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Abstract

The observed filamental nature of plankton populations suggests that stirring plays an

important role in determining their spatial structure. If diffusive mixing is neglected, the

various interacting biological species within a fluid parcel are determined by the parcel

time history. The induced spatial structure has been shown to be a result of competition5

between the time evolution of the biological processes involved and the stirring induced

by the flow as measured, for example, by the rate of divergence of the distance of neigh-

bouring fluid parcels. In the work presented here we examine a simple biological model

based on delay-differential equations, previously seen in Abraham (1998), including nu-

trients, phytoplankton and zooplankton, coupled to a strain flow. Previous theoretical10

investigations made on a differential equation model (Hernández-Garcia et al., 2002)

imply that the latter two should share the same small-scale structure. The general-

ization from differential equations to delay-differential equations, associated with the

addition of a maturation time to the zooplankton growth, should not make a difference,

provided sufficiently small spatial scales are considered. However, this theoretical pre-15

diction is in contradiction with the results of Abraham (1998), where the phytoplankton

and zooplankton structures remain uncorrelated at all length scales. A new set of nu-

merical experiments is performed here which show that these two regimes coexist. On

larger scales , there is a decoupling of the spatial structure of the zooplankton distri-

bution on the one hand, and the phytoplankton and nutrient on the other. On the other20

hand, at small enough length scales, the phytoplankton and zooplankton share the

same spatial structure as expected by the theory involving no maturation time.

1 Introduction

The generation of patchiness in planktonic distributions is a result of the biological in-

teractions between species coupled to the background fluid motion. Phytoplankton25

distributions during springtime blooms, a consequence of ocean stratification and sea-
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sonal increase in sunlight, are strongly inhomogeneous and filamental with structures

that range from 1 to 100 km. Moreover, these distributions exhibit similar power law

spectra to physical quantities like sea surface temperature (Seuront et al., 1996, 1999).

On the other hand, most observations of patchiness in zooplankton indicate a flatter or

noisier spectrum than the phytoplankton (Tsuda et al., 1993), though, this result has5

been questioned by Martin and Srokosz (2002). For a review see Martin (2003).

The phytoplankton filaments observed in colour satellite images are mostly formed in

the strain-dominated regions of the ocean between mesoscale eddies or along fronts.

At these scales, oceanic turbulence is now understood to be strongly anisotropic

(McWilliams et al., 1994), dominated by the directional activity of these eddies and10

fronts. Consequently, models employing eddy diffusion in order to parametrize turbu-

lence and explain patchiness (Okubo, 1971), are rendered irrelevant at the mesoscale.

Instead, it is advection which plays an important role in their formation.

Unlike eddy diffusion, advection is responsible for the transfer of large-scale inho-

mogeneities into smaller scales. Such a transfer from the larger scales (∼100 km) has15

been shown numerically to take approximately 10 days to reach ∼1 km at which point

three-dimensional flow becomes important (Klein and Hua, 1990). This is less than the

maturation time of zooplankton such as copepods which is typically 25 days (Kiorboe

and Sabatini, 1995). This means that during their lifetime, any large-scale variation

(e.g. ∼100 km) will be stirred down to kilometre lengths.20

It has been previously recognized (e.g. Haynes, 1999) that the dominant contribu-

tion to advection in large scale stably stratified geophysical flows can be successfully

captured by two-dimensional spatially smooth and time-dependent velocity fields, that

generate chaotic trajectories for the fluid particles. This chaotic advection (Aref, 1984),

leads to small-scale structures in inert tracers. It turns out that a number of explicit25

results are insensitive to the model’s details. It is sufficient to know the ability of a flow

to mix with a tracer, measured by the rate at which fluid parcel trajectories diverge from

each other (Ottino, 1989). At scales larger than the mixed-layer turbulence scale of a

few hundred meters the effects of molecular diffusion can be neglected and the bio-
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logical properties within a fluid parcel can be considered to evolve independently of its

surroundings. Hence, the concentrations of different planktonic species can be taken

to be uniformly distributed within a fluid parcel and determined by the time history of

that parcel.

The emergence of persistent patterns requires some spatially varying external forc-5

ing such as a localised upwelling of nutrients or a latitudinal variation of sunlight. The

induced spatial structure has been shown to be a result of competition between the

rate of convergence of the biological processes involved and the rate of divergence of

the distance of neighbouring fluid parcels. It has also been argued that, except under

rather special conditions, the small scale behaviour should be the same for all inter-10

acting species (Neufeld et al., 1999; Hernández-Garcia et al., 2001, 2002). However

Abraham (1998) has presented results for a system in which the biological evolution

equations include a maturation time for the zooplankton growth that results in a different

small-scale spatial structure for the phytoplankton and the zooplankton, in disagree-

ment with the case of a zero maturation time. This inclusion transforms the original set15

of ordinary differential equations to a set of delay differential equations.

In this work we examine a class of models involving a nutrient, a prey and a predator,

in order to represent the interactions between nutrient phytoplankton and zooplankton

species, known as the NPZ models (Hernández-Garcia et al., 2001). These are cou-

pled to the flow by a spatially inhomogeneous forcing. A natural way to characterize20

the emerging spatial distributions is to investigate the scaling properties of statistical

quantities such as Fourier power spectra or structure functions of the corresponding

concentration fields. A set of numerical simulations are in good agreement with the re-

sults attained by Neufeld et al. (1999). The inclusion of a maturation time changes the

differential equations that govern the interacting species to delay differential equations.25

Although this is a significant alteration, the essential conclusions regarding the be-

haviour of the structure functions remain unchanged, provided sufficiently small scales

are considered. However, there appears to be a decoupling of the spatial structure of

zooplankton on the one hand and phytoplankton and nutrient on the other, at scales
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larger than a particular characteristic length scale. This result reconciles the contra-

dicting conclusions given by Neufeld et al. (1999) and Abraham (1998).

2 Biological-fluid coupling

In the numerical investigations undertaken, we will assume that the flow v(x, t) is two-

dimensional and incompressible. These conditions are usually enough to ensure the5

chaotic advection of fluid parcels, even if the velocity field is a smooth function of space

(Ottino, 1989). A way to characterize the flow is to look at its Lyapunov exponent, λF ,

defined as the exponential rate of separation of initially neighbouring fluid particles

(Fig. 1). Since the fluid is incompressible, its volume must be conserved, and therefore

contraction must take place in another direction. Moreover, the contraction and also the10

expansion occur at the same exponential rate λF . Consequently, blobs of fluid stretch

along long and thin filaments and are repeatedly folded, thus transferring large-scale

inhomogeneities into smaller ones.

Although the detailed flow used by Abraham (1998) was different, the essential points

characterizing the strain dominated regions between the eddy regions is captured by15

the flow used here. The domain of the velocity field is taken to be a periodic square with

side length L, approximately 50 km, corresponding to the characteristic lengthscale of

a mesoscale eddy. It will represent the regions that are formed between large eddies,

where the phytoplankton filaments are usually observed. This is a pure strain velocity

field whose form is20

v(x, t) =











−
2

T
Θ(T/2 − t mod T ) cos(2πy/L +φ)

−
2

T
Θ(t mod T − T/2) cos(2πx/L + θ)











, (1)

where Θ(t) is the Heaviside step function defined to be equal to unity for t≥0 and zero

otherwise. The phase angles θ and φ change randomly at each period T of the flow,
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varying the directions of expansion and contraction and hence ensuring all parts of it

are equally mixed (Bohr et al., 1998; Ott, 1993). Variation of T has an effect on the

magnitude of λF without changing the shape of the trajectories and spatial structure of

the flow.

A number of independent fluid parcels are advected by this velocity field. Each one5

of them carries a uniform distribution of phytoplankton P and zooplankton Z , the latter

applied mostly to copepod species, as these can be assumed to be drifting with their

respective fluid parcels. On the other hand, large zooplankton, such as krill, actively

modify their distributions by swimming (Trathan et al., 1993).

The interactions among the biological species are described in a model already10

employed by Abraham (1998). This is a typical nutrient-predator-prey system (Mur-

ray, 1993), where the former is parametrized by the carrying capacity C of the fluid

parcel, defined as the maximum phytoplankton content that the parcel can sup-

port in the absence of grazing. As the fluid parcel moves through the domain,

the carrying capacity continuously relaxes to a space varying background source,15

C0(x, y)=(1−cos(2π(x+y)/L)), where x and y are the domain’s horizontal and vertical

axes respectively. A large scale inhomogeneity is thus introduced into the system.

The species’ dynamics are described by the following dimensionless equations,

dC

dt
= α(C0(x) − C), (2a)

dP

dt
= P (1 − P/C) − P Z, (2b)20

dZ

dt
= P (t − τ)Z(t − τ) − δZ2, (2c)

where t is the dimensionless time scaled to the phytoplankton production rate

r=0.5d
−1

(t/r is the real time), α denotes the rate at which the carrying capacity relaxes

to the background source C0, δ is the zooplankton mortality rate and τ/r represents

the time taken for the zooplankton to mature. Although it is plausible to assume an25

instantaneous change in the prey population once prey and predator are encountered,
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it is not reasonable to assume an instantaneous change in the predator population,

and this is the motivation behind the employment of this maturation time.

The phytoplankton growth is logistic and the grazing takes place according to a sim-

ple P Z term. In the absence of advection, C0(x) is a constant, since the parcel posi-

tion remains unchanged, and the only fixed point of the model is given by C⋆
=C0(x),5

P ⋆
=δC0/(δ+C0) and Z⋆

=P ⋆/δ. This point is a stable fixed point of equilibrium for τ=0,

meaning that any perturbation around this point will eventually decay to zero. If C0≤1

and δ≥0.5, as in the simulations performed here, it remains stable for any maturation

time.

In the presence of the source C0(x), this equilibrium point can never be reached due10

to the continually varying carrying capacity within the fluid parcel. The continual input

of large-scale inhomogeneites injected by C0(x) and their transfer to smaller scales

by advection leads to a non-trivial statistical steady state. The study of the induced

complex patterns will be the focus of the next sections.

3 Methodology15

The planktonic distributions at a particular time are reconstructed by following an en-

semble of fluid parcels. In the method used by Abraham (1998), the fluid parcels are

tracked forwards in time and the corresponding distributions are obtained from a De-

launay triangulation of the parcel positions by linear interpolation onto a regular grid.

Here, the parcels final positions are fixed to a grid. The parcels are then tracked back-20

wards in time up to a time when their initial biological concentration fields are known.

Thereafter, knowing their trajectory, their biological evolution is determined by integrat-

ing along this trajectory up to the final time using a second order Runge-Kutta method.

This way, no interpolation is necessary and consequently greater accuracy at smaller

length scales is achieved. For the concentrations to be accurate up to three decimal25

places, the timestep is chosen to be 0.001. This value in real time corresponds to

0.002d
−1

and is in line with the assumption made of uniformly distributed populations
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within the fluid parcels. The ensemble of fluid parcels considered here is 250 000 and

evenly spans a grid of resolution 500×500. Their initial concentrations are set to be

equal to their mean equilibrium values.

A statistical steady state is reached after 20T , where T is the period of the flow. The

emerging patterns are complex in space (Fig. 3). The standard way to characterize5

such structures is by their Fourier power spectra. Here, we will also consider their first-

order structure function (Monin and Yaglom, 1975), the square root of the variance,

defined by

S(δx) ≡ 〈|c(x + δx) − c(x)|〉 ∼ (δx)γ, (3)

where 〈...〉 denotes averaging over different values of the coordinate x. The scaling10

exponent, γ, known as the Hölder exponent, is related to the power spectrum exponent,

ǫ, by the simple relationship ǫ=1+2γ, where 0<γ<1 corresponds to a rough structure

and γ=1 to a smooth one.

4 Numerical results

The emergent spatial structures depend on the relative strength of the dispersion of the15

parcel trajectories and the stability of the biological dynamics. The phytoplankton car-

rying capacity, whose biological evolution is described by Eq. (2a), has a structure that

has been shown in Neufeld et al. (1999) to be characterized by two types of behaviour

that depend on the interplay between the relaxation rate α and the Lyapunov exponent

λF . If α>λF , the biological processes converge faster to their equilibrium value than20

the trajectories diverge from each other. The corresponding distribution is smooth. On

the other hand, if α<λF , the biological processes are too slow to forget the different

spatial histories experienced by the parcels. The corresponding distribution is rough,

with a Hölder exponent γ=α/λF in all directions except for the one that the filaments

grow into. This type of structure has been defined by Neufeld et al. (1999) as filamen-25

tal. The transition from a filamental to a smooth structure as α varies is depicted in
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Fig. 2. The numerical agreement with the theoretical prediction gives confidence in the

method used here.

As in Abraham (1998), α is taken to be equal to 0.25 corresponding to a tracer that

takes 8d to adapt to a background force. Choosing a flow with λF∼0.11 (achieved by

setting the period to T=20), the emerging phytoplankton carrying capacity structure5

is smooth. This is similar to physical quantities such as the sea surface temperature

whose spectral slope has been measured to be ǫ=3, equivalent to γ=1 (Deschamps

et al., 1981). The limit of α tending to zero corresponds to a tracer that takes an infinite

time to adapt to a background source, i.e. a passive non-reactive tracer. Its expected

exponent in a two-dimensional turbulent flow is ǫ=1 or γ=0 (Powell and Okubo, 1994).10

The above suggests that although the model considered is simple, it is adequate to de-

scribe the transfer of variability to smaller scales and hence capture the basic features

of turbulence. Moreover, the exact details of the flow are not important as long as the

fluid parcels are chaotically advected.

For a general biological system, the same smooth filamental transition can be ob-15

tained. A system similar to the one described in Eq. (2), in the absence of a maturation

time (τ=0), has previously been examined in Hernández-Garcia et al. (2002). In this

case, the phytoplankton and zooplankton populations always share the same small-

scale structure. This is not the case for the carrying capacity, due solely to it not being

symmetricaly coupled to the rest of the populations.20

Using the same flow as before, a new set of numerical experiments is carried out,

with the same biological parameters used by Abraham (1998). Because of the numer-

ical method used, higher spatial resolution can be achieved. Here, the length scales

considered reach 0.002 L, (∼100 m, the scale at which turbulence ceases to be two-

dimensional). The induced spatial patterns can be seen in Fig. 3. At first sight, the25

phytoplankton and zooplankton populations seem to be decoupled at all length scales,

comfirming the picture given by Abraham (1998). However, a transect through the

model domain (Fig. 4(a)), shows that at small enough length scales, both phytoplank-

ton and zooplankton exhibit a fine scale structure. Their corresponding power spectra
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(Fig. 4(b)), reveal that at large wavelengths (k>10/L∼0.2km
−1

), they share the same

structure with a spectral exponent larger than 1. As expected, the carrying capacity

behaves smoothly at all scales. At smaller wavelengths, corresponding to larger length

scales, the picture provided by Abraham (1998) is recovered with the phytoplankton

spectral slope steepening and the zooplankton one flattening out.5

Perhaps a better way to picture this transition is by looking at the corresponding

first-order structure functions as the length scale δx increases (Fig. 5). For δx<δxc,

where δxc is a characteristic lengthscale approximately equal to 10
−2L(∼ 5 km), the

phytoplankton and zooplankton share similar structures. As δx increases, there is

a regime change where the phytoplankton population decouples from the zooplankton10

population. At this point the phytoplankton acquires a similar distribution to the carrying

capacity, while the zooplankton distribution becomes increasingly flat.

5 Conclusions

The small-scale structure of interacting nutrient, phytoplankton and zooplankton pop-

ulations, passively advected by a two-dimensional flow and coupled to it through an15

inhomogeneous source, is here discussed. The particular focus is on the effect in-

duced in these structures by introducing a maturation time in the zooplankton growth.

According to Hernández-Garcia et al. (2002), given a particular class of flow and

in the absence of a maturation time, the small-scale structure for the phytoplankton

and zooplankton should be the same , given that they are symmetrically coupled, and20

characterized by a single exponent at all small scales. The inclusion of a maturation

time, τ, should not alter the above conclusions. Although the nature of the equations

changes from ordinary to delay, there still exists a set of biological decay rates, shared

by the phytoplankton and the zooplankton, that should dictate their common structure

at small enough scales. This is in disagreement with the numerical results obtained25

in Abraham (1998). There, the phytoplankton and the carrying capacity turn out to

have similar distributions, close to a smooth one and completely decoupled to the
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zooplankton’s. As τ increases, the zooplankton’s distribution becomes increasingly

filamental, ultimately behaving like a passive tracer (β → 1 or γ → 0). The aim of this

work has been to resolve this disagreement.

Using a model flow to depict the strain dominated regions formed between

mesoscale eddies, we reproduce the regime observed by Abraham (1998). However,5

the alternative numerical method used here permits the study of smaller length scales

where it is revealed that this is only part of the true picture: as long as small enough

length scales are considered, a second regime appears where the phytoplankton and

zooplankton distributions share the same small-scale structure. The transition between

these two regimes occurs at a characteristic length scale.10

Hence, by introducing a maturation time, both the phytoplankton and zooplankton

structures can no longer be characterized by a single exponent at all scales smaller

than that of the flow. Perhaps this point, along with the shared exponent at small

enough length scales, should be taken into account in trying to interpret observa-

tional measurements in phytoplankton and zooplankton distributions at a large range15

of length scales.

The conditions under which the decoupling of zooplankton and phytoplankton take

place are still not completely understood. The effect the biological and the flow activ-

ity have on the characteristic length size of the plankton distributions is the subject of

current theoretical investigations that will be reported elsewhere. While many issues20

remain to be resolved, it is hoped that the present paper will provide another step to-

wards understanding the complicated dynamics of plankton in the presence of oceanic

fluid motions.
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t > t
′

Fig. 1. Set of trajectories for a pair of fluid parcels. evolving either forwards (t>t′) or back-

wards (t<t′) in time. Their separation is dominated by an exponential behaviour such that

δx(t)∼eλF (t−t′)δx(t′), where λF is the Lyapunov exponent of the flow. The dotted lines repre-

sent the stretching of a blob of fluid into a filament by the flow.
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Fig. 2. Variation of the small-scale structure for the phytoplankton carrying capacity in response

to the rate α, at which it relaxes towards a smoothly varying background source. The structure

is characterized by the Hölder exponent, γ, whose value depends on the ratio of α over the

Lyapunov exponent λF . When this ratio is bigger than 1 the corresponding structure is smooth

otherwise it is filamental. The dots mark γ averaged over 500 evenly spaced intersections,

while the straight line represents its theoretical value. During this set of experiments, λF∼0.11.
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Fig. 3. Snapshots of the biological distributions at statistical equilibrium (t=20T ). The model

follows Eq. (2) with τ/r=25d and δ=2, denoting a high mortality zooplankton regime. The

smoothly varying force C0(x, y)=(1 − cos(2π(x+y)/L)) is diagonally oriented. The bar on the

right gives the concentration values associated with the different colours. The flow is described

in Eq. (1) where the period T=20. The axes are measured in units of L, where L is approxi-

mately 50 km.
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Fig. 4. A representative transect (at y=0.5L) and the corresponding spectra. Graphs show

carrying capacity (blue), phytoplankton (green) and zooplankton (red). The spectra are ob-

tained over 500 evenly spaced horizontal transects and have a power law form. The spectral

exponents of the populations are βC=3 and βP=βZ=1.5 The horizontal axes are measured in

units of length L and wavenumber 1/L respectively .
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Fig. 5. First-order structure functions averaged over 500 evenly spaced horizontal transects.

Graph shows carrying capacity (blue), phytoplankton (green) and zooplankton (red). The hor-

izontal axes are measured in units of length L. The Hölder exponent of the carrying capacity

is γC=1. The phytoplankton and zooplankton respective exponents vary with δx. For δx<δxc,

where δxc ≈ 10
−2L, γP=γZ=0.5. For δx>δxc,γC=γP=1 and γZ=0.
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