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Abstract. Earlier work by the authors (Vallianatos and Tza-
nis, 1999b), has proposed a model for the propagation and
scaling of electric earthquake precursors, according to which
the pre-seismic electric field emission is due to some time
dependent polarisation appearing in an ensemble of electri-
fied crustal volumes within the seismogenic source, which
are distributed according to a fractal power law. Herein, we
extend this formulation to the analysis of ULF magnetic pre-
cursors. We calculate the resulting transient magnetic field,
which turns out to be mainly vertical and observable only if
the seismogenic process generates a source with polarization
rate perpendicular to the vertical plane through the source
and the receiver. Furthermore, a scaling law between the
vertical magnetic field and the magnitude of the associated
earthquake is provided. We also investigate the spectral dis-
tribution law expected from such a set of emitters. To this
effect, we assume that the evolution of the precursory polar-
isation process is quasi-incoherent over the exited ensemble,
i.e. there is no unique relaxation time, but rather a spectrum
of these with energy dependence expressed by an Arrhenius
law with uniformly distributed energies. We show that the
macroscopic ULF field resulting from the superposition of
such an ensemble of sources has a power density spectrum
distributed proportionally to 1/f . The above theoretical pre-
diction appears to be consistent with independent observa-
tions by other investigators.

1 Introduction

During the past decade, a mounting body of evidence indi-
cates that the study of electromagnetic phenomena associated
with the preparation of large earthquakes is a promising field
of earthquake prediction research (e.g. Hayakawa and Fu-
jinawa, 1994; Hayakawa, 1999; Hayakawa and Molchanov,
2002). Among those, the observation and analysis of ULF
magnetic fields is particularly encouraging, inasmuch as it
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appears that credible case-studies of seismoelectromagnetic
ULF emissions have been reported in the recent literature.

Well known are the earlier observations and models by
Fraser-Smith et al. (1990), Molchanov et al. (1992), Park
et al. (1993) and Fenoglio et al. (1995). Dea and Boerner
(1999) report evidence of lithospheric ULF and ELF mag-
netic activity at a distance of 160 km to the south of the
17 January 1994,M6.7 Northridge, California (US) earth-
quake, commencing two weeks prior to the event. Con-
versely, Pilipenko et al. (1999) fail to detect any anoma-
lies prior to the great Kobe earthquake (16 January 1995,
MS = 7.2), at a distance of 400 km from the epicentre. Ad-
ditional, more recent studies can be found in the first chapter
of Hayakawa and Molchanov (2002).

In a series of in-depth investigations, Kopytenko et
al. (1993, 1994a, b), Hayakawa et al. (1996), Kawata et
al. (1998) and Hattori et al. (2002) among others, have ob-
served a possible precursory signature in ULF electromag-
netic data whose distinguishing feature was the high polari-
sation ratio of the vertical over the horizontal magnetic field
components (Z/H ≥ 1), whereas typical magnetospheric
ULF emissions exhibit lowZ/H ratios. This means that
the presumed precursory ULF magnetic fields were over-
all vertically polarised. In another interesting development,
Hayakawa et al. (1999) and Smirnova et al. (2001) have also
argued that the lithospheric ULF magnetic fields recorded
prior to the Guam earthquake (8 August 1993,MS = 8),
evolved towards the structure of flicker noise (to be precise
the power spectrum of ULF time series exhibited a power-
law spectral dependence of the form 1/f β , with β decreas-
ing toward unity as a function of the time-to-failure). No-
tably, flicker noise spectral behaviour is an expression of self-
organized critical dynamics (Bak et al., 1987, 1988).

In conclusion, there exists not only compelling evidence
of lithospheric pre-seismic ULF magnetic fields, but also ev-
idence suggesting that these fields may have specific proper-
ties. To date, there’s no comprehensive theory to explain the
“observed” characteristics of ULF precursors and an attempt
to this effect is reported herein. The basic model originates
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in earlier work by Vallianatos and Tzanis (1999b), which for
the sake of completeness and comprehensiveness is also re-
ported herein in some detail. The theory assumes that sponta-
neous electrification develops in an ensemble of crustal vol-
umes (sources) within the seismogenic zone, which are dis-
tributed according to a fractal power law. The exact electri-
fication mechanism does not have to be specified, so long as
it allows for the development of a macroscopic field by the
constructive superposition of the individual sources. On this
basis, it is possible to show that the pre-seismic ULF mag-
netic field will be mainly vertical and to predict a scaling
law between the amplitude of the vertical component and the
magnitude of the expected earthquake. The scaling law, in
turn, provides important clues as to the nature of the elec-
trification process. Moreover, on the assumption that these
sources emit incoherently, with relaxation times distributed
according to an Arrhenius law, it is possible to explore the
conditions under which the power spectrum will have a 1/f

spectral decay. The details of this analysis are presented in
the following.

2 Generation and scaling laws of pre-seismic ULF fields

To begin with, for simplicity we consider spherical earth-
quake sources which include spherical electric emitters.
However, as will easily be apparent, the theory may be di-
rectly generalized to sources with different shapes. Consider
a sphere of radiusL and volumeV , embedded in a con-
ductive medium of constant resistivityρ. Next, assume that
the spherical volume acquires time dependent induced polar-
izationP(t) and becomes a source of electric and magnetic
fields. For the moment, suppose that the polarization vector
has only vertical componentP(t) = P(t)ẑ and that att = 0,
there is a step change in polarization from zero to some fi-
nite value. Immediately aftert = 0, the potential9e at an
external point to the sphere will be given by (Griffiths, 1996),

9e(t) =
P(t)V cosθ

4πεr2
for r > L. (1)

Since the sphere is embedded in a conducting medium, cur-
rents flow to reduce the surface chargeqA(t) = P(t) · cosθ
and just outside the surface of the sphere, the normal current
densityJn(t) is

Jn(t) =
En(t)

ρ
=

2P(t) cosθ

3ερ
=

2qA(t)

3ερ

and Jn(t) =
∂qA(t)

∂t

Hence, we conclude that

∂qA(t)

∂t
+

2qA(t)

3ερ
= 0, (2)

which shows that the surface charge of a spherical object
embedded in a conducting full-space will decay with a time

constant equal to 3ερ2. Introducing the frequency response
indicated by (2) into (1) we obtain

9e(ω) =
P(ω)V cosθ

4πεr2

(
iω

iω + 2/3ερ

)
. (3)

Herein we consider fields in the quasi-static approxima-
tion and may neglect the feedback from the magnetic field.
Moreover, our result can be readily generalized for an arbi-
trary orientation of the polarization vector, in which case the
electrostatic field becomes:

E(ω) = −∇9e(ω) = −
V

4πε
·

iω

iω + 2/3ερ
∇

(
P (ω) · r

r3

)
. (4)

Equation (4) has a corner frequency atωc = 2/3ερ. For
ρ < 105 �m we findωc > 120 kHz, well above the ULF
frequency range. By taking the low frequency asymptote,

E(ω) = −
3Vρ

8π
·

[
iω∇

(
P (ω) · r

r3

)]
(5)

and on transforming back to the time domain,

E(t) =
3Vρ

8π
∇

(
Ṗ (t) · r

r3

)
, Ṗ =

∂P (t)

∂t
(6)

A similar approach can be used for the magnetic field. From
Maxwell’s equations we have,

∇ × B(t) = µ

(
J (t) + ε

∂E(t)

∂t

)
= µ

(
E(t)

ρ
+ ε

∂E(t)

∂t

)
. (7)

On using Stokes’ theorem and transforming the result to the
frequency domain,∮

B(ω) · d` = µε

(
iω +

1

ρε

)∫
S

∫
E(ω) · dS. (8)

An appropriate contour along which to compute the line in-
tegral is the perimeter of the surfaceS. The problem has
spherical symmetry and the magnetic field lines form circles
centred around the axis of symmetry and on a plane perpen-
dicular to it. Thus, we can choose such a circle for the con-
tour of integration, in which caseS is the enclosed disk. After
some algebra the magnetic fieldB(ω) is

B(ω) =
µ

4π

[
iω

(
iω +

1

ρε

)
·

(
iω +

2

3ρε

)−1
]

· V
P (ω) × r

r3
. (9)

By taking the low frequency asymptote again, we obtain

B(ω) =
3µ

8π
V

iωP (ω) × r

r3
, (10)

which is easily transformed to the time domain to yield.

B(t) =
3µ

8π
V

Ṗ (t) × r

r3
. (11)

Recall that (6) and (11) are valid only for a polarized sphere
in a conducting full-space. In order to estimate the field at
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Fig. 1. Spherical co-ordinate system for computation of the electric
field due to a polarised sphere in a conducting half-space.

the surface of the Earth (i.e. on the top of a conductive half-
space), we use image theory. We define a co-ordinate system
with ẑ being a unit vector in the vertical direction, andê1 a
unit vector perpendicular tôz, on the plane defined by the
vectorsẑ andr (Fig. 1). ThenP (t) may be written as

P (t) = Pz(t)ẑ + P1(t)ê1 + P2(t)ê2, (12)

wherePz(t) is the vertical component of the polarization and
P1(t), P2(t) are the horizontal components in the source-
receiver direction and perpendicular to it, respectively. Using
the fields of the real and image sources we compute the mag-
netic field at the surface of the Earth, which turns out to be

B(t) =
3µV

4πr2
sinθ

∂P2(t)

∂t
ẑ, (13)

i.e. it is mainly vertical and observable only if the seismo-
genic process generates a source with polarization rate hav-
ing a strong component perpendicular to the plane (ẑ, r).
This result is consistent with what is expected from the the-
ory of magnetic fields from dc sources, which predicts that
external to the earth magnetic fields can only be generated
by subsurface current configurations with a significant hori-
zontal component (for a comprehensive account see Edwards
and Nabighian, 1991). It is also consistent with previous ob-
servations indicating that the precursory ULF magnetic data
were overall vertically polarised.

Now, consider an earthquake source volumeVs (again as-
sumed spherical for simplicity), with radiiLs . Next, consider
a set of distributed spherical sub-volumesvi with radiusli
in Vs , which develop time dependent electrical polarization
with geometry consistent over the entire set of sub-volumes.
This comprises a set of constructively interfering EM field
emitters. We introduce the working hypothesis that the num-
berN(li) of sub-volumes with radiusli , is distributed accord-
ing to a power law of the form

N(li) = A · l−D
i , (14)

where 0< D < 3. Then, the total volume of the spherical
emitters is given by (Turcotte, 1997)

Ve =

∑
i

vi =
4π

3

A D

3 − D

(
l3−D
max − l3−D

min

)
=

4π

3

A D

3 − D
l3−D
max SR, (15)

wherelmax and lmin are the uppermost and lowermost radii
sizes in the setvi andSR = 1 − (lmin/lmax)

3−D a scaling
range factor(0 < SR < 1). It is expected that the upper limit
lmax is a fractionκ of the maximum sizeLs of the excited
domain. Thus, we may assumelmax ≈ κLs, 0 � κ < 1.
Hence,

Ve =

∑
i

vi =
4π

3

A D

3 − D
(κLs)

3−DSR. (16)

Under the conditionlmin � lmax, it is straightforward to see
thatSR ≈ 1. The total vertical magnetic field observed at a
distancer from the emitters can be computed on the basis of
the superposition principle and is

Bz(t) =

(
µ

3 − D

A D

r2
κ3−D sinθ

∂P2(t)

∂t

)
L3−D

S . (17)

The logarithm of Eq. (17) is

logBz(t) = (3 − D) logLS+

log

(
µ

3 − D
ADκ3−D sinθ

∂P2(t)

∂t

)
− 2 log(r) (18)

whence, by virtue of the well known scaling relationship
log(Ls) = 0.5M + Constant (e.g. Scholz, 1990),

logBz(t) =
3 − D

2
M + CB

S (t). (19)

Therefore, the pre-seismic vertical magnetic field scales with
the magnitude with auniversalslope ofα = (3 − D)/2.
Note also that a scaling law with an identical universal slope
has already been reported for the case of Electric Earthquake
Precursors by Vallianatos and Tzanis (1999b).

Let us, now, investigate the source properties implied by
Eqs. (17) and (19). Our model suggests that the ULF field
is generated by a self-similar, hierarchical set of emitters.
In the schizosphere and at the depths at which large earth-
quakes nucleate, the most common self-similar feature and
omnipresent in the processes earthquake preparation are frac-
tures and faults, which also obey rules of finite hierarchy.
Therefore, the dependence of field strength on the fractal
dimension implies a corresponding association of the elec-
trification with fractures and faults (for a review see Tza-
nis and Vallianatos, 2001). This also justifies our assump-
tion that lmin � lmax, becauselmin would be the smallest
fracture/crack size andlmax is comparable to the size of the
rupture that will produce the main shock (also see Turcotte,
1997). A number of fragmentation experiments indicate that
2.2 < D < 2.8 (e.g. see Table 3.2 of Turcotte, 1997), al-
though deviations from this range have also been observed.
However, the conditionD > 2 is necessary to constrain the
total area of the fragments to a finite value. Observations
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of fault networks indicate that the two-dimensional fractal
dimensionD2 ≈ 1.6, (e.g. Turcotte, 1997 and references
therein). However, unfragmented blocks are bounded by
micro- and macro-fractures and faults, so that a fractal distri-
bution of block sizes in three dimensions can be related to the
fractal distribution of fractures and faults in two-dimensions.
This relationship is demonstrated by Turcotte (1997) on the
basis of the comminution model of fragmentation, so that
D3 = D2+1 = 2.6. Termonia and Meakin (1986) simulated
the growth of two-dimensional cracks using a kinetic fracture
model and findD2 = 1.27 for the surface topography, which
can be generalized as above toD3 = 2.27 and is consis-
tent with the experimental results quoted therein. Hirata et
al. (1987) produced explicit experimental results in granites
showing thatD3 = 2.75 for transient creep,D3 = 2.66 for
steady creep andD3 = 2.25 for acceleration creep. The lat-
ter corresponds to the phase of dynamic crack propagation
(microfracturing) and clustering: as the creep progresses,
the 3-D crack network becomes increasingly clustered and
the fractal dimension decreases. Thus, we may assume that
D varies in the range (2.25–2.6), taking the lower values
during dynamic crack propagation. Accordingly, the slope
α = (3− D)/2 varies in the range (0.375–0.2). ForD ≈ 2.3
(tertiary creep) it isα ≈ 0.35, while forD ≈ 2.5 (steady
creep)α ≈ 0.25. Therefore, if the scaling law (19) is veri-
fied experimentally, in theory it should be possible to evalu-
ate the state of the seismogenetic process by monitoring the
development of the slopeα(t).

3 Spectral properties of pre-seismic ULF fields

A number of studies (Hayakawa et al., 1996, 1999; Smirnova
et al., 2001; Hattori et al., 2002) suggest that the power spec-
tral density of the ULF signals decays with a power law form
1/f β , which is characteristic of fractal time series, and that
the exponentβ decreases toward a value of unity before the
earthquake, which is characteristic of self-organized critical
dynamics. One possible explanation for the 1/f spectral de-
cay and the SOC dynamics is that the observed ULF power
spectrum results from the superposition of a large number of
simultaneous sources with different relaxation times.

At ULF frequencies (quasi-static limit), displacement cur-
rents are negligible and the EM field propagates as a diffusion
wave driven by the source current densityjs(r, t). Outside
of the source, the diffusion of the current (and the EM field)
will be appropriately described by an equation of the form:

1

τ
∇j (r, t) +

dj (r, t)

dt
+

1

τ
j (r, t) =

1

τ
js(r, t) (20)

whereτ is a relaxation time dependent on the properties of
the material outside of the source. At any fixed pointr, the
time-dynamics of this process will be

dj (t)

dt
+

1

τ
j (t) =

1

τ
Js(t). (21)

with Js(t) = τ−1
[(js(r, t)−∇j (r, t)] a generalized source

function that includes the time dependent gradient. It is

straightforward to conclude that the frequency dependence of
such a process will be given by a Lorentz type power spectral
density (PSD)

s(ω, τ)
τsj (ω)

1 + (ωτ)2
, (22)

wheresJ (ω) is the power spectrum density ofJs(t) and may
have its own frequency dependence.

Consider now, that due to the inhomogeneity of the seis-
mic source region the relaxation timeτ may not be unique
and the same for all the EM field sources. Instead, it is more
probable that there will be a spectrum of relaxation times
dependent on activation energiesE required to drive the pro-
cess. The relation between relaxation time and activation en-
ergy is the famous law of Arrhenius

τ = τ0 · exp(U/kT ),

whereT is the absolute temperature andk is the Boltzmann
constant (e.g. Dekker, 1971). Now, suppose for simplic-
ity that the activation energies are distributed uniformly in
the interval[U1, U2]. Then the distribution of the relaxation
timep(τ) can be obtained by applying the rules of transform-
ing probabilities, to yield a hyperbolic distribution forτ , of
the form

p(τ) =
kT

U1 − U2

1

τ
, τ1 ≤ τ ≤ τ2 (23)

whereτ1, 2 = τ0 exp(E1, 2/kT ).
The superposition of many independent relaxation pro-

cesses with power spectra given by a Lorentz PSD and hy-
perbolically distributed relaxation times reads

S(ω) =

τ2∫
τ1

p(τ) · s(ω, τ)dτ.

After some algebra,

S(ω) =
kT sJ (ω)

2π(U1 − U2)

1

f
[arctan(ωτ2) − arctan(ωτ1)]. (24)

In the frequency interval 1/2πτ1 � f � 1/2τπ2 (i.e. when
ωτ2 � 1 � ωτ1) we expand the inverse tangent terms inside
the brackets after Abramowitz and Stegun (1970), to obtain:

arctan(ωτ2) ≈ ωτ2 −
(ωτ2)

3

3
+ ...

arctan(ωτ1) ≈
π

2
−

1

ωτ1
+

1

3(ωτ1)3
+ ... (25)

Under the conditionωτ2 � 1 � ωτ1, it is easy to see that
the difference inside the brackets, in spite of its somewhat
awesome appearance, is roughly constant and varies slightly
around the value of−π/2. In consequence, the final expres-
sion for the PSD reduces to

S(ω) ≈
kT sJ (ω)

4(U2 − U1)

1

f
. (26)
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Now, if js(t) have time functions such as to generate
evanescent diffusion waves with approximately white spec-
tra sJ (ω) at ULF frequencies, thenS(ω) will have an 1/f
spectral decay rate. This is possible whenjs(r, t) is rela-
tively short in duration and not very far from the observer
(for additional information and a more complete account see
Vallianatos and Tzanis, 1999a and Tzanis and Vallianatos,
2002). If this theory is correct, it turns out that a 1/f spec-
tral decay requires almost continuous activity of many dis-
tributed sources, producing relatively short bursts of ULF
emission. It should also be emphasized that the frequency
interval where 1/f dependence is observed could be quite
broad. Suppose, for example, that the activation energies
span a range as narrow as 7kT (e.g. Dekker 1971), in which
caseτ2/τ1 ≈ 103. This would imply that the correspond-
ing frequency band at whichS(ω) ∝ 1/f extends over three
orders of magnitude at least.

4 Concluding remarks

In this paper we attempt to explain some published observa-
tions of purported precursory ULF emissions by constructing
a simple model of their sources. At the outset, we consider
that the ULF source is a fractal set of crustal volumes, de-
veloping some precursory time-dependent electrical polari-
sation. The resulting magnetic field turns out to be mainly
vertical and observable if the seismogenic process generates
a source with polarisation rate perpendicular to the vertical
plane through the source and the receiver. In addition, the
amplitude of the pre-seismic vertical magnetic field scales
linearly with the magnitude of the associated earthquake,
with a constant universal slope dependent on the fractal di-
mension of the excited source region. Furthermore, assum-
ing that the relaxations of the pre-seismic polarisation pro-
cesses follow an Arrhenius law with uniformly distributed
energies, we show that the macroscopic ULF field resulting
from the superposition of such an ensemble of sources, may
have a power spectrum decay proportional to 1/f and exhibit
self-organised critical dynamics.

The above ULF precursor model is general in the sense
that it is independent of any particular electrification process
and source power requirements. Moreover, it is reasonable
in the sense that it builds on assumptions deriving from well
understood physics and known properties of seismogenetic
processes, such as is the fractal distribution of fracture-and-
fault networks and the SOC dynamics of their evolution. It
does not need any other special conditions or particular earth
structure. Nevertheless, reasonable as it may be, the model
is still incomplete requiring further development and refine-
ment. The question of whether it is also representative of the
true physics of seismogenesis, is still pending.

On the other hand, the model is testable because it makes
certain predictions of the expected properties of the ULF
signal, which can be confirmed or refuted by observations.
One such prediction is the amplitude-magnitude scaling law,
which awaits confirmation. A second prediction, that the

ULF field is mainly vertical, has partially been confirmed, al-
beit retrospectively, by several observational studies, as dis-
cussed in the Introduction. Finally, the third prediction of the
1/f spectral decay just prior to the earthquake also appears to
be corroborated by a small number of observational studies,
but is still far from having been confirmed. Most probably, it
will take time, lots of work and tons of good luck before any
definite answer can be given.
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