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Mathematical model for ice formation in the Arctic during
summer

Alain Pham Ngoc Dinh and Phan Thanh Nam

Mathematics Department, MAPMO UMR 6628, BP 67-59, 45067 Orleans cedex, France

Abstract

The only source of ice formation in the Arctic during summer is a layer of ice be-
tween an under-ice melt pond and the underlying ocean, called false-bottoms. The
simultaneous growth and ablation of false-bottoms is governed by both of heat fluxes
and salt fluxes. This is a two-phase Stefan problem with two free boundaries. We first
use Green functions to reduce this problem to solving a system of nonlinear integral
equations, and then apply the contraction principle to prove the existence and unique-
ness of the solution under suitable data.

Mathematics Subject Classification 2000: 35R35, 35Q35.
Keywords: false-bottoms, free boundaries problem, contraction principle.

1 Introduction

There exists fresh water in the Arctic during summer. First, melt water collects in
surface melt pond (melting under the sun) which is the most important reservoir. Second,
melt water can percolate into the ice matrix to form an under-ice melt pond. At the interface
between this fresh water and the underlying salt water, double-diffusive convection of heat
and salt occurs, leading to the formation of underwater ice called ”false-bottoms” (see, e.g,
[, B, H). Note that salt water has the double properties:

i) it does not freeze even for temperature < 0°C,

ii) it dissolves ice when it is in contact with ice.
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Figure 1: Ice formation in the Arctic during summer.

Thus false-bottoms is a layer of ice, which relatively protects the fresh water from being
mixed into the underlying salt water. Such false-bottoms is the only significant source of



ice formation in the Arctic during summer. The main difference between the false-bottoms
case and the normal sea ice case is the presence of the growth at the upper interface of the
first one.

Now we consider a one-dimensional model describing the simultaneous growth and
ablation of the ice of false-bottoms. Here we have three environments: the ocean (Oc), the
ice of false-bottoms (Fb) and the fresh water (Wa). Denote by T'(x,t), S(z,t) the
temperature and the salinity, and denote by ho(t), hy(t) the free boundaries at the
interfaces ice-ocean (Fb-Oc) and ice-water (Fb-Wa), respectively.
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Figure 2: The one-dimensional model.

At the interface Fb-Oc, we apply the first principle of thermodynamics, i.e.,
AU = Ad

(variation of energy = variation of heat flux through the interface).
The net amount of heat transferred through the interface Fb-Oc in a section s is equal to

AU = —dhoprLys,

where py is the density of the ice and Ly is the latent heat of fusion. On the other hand,
the difference of the heat fluxes through a section s in the ice and the ocean during a time

dt is

T

AD = | —)\; 8_}
ox Fbho ox

where A7, Ao are thermal conductivities of the ice and the ocean. Finally, the law of
conservation of energy, i.e. AU = A®, leads to the Stefan condition for the heat balance
at the interface

~ 0T ~ 0T
ho(t) = Ar 8—] —Xo 8—] ; (1.1)
Z | Fb,ho T 10¢,ho
where
~ A~ Ao
A = , Ao =
oLy 79T prLy



For simplicity, we can neglect the salt of the ice of false-bottoms. The water near the
interface Fb-Oc is a mixture of melt water, which melts from the ice of false-bottoms, and
sea water. This water freshens at the rate

So(t)ho(t),

while salt diffuses into this water at the rate

%
Ox Oc,hg

where Sy(t) = S(ho(t),t) is the salinity of the ocean at the interface and D is the
molecular diffusivity of salt in sea water. The balance of salt at this interface leads to the
conservation condition

- (1.2)

The establishment of these equations bases on Martin and Kauffman [} and Notz et al.
At the interface Fb-Wa, we use the simplified scheme in [, in which the temperature of
the water in the under-ice melt pond is kept at 0°C. In particular, it leads to the
boundary condition at the interface

T(hu(t),t) = 0.

So(t)l(t) = —D 8—5} .
Oc,hg

(1.3)
Furthermore, due to the neglect of heat fluxes from the fresh water above the
false-bottoms, a thermodynamic condition similar to ([L.1)) reduces to the Stefan condition

at the upper surface

~ oT
Bl (t) = A; 3_] :
Fb,hy

= (1.4)

Equations ([L.1),([.9),([L.4) form a closed system in connection with the diffusion
equations for heat and salt in the ice and in the ocean

or 0T
—D; —— 1.

8t:|Fb I 8.%'2]1%’ hu(t) >x > ho(t), ( 5)
or o0*T

5} on Do w} o ho(t) > x > —o0, (1.6)

and
oS %5
a] Oc - @] Oc, hO(t) Srm T (17)

where D; and Do are the thermal diffusivity. Here all constants are positive.
The problem is of finding (hg, by, T, S) from the system ([L.T)-([.7), where T' = T'(z, )
with hy(t) >z > —oo and S = S(x,t) with ho(t) >z > —oc0.



2 Existence and Uniqueness

We want to give the existence and uniqueness of the solution (hg, hy, T, S) under
suitable data. For this purpose, it is reasonable to require the initial conditions hg(0),
h.(0), T(x,0) = T%(z) with h,(0) > z > —o0, and S(z,0) = S°(z) with ho(0) >z > —oc.
Moreover, assume that the freezing temperature T'(ho(t),t) = Tp(t) with 0 < ¢t < o has
been known .

For rigour, we need some assumption on the data as well as a definition of the solution.

Hypothesis 2.1. Let 0 > 0. Assume that

(H1) ho(0) < hu(0).

(H2) T°(x) is continuous at x = ho(0), x = hy(0)—, and satisfies the compatible conditions
T%(ho(0)) = Tp(0), T°(hy(0)) = 0; T2(z) is continuous and bounded in (—oo,ho(0)) and
(h0(0), hu(0)).
(H3) S°(z) is continuous and bounded in (—oo, ho(0)).
(H4) To(t) is continuously differentiable in 0 <t < o.

Definition 2.1. We say (hg, hy, T, S) is a solution in 0 <t < o if

(C1) ho(t), hy(t) is continuously differentiable and hy,(t) > ho(t) in 0 <t < 0.

(C2) Ty, Tyy is continuous in 0 <t < o, hy(t) >z > ho(t) and ho(t) > x > —o0; T(z,.) is
continuous at t = 0; T(.,t) is continuous at x = ho(t) and x = hy(t)—; T, (.,t) is continuous
at = ho(t)—, x = ho(t)+ and z = hy(t)—.

(C8) St, Sz is continuous in 0 <t < o, ho(t) >z > —oo; S(x,.) is continuous at t = 0;
S(.,t) is continuous at x = ho(t).

(C4) The system ({1.1)-(L.73) is satisfied in0 < t < o with the initial conditions (ho(0), hy(0), T

and the freezing temperature T'(ho(t),t) = To(t).
Our main result is as follows.

Theorem 2.1. Assume that (ho(0), h,(0),T°(x), S%(x), To(t)) satisfy Hypothesis (H1)-(H4)
for some o > 0. Then the system ([[.1)-{.7) has a unique solution (hg,hy,T,S) in 0 <
t < o* for some o* € (0,0]. Moreover, this solution can be extended uniquely whenever the
condition hy(0*) > ho(c*) still holds.

Our problem is a two-phase Stefan problem with two free boundaries. We shall follow the
approach of A.Friedman ([f], Chap.8), which deals with a classical one-phase Stefan
problem with one free boundary. We first reduce the problem to solving a system of

integral equations with respect to So(t) = S(ho(t)—,t), v1(t) = Tp(ho(t)—,1),

va(t) = Ty (ho(t)+,t) and vs(t) = Ty (hy(t)—,t), and then solve this system by contraction

principle.

2.1 Preliminaries

Let a(t),b(t) be continuously differentiable functions and b(t) > a(t), t > 0. Let k > 0
be a constant and let u(x,t) be a solution of the heat equation

ou 0*u

=k,

ot 0z

with the initial condition u(z,0) bounded in (a(0), b(0)).
Introduce the Green’s function of equation (E ),

G(x,t;€,7) = N H;Z(_ti)ﬂex < 4/<;t—7'

t>0, b(t) >z > alt), (2.1)

4

°(x), 5% (x))



where H is Heaviside function,

1, ift >0,
H<t>={ )

0, if t <O0.

We have the following Lemma to represent the solution of (R.1) from its initial condition
and boundary conditions.

Lemma 2.1. Fort >0 and a(t) < x < b(t) we have

u(z,t) = G(z,t;b(1), 1) [Iﬂ%(b(T)—,T) + u(b(T),T)b'(T)] dr

o .

/G z,ta(1),7) [Kue(a(t)+,7) + u(a(r), 7)d (7)] dr
0

t

—F / Ge(x,t;0(7), T)u(b(r), T)dT + K / Ge(@,ta(r), m)ula(r), 7)dr

0
b(O
+ [ Glatig (e 0)de.
a(0)
Proof. Note that
Gr + kGee =0 for all 7 < t, and G(z,t;€,t—) = 6(z — §), (2.2)

where § = H' is Dirac delta function.
Integrating the Green’s identity, here u = u(&, 7),

0 ou oG 0
"o (Ga—g _“8_5> or (W0 =

over the domain a(7) < & < b(7),0 < 7 < t, we will obtain the desired result because

;o ou 0K FToou oG
//) (65 o) e ‘/{Ga—g T

ar (7)

/tG (@, t;0(7), T)ug (b(T /tG (z,t;a(T), T)ue (a(T)+, T)dT
0 0

—/Gg(:ﬂ,t; b(T),T)u(b(T),T)dT+/Gg(:l?,t;a(T),T)u(a(T),T)dT,
0

0



and

Here we have made use the following equality, with v = uG,

b(7) b(7)
| s tende= o ( / v(S,T)dE) — o(b(r), ¥ (7) + ofalr), 7)o (7).
)

In fact, in the case a(t) = 0 we have

7% (€7)) de = / H (u(€.7)) de
0
/ " ol 7)) de / 2 Jo(e, Ty

- ( JE dg) / 5(b(7) — W () (€, )

0

b(T)
9 /

0

If a(t) is not constant, we can write

b(r) 7) a(7)
0 0
sremd- [ e,

0

9w
67’

o =

a(7)

and the desired equality follows. This completes the proof.



Remark 2.1. The result in Lemma [2.1 still holds for b(t) = +oo or a(t) = —occo. For
example, if a(t) = —oo then the fomular in Lemma reduces to

/G (z,t;6(7),7) [Kue(b(T)—,7) + u(b(r), 7))V (1)] dr
0

b(0)

—K/Gg(x,t;b(T),T)u(b(T),T)dT—|— / G(z,t;€,0)u(g,0)dE.
0 —00

We shall need the following Lemma (see [P, page 217, Lemma 1).
Lemma 2.2. Let p(t) be continuous and let s(t) > 0 satisfy the Lipschitz condition, 0 <
t<o. Then, for0 <t <o,

t

lirzn) li/p(t)Gx(w,t;S(T),T)dT =
T—s(t)”
0

p(t) + /f/p(t)Gx(s(t),t;s(T),T)dT.
0

Remark 2.2. This lemma gives the jump relation at the boundary s(t). In applications
later, sometimes we need to note that G¢ = —G,. Moreover, for the right limit we have

t

lim I{/p(t)Gm(CE,t;S(T),T)dT = —lp(t) +I{O/p(t)Gx(s(t),t;5(7’),7’)d7’.

xz—s(t)t 2
0

Also, we need a simple version of the uniqueness for the system of linear Volterra integral
equations of the second kind.

Lemma 2.3. LetneN,o0>0,p>1,¢g>1,1/p+1/q=1. Assume that 7 — W;(t, ) is
measurable in (0,t) for all t € (0,0] and
t
/\Wj(t,T)v’dT < const., ¥t € (0,0],j = T,m.
0

Then the system

n

[ wite.nywseir | e 0.0 = T
j=1

has a unique solution {¥;}7_; = 0 in LI(0,0).

Proof. Using Holder inequality one has

Wl < 3| [ Wit
0

j=1
¢ p ;¢
/ (&7 dr /yxpj(T)\qczT
0 0

1/q

1/q

IN

j=1

< const.z /]\I/j(T)]da
=1 \}



Therefore,

Z |W,;(7)|? < const. Z /\\IJj(T)\da = const./ Z |U,(7)|? | dr,
J=1 J=1\0 0

j=1
n
and it follows from Gronwall’s Lemma that » [W;(7)|? = 0. Thus {¥;}7_; = 0. O
j=1

Remark 2.3. In later application, we have

const.

(W;(t,7)] <

t—T1

In this case, we can choose any p € (1,2) in order to apply Lemma B.3.

2.2 Reduction to integral equations

Denote by G1, G2, Gs the function G in Lemma P.1] corresponding to x = D, Do, Dy,
respectively.
Applying Lemma P.]] to equation ([[.7) with ho(t) > = > —oo and using condition
So(t)hg(t) + DSy (ho(t)—,t) = 0, one has
ho(0)

S(z,t) = —D/Glg(ﬁﬂ,t; ho(7),7)So(T)dT + / G1(x,t;€,0)S(£,0)de. (2.3)
0 —00

Thus S(x,t) is determined completely by ho and So(t). Taking x — ho(t)— in (R.3) and
using the jump relation in Lemma P.7, we get

t ho(0)
So(t) = —QD/Glg(ho(t),t; hQ(T),T)SQ(T)dT—i-Q / Gl(ho(t),t; §,O)S(§,O)d§. (2.4)
0 —00

Next, apply Lemma P.1] to equation ([.6) , for ho(t) > z > —o0,

t

T(x,t) = /GQ(:U,t; ho(7),7) [Dovl(T) + T()(T)hlo(’r)] dr

0
t ho(0) (2.5)

—Do/G2§(~"3at;ho(7)a7)To(T)dT+ / Ga(z,;€,0)T0(€)dE,
0 —00
with
Ul(t) = Tx(ho(t)—,t).

We differentiate both sides of (B.5) with respect to z, then take z — ho(t)—. To go into



the details, because DpoGaey = —DoGage = Gar, we have

— Do Gggm x,t; ho(T), T)To(T)dT =— [ Gor(x,t; ho(T), 7)To(T)dr
/ /
/[ (Gl 1 ho (), 7)) — Glag (a, ho(T),T)hg(T)} Ty(r)dr
0
— Gafa :10(0), 0T 0) + [ Ga. (), )Ty (r)dr
0

- / Gaoz(m,t; ho(T), T)To(T)h((T)dT.
0

Moreover,

ho(0) ho(0)

/ G, 1:€,0)T°(€)dt = — / Goe (2, 1: €, 0)TO(€)de

ho(0)
— Gl t: 1o (0), 0)T° (o (0)) + / Gl 1: €, 0)T2 (€)de.

—00

Using the compatible condition Tp(0) = T%(h(0)), we have, for all ho(t) > z > —o0

Typ(z,t) = Do/GQx($7t; ho(7), T)v1(T)dT

ho(0) (2.6)
+/02 (z,t;ho(r), )T} (T)dT + / Ga(x,1;:€,0)T¢ ()dE.
0
Taking x — ho(t)— and using Lemma P.]] for the first term, we have
t
() =200 [ Gaulho(t), i ho(r), 7)on ()
(2.7)

ho(0)

42 / Galho(t), t; ho(r), 7T (7)dr +2 / Galho(t), £:€,0)TO (€)de.
0 —00

Now we consider the heat distribution in false-bottoms. Apply Lemma to equation



(LF), for hy(t) > x > ho(t),

T(x,t) = Dy / Gy £ h(7), 703 (1)

0
t

- /G3(az,t; ho(7),7) [Drva(7) + To(7)ho(1)] dr (2.8)
: t hu(0)

+D1/ng(x,t;ho(T),T)To(T)dT+ / Gs(z,t;€,0)T(€)d¢,
0 ho(0)

where

v(t) = Tu(ho(t)+,1), vs(t) = To(hu(t)—,t) = A—h'( )-
1

Let us differentiate both sides of (R.§) with respect to . We have the same calculation to

R.3):

DI/Gggx x,t;ho(T), 7)To(T)dT = /GgT(x,t; ho(1),7)To(T)dT
/ [ (G3(x,t;ho(T), 7)) — Gae(x, t; ho(T),T)h6(T):| To(T)dT
0
= —G3(x,t; hp(0),0)TH(0) — /Gg(x,t; ho(7), 7)T4(T)dT
0

+ / Gz (z,t; ho (1), 7)To(T)h((T)dT,
0

and
R (0) h(0)
/ Gsa (2, €, 0) T (€)de / Gae (. 1: €, 0)TO(€)de
ho(0) ho(0)
hw(0)
— Gafa iho(0), O (ho(0) + [ Galo 6 €,0)T2(E)de.
ho(0)

Here we have used the compatible condition 7°(h,(0)) = 0. Using again the compatible
condition T%(ho(0)) = Tp(0), we find that

Ty(z,t) = DI/ng(x,t; hy (), T)vs(T)dT — DI/Gggc(x,t; ho(7), T)va(T)dT

0
. ha(0) (2.9)
- /Gg(.%',t, hO(T)aT)TO,(T)dT + / G3($7t,§,0)T£0(§)d§
0 ho(0)

10



for all h,(t) > z > ho(t). Taking x — ho(t)+ and & — hy(t)— both sides of (2.9) and
using (Lemma R.9) one has

Ug(t) :2DI/G3$(h0(t)7t;hu(T)7T)v3(T)dT_2DI/G3$(h0(t)7t;hO(T)7T)U2(T)dT
0 0

‘ ha (0) (2.10)
9 / Gi(ho(t), t: ho(r), 7)T}(r)dr + 2 / Ga(ho(t), £:€,0)TO (€)de
0 ho(0)
and

vs(t) = 2D1/G3x(hu(t),t; ho (7), T)vs(T)dT — 2D1/G3$(hu(t),t; ho(T), T)va(T)dT
0 0

h«(0)
—2 / G3(hu (t)7 t; hO (T)7 T)Té (T)dT +2 / GS(hu (t)7 t; 57 O)Tgo (§)d§
0 ho(0)

(2.11)

Four equations (R.4), (.7), (B.10) and (R.11) form a system of nonlinear integral equations

with respect to So(t), v1(t), v2(t) and v3(t). Here, due to the interface condition ([[.1]) and
(L.4), one has

ho(t) = ho(0) + A [ va(r)dr — Ao [ vi(7)dr. (2.12)
[ ]
and
fhmt)::hm(0)4-X1J/z@(7)dT. (2.13)
0

We thus have proved the direct part of the following statement.

Theorem 2.2. The problem ([[.1)-(1.7) in [0,0] is equivalent to the problem of finding
a continuous solution v = (Sp,v1,va,v2) in [0,0] for the system (2.4), .4), (€-14) and
([-11), where ho and hy, are given by ([£-13) and (2.13) and satisfy h,(t) > ho(t) in [0,0).

Of course, we only need to prove the converse part of the statement.

Proof. Suppose that v = (Sp,v1,v2,v2) is a continuous solution in [0,0] for the system
R4, R.7), (.10) and (R.11), with hg and h, are given by (R.19) and (R.13) and satisfy
hy(t) > ho(t) in [0,0]. Define S(z,t), T(x,t) by ), () and (£.§). We want to check
(ho, hy, T, S) satisfies (C1)-(C4).

It is clear that (C1) is automatically satisfied. Because S(z,t) and T'(x,t) are defined by
integral forms (2.3), (R.3) and (R.§), the smoothness conditions in (C2)-(C3), excepting the
continuity of T'(.,t) at * = hg(t), hold. The initial conditions in (C4) simply follow by
getting ¢ — 0+ in (B19), (B-13), £-3), (£.H) and (£:9) and using

tg%G@J@ﬁ):Mx—Q,

11



with G = Gy, G2, Gs. It remains to check equations ([[.1))-([[.7) and prove that T'(ho(t),t) =
To(t).

Step 1. We start by prove three diffusion equations ([L.J)-(.7). To prove (.§), where
T(x,t) is defined by (R.8) in hy(t) > 2 > ho(t), we shall verify that each of four terms in
the right-hand side of (P.§) is a homogeneous solution of the operator (9/0t — D;9?/0z?).
This fact is clear for the fourth term due to the property of Green function,

ha (0)
o
(a ey ) | G0
10(0)
mo 52
_ / (E - Dr- 2> (G3(z,t;€,0)) T°(&)dé = 0
ho(0)

For the three first terms, we have to be more careful because in general differentiating with
t

respect to ¢ a function of the form ¢ — [ K(¢,7)dr may cause a jump,
0

¢
d
pn /K(t,T)dT lim K(t, 1) +/Kt(t,7')d7'.

T—1—
0
However, in this case the jump lir? K(t,7) vanishes due to
T—t—
lir? Gs(x,t;&,71) = lir? Gae(x,t;€,7) =0, Vo #¢.
T—t— Tot—

Therefore, the three first terms can be treat similarly to the fourth term. Thus ([L.5) holds.
And ([.§)-(7) can be treated by the same way.

Step 2. Next, we check that S fits the Dirichlet condition S(ho(t)—,t) = So(t), T fits three
Neumann conditions T, (ho(t)—,t) = v1(t), Ty (ho(t)+,t) = va(t) and Ty (hy(t)—,t) = vs(t),
and deduce the Stefan conditions ([L.1)) and ([L4).

Infact, from (R.3) taking z — ho(t)— and using Lemma P.J one has

S(ho(t)—,t) = —SO D/Glg (ho(t),t; ho(T),7)So(T)dT

+ / Gi(ho(t). 1 €,0)S (£, 0)de.

Comparing the latter equation to(R-4), we conclude that S(ho(t)—,t) = So(t).
Differentiate both sides of ([.J) with respect to x and then take x — h,(t)—. Using the

12



same process of geting (R.11)) from (R.§), one has

Tm(hu(t)—,t) = %’03(75) + D[/GBm(hu(t)at; hu(T)aT)v3(T)dT

0
—Dyg / Gsg(hy(t),t; ho(T), T)v2(T)dT
0

hw(0)
—/G:s(hu(t),t;ho(T),T)Té(T)dT+ / G3(hu(t),8;€,0) T2 (€)dE.
0 ho(0)

Comparing the latter equation to(R.I1)), we find that T, (h,(t)—,t) = wv3(t). Similarly,
T (ho(t)+,t) = va(t) and Ty (ho(t)—,t) = vi(t). Thus the Stefan conditions ([L.1]) and (L.4)
follow the definitions of ho(t) and h,(t) in (R.19) and (R.13).

Step 3. Finally, we show that S fits the Stefan condition ([[.9), T fits the Dirichlet conditions
(@ and T(ho(t), 1) = T,

Applying Lemma P.1] to equation ([[.7), for ho(t) > 2 > —oo and using S(ho(t)—,t) = So(t),
one has

S(z,t) = /Gl(az,t; ho(T),T) [DSm(ho(T)—,T) + So(T)ha(T)} dr
0

t o0
—D/Glg(x,t; ho(T),7)So(T)dT + / Gi(x,t;£,0)S(&,0)dE.
0 —0o0
Comparing to the original definition of S in (2.3), we deduce
t
/Gl(az,t; ho(T), T)¥1(7)dT =0, ho(t) > > —00,
0

where Wy (t) = DSy (ho(t)—,t) + So(t)hy(t). We next differentiate the latter equation with
respect to , then take x — ho(t)— and use Lemma R.3 to get

¢
\Ifl(t) = -2 / Glx(ho(t), t; ho(T), T)\I’l(T)dT. (214)
0
This is a linear Volterra integral equation of the second kind with respect to ¥4 (t), and
const.
(Gra(ho(t), £ ho (), 7)| < ——=-

It follows from Lemma P.3 that ¥y (¢) = 0. Thus ([.2) holds.
Similarly, applying Lemma R.1 to equation ([.6), for ho(t) > x > —o0, one has

T(z,t) = /GQ(az,t; ho(T),T) [DoTx(ho(T)—,T) + T(ho(T)—,T)h{)(T)] dr
0

t ho(0)
_ Do / Goe (. t; ho(r), 7T (ho () —, 7)dr + / Gz, 1 €, 0)T°(€)de,
0 —00
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Comparing the latter equation to the original definition of T'in (P.§), and using T (ho(t)—,t) =
v1(t), we obtain

/ G2 (x,t; ho(T), )Mo (T) — DoGag(x, t; hO(T),T)] Uy(7)dT =0, (2.15)
0

where Wy(t) = T'(ho(t)—,t) — To(t). Taking 2 — h,(t)— in (R.15) and using Lemma P.9, we
find that

2/ [Ga(z,t; ho(7), )R (T) — DoGag(x, t; ho(T),7)] Wa(T)dr. (2.16)
0

This is a linear Voterra integral equation of the second kind. Since

const.

|G, ho(7), ) (T) = DoGag (.t ho(7), 7)| < —=

)

\]

it follows from Lemma P. that (R.16) has a unique solution Wy (t) = 0. Thus T (ho(t)—,t) =
To(t).

Applying Lemma P.1] to equation ([L.j), for h,(t) > 2 > hg(t) and comparing to the original
definition of T in (R.§), one has

[Gg(ﬂ:,t; ho(7), T)hi(T) — DiGae(x, t; ho(T),T)] Ws(T)dT
(2.17)
[Gg(ac t; hy (1), T, (T) — D Gae(x, t; hu(T)7T)] y(r)dr,

O\ﬂ O Y~

where U3(7) = T'(ho(t)+,t) — To(t) and W4(t) = T(hy(t),t). Taking x — ho(t)+ and
x — hy(t)— in (R.17), we have

.

/ [Gs(ho(t), t; ho(T), T)ho (T) — D1Gse(ho(t), t; ho(7),7)] Us(7)dr
0

t (2.18)
/ G3 ho(t) (T),T)h;(’r) — D1G3e(ho(t), t; hu(’T),T)] Uy (1)dr,
0
and
/ ), t; ho(T), )h6(7’) — D1G3e(hy(t), t; ho(T),T)] Us(T)dr
S (2.19)
+/ (t),t; ho(T), T)RL,(T) — D1G3e(hy(t), t; hu(T),T)] Wy (T)dr.

Equations (R.1§) and (R.19) form a system of linear Volterra integral equations of the second
kind, and we deduce from Lemma P.J that U3 = ¥, = 0. Thus ([.3) holds, and the
continuity of T'(.,t) at ho(t) follows T'(ho(t)+,t) = T(ho(t)—,t) = Tp(t). O
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Remark 2.4. The technique in Step 3 is learnt from A.Friedman [B]. However, there is a
minor mistake in [B]: formula (1.28) in page 221, i.e.
t
/Gg(x,t; s(7), T)u(s(r), T)dr =0,
0
should be

t
/ Ge(x, t;s(1),7) — G(x,t; S(T),’T)S/(’T)] u(s(r),7)dr = 0.
0

Fortunately, the conclusion u(s(t),t) = 0 still holds by the same argument.

2.3 Solving integral equations

Now we accomplish the proof of Theorem R.]. We want to prove the system (@),
(B2, (B-10), (B-11) has a unique local solution, and this solution can be extended uniquely
by prolongation whenever the condition h,,(t) > ho(t) still holds. The system [.3), 7).

(.10), (B.11)) can be rewritten as v = Pv, where

v = (So,v1,v2,v3), Pv = (Pyv, Pyv, P3v, Pyv) .
Denote by C(o, M) the space of functions v = (Sp, v1, v2,v3) continuous in [0, o] and

[0llfo,01 := sup max {[So(t)], o1 (t)], va(E)] ; |vs(B)[} < M.
te|0,0

We shall prove that for M > 0 large enough, says M > 2[|P(0)|| ., there exists tp > 0

depending on M (but independent on v € C(tpr, M) ) such that P is a contraction on

C(ty, M).
First at all, note that for each M > 0, if ¢y > 0 small enough then it follows from
E12-(ED) that

hy(0) — ho(0

hu(t1) — ho(ts) > M
In particular, h,(t) > ho(t) for all ¢ € [0,25], and hence P is well-defined.

Let us estimate ||[Pv — P, 1 for v,v € C(tpr, M). In what follows, denote by h,, and

ho the functions given by (R.12)-(R.13) where v is replaced by ¥; and denote by Cy > 0 a
constant depending only on data (ho(0), h,(0),T°(x), S°(x), To(t)) but independent on M,
v and v. We shall go to the details for Py, and P;, Py, P3 can be treated by the same way.

For preparation, we need some estimates related to Green’s function.

Lemma 2.4. Let v,v € C(tpr, M). Then fort >0 small enough we have

Giw (hu(£), 5 hu (1), 7) — Gap (R (1), 1 ( <

>0, Vt1,t2 € [0,tpr]. (2.20)

\/— HU ” Ot]\,j Y
G3(hu(t)7t; hO(T)7T) - G3(hu(t)7t; hO(T)ﬂ—)‘ <t HU - UH[O,tM} )

GBm(hu(t)’t; hO(T)’T) - G3$(ﬁu(t)’t;?b0(7—)’7—)‘ <t Hv - fﬁ”[O,tM} ’
Gia (hu(8), €, 7) = Gia(hu(t), :6,7)| <

ho(t) — €)? hoy(t) — €)? -
o (=Y | (Y
for all t € [0,tp] and € € R.
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Proof. First at all, we note that hg ,h, are linear with respect to v and

t

ha(t) = hu()] = | A1 / va(r)dt| < A sl (= 7):

[ho(t) = ho(r)] < Ao o1l ) + R I02lj000] (€ = 7).

Let us now consider function

Gia(h(8), : (), 7) = D =) <_(hu(t) — hu(7)) >

4\/wD3(t — 7)3 ADr(t =)

as a one-variable function of (h,(t) — hy(7)). Using Lagrange formula one has

G3:B(hu( )’tvh ( )’T G3$( ()’ ;hU(T)’T)

) —
:[(hu )= (Bult) = hu(7)) | exp<—672> <1_i>.

AD;(t — 1) AD;(t — 1)

4\/7TD§’( —71)3
The first inequality follows |8] < A\;M(t — 7) and

[(ha(t) = (7)) = () = Bu(D))| < Ralt = 7) o = -
By the same argument, one has

GB(hu(t)a t; hO(T)’ 7—) - GB(?Lu(t)’ t; hO (7—)’ T)
[hu(t) - Eu(t)} 0 02
()

4\/7TD§’(25 —7)3 (t—7)
Gn(hu(t), t: ho(7), 7) — Gag(hu(t), t; ho(7), T)
C h(t) = hu(t) o (O 22
4 [aD3(t— 1) p( 4D1(t—7)> (1 4D1(t—7)>

for some 6 between (hy(t) — ho(7)) and (hy () — ho(7)). Note that

and

() = Bra®) < XM [[o = vl
and it follows from (R.20) that

0.
5 >

Therefore, the second and the third inequalities follow the elementary inequalities z
const., and (2% + z%)e™* < const., for z > 0.
For the last inequality of Lemma P4, we write

G3(hu(t)7t§§7 0) - GS(hlu(t)7t;§7 0)
_ 1 CE=ha®)?) (€= ha()?
~ 9 /xDit [eXp ( 4D (t— 1) > P ( 4D (t — 1) )} '
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and then employ the following elementary inequality

2 2
‘exp(—z%) — exp(—z%)‘ < const. [exp <—%1> + exp <—Z2—1>} |21 — 29| (2.21)

for z1, 29 € R. To prove (2.21]), we can assume 0 < z; < z3 and note that

exp(—27) — exp(—z3)

= —20 exp(—6?)
Z1 — %9

for some 6 € (z1,20. Then (R.21)) follows |0|exp(—62/2) < const., and exp(—0%/2) <
exp(—22/2). O

Return to estimate ||Pyv — P40l|[o,,,]- Using the first inequality of Lemma P.4, we get

|G (1), (7). 70 (7) = Giga (ha(0), 5 T (7). 7))

< |Gaa (1), 13 hu(7),7) = G (rut), (1), 7) | o (7)]
+ [Gaz (hu(t), t; hu (1), T)| [va(T) — T3(7)|
CoM - CoM -
< \/ﬁ ||U - vH[O,tM] x M + \/m x H’U - UH[O,tM} ’

Therefore

t

oD, / G (ha(0), 12 (), 703 (7) — G (1) 1o (), 7))

(2.22)
Co(M? + M) - 2 — ~
<2D;p / T HU - UH[O,tM} dr = 4DICO(M + M)Viu ”1) - UH[O,tM] :
Also, from the second and the third inequality of Lemma P.4, we have
¢
2DI / ‘GBm(hu(t)a t; hO(T)a T)UQ (T) - G3$(hu(t)’ t; hO(T)’ 7—)/62 (7—)‘ dr
0
t (2.23)
< 2D, / t(M +1) [[o =l 4,147 = 2Dr(M + 1)t lv =Bl g4,
0
and
¢
2D1/ ‘Gg(hu(t), t:ho(1),7) — Ga(hu(t), t; ho(7), 7)| T4(T)dr
0 (2.24)

t
<aD; / o = g, Ta(r)dr < Cot o — T,
0
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It follows from the last inequality of Lemma P.4 that

hy(0)
2 [ [Galha(0).8:6.0) ~ Gahu(0).t:6,0)| T2
ho(0)
e (€ — hu(t))? (€ = (1))’
< CO ||’U - 5”[0,151»1] / [exp <_07:t> + €xXp <_C7:t>] dg
ho(0)

On the other hand, by making some change of variables, one has

[ [ () o ()

00 52 N
=2 / exp <_C—0t> d§ = 2y/mCot [|v =Dl 4,1 -
Thus
hu(0)
2 [ [Galha).156.0) — Gahu(0).1:6.0)| T2
w0 (2.25)

<2 WCStM v — 17”[0,151»1] )

It follows from (R.29)-(R.2]) that
|1 Psv = Pyl 4,1 < CoM*Vear [v =l 4,15

where Cj stands for a constant depending only on data (hg(0), hy(0), T°(x), SO (z), To(t)).
We also have similar estimates for Py, P, P3. Thus, if

M?\/tyr < e, (2.26)
where £y stands for a constant depending only on data (hg(0), b, (0), T%(z), SO(z), To(t)),
then
- 1 ~ ~
”P’U — PUH[OJJM] § 5 ”U — UH[O,tM] s V’U,’U € C(tM, M) (227)

The latter inequality implies that if M > 2|P(0)|| ;) then P maps from C(tps, M) into
itself and is a contraction. Thus P has a unique fixed point v in C(tpr, M) for tp; small
enough (restricted only by (R.24)).

Now let us prove the solution can be extended uniquely by prolongation. Assume that v is
a solutions of system (.3), (.7), (£.10), (R.11)) in [0, 0*] with ¢* < o and hy(c*) > ho(c™).

Let us consider the system (2.3), (2.7), (2.10), (R.11) for ¢ > o* (instead of ¢ > 0 under the
data

(ho(0*), hu(0*), Tz, ), S(z, 0™), To(t)).

We need to check that the new data satisfy Hypothesis (H1)-(H4). Infact, (H1) and (H4)
are automatically satisfied because h,(c*) > ho(c™*) and Tp(t) is even continuously
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differentiable in [0, o]. For (H2), the continuity of T'(.,0*) and T (.,0™) is guaranteed by
the definition of the solution. The boundedness of T, (.,c*) follows the finite limits

Te(ho(0%)=, 0%) = v1(0”),

Te(ho(0%)+,0%) = va(0”),
Te(hu(0")=,0") = v3(0™),
and, from (B.§),
ho(0)
lim sup | T (x,0")| = limsup /Gg(ﬂ:,t;f,O)Tg(f)dﬁ < sup |T§O(£)|
T——00 T——00 ho(0)>&>—00

Here we have used a property of Green’s function
[ Gt tic 0l = 1.

Similarly, (H3) holds. Thus Hypothesis (H1)-(H4) holds for the new data
(ho(c™), hy(c™), T(x,0%),S(x,0%), To(t)).

Therefore, it follows from the above result that the solution can be extended uniquely in
[0,0™*] for some o** € (c*, 0.

Remark 2.5. It is sometimes difficult to measure the initial condition (T'(x,0),S(x,0)) in
the infinite domain h,(0) > x > —o0 as in the previous section. However, this condition is
maybe replaced by the initial condition (T'(x,0),S(z,0)) in a finite interval h,(0) >z > L
and the history information at one point (T(L,t),S(L,t)) in 0 <t < o, where L is a deep
point in the ocean satisfying L < ho(t) for 0 <t < o.

Infact, introduce the Green’s function for the half-plane x > L,

Kj(z, t;¢,7) = Gj(x,t;€,7) — Gj(2L — ., t;¢,7), j=1,2.

Note that Kj(z,t;L,7) = 0 and the formulae in Lemma 2.1 and Lemma still hold with
K replacing Gj and a(t) = L. Thus instead of (£.3) and ([2.4) we have, for ho(t) >z > L,

S(z,t) = —D/Klg(x,t; ho(7),7)So(T)dr —{—D/Klg(x,t;L,T)S(L,T)dT

o ( 0 (2.28)

+ Kl x,tag 0 (£,O)d€,
/

and

T(x,t) = /Kg(x,t; ho(T),7T) [Dng(ho(T)—,T) + To(T)h6(’7’)] dr
0

_DO/K%(x,t;ho(T),T)TO(T)dT+D0/K2§($,t;L,T)T(L,T)dT (2.29)

ho (0)

T / Ko(, 156, 0)T(€, 0)de .
L

19



Therefore, the uniqueness of the solution (hg,hy,T,S) of the system ([[.1)-{.7) can be

proved by the same argument.
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