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Abstract

The stationary Oseen equations are studied in R? in its general form, that is, with
a non-constant divergenceless function on the convective term. We prove existence,
uniqueness and regularity results in weighted Sobolev spaces. From this new ap-
proach, we also state existence, uniqueness and regularity results for the generalized
Oseen model which describes the rotating flows. The proofs are based on Laplace,
Stokes and Oseen theories.
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1 Introduction

We study the linearized Navier-Stokes equations at the steady state, that is,
the Oseen equations

~Au+(a-V)u+Vr=f, divu=g inR> (1.1)

Here u and 7 are unknown functions denoting the fluid velocity vector and
the pressure function, respectively. The data are the external forces f acting
on the fluid, a function ¢ and a divergenceless function a.
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The presence of a non-constant function a, which is motivated by the rotat-
ing flows, does not allow the use of the potential theory. Indeed, we have no
fundamental solution at all. Under the assumptions that the datum f be-
longs to some weighted Sobolev spaces and the datum a belongs to some
Lebesgue spaces, we will prove the existence of solution to the Oseen model
(1.1). Namely, we state the existence, uniqueness and regularity of solutions
when

(case i) a € L*(R?) with diva = 0,

(case ii) a € L} .(R3) with div a = 0, satisfying

loc
dk >0, 3Ry >0: a(x)=ke,, |z|> Ry

Note that in the case ii, @ ¢ L3(R3). Thus it is not included nor in the Oseen
equations in the general form (1.1) nor in the simpler form of the Oseen
equations

—Au+k(§;_L+V7T:f, divu=g inR® (1.2)
1

We refer that this classical steady Oseen model is studied by several authors
[6,7,11,13].

We also study the Oseen model in the form, for a constant k& > 0, as in [10,14]

—Au+k§u+(a-V)u+V7T:f, divu=g inR> (1.3)
T

The model (1.1) could be seen as a particular case (k = 0) of the model
(1.3), however the additional term k‘g—m“l is not a difficulty but it helps the
existence results. We refer to [10,14] and the references therein, where the
study of rotating fluids is based on the decomposition of singular kernel in
Fourier space and on the Littlewood-Paley theory.

Here we restricted our study to R? but by identical arguments it can be done
to R™ for any n € N, n > 2, provided that a € L™(R").

The outline of the work is as follows. Next section we introduce the functional
framework in the scope of the weighted Sobolev spaces. We prove that the
Oseen problem (1.1) case i has a unique weak solution in a Hilbert space,
a unique generalized solution under the LP-theory, strong solutions and very
weak solutions in Sections 3, 4, 5 and 6, respectively. Section 7 is devoted to
the proof of existence results of the weak, generalized and strong solutions for
the generalized Oseen problem (1.3). Finally in Section 8, we solve the Oseen
problem (1.1) case ii.



2 Preliminar results in weighted Sobolev spaces

Let us introduce the weighted Sobolev spaces with the logarithmic factor [3],

WmP(R3) = {u € D'(R?); VA € N3,
0 <Al < s, p2 ™I~ (1 + p?) D u € LP(R?);
x+1< A <m, p DXy e LP(R?)}

for any positive integer m, real numbers p > 1, o € R and

m—3/p—a if3/p+aec{l,---,m}
=
—1 otherwise ,

and for m = 0, we set
WP (R?) = {u € D'(R?); p*u e LP(R?)}.

Here p = /1 + |z|? denotes the weight function where & = (1, 7, 73) € R3
and | - | is the usual euclidean norm in R?. Throughout this paper, the bold
type characters denote vector distributions or vector Sobolev spaces.

These spaces obey the following embedding
WP (R?) — Wo'y ' (R?) (2.1)

if and only if m > 0 and 3/p+a # 1. Note that W, (R?) is a reflexive Banach
space endowed with the norm

[ ee—— (

(R?)
(o~ ull, pw3) T ||VU||LP R3) ) otherwise.

ot
m(1+p%)

p
FIVUlly)  iEp=3

LP(R3)

For a detailed study of these spaces we refer to [3,15]. However, let us recall
some properties that we will need in this paper. It is known that the space
D(R?) is dense in W™P(R3). So that its dual space, denoted by W_"" (R3),
where p’ = p/(p—1) is the conjugate exponent of p, is a space of distributions.

The embedding (2.1) also holds for m < 0 and 3/p + o # 3. Remark that
W, "P(R?) has the following characterization, for all p > 1,

Wy PR = {f € D'(R®); f = fo+divf, fo€E, feL’(R%)},
where E is one of the spaces, W*(R?) if p # 3/2, or

WOP(R?) = {u € L’(R%); pln(1 + p2)u € LP(RY)}, if p = 3/2.



For p > 3/2 we can take fy = 0 since the Hardy inequality holds
Yu € Wy (R3) | ||U,||W01,q(R3) < C||Vullpamsy if ¢ < 3. (2.2)

Moreover, for all p > 1, D(R?) is also dense in W " (R?).

For 1 < p < 3, we have the Sobolev embedding W, ?(R?) «— LP*(R?), with

L= 1_ % Consequently, by duality we have, for p’ > 3/2, LY(R?) —

p* p

Wy M7 (R?), with £ = L 4 £,
It is known that W, ?(R?) — BMO, where BMO is the space of locally
integrable functions v such that
= [ () — vglda <
sup — [ |v(x) — vgldx < oo,
Q Ql/e ¢
where () is an arbitrary cube and vg = @H Jov(z)dz is the average of v on Q.

For p > 3, the space VVO1 P(R3) contains the constants and the weighted
Poincaré inequality holds

ElC = C(p) > O : vu E Wolyp(R?)), ‘|u’|W01,p(R3)/R S CHVUHLP(RB) (23)

For 3/p & {1,--- ,m}, the spaces W;""(R3) and W;"""*(R3) contain the poly-
nomial functions Pp,,_3/, of degree lesser or equal than [m — 3/p|, where [s]
stands for the integer part of s € R.

Hence further C' will denote a generic positive constant that may vary from
line to line.

Let us recall the following results about the behaviour at large distances of
some functions. We begin by considering the case 1 < p < 3 (see [5] or [12,

pp. 60]).

Lemma 2.1. Assume 1 < p < 3 and u € D'(R®) such that Vu € LP(R?).
Then there exists a unique constant u, defined by

1
Uoo = 71— |a}|i£>noo ., u(o|x|)do, (2.4)

such that u — us € Wy P (R®) and where Sy denotes the unit sphere of R®.
Moreover, we have the following properties:

U — Uoo € LP/CPI(R3), (2.5)



with the estimate

= el w055y < Vo 2.6
lim lu(o|z]) — Uoo|do = lim / lu(o|z|) — too|Pdo =0 (2.7)
|z|—00 J Sy |z|—00 J Sy
and
(o) — unPdo < CrP=3 / \VulPda, (2.8)
Sa {xE€R3, |x|>r}
with r > 0.

Definition 2.2. A function u will be said to tend weakly to a constant ., at
infinity if
lim lu(o|z]) — ts|do = 0.

|z|—00 J Sy

Remark 2.3. Lemma 2.1 implies that, if 1 < p < 3 and u € D'(R?) such that
Vu € LP(R?), then the previous definition is equivalent to

U — Usy € WyP(R?).
We now give a result for the case p > 3 which can be obtained from the
Sobolev inequalities.

Lemma 2.4. Let r and p be two reals such that 1 < r < oo and p > 3. Let
u € L"(R3?) and Vu € LP(R3?). Then u € C(R?) and

lim u(z) =0 pointwise . (2.9)

|| —o0

Defining
XoP(R?) = {v € WP (R%); 5% € WP (R%)};
XaP(R?) = {v € W2P(R®); g € WP (R%)},

where o will be taken equal to 0 or 1, we recall that D(R?) is dense in X 17(R?)
and X*P(R3) (see [6]). Note that the operator 9; : X2?(R?) — XP(R3) is
continuous.

Finally let us state the following auxiliary results.

Proposition 2.5. For u € X,"(R?), we have

i) if 1 < p < 3, then u € L/U=P)(R3) N L3%/G=P)(R3) and the following
estimate holds

||U/||L4P/<4fp)(R3) + ”U/HLSP/(S*;D)(RS) S CHU’HX&’;D(R?’) (210)



ii) if p = 3, then there exists a unique constant X such that u+ X € L'*(R?) N
BMO. In particular, u+X\ € L"(R3) for anyr > 12, and the following estimate
holds

a4+ Nl < Cllullggogesy (211)

iii) if 3 < p < 4, then there exists a unique constant A such that u + X\ €
L*/4=P)(R3) N C(R®) and the following estimate holds

Proof. 1) This proof can be found in [4].

ii) For u € X,*(R?), we have —Au + 8‘9—1“1 € W, "*(R?). From scalar Oseen
theory [5, Theorem 4.4, there exists a unique v € X (R?) N L'?(R?) verifying
ov ou

Av+——=Au+—-— inR%. 2.1
U+8w1 u+a$1 in (2.13)

By uniqueness argument, we show that Vu = Vv, that means, there exists
a unique constant A such that u + A = v. As v € BMO, we obtain u + \ €
L?(R3*) N BMO, and consequently v + A € L"(R3) for any r > 12, verifying
(2.11).

iii) For u € X3P”(R%), similarly to the case ii, there exist a unique v €
X P(R3) N L#/(4=P)(R?) verifying (2.13) and a unique constant \ such that
u+\ = v. Then we get u+\ € L*#/4=P)(R?) verifying (2.12). Applying Lemma
2.4 we conclude that u + A € C(R3). O
Proposition 2.6. For u € X;"(R?), we have

i) if 1 < p<3/2, then u € L*/C7P)(R3) N L[37/BG=2)(R3);

i) if 3/2 < p < 2, then there exists a unique constant X\ such that uw + \ €
LY(ES) for all g > 2p)(2 — p);

i) if 1 < p <3, then Vu € L%/(4=P)(R3) N L3P/ G-P)(R3);

i) if p = 3, then there exists a unique A € Py, independent on x1, such that
V(u+A) € LR NBMO. In particular, V(u+ M) € L™(R3) for any r > 12;

v) if 3 < p < 4, then there exists a unique A\ € Py, independent on x1, such
that V(u + A\) € L*/U4=P)(R3) 0 L>(R3).

Proof. The proof of i)-ii) can be found in [4], while iii)-v) easily follow from
Proposition 2.5. O



3  Weak solutions in W{*(R?)

Let us introduce the spaces

V={veDR3); divv=0 inR3};
H,={vel”(R?®); divv=0 inR3};
V,={ve Wy(R%); dive=0 inR3},

and we suppose in this section that a € Hs.

Definition 3.1. We say that u € V5 is a weak solution to the problem (1.1),
with g = 0, if it satisfies

Vv € V,, /]R3 Vu: Vodx —F/R3 Vu: (a®v)dz = (f,v), (3.1)

where (-, -) denotes the duality bracket Wy '*(R3) x Wy ?(RR3).

Remark 3.2. The Sobolev embedding theorem yields W, ?(R?) «— LP*(R?)
if p < 3. If @ € L3(R?), then for u, v € Wy?*(R?), we have a® v € L*(R?) and
the second integral in (3.1) is meanful. Moreover, thanks to the density of V
in Vy (see [1]), we have the property

Vv e Vo, / Vv: (a® v)dz = 0. (3.2)
R3

Theorem 3.3. Given f € W, "?(R?), a € Hs and g = 0, there exists a
unique weak solution u € Vo of the problem (3.1) and moreover u satisfies the
estimate

||u||w(1]v2(R3) < CHwagle(RB) (3.3)
and the energy equality

/R3 |Vu|?’dz = (f, U’)WELQ(R?’)XW&’Q(R?’)'

Besides, there exists a unique function © € L*(R3) such that (u, ) solves the
problem (1.1) in the sense of distributions, and the following estimate holds

17l 2 (@) < O+ [laflus @)1 f w12 sy (3-4)

Proof. Let {R,,}men be an increasing sequence of positive reals such that
lim,, ., R,, = oo and the sequence of approximate problems defined in the
open balls centered at the origin B,, = Bg,,(0) C R?:



Find w,, € J,, such that, for all ve J,,,

Vu,, : Vudz + /B Vu, : (a®v)dz = (f, V)u-1(8,)xH)(B,): (3.5)

Bm

where

Jn ={veH}(B,); divv=0in B,,}.
Note that if f € Wy "*(R?), then its restriction to B,, belongs to H™(B,,)
and it verifies

I lle1 By < N Fllws 12 esy - (3.6)

The existence of a unique solution, u,, € J,,, of (3.5) is a consequence of the
Lax-Milgram Lemma and the property

Vv e J, / Vv:(a® v)dz =0.
Bm

Let us take v = u,, as a test function in (3.5). Thus the energy equality holds

/Bm [V |*dz = (f, un) = —/Bm F - Vu,dz,
observing that f = div F with
FeLlR):  [[Fluw) < Olflwrog.
Consequently the estimate holds
IVunlLas,,) < Iz Vil s, < Clfllw, 2 g 1V tnllLas,,)-

Denoting by @,,, the extended function by zero in R™\ B,,, we have @,, €
W;?(R?) and
HvamHLQ(RR’) < C||f||w—1,2(R3). (37)
From the estimates (3.7) and (2.2) then, extracting subsequences if necessary,
~ . 1,2 3
we get &, — u in Wy*(R?) and

HUHW(I)’Q(R?*) < C||f||Wal’2(R3)'
In order to prove that w is a weak solution to (3.1), let v € D(R?) such that

divv = 0. Choosing n € N such that suppv C B,, then for any m > n it
follows

Yvey, A3V%:Vvdm+A3V%:(a® v)dx = (f, v). (3.8)

So we can pass to the limit in (3.8) and therefore w satisfies (3.1), for any
v € V. Thanks to the density of ¥V in Vy (cf. [1]), it is clear that (3.1) holds
for any v € Va. Hence, the estimate (3.3) arises.



The solution u is unique using the standard argument of taking two solutions
u; and uy to the linear weak formulation (3.1). Indeed defining w = u; — uy,
by (3.2) it verifies

/ |Vw|*dz =0,
RS
then w =0 and u; = us.

Since a® u € L2(R?), so that f + Au— div(a® u) € W "*(R?). Hence, we
have

Voe Vs, (f+ Au—divia® u),v) =0.

Therefore, De Rham Theorem in weighted spaces (cf. [1]) guarantees the ex-
istence of a unique pressure 7 € L*(R?®) such that (u,7) satisfies the Oseen
problem (1.1) in the sense of distributions. Moreover, we get

IVl < Il + € (g + 12 ® wlieg)
Using the estimate (3.3), it follows
”VWHWO—I*Q(]R&%) <C (”f”wgl‘?(Ri%) +lla® UHLQ(W)) :

Applying Hoélder inequality, Sobolev embedding and using again the estimate
(3.3) we obtain

VT llw12@s) < C(L+ [laflus@s) 1 Fllw; 2w
Finally, using the fact that the operator gradient is an isomorphism from

L?(R?) to Wy "*(R?) L Vy (see [1]) we conclude (3.4). The previous notation
means the subspace of Wy "*(R?) orthogonal to V, i.e.,

W, (R L Vy={f e W;"*(R%); Yve V,, (f,v)=0}
= (W5 "2(R?)/Va)

]

Theorem 3.4. Given f € W;'?(R?), a € Hs and g € L*(R?), there exists a
unique solution (u,7) € Wy (R?) x L2(R3) of the problem (1.1) such that

[l es) < C (Ifllw 129 + l9ll2@s) (1 + llalluses)) = M (3.9)
||7THL2(R3) S M(l + ”a||L3(R3))7 (310)

and satisfying the energy equality

/]R VuPdz = (F, gy w2 + /]R mgd. (3.11)



Proof. Given g € L?*(R?), since the operator div is an isomorphism from
W;?(R3)/V, to L2(R?) (see [1, Proposition 2.2]) there exists w € Wy?*(R?)
such that divw = ¢ with the estimate

Jwllygazsy < Cllgllzaes)
Since f — div(a ® w) € W *(R?), then we can solve the Oseen problem:
~Av+(a-V)v+Vr=f+Aw—div(e® w) and divev=0 in R

Indeed, the existence and uniqueness of v € Vo and m € L*(R?) follow from
Theorem 3.3. Moreover, we have

||'UHW(1)’2(R3) < C(Hf”wg”(R?») + ||Aw||w0—1’2(R3) + [l allus @s) | wl| Lo es))
Il ey < OUIS + Awly-sags) + la® wlisn) (1 + llaluo)

Choosing u = v+ w € Wy*(R?) then (u,7) € Wy*(R?) x L*(R?) is the
required solution and it satisfies (3.9) and (3.10). O

4 Generalized solutions in W,”(R?)

Let us state the following generalized result using the known Stokes theory in
R3.

Lemma 4.1. For 1 < p < oo, let f € Wy "*(R?) N Wy '"P(R?) satisfy the
compatibility condition: for any 1 =1,2,3

(Fis gyt gty = 0 30 < 3/2, (4.1)

g € L*R3) N LP(R®) and a € Hs. If additionally a € L/6~P)(R3) for 1 <
p <6 or a € L®(R3) for p> 6, then the solution (u,7) € Wy*(R?) x L*(R?)
given by Theorem 3.4 is such that w € Wy*(R?) and 7 € LP(R?).

Proof. Considering that f € Wy "*(R?), g € L*(R?) and a € Hs, Theorem 3.4
yields the existence and uniqueness of (u,7) in the space Wy?(R?) x L2(R?)
verifying

—Au+div(a®@ u) +Vr=f and divu=g in R (4.2)

taking into account that diva = 0. From the Sobolev embedding (cf. Remark
3.2), note that u € L°(RR?).

10



Case 1: 1 < p < 6. We have a®@u € LP(R?) considering that a € Lo/ (6-P)(R3).
Then f — div(a ® u) € W, "(R?). Moreover, we have, for all i = 1,2, 3,

<f’L - diV(CLUl), 1>W0_1’p(R3)>(W01’pI(R3) = ()7 if p S 3/2.

Thus the Stokes theory [1, Proposition 3.3| guarantees the existence of a so-
lution (v,1) € WyP(R?) x LP(R?), where 7 is unique and v is unique, up to a
constant of R? if p > 3, of the Stokes problem

~Av+Vn=f—div(apu), divv=g inR" (4.3)

Thus the uniqueness argument implies first that the harmonic function n — 7
belonging to L?(R?) + L*(R?) is necessarily equal to zero and with similar
argument, we obtain also Vu = Vo € L?(R?*) N L?(R?). Note that u = v if
p<3and u=wv+kc Wy”(R? with k € R?, if p > 3.

Case 2: p > 6. We have, for all 2 < ¢ < 6, f € Wy (R?) and a ® u €
L2(R3) N LS(R?). Then we can apply case 1 to obtain u € Wy4(R?) for all
2 < g < 6. In particular, we get u € LS(R3) N L>*(R3). Then a ® u €
L*(R?) N L*(R?) — L?(R®) and arguing as in the case 1 we conclude the
proof of Lemma 4.1. O

Lemma 4.2. Let 1 < p < oo and a € Hy,. Then, there exist ¢ € V,, such that
a=V x, (4.4)
and a sequence { @y tmen C YV such that

a, — a in LP(R?). (4.5)

Proof. For a € H,, we get V x a € Wy ""(R?) L Pli_3/p. From Laplace
theory (see [3]), there exists 1 € WyP(R?) such that —A¢) = V x a in R?
with

IVeh|leres) < Cllal|Lees).

Then, we have divip € LP(R?) such that A(divep) = 0 in R?. Thus it results
that divep = 0 and consequently ¥ € V. Since diva = 0, we deduce that

AV x1p) =-V x (V x a) = Aa.

Taking w =V x 1) — a € L?(R?) we obtain Aw = 0 and we conclude w = 0
and (4.4) holds.

Since D(R?) is dense in W, (R?), we have

= lim ¢, in WyP(R?), 1, € DR?.

m—-+00

11



Taking a,, = V x ¥, € V, we obtain clearly (4.5). O

The following results deal with the existence to the problem (1.1) under the
data into Banach spaces with p—exponent.

Theorem 4.3. For 1 < p < 3, let f € W, ""(R?) satisfy (4.1), g € LP(R?)
and a € Hs. If there exists a positive constant K, only dependent on p, such
that

Ha’”L3(R3) < K, (46)

then the Oseen problem (1.1) has a unique solution (u, 7) € WP (IR?) x LP(R?)
such that

||'“'||W(1)’P(]R3) + ||7T||LP(R3) < CK(HfHWO*lvP(RB) + ||9||LP(]R3)>- (4.7)
Proof. By (4.1) and [3], we have f = div F with F € LP(R3)3*3. Then, there
exist sequences {F,,} C D(R3)**3 and {g,,} C D(R?) such that
f,, =divF,, — f in W;"*(R*) and g, — g in LP(R?),

with f,, satisfying the condition (4.1). From Lemma 4.2, we can take a se-
quence {a,,} C V convergent to a in L3(R3). Thanks to Lemma 4.1, there
exists a unique solution

U, € W (R NWP(R?), 7, € L*(R®) N LP(R?)
satisfying
— Aty + V7, = £, — div(an, @ wy),  div, = g, in R (4.8)

From the Stokes theory [1, Theorem 3.3] and applying Holder and Sobolev
inequalities, we obtain

Hum”WéW(Ri%) + Tl o ey <

< cllf mllwzrr ey + l@n ® tnlluo@s) + lgmllze@s)

< a1 ([lfllwy v ey + Ml allus @) [ tm |- @) + llglle@s))
A(If w12 gey + c2llallus@s) | tm w2 gy + lgllzees)),

VAN

where ¢;, co > 0 are the Stokes and Sobolev constants, respectively. By the
assumption (4.6), it follows

(1 = sl < xS g ooasy + lollogen)
||7TmHLP(R3) < Cl(”f”w(;lvp(m) + ||9HLP(R3))-

12



Taking 0 < K < 1/(cicq), we can extract subsequences of wu,, and m,, still
denoted by u,, and m,,, such that

Uy, — win WP(R?) and 7, — 7 in LP(R?),

where (u, 7) € Wy (R?) x LP(RR3) verifies (1.1) and the estimate (4.7) holds.
So the proof of Theorem 4.3 is finished. ]

Remark 4.4. For all p < 3 and u € Wy?(R?), as a € L*(R?) then we have
a® u e LP(R?) and div(a® u) € W, "*(R?).

Finally the following existence result can be stated via a dual argument.

Theorem 4.5. Forp >3, let f € W, "*(R?), g € LP(R?) and a € Hy satisfy
(4.6). Then the Oseen problem (1.1) has a solution (u, 7) € WP (R?)x LP(R?),
where u s unique up to a constant vector, such that

||u||wévP(R3)/P[l_3/p] + 17l e ey < CK(HwagLP(RS) + |l Lo g2 )- (4.9)

Proof. We will follow the duality argument already used in [2]. On one hand,
Green formula yields, for all v € W3? (R?) and (u, 7) € WP (R3) x LP(R?)

<_Au + (a . V)’u + Vﬂ—, v>wal’p(R3)XWé’P/(R3) g

<’U,, —Av— diV(a X ’U>>Wé’p(R3)><WO_1’p/(R3) — <7'l'7 div v>Lp(R3)><Lp/(R3)7

taking into account that @ € Hy and v € W* (R?) — L3/(2>=3)(R3) imply
that @ ® v € L” (R?) and consequently div(a® v) € W ¥ (R3).

On the other hand, for all n € L¥'(Q),

(u, V">w3’p(R3)xwgl’P’<R3) = —{div e, n) ooy o o)
Then the Oseen problem (1.1) has the following equivalent variational formu-
lation:

Find (u,7) € WoP(R?) x LP(R3) such that for all v € W (R3), 5 € L (R3),

(u, —Av = div(a® v) + Vi) gyioga) =17 @) ~ (T AV ) Loy v2)

= s Vo @oyewd? o)~ 95 poeoyxr @) (4-10)
According to Theorem 4.3 applied with p' < 3/2, for cach (f, ¢') € W, "7 (R3) x

13



L” (R?) satisfying
<fza 1> 1P (RS)le P(R3) 07
there exists a unique solution ('v, n) € Wi (R3) x LP' (R®) such that

~Av—(a-Vv+Vn=f, divv=g inR’
with the estimate

ol sy + 1l ) < ol N1 gy + 19

Observe that the mapping
T: (.fla g) = {f, > SUP(R3)x WP (R3) — (9, 77)LP(]R3)><LP/(R3)7

is linear and continuous with

T 9 < M hwg o @y [Vl sy + 19l o) 101 1 ey

< Crc (Iflhwgroan, + I9lls)) (1 o asy + 1 ey ) -

Note that ' belongs to Wy *' (R3) and f 1 R3. Thus Riesz representation
Theorem guarantees the existence of a unique (u,7) € (WP (R?)/Py_3/,) X
LP(R3) such that

T(flv g ) <’LL f > 1 WP (R3) ><W_1 » (R3) <7T7 g/>LP(R3)><LP/(R3)7

with
ellwaoqgsy + I7llzogesy < Crellf ey + 9llima):

By definition of T', it follows

(f, ”) SUP(R3)x WP (R3) T <g77]>LP(R3)><LP'(R3)
= (u, f') WP(RS)x W, 7 (R3) <7Tagl>Lp(R3)pr’(R3)
which is the variational formulation (4.10). O
Remark 4.6. Supposing that the data f € W "P(R?) N Wy (R?) satisfies
(o gyt oy = os Dty iy = 0 1650 < 372,
g € LP(R3®) N LY(R®) and a € Hj satisfies (4.6), from Theorems 4.3 and 4.5

there exists a solution (u,7) € (WyP(R?) N W§?(R?)) x (LP(R?) N L4(R?)) to
the Oseen problem (1.1), for any 1 < p,q < 0.
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5 Strong solutions in W¢*(R?) and in W37 (R?)

We begin by proving the existence of a unique strong solution in WS”’ (R3) x
Wy (R?) for 1 < p < 3 in the following sense.

Theorem 5.1. For 1 < p < 3, let f € L?(R%), g € Wy ?(R?) and a € Hj
satisfy (4.6). Then the Oseen problem (1.1) has a unique solution (u,7) €
(WEP(R?) /Ppa_3/,) x Wy P (R?) such that

lellwzngsyea s, + Ieltnsy < OO+ Cr)(UF o + I9lwins)- (5:1)

Proof. For all 1 < p < 3, Sobolev embedding holds
Wév?)p’/ (3+p") (R3) N (]R3)
and by duality we obtain
L7 (R%) — W, /G- (R3), (5.2)

Since g € WiP(R3) — L37/G-P)(R3) and f € W, "*"/®"P(R3), Theorems 4.3
and 4.5 guarantee the existence of a solution

(u7 7T) e Wé73p/(3fp) (R?)) x L3p/(3—p) (RS)
to the Oseen problem (1.1) with the estimate
llggono gm0y < Ol o + lgllwaosn):
Note that the compatibility condition (4.1) is not required because we have
3p/(3—p) > 3/2. Besides, we have (a-V)u € LP(R?). We can apply the Stokes
regularity theory (cf. [1, Theorem 3.8]) to deduce the existence of (v,n) €
WP(R?) x Wy P (R?) verifying (4.3), unique up to an element of Pjp_3,, x {0}.

Moreover, the estimate holds

)\dgéli/m [+ Allw2r@sy + [0llyrr@s) <
< C(Iflle sy + llallus@s) |V ullysr e @s) + gl @s)),
with C' denoting a constant only dependent on p.

Let w=v— uwand § =7 — 7, then

—Aw+V0=0 and divw=0 inR3
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with 0 € L3/G-P)(R3) and w e W™ @ P/(R3). As AG = 0 in R?, then 6 = 0
and w € Pyy_3,,) C WiP(R?). Consequently, u € WiP(R?) and m € Wy " (R?)
and we obtain the estimate (5.1). O

Remark 5.2. Observe that Theorem 5.1 does not include the case p > 3,
under its assumptions, that is, f € L?(R%), g € Wy*(R?) and a € Hs. Indeed
if it would be possible to find u € Wi (R?) and 7 € WyP(R?) such that

(a-V)u=Au— V7 + f € LP(R?),
it would happen a contradiction, since a € L3(R?) and Vu ¢ L37/G-P)(R3).
In order to present a strong solution for p > 3, we state the following results.

Theorem 5.3. For p > 3, let f € LP(R?), g € Wy”(R®) and a € Hs sat-
isfy (4.6). If we additionally assume f € LI(R?), g € Wy Y(R?) and a €
L3pa/(aB+p)=30) (R3) for some 3p/(3 + p) < q < 3, then the solution (u,7) €
Wod(R?) x Wy )(R?) given by Theorem 5.1 belongs also to WP (R?) x Wy * (R?)
and it satisfies

lellwzngsyeay, + Ieltnsy < OO+ Cr)(UF luos) + I9lwins)- (5:3)

Proof. Since f € LI(R?) and g € W,(R?), for 3/2 < ¢ < 3, we can apply
Theorem 5.1. Then there exists a unique solution (u,7) € (Wy9(R?)/R3) x
Wy 9(R?) satisfying the Oseen problem (1.1). Thus it results (a-V)u € LP(R?)
since Vu € L3/G-9(R3) and a € L*9/@G+P)=37)(R3) for some 3p/(3 + p) <
g < 3. Next proceeding as in the proof of Theorem 5.1 we can conclude that
(u, ) € (WGP (R?)/Pa_3,,)) x Wy?(R?) verifies (5.3). O

Note that in Theorem 5.3, a € L>®°(R?) if ¢ = 3p/(3 + p), and if ¢ is close to
3 then 3pq/(q(3 + p) — 3p) is close to p.

Finally, we take f in weighted L?(R?), more precisely f € W{?(R?), and the
data g in the corresponding weighted Sobolev space W, (RR3).

Theorem 5.4. Let p # 3/2, f € WP(R?) satisfy (4.1), g € Wi P(R?) and
a € Hy N L>®(R?) satisfy (4.6) and

3L >0, Ja(z)| <=, ae z€R’ (5.4)

Then the Oseen problem (1.1) has a unique solution (u, 7) € WTP(R?) /Ppy_3 5 %
W P(R3) satisfying

||U||wfvp(ug3)/]p[l_3/p] + ||7T||W11vp(ug3) <C@1+ LCK)(Hwa?vP(RS) + ||9||W11»P(R3))-
(5.5)
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Proof. Since W"?(R?) «— LP(R?) and for p # 3/2 we have WI?(R?) —
W, "P(R?), thanks to Theorems 4.3 and 4.5, there exists a solution (u,7) €
WP(R?) x LP(R®) to the Oseen problem (1.1) satisfying (4.9).

Considering the assumption (5.4), we get (a - V)u € WP (R3). Moreover, we
have, for all i = 1,2, 3,

((a-V)u; + fi,1) 0, ifp<3/2.

W{”p(Rf‘)XWE’l”/ (R3) =

Thus the conditions of Stokes regularity result are fulfilled (cf. [1, Theorem
3.1]) and we can conclude the existence of (v,7) € WTP(R3) x W]"(R?),
unique up to an element of Pp_3,, x {0} and satisfying

Ae[g[?fs/pl lv-+ }\wa’p(ﬂ@) + ]\77\|W11,p(R3) =

< C(lIfllworgs) + LIIVullo@s) + lgllwirgs))-

Then the proof’s conclusion of Theorem 5.4 is identical to the one of Theorem
5.1. O

Remark 5.5. Observe that W?(R?) < LP(R?), W"*(R?) < W, ?(R?) and
if p > 3 then WP(R?) — L4(R3) for all ¢ € [3p/(3 + p), 3[. The assumptions
on a stated in Theorem 5.4 are also stronger of those in Theorems 5.1 and
5.3.

Remark 5.6. i) It is known that L3(R3) — L3*(R?) and 1/|z| € L>>*(R?),
where L3> (IR3) is the space of measurable functions v defined on R? satisfying

3C >0, Vt>0, t*meas{x cR? |v(z)| >t} <C.

ii) When p = 3/2, the previous existence result holds provided we suppose
that f € W¥2(R3) 0 W5 "¥2(R3) (see (2.1)).

6 Very weak solutions in L?(R?)

In this section we show how very weak solutions to the problem (1.1) can
easily been obtained from the existence of strong solutions as in Section 5 via
a dual argument. We begin by precising the meaning of very weak variational
formulation.

Lemma 6.1. For p > 3/2, the problem of finding a pair (u,7) € LP(R3) x

Wy "P(R3) verifying (1.1), with f € Wy>P(R?) and g € Wy "P(R?), has the
following variational formulation
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/ u- (—Av—div(a® v) + Vn)dz — (7, divv) -1,
R3 0

(B3)x W' (R3)
(6.1)

= ”>W52’p<R3>xw§’p’<R3> — o, ’7>W51’P<R3>xW&””<R3>

for all ve W2 (R?) and n € Wi* (R®).

Proof. By a density argument of D(IR?) into respectively WZ" (R3) and W (R?),
we have the following equalities

<—Au, v)WSQ,p(R;g)XWg,p/(Rg,) = <u7 _A'U>LP(]R3)><LP’ (Rd)

(VT V) e oy = (T VO ooy o

<diV’U,, 77>W(;1,p(R3)XW01,p/ (R3) = —<’U,, Vn>LP(]R3)><Lp’(R3).

Since a € Hs and p > 3/2, on one hand a ® u € L*/G+P)(R?) — W, '?(R?)
and (a-V)u = div(a® u) € W, "P/CT)(R3) . W;2P(R3). On the other
hand, for any v € W2 (R?) we have Vo € W7 (R3) — L3/2r=3)(R3) and
div(a® v) = (a- V)v € L”(R?). Then we obtain

(div(a® u), v) =—(a®@u, V)

—2, 2,p -1, 1,p/
W, 2P (R3)x WP (R3) o TR3)xWP (R3)

= (u, =div(a ® v)) Lo (rs)cLe’ (v2)
Thus Lemma 6.1 holds. O

Definition 6.2. We say that (u,7) € LP(R?) x W, "P(R?) is a very weak
solution to the problem (1.1) if it satisfies (6.1).

Theorem 6.3. For p > 3/2, let f € Wy*P(R3) satisfy the compatibility
condition: for anyi=1,2,3

<fi7 1>W0*27P(R3)><W027P/(R3) - O pr S 37 (62>

g € Wy "P(R®) and a € Hs satisfy (4.6). Then the Oseen problem (1.1) has a
unique very weak solution (u,7) € LP(R3) x Wy "*(R3) such that

oy + 7l gy < OO+ Cr)(IFlwo2ogey + gl rogesy). (63)

Proof. In accordance to Theorem 5.1 for p’ < 3, f/ € L”(R?%) and ¢ €
Wol’p, (R3), there exists a unique solution (v, 7n) € (W(Q)’p/ (R?’)/P[z,g/p/])xwol’p/ (R3)
to the problem

~Av—(a-Vo+Vnp=f, divv=g inR?
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satisfying the estimate

ol e+ sty < OO CoOF sy + 1y )

Define the mapping
el
T: (f 79) = <f7 v>Wa2’p(R3)XW(Q)’p/(R3) - <g777>W0*1;P(R3)><W011P'(R3)'

Then T is linear and using (6.2) 7" is continuous with

IT(f',q')| < HfHWO_2’p(R3)H’UHW(Q)”’/(R?’)/IP’[ | - HgHWo_l”’(W)HHHW(}’I’/(W)

2—-3/p’

< 01+ Cie) (I hwysoan + 19l ocesy) (Il ey + 1o ) -

Thanks to the Riesz representation Theorem, there exists a unique (u,m) €
L?(R3) x W, "P(R3) such that

T(f’;Q’) = (U, f/>LP(IR3)><LP'(]R3) - <7T’g,>WO’1’p(R3)><W(}’p/(]R3)’

and the estimate (6.3) is satisfied. By definition of 7', it follows the very weak
variational formulation (6.1). O

Remark 6.4. Using Theorem 5.4 with p’ # 3/2 and similar dual argument
we can conclude that for p > 3/2 such that p # 3, f € W_IP(R?), g €
W= "P(R?) and a € Hj satisfying (4.6) and (5.4), there exists a very weak
solution (u, ) € W?(R?) x W_""(R?) to the problem (1.1) in the following
sense

(u, —Av—div(a ® v) + Vn) T, divv)

WO R () TR W (RS
= (Vw2 sy ewzo’ @s) = {9 M=o @)l @9)

for all v € W2 (R?) and n € W7 (R?). Indeed the above weak formu-
lation has meanful for p > 3/2, since @ € Hz and Vv € W%’p/(R?’) —
W/ 273 (R3) we have then div(a® v) = (a- V)v € WY (R3).

7 The generalized Oseen problem (1.3)

In this section, we study the generalized Oseen problem (1.3):

—Au+k§u+(a-V)u—|—Vw:f, divu=g inR>
T
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As in sections 3, 4 and 5 where we applied the Stokes theory, here we can
apply the theory concerning the Oseen system (1.2).

We introduce the following Banach space

ov

3\ p 3. 7
Z,(R’) = {ve ["R); o~ €

Wy 2P (R%)}.

Next we prove some useful results.

Lemma 7.1. For every 1 < p < oo and g € Z,(R?) verifying

Jg

VA e Plo—s/p): <37317 /\>W52’P(R3)xW§’P'(R3)

=0, (7.1)

there exists w € XyP(R?) such that divw = g in R® and satisfies the estimate
lwllxie@s) < Cllgllzes)- (7:2)
Moreover w € L%/U=P)(R3) N L3»/G-P(R3) if 1 < p < 3, w € L¥(R%* N

BMO if p = 3, and w € L*/U4~P)(R3) N L>®(R?) if 3 < p < 4 with estimates
corresponding to (2.10), (2.11) and (2.12).

Proof. Let g € Z,(R?). From g € LP(R?) there exists v € Wi ?(R?) verifying
Av = g in R3,

where v is unique up to a polynomial function of Pp_3/, (see [3]). We can
choose v such that there exists a constant C; > 0 satisfying

||vv|lwé»P(R3) < OlHQHLP(Riﬁ)‘ (7.3)

From 88791 e Wy *P(R?) L Ppo—3/, there exists a unique z € LP(R?) verifying

dg

—7 in R3
B n

Az =
and it is such that the following estimate holds
99
||VZHWO*17P(R3) < C(2HZ||LP(]R3) < CS”%HW(;Q’P(M)' (7-4)

Then 68—% — 2z € WyP(R?) + LP(R?) is harmonic and o — z € Pp_gyy, that

means, Ern

:zifp<3and%—z:constantipr?).
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Next let us take w = Vv. Hence w € WP (R?), divw = g and % = V(a%) =
Vze Wy 'P(R?).

Using (7.3) and (7.4) it follows
ow

lwllxyr@s) = l1wlwyegs) + 15wy ros) < max{Cr, Cs}igllz, @)

Consequently we get (7.2). Applying Proposition 2.5 we conclude the proof of
Lemma 7.1. [

Remark 7.2. The condition (7.1) is equivalent to

dg

— 3 /
By Ty 2r@yxawee gy = 0 1028

Indeed for all A € Pp_3/,,) such that 387’\1 = 0, we have

dg oA
<8x1 Ay, o 2P (R x WP (RS) o 0, Dy 1< w2) = 0

taking into account the density of D(R3) in X2* (R3).

Lemma 7.3. Let g € Z,(R?) verifying the compatibility condition (7.1). Then,

there exists a sequence g,, € D(R®) satisfying (7.1) and such that g,, — g in
Z,(R3).

Proof. Let g € Z,(R?). Applying Lemma 7.1 there exists w € Xg?(R?) ver-
ifying divew = g and (7.2). Since D(R?) is dense into Xy”(R?), there ex-
ists a sequence {wy, }men C D(R?) such that w,, — w in X§?(R?). Taking
gm = div w, € D(R?) it follows g,, — ¢ in Z,(R?). Observe that g,, satisfies
(7.1). O

The first existence result to the problem (1.3) concerns the Hilbertian case
p=2.

Proposition 7.4. Assume that f € Wy *(R3), g € Z,(R?) and a € Hs. Then
the problem (1.3) has a unique solution (u,7) € (X5 (R*) NLA(R?)) x L*(R3).
Moreover, the following estimate holds

Jull 12 +[lullLs +[|7l| 2 < C (HfHng’Q(R?’) + (1 + lalws@s) 9l @) - (7.5)

Proof. Let g € Zy(R?). Applying Lemma 7.1 and Remark 7.2, there exists
w € Xg*(R?) satisfying divaw = ¢ and (7.2) with p = 2. Next let us take the

21



unique solution (v, 7) € (X5?(R?) NL4(R3)) x L%(R3) to the Oseen problem
(cf. [4, Lemma 4.1])

ow

—Av+k@+(a-V)'v+Vﬂ :f+Aw—l<:a
X1

o1, (a-V)w, dive=0inR?

satisfying the estimate

1ol xp2 sy + Il 2s) < CUF Iyt 2@s) + 1wl xp2@s) + Nl alles@s) [[wllwe 2 gs))-
Letting u = v+ w, we obtain u € Xy*(RR?) that satisfies (1.3) and (7.5). [
Proposition 7.5. Assume that 1 < p < oo, f € W, *(R?) N Wy "P(R?),
g € Zy(R*) N Z,(R3) satisfy the compatibility conditions (4.1) and (7.1), re-
spectively, and a € Hs. If a € L®/UP)(R3) for 1 < p < 4 and a € LP(R?)

for p > 4, then the pair (u, ) € X§*(R?) x LA(R3) given by Proposition 7.4
belongs also to Xy (R?) x LP(R?). Moreover

u e LPU PRI NLS(R?) if p < 2; (7.6)
ue LYRY) NL¥/CEP(R?) if2<p<3; (7.7)
uec L' (R?), Vr>4, if p=3; (7.8)
u € L*(R?) N L (R?), if p > 3. (7.9)

Proof. Under the assumptions on f, g and a, Proposition 7.4 yields the exis-
tence of a unique (u,7) € Xgy*(R3) x L*(R?) verifying

—Au+ kzgu +Vr=f—div(a®u) inR>
X1

From Proposition 2.5, we have u € L*(R3) N LS(R?).

Case 1: 1 < p < 4. Considering that a € L%/(4=P)(R3), we get a® u € LP(R?)
and then div(a ® u) € Wy ""(R*) L P;_3/,). From the Oseen theory [6,
Theorem 2.2| there exists a unique solution (v,7) € X5¥(R?) x LP(R?) to the
problem

—Av+ k@@v +Vn=Ff—divia®u) € Wy'"?(R?), dive=ginR> (7.10)
451

Moreover v € L*/(4=P)(R?). Then a uniqueness argument implies that 7 = 7
and next u = v. Thanks to Proposition 2.5 it follows (7.6)-(7.9).

Case 2: p > 4. As f € Wy 2(R3) N Wy " (R?) and g € Z,(R?) N Z,(R?),

for any 2 < ¢ < 4, thanks to the case 1 we get u € Xy*(R?) N X§(R?) and
m € L*(R?) N LYR3) for any 2 < ¢ < 4. In particular, choosing 3 < ¢ < 4
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we obtain u € L®(R?) and then V - (e ® u) € W, ""(R?) and also (7.9)
holds. From the Oseen theory [6, Theorem 2.2| there exists a solution (v,7) €
XyP(R?) x LP(R?) to the problem (7.10), where 7 is unique and v is unique
up to an element of R3. By a similar argument to the case 1, we show that
(Vu, ) = (Vo,n) and (u, 1) € XyP(R?) x LP(R?) verifying (7.9). O

Now we are able to prove the existence result in the non-Hilbertian case p # 2.

Theorem 7.6. Assume that 1 < p < oo, f € Wy '?(R?), g € Z,(R?) and
a € Hj satisfy (4.1), (7.1) and (4.6), respectively. Then the problem (1.3)
has a solution (u,7) € XyP(R?) x LP(R3), where 7 is unique and w is unique
if 1 < p <4 and up to an element of R otherwise. Moreover, we have the
estimate

ou

Il ey oy sy ) < Coe 1 e+ gl )

and also that u € LW/U=P)(R3) N LP/G=P)(R3) if 1 < p < 3, u € L'(R®) for
all 7 > 12 if p=3, and u € L*/U=P) (R} N L>(R?) if 3 < p < 4.

Proof. By (4.1), we have f = div F with F € LP(R3)3>*3. Thus, there exists a
sequence {F,,} C D(R?)**3 such that F,, — F in L?(R?). Set f,, = divF,,.
Then f,, satisfying the condition (4.1) and f, converges to f in W "*(R?).
Using the density properties of D(R?) into Z,(R?) (cf. Lemma 7.3) and of V
into Hy (cf. Lemma 4.2), there exist {g,,} C D(R?) and {a,,} C V such that

gm — g in Z,(R*) and a, — ain Hs.

Applying Proposition 7.5, there exists (U, ) € Xo?(R?) x LP(R?) solution
of the problem

—Aum+ka

B + div(a, ® ) + Vo, = f,, divu, =g, in R3,
1

where f,,, gm and a,, converge to f, g and ain Wy "P(R3), Z,(R?) and L3(R?),
respectively. Now applying the Oseen theory [6, Theorem 2.2|, there exists a
unique solution (v, 7,) € XoP(R?) x LP(R?) satisfying

—Aw,, + k?} + Vi = f,, — div(an, @ uy,), dive, = g, in R®.
1

Moreover, the estimate holds

ov,,
lvmllwie@s) ey T 115 9z, s e sy + [[7ml| 2o @) <
OGm
Clfm — div(@m ® wm) lwyrogs) + gmll o) + 15 = ||W 20 (Rs))-
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By the uniqueness argument, it is clear that (Vv,, 0m) = (Vty, 7). In order
to obtain an estimate independent on m we split into two cases.

Case 1: p < 3. Observing that w,, € Wj?(R?) < L”*(R?), we have

iv(an ® )y gy < i ® o lozsy < Clltnll ey |t gt -

Case 2: p > 3. Observing that (@, - V), € L¥*/GP)(R3) — W;'?(R?), we
have

(@ V)t ||y =10 sy < Cll (@ V) U [0/ @401 (r3) < Cll G| @3) [t |y 10 )
Hence in both cases it follows

Oy,
lm o wsy ey oy + 155 lwgto sy + Imm o) <

< Ol mllwy e sy + llamllvses) [t wirgs) + 9nll 2,09)
< C(Hf”wglap(RB) + ||a||L3(R3)||%n||wévP(R3) + 91l z,r2))-

Then, proceeding as in the proof of Theorem 4.3 and also using Proposition
2.5, we conclude Theorem 7.6. O

Remark 7.7. If 3 < p < 4, Lemma 2.4 yields that the solution u given at
Theorem 7.6 is a continuous function satisfying (2.9). If p < 3, the unique

solution to (1.1) in accordance to Theorem 7.6 tends weakly to zero at infinity
(cf. Lemma 2.1 and Definition 2.2).

Next, let us state the existence of strong solutions to (1.3).

Theorem 7.8. Assume that 1 < p < 3, f € LP(R3),g € X&’p(R?)) and a €
H; such that (4.6) is satisfied. Then the problem (1.3) has a unique solution
(u,7) € XgP(R?) x WyP(R3) satisfying

Vu e L/ 4P (R3) 0 L3P/ G-P)(R3); (7.11)
u € LP/E2(RY) N LP/CP(RY)  if p < 3/2; (7.12)
ue LIR?), Vg>2p/(2—p) if3/2<p<2. (7.13)

Proof. As 1 < p < 3, note that LP(R?) — W, /G P/(R3) see (5.2). Un-
der the assumption on g we get g € WyP(R?) — L»/G-P)(R?) and the
embedding WP (R3) — W (R3) implies that 59791 e Wy "P(R3) —
W, 2%/ G7P)(R3). Moreover for 1 < p < 3 we get 3/2 < px = 3p/(3 — p) < o0.
Thus Theorem 7.6 guarantees the existence of a solution (u, 7) € Xo™*(R?) x
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LP*(R3) to the problem (1.3). Then (a - V)u € LP(R3?) and we can ap-
ply the Oseen regularity theory |6, Theorem 2.6] to conclude that (u,7) €
X3P (R?) x WyP(IR?). Moreover, by Proposition 2.6 we have (7.11)-(7.13). O

Theorem 7.9. For p > 3, let f € L?(R?), g € Wy?(R®) and a € Hs sat-
isfy (4.6). If we additionally assume f € LI(R?), g € Wy '(R?) and a €
L3/ @B+P)=30)(R3) for some 3p/(3 + p) < q < 3, then the solution (u,7) €
XZU(R3) x Wy ' (R?) given by Theorem 7.8 belongs also to Xg (R?) x Wy (R?)
and it satisfies

Vu € L*U-9(R3) 0 1,34/G-9(R3), (7.14)

Proof. Since f € LI(R?) and g € Wy(R?), with 3/2 < ¢ < 3, we can apply
Theorem 7.8. Then there exists a unique solution (u, 7) € X5?(R?) x Wy /(R?)
satisfying the generalized Oseen problem (1.3). As in the proof of Theorem
5.3 it results (a- V)u € LP(R?). Analogously to the proof of Theorem 7.8,
applying the Oseen regularity theory [6, Theorem 2.6] we can conclude that
(u,7) € XgP(R?) x Wy P(R?), and it verifies (7.14). O

In order to prove the existence of stronger solutions of the generalized Oseen

problem (1.3) under smoother data, let us state the following result.

Lemma 7.10. i) For every p # 3/2 and g € X, "(R?) verifying

0
YA€ P sy (=L, A

— B / B
axl >W1 l’p(R‘;)XW}f (Rj)

=0, (7.15)

there exists w € X37(R?) such that divw = g in R® and satisfies the estimate
Hw“xf*’(ﬂ@) < OHQ“xll*P(Rif)'
i) If moreover g € Zq(R3) verifying (7.1), with p changed in q, then we can

choose w € X7P(R?) N X§(R?) with the corresponding estimate.

Proof. i) On one hand (cf. [3]), from g € W{*(R?) there exists v € WP (R?)
verifying

AU = g ln Rg, Wlth ||V/U||W§’:D(R3) S CHgHWll’p(R?’)

On the other hand (cf. [3]), from (%"1 Wy "P(R?) L P/, there exists a

unique z € W,"P(R?) verifying

ag . . 99
Az = pr in R3,  with ||Vz||wg,p(R3) < CHaileW;LP(RS)'
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Then g—;’l — 2z € WPP(R?) + W"P(R?) is harmonic and 8‘9—;’1 —z € P_3/y, that

means, aa—;

:zifp<3and%—z:constantipr?).

Next let us take w = Vv. Hence w € WP (R?), divw = g and Je — V(&) =

oy

Vz € W{P(R?). Thus we can proceed as in the proof of Lemma 7.1 to conclude
i).
ii) Using a similar argument as in i), we can choose w also belonging to

X;?(R?). O

In accordance with Oseen theory, we can prove the following regularity result.

Theorem 7.11. Let p > 3/2, ¢ = 3p/(3+p), f € WIP(R?) N W, "(R?)
satisfy, for alli=1,2,3,

<fi7 1>W0_1’Q(R3)><W01’QI(R3) = 07 Zf 3/2 < P S 3, (716)

g € X{P(R3) N Z,(R?) satisfy (7.15) and
99

<67x1, x1>W52’q(R3)><W02’q’(R3) = 07 qu S 3/27 (717)

and a € Hy satisfy (4.6) and (5.4). Then the Oseen problem (1.3) has a unique
solution (u, ) satisfying

u € X3P(R?) N X7 (R?) N XY (R?); e WP(R3) N LIR?). (7.18)

Proof. In order to apply Theorem 7.6, we consider the embedding W(lj’p (R3) —

W, ""(R?), for p # 3/2. Then there exists a solution (u, 7) € X (R?)x L?(R?)

to the Oseen problem (1.3). Thus the assumption (5.4) implies that (a-V)u €

WYP(R?).

We can also apply Theorem 7.6 for the existence of a solution (z,7) € Xy9(R?)x
L4(R3) to the Oseen problem (1.3). Since ¢ = 3p/(3 + p) < 3, we get z = u

and 17 = 7. Thus we have (a- V)u € L3/G+9(R3) — W (R?).

Since g € X P(R?) N Z,(R?) satisfies (7.15) and (7.17), considering Lemma
7.10 there exists w € X77(R?) N Xy?(R?) such that divw = ¢ in R3. Set now
v=u— w, then v € Xy”(R?) N X;(R?) and

—Av+ k@ +Vr=f—(a-V)u+ Aw-— ka—w, dive =0 in R®. (7.19)
61'1 8fL‘l

Since the function F := f — (a- V)u + Aw — kg—;‘; e WPP(R3) N Wy M(R3)

26



satisfies the compatibility conditions, for 3/2 < p < 3,
(£, 1>W{)’p(R3)><WE’1”/(IR{3) = (£, 1>ngvq(R3)xW(}’q'(R3) =0,

then applying the Oseen regularity theory |6, Theorem 2.12| we deduce that
v € X7P(R?) and 7 € W?(R?). Then we conclude that 7 and u = v+ w
satisfy (7.18). O

Remark 7.12. The solution u found in Theorem 7.11 also belongs to L?(R3)N
L12p/(124P)(R3). Additionally, if p < 4 then u € L%#/#=P)(R3), and if p < 3 then
u € L¥%/G-P)(R3),

8 The Oseen problem (1.1) with a not in L3(RR?)

In this section we study the Oseen model (1.1) case ii). For the sake of sim-
plicity, let us set k = 1, which means that a € L} (R?) is such that diva =0
and

dRy > 0: a(x)=-e1, |x|> Ry, (8.1)

are satisfied.

Theorem 8.1. Let a € L} (R?) satisfy diva =0 and (8.1). For f € Wy "*(R?)

and g € Z5(R3), there exists a unique pair (u,7) € (X5*(R?) N LA(R?)) x
L?(R3) solving (1.1) such that

ou
i + 5w e + e < € (Ufhwgre + (0 + o= eal)lll)

Moreover such solution verifies the energy equality (3.11).

Proof. First note that div(a — e;) = 0 in R? and supp(a — e;) is a compact
set into the ball Bg,. Then we obtain a —e; € H;. We can apply Proposition
7.4 with k£ =1 to the problem

ou
—Au+ a0+ (a—e)) - V)u+Vr=f, divu=g inR?
T1
concluding the existence and uniqueness of the required solution to (1.1).
Moreover such solution verifies the energy equality (3.11), taking into account
that

ou
<87161’ U)Wal,Q(Rg)XWé,Q(R3) =0 and /R3 Vu:(a—e)@udr =0.

27



Remark 8.2. The condition a € L3(R?) is then not necessary to the existence
of a solution (u,7) € X5?(R?) x L%(R3) of the problem (1.1).

Theorem 8.3. For 1 < p < oo, let f € Wy'P(R?) and g € Z,(R?) verify
(4.1) and (7.1), respectively. Let a be as in Theorem 8.1 such that

la— eillLs(sg,) < K, (8.2)

where K is the constant introduced in (4.6). Then the Oseen problem (1.1)
has a solution (u, ) € XgP(R?) x LP(R?) such that

ou
Hung’P(RBI)/P[l,MP] +||871_1HW517P(R3)+HWHLP(R?’) < CK(Hf“WO‘LP(RB)"‘HQHZP(W))

and also that u € L*/UP(R3) NL¥/GP(R3) if 1 < p < 3, u € L"(R?) for
all r > 12 if p=3, and u € L/ (R} N L>(R?) if 3 < p < 4.

Proof. We proceed as in the proof of Theorem 8.1, taking
c=a—e; € Hs.

Next we observe that |/c||psmsy < K. Then according to Theorem 7.6 there
exists a solution (u,7) € Xy”(R?) x LP(R?) to (1.1) which concludes the
desired existence result. O

Remark 8.4. Similarly to Theorem 7.8, for 1 < p < 3, if f € LP(R?), g €
Xy?(R?) and a as given at Theorem 8.3, then the Oseen problem (1.1) has a
unique solution (u, 7) € XZ*(R3) x W,y (R?) as in Theorem 7.8. Analogously
to Theorem 7.9.

Remark 8.5. Analogously to Theorem 7.11, for p > 3/2, f and g under the
conditions of Theorem 7.11 and a as given at Theorem 8.3 and satisfy

L
3L>0: yf(a(e) —1)2 +dd(z) + dd(z) < o e T E RS,
r

then the Oseen problem (1.1) has a unique solution (u, 7) € (X7?(R?)/Py_4/y) %
WP (R?) as in Theorem 7.11.
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