]P’g)g—a s

,_.

T+l

N—
ECy { )T (X )
j=0

(1 a)n*-l-N(k 1)E(l |:

N-1
Z ]+1f ):|

Jj=0
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Furthermore, by Proposition [£.3,

j=0 j=0
IR 7% o) | LeF FOR
=By, 2, [ D (—a" f(X))| +EZ, 7, (1 =) {f(X)) — F(X))}Leg
§=0 §=0
On one hand, we have IP’;I’)Q — a.s.,
k) N-1 ‘ . . N-1 ' _ )
Z 7 (L=l F(X) || < Iflve ) (1—a)’* sup 1P (@, )=m()llye < |flys Ne
=0 =0 x

by (B). On the other hand, IP’;I’)Q —a.s.,

& N-1 . - o
E(Z:JQT;C [ (1 —a) ™ {F(X;) - f(Xj)}]lst]

J

Il
o

N-1
_ — (k41 . ~
<Iflve BS5 IS (—a) (V) + vﬁ<Xj>}ns&]
j=0
g11P
TR +1 [y8 8(% ) e\ P
<|flvs Ez .7, (1—a) {V (X;)+V (Xj)} (szk,ZTk (5N)>
j=0

by using the Jensen’s inequality (8 < 1). By the Minkowski inequality, by Proposi-
tion [L4(]), and by iterating the drift inequality Af]

Vo 671 /6
—Tk-i-l — . ~
EY 7. (1 - o) {VA(X;) + V()|
j=0
= 1 =4 g | =T+ =17
<Y a-ar B0 weor + 8L, Vi)
j=0

< N_1(1 — )it { sup (EY), [V(Xj)])ﬁ + <sup P£V(m)>6}

1, Dx© DxO

' NG ) N-1
<2 (1—a)*! (supV —|—jb> < 2N [sup VP + N1 Z PR

D D =
Finally,
y [ (=) e TP D [+ oo P 1-8
EY, [ (B0, %) | < (BS[PE,E0)]) < (W)

where we used ([LI]) in the last inequality. To conclude the proof, use the definition of ey.
O
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4.2. Proof of Theorem R.1. Let € > 0. We prove that there exists n. such that for any
n > Ne, Supgr|fli<i} |E§1,Sz [f(Xn)]| <€

4.2.1. Definition of D, N, Q and n,. By Afll(f), choose Q such that

0) 1
sup sup [E_ 7 [r(7c —— <e. 13
I (2,0)eCx© olr(re) ,;21"(]@) (13)

By Afl(H), choose N such that

_ €
sup V) [|1P) (z,) — 7() oy < = - (14)
(2,6)€CxO Q

By Bll, choose n, such that for any n > n,,

€

(N+Q-102Q
4.2.2. Optimal coupling. We apply Proposition .d with [ = 0 and N « N + Q. Set

Pe, & (D(On, 0n1) > ¢/ 2N +Q —1)?Q)) < 4 (15)

ENtQ o {Xi = Xk,o <k < N+ @Q}. It holds for any r > ny,
) N+Q-1 j
=\
Ee e [Lxec Py z (o) | € Y D Eere [Lxoec EY (D0, 0:-1)]]
=1 =1
N+Q-1 j

< D0 D Eae Dl b)) <Q7H, (16)
j=1 =1
where in the last inequality, we use that D(6,0") < 2 and the definition of n, (see Eq. ([J)).

4.2.3. Proof. Let n > N + Q) + n,. We consider the partition given by the last exit from
the set C before time n — N. We use the notation {X,,.,, ¢ C} as a shorthand notation for
N, { Xk ¢ C}; with the convention that {X,,41.m ¢ C} = Q. We write

n—N

Ee e [F(Xn)] = Eereo [F(Xn)Lxo,_nge] + D Bag [F(Xn)Lxgee Ly, yec]
k=0

Since f is bounded on X by |f|1, we have

Ee, 6o [f(Xn)lx,,_nec) < If1i Py g (e >n—N) <|fli Eg g, [m A 1} :

The rhs is upper bounded by |f|; € for n large enough. By definition of @ in ([LJ),

n—(N+Q) n—(N+Q)
3 r k
E E§1,€2 [f(Xn)]leEC ]leH:anéC} S |f|1 E E§1,€2 [leGCPg(Zﬂk (TC 2 n—N — k‘)
k=0 k=0

_ 1 _
< sup su E(l) r(T — < e. (17
< W supsup B )l 3 g < Wl e (17
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Let k€ {n—(N+Q)+1,--- ,n— N}. By definition of N and n, (see Egs. ([4) and ([3)),
upon noting that k > n — (N + Q) > n,,

E517§2 [JF(XN)]IXkEC ]leH:anééC] - ‘ﬂl E517§2 []leEC F(Zk;c),Zk (510\7-1-@)]
< Be g, []leeC Ezk Zy, [f( n— k)]]'XlzanfkﬁéC]lgN+Q:|:|
< Bey ey [leGC £, 2, [f( LS S k¢c]16N+QH
<o g [Txee By g [F(Rni)is ||+ 171 Beves [1xiee Pz, (€510)]
= 81,6 | FXpeC 7 7, n—k)L X1 N_réC 1 Beg | Lxpec Pz, z, \CN+Q
< B [Lxee BS, 2, [La e PR T Knon-p)] ] + 171 €@

- _ —=(k ~ = .
< Ifh Q' Eees |Lxeee By, 2, [Lx,, y wpc” Knoni)|| #1711 €@

(z,0)eCxO

<|fh EQ_I{ sup PV (x) +SIC1PV} +1fl Q"

where we used A[J([j) in the last inequality. Hence,

n—N
Z Ee, e, [f(Xn)Ix,ec Lxy,r wec] < (1 + sup  PBpV(z)+sup V) elfl-
k=n—(N+Q)+1 (z,0)eCxO C

This concludes the proof.

Remark 2. In the case the process is non-adaptive, we can assume w.l.g. that it pos-
sesses an atom «; in that case, the lines ([[7) can be modified so that the assumptions
> n{1/r(n)} < 400 can be removed. In the case of an atomic chain, we can indeed apply

the above computations with C replaced by a and write:

n—(N+Q) —(N+
S Eg [f(Xa)lxiea Lxy, nea) < IR Z (To>n— N — k)
k=0 0

The rhs is small for convenient @, provided E,[r(74)] < +oo with r(n) = n. Unfortu-
nately, the adaptive chain {(X,,6,,),n > 0} does not possess an atom thus explaining the

condition on r.

4.3. Proof of Corollary 2.2. The condition Af]({i) is established in Appendix [A] Let
a level set D large enough such that v(D) > 0; then Proposition [I.§ implies that there
exists a constant ¢ < oo such that for any [ > 0, Eg)e [7p] < ¢V (z). This implies that for
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0<n<l—aq,
0 | O | %= (@D )" 0 | x=1
Ew,@ Z(k + 1)77 < Ew,@ (EXk,Gk [TD]> < " Ew,@ Z 14 _a(Xk)
k=0 k=0 k=0

<C (V(x) +EY, [TD]) <0 V(z),

for some finite constants C, ¢’ independent upon §. Hence Afl([) holds with r(n) ~ n'*+7.
Finally, PV <V — eV~ 4+ bl implies PV <V — cyV1=® 4 blp for any v € (0,1) and
the level set D % {z, V1=® < be(1 — 4)]~}. This yields Af([)-

4.4. Proof of Proposition .4. Under A}, there exists a constant C - that does not
depend upon 6 - such that for any (z,0) € X x ©, n >0 and s € [1,a7!],

Ve
(n+ 1)1
(see Appendix [A]). To apply (Roberts and Rosenthal, 007, Theorem 13), we only have to
prove that there exists x € [1,a~!] such that the sequence {V**(X,,);n > 0} is bounded in

1P (, ) = m(0)[lrv < C

probability, which is equivalent to prove that {V?(X,);n > 0} is bounded in probability
for some (and thus any) 8 € (0,1] . This is a consequence of Lemma applied with
W = VP for some 3 € (0,1] and r(n) = (n + 1)*7 for some n > 0 (see the proof of

Corollary P.9 for similar computations).

Lemma 4.11. Assume that there exist a set C and functions W : X — (0,4+00) and
r: N — (0,400) such that r is non-decreasing, PgW < W on C® and

sup PpW < 400, sup sup Efcl)e [r(1¢)] < 400, Z{l/r(k‘)} < +00
Cx© I cxe 7 A

For any probability distributions &1,& resp. on X,0 {W(X,),n > 0} is bounded in prob-
ability for the probability P¢, ¢,.

Proof. Let ¢ > 0. We prove that there exists M., N. such that for any M > M, and
n > N, Py o (W(X,,) > M) < e. Choose N, such that for any n > N,

.
Beoco |2 A1) <e/3, sup sup By r(7e)] D {1/x(k)) < ¢/3,
k>n

and choose M, such that for any M > M., N, supgyg PyW < eM/3. We write
n—1

Peeo (W(Xp) > M) = Z]P’&,& (W(Xy) > M, Xy, € C, Xi1in ¢ C)+P¢, e, (W(Xy) > M, Xo. ¢ C) .
k=0

By the Markov inequality, for n > N,

TC
]P)517§2 (W(Xyn) = M, Xoun gé C) < Pﬁl,iz (XO:n ¢ C) < ]P)5h§2 (e >n) < E§17§2 [g A 1} < 6/3 .
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Furthermore, for n > N,

n—Ne n—DNe
Z Pey ey (W(X0) = M, Xy, € C, Xjp1n £C) < > Pey g (X € C, Xps1n ¢ C)
k=0
n—Ne n—DNe
Z E¢, ¢ [lc(Xk) sup sup IP’() (X1m—k ¢ C) } Z sup sup IP() (¢ >n—k)
k=0 k=0 I Cx©
~ 1 W
< 7 UPSUPE pr(me)l <e€/3.
2w

Finally, for n > N, we write

> Pap(W(X,) > M, Xy € C, Xpy1m ¢ C)
k=n—Nc+1

< Y B [Le(Xi) P, (W(Xo ) = M, Xi s ¢ C)
k=n—N+1

We have, for any k € {n — N.+1,--- ,n} and (z,0) € C x ©

1 1
P (W (Xook) 2 M, Xpinoi ¢ €) < 7B W (Xomi) Les(Xtnor1)) < 7B [W(X0)]

where, in the last inequality, we used the drift inequality on W outside C. Hence,
n N,
> Poy(W(Xn) = M, Xp € C, Xpp1m ¢ C) < = sup B W (z) < €/3.
k=n—Nc+1 M cxe

The proof is concluded. U

4.5. Proof of Theorem P.5. By using the function QC(LI) introduced in Section and
by Proposition [£9, we write P, — a.s.

‘1Zf Xi) = n 12(1—a (X 00) ~ B, [0 (1,60)] )

n

= (1= a)7" Y {3 (X0, 00) — B |98 (X 00)| Fic |}
k=1

7 (1= )Y { B |90 (X 00)| Fia | = (1= @)Eug [8) (X, Oi0) 175 }

=n"t1-a)? zn:{ (X%, 1) Ex,g[ k) (X4, 00)| Fi 1]}
+n (1 —a)” {E, [ (D (X1,61) \.7:0} —Ex,e[ ) (X1, n+1)"7:]}

+an'(1-a)™! Ezo [Q(kﬂ) (Xkt150k41) ’fk}
=1
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We apply the above inequalities with a = a, and consider the different terms in turn.
We show that they tend P,y — a.s. to zero when the deterministic sequence {a,,n > 1}

satisfies conditions which are verified e.g. with a, = (n + 1)~¢ for some ¢ such that
(>0, 20<1-(05vB1-a)!), (<1-B1-a)'.
To prove that each term converges a.s. to zero, we use the following characterization

[Ve>0, lim ]P’<sup | X | 26>:| — {Xn,n>0}—0 P—as] .
Hereafter, we assume that |f|;,s = 1. In the following, ¢ (and below, ¢1, c2) are constant
the value of which may vary upon each appearance.

Convergence of Term 1. Set p o (1 —a)/B. We prove that

n

(1l —an)t {@éi)(Xk79k) Ee, ¢ [9& (X, O0) | Froe 1] } —0,Pg ¢, —as
k=1
provided the sequence {a,,n > 0} is non increasing, lim, . pmax(1/p,1/2)—1 Jan, = 0,
S, 0 pmax(/p/2 =1 /g 1P < oo and Y, Jan — an_1lay 2, [pPA/PYD71 /0] < doo.

def . ~ def .
Proof. Define Dy = g4 (Xi, 1) Eey 60 |36 (X, 00\ Fioa 5 S = z;;an,j, ifk <n

and S, i def ijl D, j+ Ejzn—i-l D;j; if k > n; and R, def Z” ! D,, j — Dy—1,j. Then for
each n, {(Spk, Fr), k > 1} is a martingale. For k > n and by Lemma B, there exists a

universal constant C' such that

k
Ee, e, [|Snil?] < CRm0/2D- ZEgl & 1Dl + > Ee g, [ID;517]
j=1 Jj=n-+1
<y |flys kmex®/20)- pZEm X)) < et |Flys k@200 Pe V), (18)

where we used ([]) and Proposition [L.g([]). It follows that for any n > 1, limy—_oc N PE¢, ¢, (|Sn, n|P) <
o limy_ o (Nmax(l/p71/2)_1/a]v)p = 0. Then by the martingale array extension of the

Chow-Birnbaum-Marshall’s inequality (Lemma [B.9),

27P5PPe, ¢, [ sup m™(1 — ap)” ZD,” >0
m>n

[e.e]

p
Z — (k+1)7") Ee, g, [|Sn "] + <Z EET | IRkI”]> :

k=n+1

Under the assumptions on the sequence {a,,n > 0} and given the bound ([I§), the first

term in the rhs tends to zero as n — +oo. To bound the second term, we first note that
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{(E?zl Dyj — Dp-14,Fk), k> 1} is a martingale for each n. Therefore, by Lemma [B.1]
and the definition of D, ;

n—1
Ee, ¢, [|Ral”] < C n™>®>D 7 3" B 6, [ Doy — Duo1 P
j=1
< 20 n2DUN VB 199X, 0) = 990 (X5, 0507 -
j=1

Then, using () (with ¢ = co) and the usual argument of bounding moments of V7(X;),

we get

E/% (1Ral?) < 1 [Flve n™W21P) a, — ay_y) 0y a2, 60(V).

Under the assumptions, >, n_lEZ 22 [|Rn|P] < 400 and this concludes the proof.

Convergence of Term 2. We prove that
nH (1 —an) "By gy [@fﬁl)(Xla 01)|Fo| — 0,
provided lim,, na,, = +o0 and lim,, a,, = 0.

Proof. By Theorem applied with ¢ = 400, it may be proved that there exist constants
¢, N such that

‘E&@ [thi) (X1,91)|]-'0] ‘ <ca'e (V) +e(l—(1- an)N)—l N

Divided by n~!(1 — a,), the rhs tends to zero as n — +oo. O

Convergence of Term 3. We prove that

n (1 - an)_lE&,ﬁz §§Z+1)(Xn+1,9n+1)|fn — 0,FPg 6 —as.

1 —1

provided the sequence {n~'a,',n > 1} is non-increasing, lim, pB0-)"g = 40,

Zn(nan)_(l_o‘)ﬁ1 < 400 and lim,, a,, = 0.
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Proof. There exist constants cj,co, N such that for any n large enough (i.e. such that
1—a,>1/2) and pdéf 1-a)pt>1

]P)§17€2 (SUP m- (1 - am)_l ‘Efl,ﬁz [Q£Z+1)(Xm+la 9m+1)|}—m] ‘ > 5>

m>n

p
< 2P67P K, g, [Slip m~ ‘E&@ {93’Z+1)(Xm+17 9m+1)‘~7:m} ‘ }

< PP Z m~P Ee ¢, HE@,@ [EA]((;T,:+1)(Xm+17 9m+1)|~7'-m] ‘p]

m>n
p
< 2P5TP Z m~? E§17§2 |: Qer )(Xm—l—lyem—l—l)‘ ]
m>n
p
2p—1 s—p -p J €L Bp N
v L B [V 00me] o (o)

where we used Theorem with ¢ = +o0. Furthermore by Propositions [L(f) and .7
and the drift inequality,

Pflv& (Sup m_l(l o am)_l ‘Efl,ﬁz [gétij_l)(Xm+179m+1)|fm]‘ > 5>

m>n
2P cg N j2
< —= <{nPa PE )]+ m~Pa P+ m- < >

5]7 n 51762 r;n r;n 1 _ 1 _ am)N)

2Pes —p,—p P, —p N 8
< s AP (G(V) 4 nb) b Y mTag Y m P =™

m>n m>n
Under the stated conditions on {a,,n > 1}, the rhs tends to zero as n — +o0. (]

Convergence of Term 4. We prove that

anpn~ 1 —an)” ZE&@ [gan Xk+1,9k+l)|~7:k] — 0, Pg; g, —

In[(1—a=B)/a] -

provided {ar, !'n > 1} is non-increasing, Y, ai/\[(l_a_ﬁ)/a} n~! < 400, and

lim,, a,, = 0.

Proof. Choose ¢ > 1 such that 8 + a/q < 1 — «a. Fix ¢ > 0. From Theorem .10, there
exist constants C, N such that for any n > 1,1 >0, (z,6) € X x ©,

30 (.0) < € alf 17 V(@) £ 4eN (1 - (1 - a)V)
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Hence for n large enough such that (1 —a,) > 1/2

ann 1 —an)” Z Ee e [gan (Xk"'l’ 9k+1)‘}—k}

<8aneN(1— (1—an)) ' +2C af/in™" D Ee g, [vﬁ+a/q(xk+1)yfk]
k=1

< 8aneN(1 — (1 —a,)™)™! +2C aY/in™! E": VIT¥(Xy) +2C X/,
k=1
where we used 3+«/q < 1—a and Proposition @ ﬂ in the last inequality Since lim,, a,, =
0 and lim,, a,eN(1—(1—a,)V)~! = €, we only have to prove that al/?n1 S VT (Xy)
converges to zero P¢, ¢,-a.s. By the Kronecker Lemma (see e.g (Hall and Heydd, [980, Sec-
tion 2.6)), this amounts to prove that » ;- a,lf/qk‘_l V1=2(X}) is finite a.s. This property
holds upon noting that by Proposition [£.] and Proposition [L6({)

Eeoeo | D a/ B VITNX0) | < al/Tn " Eey g, [V(X)] + D a7

k>n k>n
< atip™! (&1(V) +bn) + Z ai/qk_l,
k>n
and the rhs tends to zero under the stated assumptions. O

4.6. Proof of Proposition R.g. We only give the sketch of the proof since the proof is
very similar to that of Theorem P.J. We start with proving a result similar to Theorem [L.10.
Since D = X, the sequence {7%, k > 0} is deterministic and 7%+ = 7%+ N +1. By adapting
the proof of Theorem (f is bounded and D = X), we establish that for any ¢ > 0,
there exists an integer n > 2 such that for any 0 < a < 1, any bounded function f, [ > 0,
(x,0) e Xx O

(1F1) "

We then introduce the martingale decomposition as in the proof of Theorem .5 and follow

O (z, 9)‘Sn+e 1-(1-a" " n.

the same lines (with any p > 1).

APPENDIX A. EXPLICIT CONTROL OF CONVERGENCE

We provide sufficient conditions for the assumptions Afj(i]) and Af. The technique relies
on the explicit control of convergence of a transition kernel P on a general state space

(T, B(T)) to its stationary distribution .

Proposition A.1. Let P be a ¢-irreducible and aperiodic transition kernel on (T, B(T)).
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(i) Assume that there exist a probability measure v on T, positive constants €,b,¢, a

measurable set C, a measurable function V : T — [1,400) and 0 < a < 1 such that
P(z,-) > 1c(z) € v(-), PV<V—-cV™4b 1. (19)

Then P possesses an invariant probability measure 7 and m(V1~%) < +oo.
(ii) Assume in addition that ¢ infec V=% > b, sup, V < 4oo and v(C) > 0. Then
there exists a constant C' depending upon supe V', v(C) and e, a, b, ¢ such that for any

0<pf<l—a andlﬁmﬁa‘l(l—ﬁ),
(n+ 1) | P(x,) =7 (-)ye < C V(). (20)

Proof. The conditions ([[J) imply that V is unbounded off petite set and P is recurrent. It
also implies that {V < +oo} is full and absorbing: hence there exists a level set D of V' large
enough such that v(D) > 0. Following the same lines as in the proof of Proposition [§.§,

we prove that supp E.[rp] < +00. The proof of (f) in concluded by (Meyn and Tweedid,
[993, Theorems 8.4.3., 10.0.1). The proof of () is given in e.g. [Fort and Moulined (R003)
(see also Andrieu and For{l (R007); Douc et al] (R007)).

O

When b < ¢, ¢ infee VI7% > b. Otherwise, it is easy to deduce the conditions of (|

from conditions of the form (f).

Corollary A.2. Let P be a phi-irreducible and aperiodic transition kernel on (T,B(T)).
Assume that there exist positive constants b, c, a measurable set C, an unbounded measur-
able function V : T — [1,+00) and 0 < o < 1 such that PV <V — V17 + ble. Assume
in addition that the level sets of V' are 1-small. Then there exist a level set D of V', positive

constants ep, cp and a probability measure vp such that
P(z,) = 1p(z) ep vp(-) , PV <V —-ecp VI 4b1p,

and supp V' < 400, vp(D) > 0, and cp infpe yi-a >p,

Proof. Forany 0 <y <1, PV <V —ycV™®+b 1p with D, e {V1I=o < ble(1—7)]7 1.

Hence, supp V' < +00; and for ~ close to 1, we have ¢ inD% V1=@ > p. Finally, the drift
condition ([[9) implies that the set {V < 400} is full and absorbing and thus the level sets
{V < d} are accessible for any d large enough. O

The 1-smallness assumption is usually done for convenience and is not restrictive. In
the case the level sets are petite (and thus m-small for some m > 1), the explicit upper
bounds get intricate and are never detailed in the literature (at least in the polynomial
case). Nevertheless, it is a recognized fact that the bounds derived in the case m =1 can

be extended to the case m > 1.
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APPENDIX B. LP-MARTINGALES AND THE CHOW-BIRNBAUM-MARSHALL'S INEQUALITY

We deal with martingales and martingale arrays in the paper using the following two

results.

Lemma B.1. Let {(Dg,Fi), 1 < k > 1} be a martingale difference sequence and M, =
> p—q Di. For anyp>1,

R (| M, "] < Cpm»@2D=1N"E (| Dy|P), (21)
k=1

where C' = (18pq1/2)p, pl4qgt=1

Proof. By Burkholder’s inequality (Hall and Heydd ([[98(), Theorem 2.10) applied to the
martingale {(M,, F,), n > 1}, we get

p/2
E(|M, ) < CE (kaﬁ) ,

where C = (18pq1/2)p, p~! 4+ ¢ ' = 1. The proof follows by noting that

n p/2 n
(Z ’Dk‘2) < nmax(p/2,1)—1 Z ‘Dk’p ) (22)

k=1 k=1

To prove (£J), note that if 1 < p < 2, the convexity inequality (a + b)® < a® + b* which
hold true for all a,b > 0 and 0 < a < 1 implies that (>_1_, |D;€|2)p/2 <> |DglP. It
p > 2, Holder’s inequality gives (>_p_; \Dklz)p/z < P21 (S0 | Dy P). O

Lemma [B.3 can be found in (B009) and provides a generalization to the classical
Chow-Birnbaum-Marshall’s inequality.

Lemma B.2. Let {D,,;,F,i, 1 <i <n}, n>1 be a martingale-difference array and
{¢n, n > 1} a non-increasing sequence of positive numbers. Assume that Fy, ; = F; for all
i,n. Define

nkdﬁfZDm, if1 <k<n and S, dCfZDer Z Djj, k>n;

=1 j=n+1

éz_: D, - 1,j)'

Forn<m<N,p>1and X >0

n<m<N

N-1
2_p)\p]P’< Max _ Cp| My m| > )\> KE (|Sn,nP) + (cg - c§+1> (1Sn,;17)
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ApPENDIX C. PROOFS OF SECTION B.9

In the proofs, C' will denote a generic finite constant whose actual value might change

from one appearance to the next. The proofs below differ from earlier works (see e.g.

Fort and Moulineq (R00(); Douc et al] (R004))) since ¢ is not assumed to be compactly
supported.

C.1. Proof of Lemma B.3.

Lemma C.1. Assume D[J-3. For all x large enough and |z| < nlx|V, t — Vi(z + tz) is
twice continuously differentiable on [0,1]. There exist a constant C' < +00 and a positive
function € such that lim,_ e(z) = 0, such that for all x large enough, |z| < nl|z|” and
8 < Sy

sup |V2V,(x 4 t2)] < C sVi(2)]z|?™ Y (s + e(z)) .

te(0,1]
Proof. |z + z| > |z| — n|z|¥ > (1 — n)|z|Y so that t — Vi(x + tz) is twice continuously
differentiable on [0,1] for |z| large enough. We have

Vs(x + t2)

V2V, (z +t2)| < sVi(x) V@)

\VInz(z +tz)Vinzw(z +t2)7]---

- |VZ2In7(x + t2)|
Vinm(z+t2)Vinm(z +t2)7|
Under the stated assumptions, there exists a constant C' such that for any x large enough
and |z| < nlx|”
|VZ2In7(x + t2)| Dy
< - -
it <3 T Nhrttvire 1) =T Ba o)

—muv
[

and
2up [Vinw(e -+ t2)¥ (e + t2)7| < oV DF (1 = mial* )"0
€0,
Finally,
sup <M> h <1+s,D |z| sup |z +tz|™1  sup <M> -
1[0 s <5 m(x) te(0,1] te]0,1],5<s+ m(x)

which yields the desired result upon noting that |z||z + tz|™~! < nlz[vT"=1(1 — nlz[v1)

is arbitrarily small for x large enough. O
We now turn to the proof of Lemma B.3. For x € X, define R(z) := {y € X : w(y) <
m(x)} and R(z) — x o {y—x: y € R(x)}. We have:
PVie) = Vilo) = [ (Vilw+2) = Vo) a0(2) prnld)

m(x + 2)
+/R(m)_m (V(z+2) - V(x)) (W — 1> 0(2) piren(dz) .
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If x remains in a compact set C, using DJi(H) and the continuity of z — V,(z), we have
Vs(x 4+ 2) < C(1 + exp(sDp|z|™)). It follows that

supsup{PyVa(z) — Va(#)} < C sup / (1 + exp(sDol ™)) ao(2) pres(dz) < +00 .

0cO xzeC 0€0 J R(z)—x

More generally, let = large enough. Define I(x) def logm(x), Ry(x,z) def

Vi(xz + z) —
Vs(x) +sVs(x)(z, Vi(x)), Rx(z,2) o m(x+2)(m(z))"t —=1—(z, VI(z)). Using the fact that
the mean of gy is zero, we can write: PyVy(z) — Vi(x) = I1(x,0,8) + Iz(x,0,s) + I3(x,0, s)

where

Ii(z,0,s) ey —s‘/;(a:)/ (2, VI(z))? q9(2) pres(dz) ,
R(z)—

(x + z)

Iy(z,0,5) < /Rv(x,z) q0(2) MLeb(dZ)+/ Ry (z,2) <7T ()

- 1) 00(2) pnen(d) |
R(z)—=z

and

I3(z,0,s) & —sV(z) / R(x,2){z, VI(z)) qo(2) prer(dz) .
R(z)—

C.1.1. First term. It follows from ([Fort and Moulined, 000, Lemma B.3. and proof of
Proposition 3) that, under DR(]), there exists b > 0, such that for all § € ©,

/ (2, Vi(@))? qo(=) pres(dz) > b [VI()[2
R(z)—=x

Hence, supgeg [1(x,0, ) < —s Vy(x) b di|a*m=1).

C.1.2. Second term. For z € R(z) — x, m(z + z) < w(x). Therefore |[I2(x,0,s)] <
2 [|Ry (%, 2)|q0(2) pren(dz). By Lemma [C.1] there exists C' < +oo - independent of s
for s < s,- such that for any |z| < n|x|Y,

Ry (2,2)| < O s Vi) 22" |2 (s +e(2)) .

This implies that there exists a constant C' < 400 - independent of s for s < s, - such

that

/ Ry (0. )l00(2) rn(ds) < C s Vo) oY (s 2()) [ |aPan(mranldz)

. Vstwt2) »
+ Vi(x) /{27|Z|>n|x|“} V() qo(2)pren(dz)

+C Vila) [ / 2] qo(=)zen(dz) -

{z.l2[=nlz|}
There exists a constant C' such that for # € © and s < s,, the first term in the rhs is upper
bounded by C' s Vi(z) |z~ (s + e(z)). Under DB}, the second term is upper bounded
by Vi(z) |z[?™ Y e(x) with lim,| 1o €(z) = 0 uniformly in 6 for 6 € ©, and in s for
s < 84. Since gy is a multivariate Gaussian distribution, there exists A\, > 0 such that

supgeo | exp(Ml2|*)qo(2)pLen(dz) < +00. Under Df, the third term is upper bounded by
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C Vi(z) |22 exp(—An?|z|?") for some A € (0, \,), uniformly in @ for € ©, and in s

for s < s,. Hence, we proved that there exists C, < oo such that for any s < s,,

sup | I2(z, 0, 5)| < C, Vi() 2770 (s* + &) |
0cO

for a positive function € independent of s and such that lim, . e(z) = 0.

C.1.3. Third term. Following the same lines as in the control of Iy(z,0,s), it may be

proved that

Iy, 5) < sV(2) Dy ™! /{ o O DR a0 (G)paf)
z,|z|>n|x|v
OV (a) P / 12 qo(2)pzen(dz) < C Vi(@)|a ™ Ve(a)
{z,|z|<n|z|v}

for a positive function ¢ independent of s, 6 and such that lim|,|_ o e(z) = 0.

C.1.4. Conclusion. Let o € (0,1). By combining the above calculations, we prove that by

choosing s small enough such that c, def bd? — Cys > 0, we have

sup PyVs(z) < Vi(x) — e Vi(2)|z)2 D + b, 1e(x) (24)
0cO

< Vi(z) — 0.5¢, V)2 %(z) + byle(z) (25)

for a compact set C. This proves AJ|(ii) and Af]. Af follows from the results of Appendix [A].
AR(iii) and Af follow from Lemma B.3.

C.2. Proof of Lemma B.4. An easy modification in the proof of (Andrieu and Moulined,

2006, Proposition 11) (to adjust for the difference in the drift function) shows that
D(0,0") < 2 [y |gees (%) — qersy (%) | pprep(dz). We then apply (Andrieu and Moulined, P00,
Lemma 12) to obtain that D(0,0) < C'|efS — e %'| where C' is a finite constant de-

pending upon the compact ©. Hereafter, C' is finite and its value may change upon each

appearance. For any [,n >0, ¢ >0, z € RP and 0 € O, we have

IN

Py (D(a0n1) =€) < € EL) [D(0n, 0ns0)

< CEYllent1 — enl + [Sng1 — Sl
— l l
< Cl+n+1)" <1 +EY) | Xns1/?] + /EY, [!Xn+1\2]> :
DR(H) implies that we can find C' < oo such that |z|? < C ¢(Vi(x)) for all z € X where

¢(t) = [Int]?>/™. From the drift condition (Lemma [8-), Proposition [L.§(f) and the concav-
ity of ¢, we deduce that there exists C' such that Eg)g [ X, %] < C [InVy(2)]?/™ [Inn)?/™.
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We conclude that for any probability & such that & ([In V3]%/™) < +o0, lim,, P, ¢, (D(0n, 0n41) > €) =
0 and for any level set D of V,

lim sup sup ]P’g)g (D(0y,,0n41) > €)=0.
n— >0 DxO
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