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Abstract

This article follows the previous works [HKN] by Helffer-Klein-
Nier and [HeNil] by Helffer-Nier about the metastability in reversible
diffusion processes via a Witten complex approach. Again, expo-

nentially small eigenvalues of some self-adjoint realization of A;?,)L =

—h2A + |V f(x)]* — hAf(z) , are considered as the small parameter
h > 0 goes to 0. The function f is assumed to be a Morse function on
some bounded domain © with boundary 9€). Neumann type bound-
ary conditions are considered. With these boundary conditions, some
simplifications possible in the Dirichlet problem studied in [HeNil] are
no more possible. A finer treatment of the three geometries involved
in the boundary problem (boundary, metric, Morse function) is carried
out.
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1 Introduction and result

In this text, we are interested in the exponentially small eigenvalues of the
Neumann realization of the semiclassical Witten Laplacian A(f?})l (acting on
0-forms) on a connected compact Riemannian manifold with regular bound-
ary.

Our purpose is to derive with the same accuracy as in [HKN] and in [HeNil]
asymptotic formulas for the smallest non zero eigenvalues of the Neumann

)

realization of A;O .

A similar problem was considered by many authors via a probabilistic ap-
proach in [FrWe], [HKS], [Mic|, and [Kol]. More recently, in the case of
R™ | accurate asymptotic forms of the exponentially small eigenvalues were
obtained in [BEGK] and [BGK].

These results were improved and extended to the cases of boundaryless com-
pact manifolds in [HKN] and of compact manifolds with boundaries for the
Dirichlet realization of the Witten Laplacian in [HeNil].

We want here to extend these last results to the case of compact manifolds
with boundaries for the Neumann realization of the Witten Laplacian, that
is with coherently deformed Neumann boundary conditions.

The function f is assumed to be a Morse function on Q = Q U 9 with no
critical points at the boundary. Furthermore, its restriction to the boundary
floq is also assumed to be a Morse function.

From [ChLi|, which completed results yet obtained in the boundaryless case

(see [Sim2][Wit][CFKS][Hen][HeSj4][Hel3]), the number m,, of eigenvalues of

the Neumann realization of the Witten Laplacian A;p })l (acting on p-forms)

in some interval [0, C h%] (for h > 0 small enough) rely closely on the number
of critical points of f with index p.

In the boundaryless case, these numbers are exactly the numbers of critical
points of f with index p in Q. Like in [HeNil], they have to be increased
in the case with boundary, taking into account the structure of the function
f at the boundary, f|sqn. Note furthermore that mg is here the number of
local minima of f in Q.

Moreover, the first eigenvalue in our case is 0 and the other small eigenvalues
are actually exponentially small as A — 0, i.e. of order 6_%, where C' is a
positive number independent of the small parameter h > 0.

The point of view of [HKN] and [HeNil| intensively uses, together with
the techniques of [HeSj4], the two facts that the Witten Laplacian is asso-
ciated with a cohomology complex and that the function x — exp —@ is
a distributional solution in the kernel of the Witten Laplacian on 0-forms

allowing to construct very efficiently quasimodes.



Recall that the Witten Laplacian is defined as

Af,h = df,hd?h + d?hdf,h s (1.0.1)
where dyj, is the distorted exterior differential

dgp = e T@M (pa) f @/ (1.0.2)

and where d}’h is its adjoint for the L2-scalar product canonically associ-
ated with the Riemannian structure (see for example [GHL][Gol|[Sch]|) The

restriction of dyj to p-forms is denoted by d;p ,)l With these notations, the
Witten Laplacian on functions is

0 0)* 4(0
AL = drdf) . (1.0.3)

In the Witten complex spirit and due to the relation
(0) A0 _ A1) 4(0)
df,hAf,h = Af’hdf’h , (1.0.4)

it is more convenient to consider the singular values of the restricted differ-

ential dgg,)l : FO — FM)  The space F® is the my-dimensional spectral

subspace of A%;Z, ¢ e {0,1},
FO = Ran 13 (A%),) (1.0.5)
with I(h) = [0, Ch%] and the property!
L (Apa)dgn = AP Lry(AT)) - (1.0.6)
The restriction d f,h| 0 will be more shortly denoted by ﬂl(f,)l

4 4
B0 = (d) o - (1.0.7)

We will mainly focus on the case ¢ = 0.
In order to exploit all the information which can be extracted from well

chosen quasimodes, working with singular values of 5;0,1 appears to be more

efficient than considering their squares, the eigenvalues of A(f(?})l . Those quan-

tities agree better with the underlying Witten complex structure.

Note that in our case, 0 is the smallest eigenvalue of the (deformed) Neu-
mann realization of the Witten Laplacian on 0-forms due to the belonging
of T +— exp —@ to the domain of this operator (see Proposition 2.3.1 for

'The right end a(h) = Ch? of the interval I(h) = [0,a(h)] is suitable for technical
reasons. What is important is that a(h) = o(h). The value of C' > 0 does not play any
role.



the exact definition).

Let us now state the main result. Let () and ¢4 denote respectively
the set of local minima and the set of generalized critical points with index
1, or generalized saddle points, of the Morse function f on € (see Defini-
tion 5.2.1 for the exact meaning of “generalized”). The analysis requires an
assumption which ensures that the exponentially small eigenvalues are sim-
ple with different logarithmic equivalent as h — 0. Although it is possible to
consider more general cases like in [HKN] and in [HeNil], we will follow the
point of view presented in [Nie] and work directly in a generic case which
avoids some technical and unnecessary considerations.

Assumption 1.0.1. The critical values of f and f‘aﬂ are all distinct and
the quantities f(UM) — f(UO), with UV € UD and U® € UO) are dis-

tinct.

After this assumption, a one to one mapping j from ¢/(©) \ {U fo)} when U 1(0)
is the global minimum, into the set () can be defined. The local minima
are denoted by U ,E,O), ke {1,...,mo}, and the generalized saddle points by

U](I), j € {1,...,m1}. The ordering of the local minima as well as the one
to one mapping j will be specified in Subsection 5.3.
The final result will be expressed with the next quantities.

Definition 1.0.2. For k € {2,...,mo}, we define:

1
‘det Hess f(U,SO))‘ 4 0)
wm=1 T e
' —o0u )\ ? e oo @O ) g
h (ﬂ_h)njj_l Zf k € )
(1) 711'
ot tess (035)| if v eq
swm=q @ 1 i
1 T
(i bene ol g oo,
(mh) % J
and,
1 no~qd
h2 (wh)2 |AP'[2 . if U}(ﬂl)eﬁ
p 1) — w2 ‘detHeSSf(U;(lll))IQ
ik (h) = y 52 o © o
20, 4(01)) o3 7 Uik €09,
nFWUjy (detHessf\ag(Uj(k))(

where ;\\‘I/V is the negative eigenvalue of Hess f|W(UJ((1]2)) for W =Q or W =
oN.



Theorem 1.0.3.
Under Assumption 1.0.1 and after the ordering specified in Subsegtion 5.3,
there exists hg such that, for h € (0,hg], the spectrum in [0,h2) of the

Neumann realization of A;?,)l in Q consists of mqo eigenvalues 0 = \j(h) <
oo < Amg(R) of multiplicity 1.

Moreover, the above my—1 non zero eigenvalues are exponentially small and
admit the following asymptotic expansions:

Iy

.
M (h) = 27 (h) &gy (B) 675y (h) € g (1 + heg(h))

where yi(h), §;x)(h), and 0;4)(h) are defined in the above definition and

cj.(h) admits a complete expansion: cj.(h) ~ > 00 h"™C .-

This theorem extends to the case with Neumann boundary conditions the
previous result of [BGK] and its improvements in [HKN] and [HeNil] (see
also non-rigorous formal computations of [KoMa|, who look also at cases
with symmetry and the books [FrWe] and [Kol] and references therein).

To prove this theorem, we will follow the same strategy as in [HKN] and in
[HeNil] and some intermediary results will be reused without demonstra-
tion (what will be indicated in the article). Moreover, some proofs will be
improved (see for example the final proof reduced now to a simple Gaussian
elimination explained in [Lep]).

At least, the geometry of the Neumann case is different from the geometry of
the above references. This leads to different results (compare Theorem 1.0.3
and the main theorem of [HeNil]) and some proofs have to be entirely re-
considered. In fact, the study of the Dirichlet realization of the Witten
Laplacian done in [HeNil] agreed better with the local geometry near the
boundary, which led to simpler computations (see the local WKB construc-
tion in Section 4 for example).

The article is organized as follows.

In the second section, we analyze in detail the boundary complex adapted
to our analysis in order to keep the commutation relation (1.0.4) (a part of
the answer already existed in the literature (see [Sch], [Duf], [DuSp], [Gue],
and [ChLi]) in connection with the analysis of the relative or absolute coho-
mology as defined in [Gil]).

The third section is devoted to the proof of rough estimates (to get a pre-
cise localization of the spectrum of the Laplacian) replacing the harmonic
oscillator approximation in the case without boundary.

These two sections bring no additional difficulties in comparison with what
was done in [HeNil].

In the fourth section, we give the WKB construction for an eigenform of the
Witten Laplacian on 1-forms localized near a critical point of the boundary.



For this, we cannot use the same strategy as in [HeNil]. Their WKB con-
struction relied on some specific trick which does not work anymore here.
Moreover, it was possible in the Dirichlet case to use only a single coordinate
system in order to approximate an eigenform by a WKB construction while
different coordinate systems arise naturally here. Lemma 3.3.1 will play a
crucial role to juggle with these different coordinate systems.

In the first part of the fifth section we label the local minima and we con-
struct the above injective map j under Assumption 1.0.1.

In its second part, after having constructed adapted quasimodes to our anal-
ysis, we make some scalar estimates - using the Laplace method - which lead
directly to the final proof of the theorem, using the result of [Lep], in the
sixth section. Again, we cannot use like in [HeNil] a single coordinate sys-
tem and we must again call on Lemma 3.3.1 to be able to use the Laplace
method. It is due to the local geometry near a generalized critical point
with index 1 which is rather more complicated than in [HeNil].

2 Witten Laplacian with Neumann boundary con-
dition
2.1 Introduction and notations

This section is analogous to the second section of [HeNil] and we will use
the same notations that we recall here.

Let Q be a C* connected compact oriented Riemannian n-dimensional man-

ifold. We will denote by gy the given Riemannian metric on Q ; Q and 9Q

will denote respectively its interior and its boundary.

The cotangent (resp. tangent) bundle on 2 is denoted by T*Q (resp. T)

and the exterior fiber bundle by AT*Q = &) (APT*Q (resp. ATQ =
p—oAPTQ).

The fiber bundles ATOQ = @;l;éApT 0 and AT*90) = @Z;éAPT*aQ are

defined similarly.

The space of C*°, Cg°, L?, H?® | etc. sections in any of these fiber bundles, F,

on O = Q or O = 012, will be denoted respectively by C*(O; E), C5°(O; E),

L*(O; E), H*(O; E), etc.

When no confusion is possible we will simply use the short notations APC*°,

APCS®, APL? and APH* for E = APT*Q or E = APT*0).

Note that the L? spaces are those associated with the unit volume form for

the Riemannian structure on  or 92 (2 and 92 are oriented).

The notation C*°(€); E) is used for the set of C* sections up to the boundary.

Finally since 9 is C*°, C*°(; E) is dense in H*(Q; E) for s > 0 and the

trace operator w — w|gqn extends to a surjective operator from H*(Q); E)

onto H°~1/2(9Q; F) as soon as s > 1/2.



Let d be the exterior differential on C§°(€2; AT*Q)
( AP C(Q; APT*Q) — C°(Q; APHIT*Q) )

and d* its formal adjoint with respect to the L?-scalar product inherited
from the Riemannian structure

( AP C3(Q; APTIT™Q) — C§°(Q; APT™Q) ) :

Remark 2.1.1. Note that d and d* are both well defined on C*(2; AT*Y) .

We set, for a function f € C*®°(;R) and h > 0, the distorted operators
defined on C*°(Q; AT*Q):

dpp = e IO (hi) S @/ and  d5, = SO (hgr) eI @R

The Witten Laplacian is the differential operator defined on C*°(Q; AT*Q)
by:
Aﬁh = d?hdf,h + df,hd;kgh = (df,h + d?h)Z . (2.1.1)

Remark 2.1.2. The last equality becomes from the property dd = d*d* =0
which implies:
dﬁhd‘ﬂh - d?,hd;,h - 0 (212)

It means, by restriction to the p-forms in C*°(Q; APT*Q):
) _ 4@ () | p=1) J(p—1),*
Afn=dpldy +dpy g

Note that (2.1.2) imply that, for all u in C>°(Q; APT*Q),

AP ARy = dP) AP (2.1.3)
and
N TR AN TR (2.1.4)

We end up this section by a few relations with exterior and interior prod-
ucts (respectively denoted by A and i), gradients (denoted by V) and Lie
derivatives (denoted by £) which will be very useful:

(dfA) = iy (in LA APT*Q)), (2.1.5)

dip = hd+dfn, (2.1.6)

“n = hd* +igy, (2.1.7)

doix +ixod = Lx, (2.1.8)
App = hd+d)V?+|VIP+h(Lop+LYy) , (2.1.9)

where X denotes a vector field on Q or Q.



Remark 2.1.3. We work here on a Riemannian manifold and the opera-
tors introduced depend on the Riemannian metric gg. Nevertheless, we have
omitted here this dependence for conciseness.

2.2 Stokes and Green formulas

In order to define suitably the self-adjoint Neumann realization of the Wit-
ten Laplacian Ay; that we will study in the rest of this work, we need
variants from the Stokes and the Green formulas.

For that, we use some notations and properties which are very convenient
for boundary problems and which are introduced for example in [Sch] and
recalled in [HeNil].

Definition 2.2.1. We denote by fi, the outgoing normal at o € 02 and by
i the 1-form dual to 7, for the Riemannian scalar product.

For any w € C®(Q; APT*Q2), the form tw is the element of C>(9Q; APT*Q)
defined by:

(tw)o (X1,..., Xp) = wo(X{,..., X)), Vo €09,

with the decomposition into the tangential and normal components to OS2
at o: X; = XZ-T @ mfﬁa.
Moreover,

(tw)o =i, (75 Awy) .

The projected form tw, which depends on the choice of 7i, (i.e. on gg), can
be compared with the canonical pull-back j*w associated with the imbedding
j 092 — Q. Actually the exact relationship is j*w = j*(tw). With an abuse
of notation, the form j*(tw) will be simply written tw for example in Stokes
formula without any possible confusion.

The normal part of w on 952 is defined by:

nw =wlgg —tw € C(IN; APT*Q).

If necessary tw and nw can be considered as elements of C°°(Q; APT*Q)) by
a variant of the collar theorem (see [HeNil] or [Sch] for details).

The Hodge operator x is locally defined in a pointwise orthonormal frame
(E1,...,Ey) by:

(*wx)(EU(p+1), ey Ecr(n)) = E(O’) Wx(Ea(1)7 e 7Ecr(p)) y

for w, € APTQ) and with any permutation o € ¥(n) of {1,...,n} preserving
{1,...,p} (e(o) denotes the signature of o).
We recall the formulas:

*(kwg) = (1P Py, | Vw, € APTIQ, (2.2.1)

(wl ‘w2>ApL2 = fQ w1 A*og , Ywi,ws € APL? , (2.2.2



and:

*xd* P~ = (=P |« dP) = (—1)PH sl (2.2.3)
*n=tx, *t=mnx, (2.2.4)
td=dt, nd " =d n. (2.2.5)

With the previous convention j*(tw) = tw, the Stokes formula writes:

Yw € C®(Q; APT*Q), / dw = / Jfw= / tw , (2.2.6)
Q o0 o0

and a first deformed Green formula given in [HeNil] states that

(dynw|dypm)artrre + (dfpw | dF pn) ar—112
= (Appw|M)arr2 + h/m(tﬁ) A (mdy pw) — h/m(td}ﬂhw) A (xmm)  (2.2.7)

holds for all w € APH? and € APH' . This formulation of (2.2.7) does not
depend on the choice of an orientation. If ;4 and pgn denote the volume forms
in  and 052, the orientation is chosen such that (ugo)e(Xi,...,Xn-1) =
to (Mg, X1,. .., Xn—1). A simple computation in normal frames (see [Sch],
prop. 1.2.6) leads to:

twy Asnwy = (w1 |i5,w2) arTr0 diog (2.2.8)
for wy € C*°(Q; APT*Q) and wy € C°(Q; APTIT*Q).

Definition 2.2.2. We denote by %(a) or On f (o) the normal derivative of
fato:
of

5,(0) = 0nf(0) == (Vf(0)|7l,) .

As a consequence of (2.2.8) we get the following useful decomposition for-
mula.

Lemma 2.2.3. (Normal Green Formula)
The identity

2 2
ldgnw 12 + 1500 5o 2 = B2 NdwllRper 2 + B2 [|d"w][3p-1 2

+ 1V Flwl3prz + Ly + L5 )w | w)ppr2
)
+h/ (ww)arTro <8—f> (0) dusa  (2.2.9)
o0 n

holds for any w € APH' such that nw = 0.

10



Proof.

Since C*°(Q; APT*Q)) is dense in APH!, while both terms of the identity are
continuous on APH', the form w can be assumed to be in C*®(2; APT*Q).
We use the relation (2.2.7) with both f =0 (do, = hd and dj ;, = hd*) and

a general f € C°°(Q;R). We obtain:

ldgneolipeise + 47wl o = H2ldwlRper e = Rl W] 3o 2 =
(Apn —Dop)w |w)nrr2 + h/m(tw) Asn(df Nw) — h/m(tivj"w) A (*n@)
= ((Afn — Dop)w | w)prr2 + h/m@ lim, (df Aw))aT=a duse -
By (2.1.9):
(Arn = Dop)w|wharrz = IV Flwliore +h{(Lys + Lopw|w)ara -

For the integral term, we write:

iﬁg(df/\w)(Xl,...,Xp) = (df/\w

= (Vf(0)|7ig)w(X1,...,Xp)

which proves the lemma. ]

2.3 Normal Neumann realization

In this subsection, we specify the self-adjoint realization of A;O})l in which

we are interested. Like in [HeNil], we want this self-adjoint realization
(denoted by A}\” ») to coincide with the Neumann realization on 0-forms and
to preserve the complex structure:

(L+aFP 1P = dlp) Al
and
N,(p—1)\— —1),% —1),% N, _
(1+Af,h(p )) ld;pjh ) — df‘pjh ) (1+Af,h(p)) 1

on the form domain of A;V}l(p ).

Having in mind the works [Sch] and [ChLi] about cohomology complexes
and boundary problems, we introduce the space:

APHG = Hj, (5 APT*Q) = {w e H' (G APT*Q); nw =0}.  (2.3.1)

11



In the case p = 0, it coincides with the space H!'(Q), while for p > 1
the condition says only that the form vanishes on 02 when applied to non
tangential p-vectors. Since the boundary 92 is assumed to be regular, the
space

APCES, = C (2 APTQ) = {w € € (U, APT*Q) 5 nw = 0}

is dense in APH&H. The next construction is a variant of known results in
the case f =0 (see [Sch]). We will use the notations:

Dyp(w,n) = (dfpw | dgpm)ar+irz + (d},hw | d},hmm—m
and

2 * 2
Din(w) = Dyn(w,w) = [dpawliypeipe + |50 ypoi o -

Proposition 2.3.1.
The non negative quadratic form w — Dy p(w) is closed on APH&n. The as-

sociated (self-adjoint) Friedrichs extension is denoted by A;V}l(p)

18!

. Its domain

D(A%Z(P)) = {u e APH?, nw=0 and ndypw = 0} ,

and we have:

vwe DAY, ANPw=aPw inq.

Proof.
By the same argument as in the proof of Proposition 2.4 of [HeNil], the
space APH&n is isomorphic to the direct sum:

APH} & tAPH'?(5Q; APT*Q)
with continuous embedding. Hence, since 0f2 is a regular boundaryless man-
ifold, its dual is the direct sum of APH~' and tAPH~1/2(9Q; APT*Q):
(APHE ) = APH™Y @ tAPH™Y2(9Q; APT*Q) .

We have to check that w +— D;f ,)Z (W) + C |w||3p 2 is equivalent to the square
of the APH! norm on APHj,. By (2.1.6)-(2.1.9) this is equivalent to the
same result for f = 0 and h = 1. This last case is known as Gaffney’s
inequality which is a consequence of the Weitzenbock formula (see [Sch],
Theorem 2.1.7).

Hence the quadratic form w — Dy p(w) is closed on APHj ,, and the identity

Vn € ApH(%,n, D%})Z(w,n) = (AP, 7)

defines an isomorphism A®) : APHS, — (APHg ) .

The self-adjoint Friedrichs extension A;V}l(p ) is then defined as the operator:

D(Aj"\j}z(p)) = {u} S ApHé’r” A(p)w c APLQ} ’ Aj“\j}l(p)w — A(p)w )

12



It remains to identlfy this domain and the explicit action of A®).
If w belongs to D(A} N )) by the first Green formula (2.2.7) we get:

V€ APCE°,  (w] AW)n) = DY) (w,n) = (w|AL)n) .

The inequality:
D) (@, )| < Cllwllppprn 19l ap g

together with the density of APCS® in AP H} implies that the current AP })Lw €

D'(Q; APT*Q) is indeed the APH~! component of AP)w.
Assume that w belongs to A]”H&rl N APH?; then the Green formula (2.2.7)
gives:

hA#WMMWwﬁﬁﬂwm—@ﬂmeuWGM%W

By density, one can define, for any w in AIDH0 o Such that A(p )w € APL? a
trace of ndy w by the previous identity, observing that the r. h s. defines an
antilinear continuous form with respect to . With this generalized definition
of nd;{’ ,)lw we claim that:

N,
DAN) = {w e A H ., AT

w € APL? and ndf}?,)lw = 0} .

The last point consists in observing that the boundary value problem

AL })lu =g, nu=g, nd%,)lu = go (2.3.2)
satisfies the Lopatinski-Shapiro conditions. At the principal symbol level
(h > 0 fixed), these conditions are indeed the same as for

(dd* +d*d)Pu=yg, nu=g;, ndPu=g,.

This is checked in [Sch]. Hence any solution to (2.3.2) with g € APL?,
g1 = go = 0 belongs to APH?. i

Proposition 2.3.2.

Foranyp € {0,...,n}, the self-adjoint unbounded operator A;V}l(p) introduced

i Proposition 2.3.1 has a compact resolvent.
Moreover, if z € C\ Ry, the commutation relations

(2 — AN,(pH))Ad%’)ZU )

P f,h(z _ ANv(p))flv 7

f’h
and

(Z _ AN7(p71))71d§5’:1)7*

—1),* N, —
fih =V -G

O

hold for any v € APHg . .

13



Proof.
The domain of the operator is contained in AP H?, which is compactly em-
bedded in APL?, by the Sobolev injections. This yields the first statement.
Since APCES, is dense in APHy ,, it is sufficient to consider the case when
v € APCGS,. For such a v and for z € C\ Ry, we set:
u=(z— A;\f}fp))flv.
Due to the ellipticity of the associated boundary problem (the Lopatinski-
Shapiro conditions are verified) u belongs to C>°(£2; APT*Q2). The commu-
tation relations (2.1.3) and (2.1.4) can be applied since here f € C*(Q;R):
+1
(2= APNdP w = dP) (2 — AP yu = dP)v (2.3.3)
and

(== APl = dl (2 - A

—1),*
v {’,{)u — dgfh )%y (2.3.4)

(
f
Since u € D(A]f\f}fp)

Then, nd¢pu = 0 and ndypdspu = 0 imply dfpu € D(A;\’[;l(pﬂ)). So by
(2.3.3) we have:

, we have nu = 0 and nd?) u = 0.
f,h

d(p)

Dz = ANy = dggu = (2 - AN B

f.h f.h
In order to show the second commutation relation, we first use the relation
(2.2.5) which implies:
nd} ,u = hd*nu + n(iysu) = 0.
For the normal trace of the differential, we write (A jpu = zu — v):

ndf,h(d?hu) = znu — nv — nd?hdf,hu = _d},hndf,hu -0.

Hence dgcp,zl)’*u belongs to D(A;V}l(pfl)) and the identity (2.3.4) yields the
last commutation relation to show. (]

Definition 2.3.3. For any Borel subset E C R and p € {0,...,n}, we will
denote by 1E(A;V}l(p)) the spectral projection of A;V}l(p) on E.

From Proposition 2.3.2 and Stone’s Formula we deduce:

Corollary 2.3.4.
For any Borel subset E C R, the identities

1E(AN’(p+1))d

pa df = A 1p(A T

(
f
and

1A Nd? 0 = df el

14



hold for all v € Apﬂén.

In the particular case when v is an ezgenvector of A
( 7

(p ) corresponding to

the eigenvalue A, then a'?) 7Y (resp. d *v) belongs to the spectral subspace

Ran 1{)\}(AN ) (resp. Ran 1{)\}(AN (P 1))).

Proposition 2.3.2 and Corollary 2.3.4 were stated for p-forms v € ApH&n(Q),

belonging to the form domain of A Fh N.P) 1t is convenient to work in this
framework because the multiplication by any cut-off function preserves the
form domain AH{ ,(Q):

(w € AH&H(Q), X € Coo(ﬁ)) = (xw € AH&H(Q)) ,

while this property is no more true for D(A% p)- In this spirit, we will often
refer to the next easy consequence of the spectral theorem.

Lemma 2.3.5.

Let A be a non negative self-adjoint operator on a Hilbert space H with
associated quadratic form qa(xz) = (x| Az) and with form domain Q(A).
Then for any a,b € (0,400), the implication

(aa(u) < a) = ([[1p, 400 (Au* < 7)

holds for any u € Q(A).

3 First localization of the spectrum

3.1 Introduction and result

Let us first recall that we are working with the fixed Riemannian metric
go on Q. Like in the third section of [HeNil] for their tangential Dirichlet
realization of the Witten Laplacian, we check here that the number of eigen-
values of A b N®) smaller than h3/2 equals a Morse index which involves in
its definition the boundary conditions. To this end, we will adapt [HeNil]
which uses techniques yet presented in [Sim2], [CFKS], [ChLi|, [Bis|, [Bur],
and in [Hell].

In order to make the connection between the normal Neumann realization
of the Witten Laplacian AY fh and the Morse theory, we assume additional
properties for the function f up to the boundary 0f).

Assumption 3.1.1.
The real-valued function f € C*°(Q) is a Morse function on £ with no critical
points in OS2. In addition its restriction f|aq is a Morse function on OS).

15



Remark 3.1.2.

With this assumption, the function f has a finite number of critical points
with index p in ). Note furthermore that the assumption ensures that there
is no critical point on 02, which implies that the outgoing normal derivative
%(U) is not 0 when U is a critical point of f|aq.

Definition 3.1.3.
Fort € {0,...,n}, the integer m‘gfz is the number of critical points U of flaq

with index ¢ such that %(U) < 0 (with the additional convention m?ﬁ_ =0).
For pe {0,...,n}, let

o0

Q
my p—

. Q
—mp—l—m

Remark 3.1.4.
In [HeNil], the authors worked with the tangential Dirichlet conditions

(tw = 0 and td} pw = 0) and the corresponding definition was similar with

m?ﬂ and %(U) < 0 replaced respectively by m??lv_ and %(U) > 0.

The aim of this section is to prove the following theorem:

Theorem 3.1.5.

Under Assumption 3.1.1, there exists hg > 0, such that the normal Neumann
realization of the Witten Laplacian Ajc\f 5, introduced in Subsection 2.3 has,
for h € (0, hol, the following property:

For any p € {0,...,n}, the spectral subspace FP) = Ranl[o’hwg)(AJfY}EP)) has

rank: dim F®) = mg.

To prove this theorem, we will adapt for the normal Neumann realization of
the Witten Laplacian the proof given in [HeNil] for the tangential Dirichlet
realization. Many points of this demonstration do not require any modifica-
tion, so we will only recall these results without any demonstration.

The theorem will be proved in the Subsection 3.3.

3.2 A few preliminary lemmas
In this subsection, we recall some results of [HeNil| that we need to prove
Theorem 3.1.5.

3.2.1 Variationnal results for the Witten Laplacian on R¥

Let g be a C* metric on R* which equals the Euclidean metric outside a
compact set K.

Assumption 3.2.1 (g).
The function f is a Morse C* real-valued function and there exist C; > 0
and a compact K such that, for the metric g:

Ve e RE\K, |Vf(z)>Cr! and |Hess f(z)] < C1|Vf(z))? . (3.2.1)

16



Note that the above assumption ensures that f has a finite number of criti-
cal points and m, will denote the number of critical points with index p.
Let us recall the Propositions 3.6 and 3.7 of [HeNil]. They gather conse-
quences of Simader’s Theorem in [Sima] about the essential self-adjointness
of non negative Schrodinger operators, of Persson’s Lemma in [Per| about
the localization of the essential spectrum and of the semiclassical analysis a
la Witten in [Wit] leading to Morse inequalities. We refer the reader also to
[CFKS]|[Hen| [Hel3] or [Zha] for the Witten approach to Morse inequalities in
the boundaryless case and to [Mill] and [Lau] for a topological presentation
of Morse theory.

Proposition 3.2.2.

Under Assumption 3.2.1, there exist hg > 0, cg > 0 and ¢1 > 0 such that
the following properties are satisfied for any h € (0, h):

i) The Witten Laplacian Ay, as an unbounded operator on L*(RF; AT*R¥)
is essentially self-adjoint on CS°(RF; AT*RF).

41) For any Borel subset E in R, the identities

1
(A e = dfe(AY)
and (3.2.2)
-1 —1),% —1),%
(AT )dr D = d? D 15 (AP)
hold for any u belonging to the form domain of A%})L.
In particular, if v is an eigenvector of A%,)L associated with the eigenvalue A,

then d%})lv (resp. d(fzzl)’*v) belongs to the spectral subspace Ran 1{)\}(A§£,j1))

(resp. Ran 1{,\}(A%}:1))).
11) The essential spectrum aess(A%})Z) is contained in [c1,+00).

i) The range of 1[07C0h)(A;7?})1) has dimension m,, , for all h € (0, ho] .

Proposition 3.2.3.

If the Morse function f satisfies Assumption 3.2.1 and admits a unique crit-
ical point at x = 0 with index py, so my, = dy p,, then there exist hg > 0 and
co > 0, such that the following properties hold for h € (0, hol:

i) For p # po, A;p,)L > cohld.
i) If 1/)20 is a normalized eigenvector of the one dimensional spectral sub-

space Ran 1[0,c0h)(A5rI?2)) , it satisfies
dfth;l};o =0, d;;?gil)’*w;lo =0 and A%Z)Q/)go =0,
so that Ran 1[0,c0h)(A§»pz)) = Ker A;p,i) . Moreover
o (AP {0} € [coh, o) .
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iii) If x € C3°(R¥) satisfies x = 1 in a neighborhood of 0, then there exists
Cy > 1, such that, for all h € (0,ho/Cy), the inequality,

(1= AP (1 —x) = 1=,

holds in the sense of quadratic form on APH'(RF).

3.2.2 The model half-space problem

We work here on R” = R"! x (—00,0) with a Riemannian metric go.
Assume furthermore that there are coordinates x = (2, z,,) such that gy =
> i1 0y () daidr; satisfies
Bn=0n;=0 fori<n (3.2.3)
and
Ve e R"\ K1, 0.5(x) =0, (3.2.4)

for some compact set K; C R”.

In this paragraph, the coordinates (2, x,) are fixed while different metrics
on R” are considered. The notation G(-) will be used for the matrix valued
map = — G(z) = 'G(z) = (g;j(x))i; € GL"(R), which is assumed to be a
C> function. According to the standard notation, the coefficients of G(z)~*
are written g% ().

Consider also a function f which has a specific form in the same coordi-
nates (2/,x,).

Assumption 3.2.4.
The function f € C*°(R™) satisfies:

i) The estimates |V f(z)| > C~t and 10%f(z)] < Cy hold, for all x €
R™ and all « € N*, o #£ 0.

ii) The function f is the sum f(z',2,) = =4 f1(zn) + 3f-(2) . Moreover,
there exists Cp > 0 such that

Va, € (—00,0) ,  Cp' < |0y, fr(zn)| < C1

and f_ is a Morse function on R"™' which satisfies Assumption 3.2.1
for the metric Z?J_:ll g%(x’, 0)dz;dx; and admits a unique critical point
at ¥’ = 0 with index py .
The boundedness of |02 f|, 1 < |a| < 2, avoids any subtle questions about
the domains.
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Proposition 3.2.5.
Under Assumption 3.2.4-i), the unbounded operator Aﬁc\fh on L?>(R™; AT*R") ,
with domain

D(A?{h): {weAHQ(R’j), nw=0, ndf,thO} :

is self-adjoint.
If E is any Borel subset of R, the relations

N,(p+1 N,
AN dP e =df) 15N,
and (3.2.5)
(AN )y db 0 = d D 1Al P,
hold for any w € APHj ,(R™).

Proof.
The uniform estimate on V f allows the same proof as for Proposition 2.3.2
and Corollary 2.3.4 (here Cgn denotes the space of C* compactly supported

functions in R™ with a vanishing normal component on {z,, = 0}). ]

We are looking for a result similar to Proposition 3.2.2 and Proposition 3.2.3
for the case with normal boundary condition on R”™ (this result will be
stated in Subsection 3.2.3). One difficulty here comes from the metric which,
although diagonal in the coordinates (', 2, ), is not constant. The general
case can be reduced to a simpler situation where g;;(z) = g;;(z') with gppn =
1 after several steps.

We need some notations.

Definition 3.2.6.
For a metric g which satisfies (3.2.4), the corresponding H®-norm on the
space APH*(R™) is denoted by || | Arzrs g and the notation || [|yppys is kept
for the Euclidean metric ge = Y 4 d$22.

N, (p)

Similarly, the quadratic form associated with A £ is written

* 2 2
Dghf’h(CU) = Hdgyf,thAP_lL27g + de,hw||AP+1L2,g ) Vw S APH&H(RE) 3

where the codifferential d; £ also depends on g .

Remark 3.2.7. The considered metrics satisfying (3.2.4), the different
(L2, g)-norms are equivalent.

The required accuracy while comparing the quadratic forms D, r; needs
some care.

We will work further with partitions of unity and the next proposition,
similar to the standard IMS localization formula (see [CFKS]), but in the
case with boundary, will be useful.
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Proposition 3.2.8. (IMS Localization Formula)
For W =8 or W =R", consider {Xk}l,,,,,N a partition of unity of W (i.e.

satisfying ng\le X2 =1onW).

Let g and f be respectively a Riemannian metric and a C* function (satis-
fying Assumption 38.2.4-i) in the case R™) on W.

The next IMS localization formula is then valid:

N
Yw € AHj ., Dypnw) =Y Dyrnlxrw) —h*[||Vxulwlie, - (3-2:6)
k=1

Proof. For clarity, we omit the dependence on ¢ in the proof.
Recall, from Zszl Xi =1, than for any n € AH":

N N

Z Xkdxx An =0, and by duality (2.1.5), ZinVXk"? =0. (3.2.7)
k=1 k=1

Now, for any w € AH&n and k € {1,...,N},

Dyn(xnw) = ldgnOxew) | + [|dF 5 x| -
From (2.1.6) and (2.1.7),

dyn(xew) = hdxi ANw + xpdypw  and  dy,(xpw) = hivy,w + Xed} pw -
Hence, from Zivzl Xz =1, (2.1.6), and (2.1.7), for any w € AH&H,

N

N
D Dralxiw) = Dpn(w) + Y h* ((dxe Aw|dxi Aw) + (ivy,w | ivy,w))
k=1 k=1

N

+>» 2Re ((hdxi Aw|hxgpdw + xidf Aw) + (hivy,w|hxpd w + xpiviw)) .
f
k=1

Using (3.2.7),

N

N
D Dialxrw) = Dyn(w) +h* Y ((dxw Aw | dxi Aw) + (ivy,w | ivygw)) -
k=1 P

At least, the identity
ix(aAB) = (ixa) A B+ (~1)*%%a A (ix )
implies
(dxi A wldxe Aw)+(ivyw | ivyw) = vy, (dxe A w) + dxi A (ivy,w) [w)
— (v |w) = (IVxiPwlw) |

which proves the proposition. ]

20



Let us give now two lemmas whose proofs are the same than the proofs of
Lemmas 3.11 and 3.12 of [HeNil].

The first lemma provides a reduction to the case 9,, G = 0 and the second
allows us to consider again a simpler metric with g, = 1.

Lemma 3.2.9.

Let g1 and g9 be two metrics which satisfy (3.2.4) and coincide on {x, = 0}.
Let f be a function satisfying Assumption 3.2.4. There exist constants Cro >
1 and hg > 0 such that the inequality,

Dyy p.n(w) > (1 = C12h®®) Dy, pn(w) — Crah™? ||wl[3s 12 (3.2.8)

g1
holds for w € APH&H(}RE) , with p € {0,...,n} and h € (0,hy), as soon as
suppw C {$n > —C’oh2/5} .

Lemma 3.2.10.
Let g1 and go be two conformal metrics (which satisfy (3.2.4)) in the sense:

go = e# (@) g1 .

Let f be a function satisfying Assumption 3.2.4. Then there exist constants
Cia > 1 and hg > 0, such that the inequality,

Vo € APHG4(R™), Dy, 1n(w) = O Dy, pn(w) — Croh® [wllRore g,
(3.2.9)
holds, for all p € {0,...,n} and all h € (0,hg) .

3.2.3 Small eigenvalues for the model half-space problem

Before giving the proof of Theorem 3.1.5, we state the main result for the
model half-space problem which is similar to Proposition 3.2.2 and Propo-
sition 3.2.3.

Proposition 3.2.11.

Assume that the metric gy satisfies (3.2.3) and (3.2.4) and let f be a Morse
function satisfying Assumption 3.2.4 for some py € {0,...,n}. Then there
exist constants hg > 0, cg > 0 and c¢1 > 0, such that the self-adjoint operator
A}\{h satisfies the following properties for h € (0, hy]:

i) For p € {0,...,n}, the essential spectrum JeSS(AJfV}Z(p)) 18 contained in
[01, —|-OO).
it) For p € {0,...,n}, the range of 1|y cop) (A;V’(p)) has dimension

{ 5107100 if 8xnf(0) = _%8xnf+(o) <0,
0 if Or, f(0) = _%aa:nf-k(o) >0.

i1) In the first case,

Ran 1[07coh)(AJf\{}fp0)) = Ker A;\’[}fpo) =Cy",

21



where

HSOh _ ( f+(zn) /2h> Q/)pOHAPL2 _ O(hl/IO) :

and who belongs to the kernel of a (n — 1)-dimensional Witten Laplacian

A(pf)f) Jop N @ metric g, which is conformal to gy = 37"~ 11 gza (2/,0)dx;dx;

on R"~ 1,
iv) For any x € C3°(R™) such that x = 1 in a neighborhood of 0, there exists
Cy > 0 such that the lower bounds

(1-xAN 0 -x) >t n-x? 0<p<n,

hold, for any h € (0, hg/CYy), in the sense of quadratic forms on APH&H(]RE) .

Remark 3.2.12.

This proposition is an adaptation of Proposition 3.13 of [HeNil] in the
case with normal boundary conditions: we have mainly replaced fi () by
—f4(xn) and po + 1 by po and the proof is similar.

Proof.

The clue of this result is an accurate lower bound for the quadratic form
Dj,.+.n(1), when evaluated for 7 such that suppn C {xn > —Coh? 5} . By
Lemmas 3.2.9 and 3.2.10, one can find a metric g, which satisfies (3.2.3) and
(3.2.4), with G(x) = G(2') independent of the z,-coordinate, gn, = 1 and a
constant C' > 1 such that

Dgo,1.1(1) = O~ Dy (1) — CH™ [l 2, - (3.2.10)

Take two cut-off functions x; € C*°(R), such that x1 € Cg°(R), x1 =1 ina
neighborhood of 0 such that ¥ + 3 = 1.
By the IMS localization formula (3.2.6), for any w € AHj ,(R™),

Dgo,ﬁ ( ) > D~0,f7 ( (h_2/5$n)w) +D§o,f7h(>22(h_2/5mn)w)
— ChY/5 ||WH?\L2,;;O :

By (2.2.9), since |V f(z)]* > C~' on R", the second term of the r.h.s. is

—2/5

bounded from below by a constant times H)Zg(h xn))wHi 12,5, and we get:

Dy p1(w) > Do (1 (W52 )w) — CRE/S Hx h=*x,,) WHAL o

+ T H>22(h2/533”)wH2AL2,§o '
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Finally after changing the constant C' > 1, the inequality (3.2.10) yields

D 1) 2 C7Dy (G (0 0)0) = P a2 |
+Ct H)Zg(h_2/5acn)wH2 . (3.2.11)

where the L?-norms in the r.h.s. can be computed with the metric g or go
while possibly adapting the constant C, owing to Remark 3.2.7. Here and
in the sequel, we omit the subscript (AL?, g) for L?-norms.

Now the problem is reduced to the analysis of Dy r; with the metric g. The
product structure of the metric g allows an explicit analysis of the spectrum.

(a) The case n = 1.

We have z = z, € R_, f(z) = —3f+(x,). Here the metric is g = da?2.
We keep the reference to the index n for the later application.
The spaces AOH&n(R,) and AIH&n(R,) are respectively H'(R_) and

{ﬁ(xn) dx, , B € H&(R_)} )
By identity (2.2.9), for any 1-form 3 dx,, with 8 € H}(R_):
1 h
Dy, /2B dn) = B (|0, BII” + 5 10w, f+ 81" — 5(0%, f+(2n) 3 | B) -

(3.2.12)
From (3.2.12), we get:

Dy t, jon(B dzn) > (C72 = hO) ||BI

and deduce that there exist ¢1(dy, f4+,02 fy) = ¢1 > 0 and hg > 0 such
that, for all h € (0, ho],

N,(1)
AT Lz ald. (3.2.13)

Again by identity (2.2.9), we have for any 0-form o € H'(R_):

1 h
Dy g, (@) = 2 |0yl 4 1 100, F1 all* + 502, fi(ea)er | )

20, F ) 0O (3214)

and there are two subcases:

(al) Subcase 9, f1+(0) < 0:

In this case, identity (3.2.14) implies:

Va € AOH&,n? Dg,ff+/2,h(a) > (072 - hC) ||a||2 )
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which provides the existence of ¢1(9y,, f+, 8§n f+) =c1 >0 and hg > 0 such
that: Mo

AN > eld, Vhe (0,ho] . (3.2.15)
(a2) Subcase 0., f+(0) > 0:

If Ajj}(f)/g p(@) = Apa, with A\, < c1, we have by Proposition 3.2.5(3.2.5):

N,(1
A ( zz,h(dffﬂu/lho‘) = And_y, 20,

which implies, by (2.1.6):

1
d_gs, ;2,00 = hOy, a0 — 3 (Op, fr)ax=0.

Hence:
azy,) = C ef+@n)/2h

The 0-form ef+@n)/2h helongs to Ker (A]_V}(f%’h) ,80 A\ =0.

(b) The case n > 1.

First note that any w € APHj ,(R™) is a sum

w= Z a;(m)da:/f A dxy, + Z ﬁj(a:)dx"] = aANdr,+ 0,
#I=p—1 #J=p

with a7,8; € H'(R™), ar(z,0) = 0, while dz’" = da’, A -+ A daj,
I={i1 < ... <igry C{l,....,n—=1} and J = {ji < ... < jus} C
{1,...,n—1}.
If in addition w € AP H?(R™), the condition ndw = 0 reads, with the metric
9, a$nﬁJ($/7 0) = 0.
Secondly, we remind the reader that with the product metric g the Rieman-
nian connection, the Riemann tensor and therefore the Hodge Laplacian,
owing to the Weitzenbock formula, split like direct sums:

VxY = V% Yo+ ViV,

Riem(z,y,2,t) = Riem™(zn,yn,2n,tn) + Riem/(l‘/,ylazl,t/) )
Ry = ZRiemi]’kl(dl‘i/\) 0 ivg, o (dzkA) 0 ive, = Ry + R’(4) ’
ijkl

(d+d*) = (do, +di )+ (dy +di)?.

We refer the reader to [GHL] (p. 110 and p. 70) for details and more general
statements.

24



Thirdly, the decomposition f(z) = —1 fy(z,) + 2 f-(2') with the product
metric g gives

V2 = Ve [P+ Ve f?

Evf -l-,C*vf = —% (th -l-,C*var) -l-% (Cvﬁ +[’*Vf,> .

Forw=aAdx,+ 5 € D(Ajf\{h) (with the product metric g), we have

Dy pn(w) = (| Appe) = (| A ) + (W] A]jp ) -

Since the two operators A™ Fo/2h (acting only in the variable x,,) and A’ﬁ J2h
(acting only in the variable ') preserve the partial degree in dx,,, we get

Dy pn(w) = (o Ndn | A%y (@ Adan) )+ (BIA"p )
(@ Adan | A (e ndey)) + (BN} 5,8) (3.2.16)
Hence the variables (2, ;) can be separated. The equivalence between the

norms HZJ’)/J(J}/) dac/‘]H and Y ; ||vs(2")]] on APT*R™, where
J={j1<...<jgs} C{1,...,n—1}, leads to %

Dg,f,h(w) >
1 n "
p / Y Dy el da) + D Dy (B’ ))] dAG)
RS Tgr=p—1 #I=p

0
—|—/_ D}7/27h(a(.,xn)) + D}i/Q,h(ﬂ(.,xn)) dz, , (3.2.17)

where we used the notations D’f_ Joh for the quadratic form of the Witten
Laplacian on R”~! and D" o /20 for the quadratic form of the 1-dimensional
Witten Laplacian on R_ with boundary conditions. The measure dA(z') sim-

ply equals (det G(z'))*/? da’. The absence of a — 8 cross product term is
due to (3.2.16).

Again there are two subcases.

(bl) Subcase 9., f1(0) < 0:

? In [HeNil], at this level of the proof, one should read “Dg fn(w) > 1 [o,_, -7 instead
of “Dg f.n(w) equals [5,_, ---” accordingly to 2.
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The analysis of the one dimensional problem implies the existence of ¢; > 0
independent of x’ such that:

,Dﬁf.‘./Z,h(aI(m/v ) dxy) > ¢ Hoq(a:’, )H2

and
Dﬁf+/2,h(5J(fU,a ) = ||Bs(, -)HQ.

Hence there exists ¢y > 0 such that:
Vw € APHy Dy pa(w) > oo )

and

A;\f}fp) >cold, Vpe{0,...,n} .

(b2) Subcase 0, f+(0) > 0:

Then there exists ¢; > 0 such that

1 / /
Dosn@) 2 ¢ [ 32 D (Brlal, ) dAG)

#J=p

0
+/ D) o n(B(xn)) +erllaf” . (32.18)
—00
If w is a p-form with p # po (deg 8 = degw), the lower bound

D) pn(B) = Crh|B)1%

which was given in Proposition 3.2.3, yields:
Dy () = O~ hlwl® |

while the equality Dy fp(w) = 0 implies that p = po and that
w=c (ef+(x")/2h) w;;o, where ,, belongs to the kernel of the (n — 1)-
dimensional Witten Laplacian associated with the metric

n—1

g = Z gi (@', 0)dz;dz; .

1,j=1
We have now all the ingredients to check every statement for the metric gg.

We focus on the subcase 9, f+(0) > 0, which covers all possibilities.

Statements i) and iv)
Statement i) is a consequence of iv) together with Persson’s Lemma in [Per].
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It is sufficient to check that, for all R > 0, there exists cg > 0, such that,
for all w € APHg ,(R™) supported in {min(|2/],|x,|) > R}, one has

Dgo,n(w) = cr lw]* -
The inequalities (3.2.11) and (3.2.18), together with the estimate
D} o n(Bswn)) = g B¢, 2a)l>  if suppw C {|'| > R},

provided by Proposition 3.2.3-iii), yield the result.

Statements ii) and iii)
If p # po the inequalities (3.2.11), (3.2.18) and the inequality

Doy (BCan)) = C RIB(2a)|”

imply
Do, 1n(w) = coh [|w]?
and
AN > ohld . (3.2.19)

If p = po, by Proposition 3.2.5, the only possibility for A, € [0,coh) to be
an eigenvalue of A;V}L(po) is A\, =0.

Assume indeed A;\f}fpo)uh = Apup, with Ay € [0, ¢oh) and ||up|| = 1.

By Proposition 3.2.5(3.2.5) and (3.2.19), d/? uy = d¥%~""*uj, = 0. Thus:

)\h = <Ag;1(p0)uh | uh> = ngf,h(uh) =0.

When the metric is g, the corresponding spectral subspace is one dimensional
and equals C (ef+ (’”")/Qh) @bgo .
0)

For the metric gp, the equation Agg’(}’h w = 0 with ||w|| = 1 (which implies
Dj,.t,n(w) = 0) and the inequality (3.2.11) lead to:

C23,6/5 H)Zl(h_2/5xn)wH2 > D, s n(01(h o) + H>22(h_2/5$n)wu2 '
Without the last term, Lemma 2.3.5 implies:
dist z2(x1(h~?°z,)w, C (ef+($”)/2h) 1/)1}}0) < Cp/10
The upper bound of the last term,
H>~<2(h72/5$n)wH2 < c2s/s

implies:

dist 72 (w,C (€f+(xn)/2h) ot ) = Oy
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It remains to check that Ker A]fv (70) ig not reduced to {0} . The statements

of Lemma 3.2.9 and Lemma 3.2.10 are symmetric with respect to the choice
of the metric. Hence the reverse inequality of (3.2.11) (with exchange of g
and .970)7

Dy.rn(w) > C ' Dyy pa(Xa(h™ Py )w) — CHO/P Hil(h_Q/San)WHQ
o H;zg(h—Q/%n)wHZ . (3.2.20)

also holds for any w € AH&n(R’l). We apply it with w = (ef+(x")/ 2h) 1/)20
and this leads to:

Dy, pn(Xa (A2 Pz )w") < OO H>21<hf2/5xn>wH2

The Min-Max principle then says that A (p °) admits an eigenvalue smaller
than ChS/5 . Tt has to be 0 due to the above argument. |

3.3 Proof of Theorem 3.1.5

We end here the proof of Theorem 3.1.5 by introducing, after a partition of
unity, convenient coordinates which allow the comparison with the model
half-space problem.

That proof is almost the same as the proof of the corresponding theorem in
[HeNil], but we recall it for completeness.

Proof of Theorem 3.1.5.

Let {Ux, 1 < k < K} denote the union of the critical points of f and
flo. Consider a partition of unity of €, Z]kV:1 X3 = 1, such that the C5°(Q2)
function yj identically equals 1 in a neighborhood of Uy when 1 < k < K.
A refinement of this partition of unity will be specified later by the local
construction of adapted coordinates.

We recall that the operator A;V 5, 1s the Friedrichs extension associated with
the quadratic form: ’

)

2
’90 w H
AL2,go

Dyo£.1(w) = ldawllz 2 g

on AHj (). The IMS localization formula (3.2.6) gives, for any w €
AHj

2
Do, .1 ZDgo,f, (xrw) — B2 11V xil w32 g, -

If supp x; does not meet the boundary, the term Dy, r(xrw) behaves
like in the boundaryless case (see [HKN] for details):
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o If k> K, then we have

Vwe AH', Dy, pn(xiw) 2 O awllige,, -

o If £ < K and Uy is a critical point of f with index pi # p, then

Ywe AH' | Dy rnlxaw) > Chxewli 2 g, -

e If £ < K and Uy is a critical point of f with index py = p, then there
exists a fixed 1-dimensional space F,Ep ) (determined by Hess f(Uy))

such that,

Vw € AHY Dy pn(xnw) < O |xawl o2 4,
implies

Vwe AHY,  dist (xsw, FY) < ChYY |0l ppe g, -

Again like in the proof of Proposition 3.2.11-iii), this last statement
refers to Lemma 2.3.5 at the level of quadratic forms.

Consider now the case when supp x; N 9Q # (), with the support of
Xk centered around a point Uy € 0{2. There are two cases: Uy is a critical
point of flag with 22 (Up) < 0 which is equivalent to — 3L (Up) = |V f(Up)]
or Up is not a critical points of f|gpn with % < 0 which is equivalent to
(—g—fl)(Uo) < |[Vf(Up)|. Indeed, Uy is either a critical point of f|sq with
g—f;(Uo) >0, i.e. g—(Uo) = |V f(Up)| or Uy is not a critical point of f|sq, i.e.

n

50| < IV 7 (Wo)l.

mn

e}
Case 1) (~2)(Us) < V(L)
Then the cut-off x is chosen so that, in a neighborhood V of supp x ,

Vo € VN o0, (—g—i)(x) <(1=0)|Vf(z) ,

for some § > 0. Locally it is possible to construct a function f such that
—Onf = ‘Vf‘ in VN o and ‘Vf‘ = |Vf] in V. By setting @ = xjw for

w € AH&n7 the Green formula (2.2.9) and the inequality D 5, (w) > 0
imply (Lvy + Ly being a tensor)

_h/m@\@mm (%) (o) do < —(1—5)h/89<@ [y (g—f:) (o) do

< (1=0) [P 103130412 + B NG 1 2 + IV F1 @0 g2 + Crb 010

29



o If k> K,

J -
NIV A5

— 2
Cyt IxkwllinLe -

Vw€AHgn ,  Dyypn(xkw) = Dgy pn(@)

v

v

Case 2) — 2L (1) = [V £(Un).

In this case we will conclude by applying Proposmon 3.2.11. We recall
that Uy € 0N is a critical point of flgg with (Uo) < 0 and with in-
dex pg. Around Uy, we introduce adapted local coordmates, denoted by
T = (T',Z,). This coordinate system is provided by Lemma 3.3.1 below, ap-
plied with f; = f and o = f|pany, - Then the function ¢ of Lemma 3.3.1
is nothing but f and has the form f(Z) = -, + 3 f-(z'). Moreover, Q
corresponds locally to {Z,, < 0}.

In order to apply Proposition 3.2.11, it remains to check that the function
f can be extended to R™, so that it satisfies Assumption 3.2.4 where Uy is
a critical point of f|aq.

We recall that we have not specified the choice of ' in the boundary. The
function f|aany, being a Morse function, we can choose in a small neigh-
borhood V| C 9 of Uy = (0,...,0) Morse coordinates T = (Z1,...,Tn_1)
for f_ which are normal at Uy for the metric }, ., gi;(T', 0)dZ;dT;. With
these coordinates, f has the form, in a small neighborhood V[ of 0:

n—1
f@) = =T+ > NT + () - (3.3.1)

j=1

We choose xy such that supp xx C V(.
Choosing a cut-off x"~! € C°(R" 1), x"~! = 1 near supp x N 99, f is
extended to R™ by:

F(@) = T + an(fl)—l—l_i] Z/\ +f(Us). (3.3.2)

Moreover, choosing another cut-off x" € Cg° (R™), x™ = 1 near supp xx, we
extend gg to R™ by:

g=x"g90+ (1 —x")ge, (3.3.3)

where g, is the Euclidian metric on R™.

With these coordinates, the quantity D; 7, (Xxw) = Dy,,7,n(xkw) attains the
form discussed in Proposition 3.2.11.

We can now discuss the lower bound of Dg n(Xxw), depending on the lo-
calization by the cut-off v, such that supp xx N 9 £ 0.
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o If k < K, the origin of the coordinate system is Uy = Uy. If Uy is not
a critical point of f|sn with index pr = p and %(Uk) < 0, then

Vw e ApH&n ) ,Dgf,h(xlcw) > C~'h HXkWH?\L2,g :

o If £ < K and Uy, is a critical point of f|sq with index py = p and

%(Uk) < 0, then according to Proposition 3.2.11-iii) there exists a
)

fixed 1-dimensional space F; ,gp such that the inequality,

Vo e NHl, . D, g 00w) < O gl

implies:
dist (xaw, FP) < CRYY |xgwllporey -

We now introduce the set A, of indices £, 1 < k < K, such that
e cither Uy is a critical point of f with index p,
e or Uy is a critical point of f|sq with index p such that %(Uk) <0.

For w € APH&n(Q) with [|w||gpf2, =1, we get

(Dgo,f,h(w) < C*1h6/5> = | dist (w, > EP)Y < opl/1o
keA,

Hence the dimension of the spectral subspace,

F(p) = Ran1[07h3/2)(A;\f}5p)) C Ran1[07ch6/5)(A%}fp)) s

is at most #A4, = mg.
We next verify that dim F® > #A, = mg. According to the Min-Max
principle, it suffices to find an orthonormal set of p-forms w,}; € ApHé’n(Q) ,
k€ A,, such that
h

Dyo. 1,1 (wh) = o(h*?) .
Indeed it is enough to take a truncated element of the kernel of the local
model for A;V}l(p ) around Uy, k € A,. We give the details for the case
U € 012. L
Take two cut-off x1 ; € C5°(R™), x1,, = 1 near 0 (with supp x1,5 C supp Xx)
and X2 such that Xik + X%k = 1. With the same coordinate system
as above, we write on R”,using the IMS localization formula (3.2.6) and
Proposition 3.2.11-iv),

— 2 2
ng,fk,h(w) > ng,fk,h(Xl,kw) +C7! [x2kwl” — Ch? Z VXl W[
i=1,2
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where g, and fk are defined on R”™ according to the previous construc-
tion and coincide with gy and f in a neighborhood of supp xx. Accord-
ing to Proposition 3.2.11, there exists 77,2Z € APH&H(]RE) in the domain of
the associated Witten Laplacian, such that D, fk,h(nl};) = 0. By taking

wh = HXLk nllgH_l X1,k 7, we obtain the existence of hg > 0, C” and C” such
that, for h € (0, ho):

2 2
me nZH < C'n? HUZH :
and, consequently,

o))"
Dy pin(wf) < C'R2—EEL_ < c7p?.

Ixenf]® ~

The next lemma, which provides in different situations the suitable co-
ordinate systems, simply makes use of the standard solution to Hamilton-
Jacobi equations in the non characteristic case.

Lemma 3.3.1. 1) Let be f; € C*®(Q,R) and Uy € 0 a critical point of
filoa with %1 (Uy) #0.
Assume furthermore o € C*° (9, R) be a local solution to Vol = |V fi|?
around Uy.
Then there exists a neighborhood Vy of Uy in Q such that the eikonal equa-
tion:

0P+ ” + |VrPs” = VO = |V 1]

with the boundary conditions

0f
Piloorv, =@ 5 OnPiloony, = i%Ianvo

admits a unique local smooth real-valued solution.

2) There exists local coordinates (1, ...,2,) = (2',2,) in a neighborhood of
Uy in Q with (2/,2,)(Uy) = 0 where the function ®1 and the metric gy have
the form:

n—1
O =Fan +a@) and go = gnn(x) dal + Z gij(x) dxidx; .
ij—1

Moreover, the boundary 0SY is locally defined by {x,, = 0} and Q@ corresponds
to {sgn (%(U{)))) Ty > 0}.
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Proof. 1) The first point is a direct consequence of the local theory of
Hamilton-Jacobi equations starting from a non characteristic hypersurface,
owing to the condition %(UO) #0.

2) Like in [HeSj4], we set:
f+:(b+—q)_ and f_:(D+—|—(I)_,

The next relations are then satisfied:

1 1 1 1
o =—gfttgf, e=gft+5fo, (3.34)
Vf.-Vf_=0, (3.3.5)
of+ df1

er‘aQﬂVo =0 ) %L?QOVO - 2%|890V0 7é 0 ) (336)

of_
and  f_|anny, = 20, aibmvo =0. (3.3.7)

n
Let (21,...,2,—1) = 2’ denote a set of coordinates on 92 in a neighborhood

of Uy (then contained in Vy) and such that z;(Up) = 0. We extend them in
a neighborhood of Uy in Q as constant along the integral curve of the vector
field V f;. Then we take @, = —1 f, (z) for the last coordinate.

In these coordinates the function f; and the metric gy have the form an-
nounced in the lemma.

Remark furthermore, by (3.3.6) and % (Up) # 0, that the boundary OS2 is
locally defined by {z,, = 0} and €2 corresponds to {sgn (%(U{))) Ty > O}.
|

Remark 3.3.2. Lemma 3.53.1 will be used with various functions fi and «
and will provide several coordinate systems:

e We have already introduced the coordinate system T = (T,Ty) associ-
ated with fi = f and a = f|89.

e The coordinate system denoted simply by x = (2', x,,) will be associated
with fi = f and o = @, where ¢ is the Agmon distance along the
boundary. This system will be used to give the simple form ® = &, =
—z, + @(2') to the Agmon distance ®, solving |V®|* = |V f* with
the boundary condition 0,® = O0,f. Agmon distances are specified in
Section 4 below.

e Finally the coordinate system & = (', Z,,) will be associated with fi; =
(f+®) and a = f|69 + ¢ and will be used in the final application of
the Laplace method.
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4 Accurate WKB analysis near the boundary
for ASCI})L

4.1 Introduction

We work here under Assumption 3.1.1. Like in [HeNil], we have shown

,(p)

that for 0 < p < n, some quasimodes of A}V being near the spectral

subspace in 1 3 (A;V}fp )) are localized near the boundary 0f) and more

[0,h2)
precisely near critical points of f|pn with index p such that % < 0. In
the boundaryless case ([HKN]) and in the case with tangential Dirichlet
boundary conditions ([HeNil]), the WKB analysis done in [HeSj4] and in
[HeNil] says that the small eigenvalues are of order O(e~¢/") and provides

an accurate approximate basis of Ranl[a hg/Q)(ASZ’J ,)l) .

In order to get a similar result, we need an accurate WKB analysis at the
boundary, and like in [HeNil], we restrict our attention on the case p = 1
because our motivation is to analyze the Witten Laplacian on 0-forms.

For an accurate comparison between eigenvectors and WKB quasimodes
near a critical point U of f|pq with index 1 and g—fl(Ul) < 0, we introduce
another self-adjoint realization of A(fl})l in a neighborhood €1y, , with mixed
boundary conditions: Neumann boundary conditions on 9, , N 02 and
full Dirichlet boundary conditions on 0y, , \ 0§2.

4.2 Local WKB construction

The next construction is done locally around a critical point with index 1
Uy of flag with 92(Uy) < 0.

By the collar theorem ([Sch]), we can define a local system of coordinates

(x4,...,2,) = (2/,z,) where 6? loo = 7, the outgoing normal at the bound-

ary, and 2'|gq is a local system of coordinates of 9 . Moreover, we can choose
z such that z(U;) = 0, 0 corresponds locally to z,, = 0, and the interior

of Qtoz, <0.

Let ¢ be the Agmon distance to Uy on the boundary (i.e. associated with
the metric [V, f(2/,0)|? dz’*). We recall that, on the boundary,

IVrfl? = |Vel?

and that ¢ is smooth near U; (see [HeSjl1]).
We now use the first result of Lemma 3.3.1 with f; = f and a = ¢ and we
denote by ® the function ¢ of the lemma (& is the Agmon distance to U
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i.e. associated with the metric |V f(z)? dz?). Hence we have locally:

0,07 + V@[> = |VO]° = |Vf|,
Qlon = o,
)
On®log = a—fan-
n

According to [HeSj4] pp 279-280, there exist Morse coordinates for f ‘ 50
around Ujp, which are normal in U; and such that

A A
fa',0) = ?lﬁ ok La2 4 ) (4.2.1)
A A
and (') = %ﬁ et | 5 1|zi,1. (4.2.2)

Proposition 4.2.1. Consider around Uy the above system of coordinates
z = (2/,z,) which satisfies (4.2.1)(4.2.2) with A\; < 0. There exists locally,
in a neighborhood of x =0, a C* solution u**" to

Ak = e R on™) (4.2.3)
nu* = 0 on 8Q (4.2.4)
ndypuf™ = 0 on 09, (4.2.5)
where uP*® has the form:
uk = a(z,h)eh

with a(z,h) ~ Zak(g)hk and a°(0) = dx; .
k

Proof. We shall first consider a WKB-approximation for
1 wkb -2 o0

(Af’h E(h)uy"™ = e nO(h™) (4.2.6)
with E(h) = O(h?) and the boundary conditions (4.2.4)(4.2.5) and then
check E(h) = O(h™).
Let us first rewrite the boundary conditions with our coordinate system. The
first boundary condition says only that a(z,h) = >""" | a;(x, h) dz; satisfies:

an((2',0),h) =0. (4.2.7)

Writing

VkeN, dpp(e fak)=ek [hdak vd(f — ) Adv]
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where o and d(f — ®) are tangential forms, the second boundary condition
corresponds to n(da®) = 0 and more precisely it says:

VkeN, d"(z)=) df(z) dz
=1

. . dak ,
satisfies : Vie{l,...,n—1}, 3 L(2',0)=0. (4.2.8)
Tn

Let us now recall the following relation which will be very useful (see [HeSj4]
for a demonstration):

k4
R

er Appet = h3(d+d*)? + h(Lye — Lo + Lyf + L5) (4.2.9)

We write

Lye —Lye +Lys+Lyy = Lyrra) + Ly—a)
= 2Lve + Ly(r-0) T Ly(s—a) -

Now by [HeSj4] appendix A,

Ly(p-a) = ~Lvg-o) TR,

where R is a tensor.
Furthermore, at any o € 0, choosing a local coordinate system (x1, ..., x,)
orthonormal in ¢ with 7 = %, again by [HeSj4] appendix A,

R(o) = 2Hess(f —®)(o) — Tr(Hess(f — ®))(o) Id
= 2Hess (f — ®)(0) — Tr(Hess (f — ®))(o)t — T'r(Hess (f — ®))(o)n
= Rr(0) + [0p,(f — ®) — Tr(Hess (f — ®))(o)]n.

Due to the condition 9,®|sn = %\ag, Rr is tangential. With the chosen
coordinate system, R! 5q Satisfies

R(z',0) = Rr(z',0) + B(z')n,

for some C*° function §. Further, at the point Uj, the tangential part
R7(0) restricted to tangential forms is a symmetric matrix with the one
dimensional kernel Rdz; (see [HeSj4]).

By looking for E(h) ~ >3 | h**1Ey, and by using again 9,®|sn = %\ag,
the interior equation (4.2.6) reads

2
R

e (Apn = B(h)e % = h2(d+d")? = h2B(R)] + h | Loor; + Lx + R]
with Xl|pg =2Vr® and Rlpg = Rr + fn.

We now verify that it is possible to construct a solution u¥’** to (4.2.3) in
which can be extended to 2 and satisfying the boundary conditions (4.2.4)
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and (4.2.5).

The construction of an interior WKB solution in €2 is standard as an in-
ductive Cauchy problem, once the a*’s are known on 99 (see [DiSj],[Hel2]).
Actually the non characteristic Cauchy problems

k
[Lyor;+ Lx + Rla* = —(d+d*)’d* '+ ) Ew"* in Q.
" =1

are solved by induction with the convention a_; = 0.
Hence the problem is reduced to the solving of the system made of the
boundary conditions (4.2.7), (4.2.8) and of the compatibility equation:

k
[52%7 +Lx +Rr+ ﬁn] = —(d+d")2d" 1+ Bt on 09,

/=1
(4.2.10)

Owing to the Cartan formula, the system (4.2.10), (4.2.7), (4.2.8) is equiv-
alent to the differential system on 02:

( k
—t(d+d*)?a" 4+ Bt = (Lov,e + Ry)a® (4.2.11)
=1
_ of Of dak
2 k-1 k k n
- =n |22 2, =92/ %n 4.2.12
n(d+d*)%a n [ anﬁna + fAna o agnd% ( )
[ (42.7) + (4.2.8)

Since a*|gq is tangential (due to (4.2.7)) like Rr, (4.2.11) can be rewritten
as a tangential system which can be solved according to the analysis of the
boundaryless case in [HeSj4]. Here are the details.

The complete system becomes equivalent to

(Lov,o + Rr)a® = —t(d + d*)2a* 1 + 51 Byab~* + Epa® on 9Q
(£23_£ﬁ+£X+R+ﬁn)a’f:—(d+d*)2a’“*1 on
anlon = 0.
Note that the first line is a degenerate matricial transport equation which

can be solved according to [HeSj4][Hel2]: For k = 0 take a°(0) = dx, €
Ker (R7(0)); for £ > 0 choose Ej, so that the compatibility condition

k-1
—t(d +d")*a*71(0) + Y Bea*(0) + Era’(0) € (Ker (Rr(0)))"
(=1

is satisfied. Thus, at every step k € N, the first and the third line of the
previous system fully determine the Cauchy data a”*(z’,0) and the number
E}.. The second line solves the interior problem with these Cauchy data and
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contains with the two other lines the second trace condition (4.2.8).

Let us check now E(h) = O(h*>). We prove this by comparing with the
half-space problem, for which Proposition 3.2.11 says that the first eigen-
value is 0 with multiplicity one and the second one larger than Ch8/5. Note
that the assumptions of Proposition 3.2.11 on the metric gy and the function
f are fulfilled after choosing around U the coordinate system T = (7', T,)
leading to (3.3.1) and simply extending g and f like in (3.3.2) and (3.3.3).

Take a cut-off function x € C3°(€2), x = 1 in a neighborhood of U; such that
g—iﬂag =0 and set

K
u{( = Xef% Zakhk = Xef%AhK.
k=0
From g_mag =0 and
dpn(XAK) = (hd + df N)XAF = hdx N AR + xdy i AK

the form uf® € ALH2(R™) belongs to the domain of Aj;[’h(l) and the approx-

imations uf and EX(h) = S35 | Eph*F1 satisfy

[A;}i}fl) — EE(R)|uk = hK+2pK€f% — R2[A, x| uE = O(hK+2) in R
nu{( =0 on R"1 % {0}
ndf’hu{( =0 on R* ! x {0},

for some C* 1-form pX defined in a neighborhood of U; and independent of
h.
From ||u{*®|| ~ ch"i (see indeed further the proof of Proposition 5.5.7),

Juf[| ~ en™
and the spectral theorem then implies that there exists an eigenvalue \(h)
of Aj;f’h(l) such that:

n+1

EX(h) = A(B)] = O(W+2 ")
Choosing the integer number K large enough, the inclusion

o(AT)\ {0} € [ChO/%, 4ox)

combined with the estimate EX(h) = O(h?) implies A(h) = 0. The num-
ber K being arbitrary, the construction of the previous quasimode is then
possible only if

VkeN*, Ep,=0.
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4.3 Another local Neumann realization of A;l,,)L

Let U; be a critical point of f|sq with index 1 and g—f;(Ul) < 0 and let us
introduce a new system of local coordinates.
We apply Lemma 3.3.1 with f; = f and @ = ¢, the Agmon distance to
U; on the boundary. The function @, of the lemma is then ®, the Agmon
distance to U; and we have the existence of local coordinates (z/, x,,) around
U; where @ and the metric gg have the form:

n—1
d=—x,+ @) and gy = gun(z) dz> + Z gij(x) dridxj .
ij=1
Moreover, the boundary 0f2 is locally defined by {z,, = 0} and Q2 corresponds
to {x, < 0}.

We work now with the local coordinate system defined above and z — |z|
is the Euclidean norm in these coordinates.
As in [HeNil], we consider the domain, for p > 0,

Qup = {\x—(o,m? <p 41, 2, <o} ,

which has the shape of a thin lens stuck on 02 with radius p and thickness
O(p?). Its boundary splits into

P = 090,,0 2= {lz — 0,1 = p* + 1La, <0}
and
I'np = 8QU1,,) NN = {‘x" < P, Ty = 0} .

On this domain, we introduce the functional space
AlHé;O,n(QUl,p) = {u S AIHI(QULp); nu\pND = 0, U‘FD = 0} .
The Friedrichs extension associated with the quadratic form:
2 2
AlH&;O,n(QUl,p) Swi Dé\jf,h(w) = ||dynw|” + Hd?th )

is denoted by A;V}lD’(l). The domain of A;V}LD’(U is contained in A*H2(Q,, p)
for any 0 < p/ < p.
An element w € D(A;V}lD’(l)) satisfies indeed:

]\/’,D7 1 E3 E3
(ANPW o |y = (dppw | dpgn) + (5w | d5m) =2 DYy a(w,m)

for all p € AIH&;Qn . By testing with n € C3°(Q, ), this gives Ay pw €
A L?(Qy, ,) and therefore w admits a second trace on I'yp . By testing with
any 1 € Cop () » We get:

ndf,hw\pND =0.
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Along I'yp, w solves an elliptic boundary value problem Ag}})lw e A'L?,
nw = 0, ndyspw = 0, which provides the H 2 regularity in Qu, ' for any
P <p.

We now prove the

Proposition 4.3.1.

For p > 0 small enough, there exist h, > 0 and C, > 0, such that the self-

@ satisfies the following properties:

(1))

adjoint operator A;\’[}LD’

a) For h € (0,h,], the spectral projection 1[O,h3/2)(A§V}ZD’ has rank 1.

b) Any family of L?-normalized eigenvectors (Uh)he(o,hp] of A;V}LD’(U such
that the corresponding eigenvalue E(h) is O(h), satisfies
Vp' < p,Ya € N* AN, € N, 3C,, y > 0 such that, Vx € Qp, » , (43.1)
3.1

|8§‘uh(1‘)| < C’o“p/h_Na exp (—@) .

c) There exists €, > 0 such that the first eigenvalue Eq(h) of A;V;LD’(I) sat-
1sfies

Ei(h) = O(e~ee/hy .

d) Ifu? denotes the eigenvector of A;\%D’(l) associated with eigenvalue E7(h)
and normalized by the condition tu’?(0) = tu’**(0), then

Vp' < p,Ya € N*", VN €N, ICy o, > 0 such that, Vo € Qp, v ,

z 4.3.2
08 (u} — ™) (2)] < O exp (~ 22 (143.2)

Once this is proved, one easily gets rough exponentially small upper bounds
for the mS! first eigenvalues of A;V;L(e) (¢ € {0,1}) on £, by constructing

quasimodes suitably localized near each of the critical points.

The next subsections are devoted to the proof of Proposition 4.3.1. A fon-
damental ingredient for the proof is a variant of the integration by parts
formula of Lemma 2.2.3.

Lemma 4.3.2.
Let p > 0 and let 2 be a real-valued Lipschitz function on Qy, ,. The relation

v 2 2
deth
A2L AOL2

UV~ [+ hLyp + hL ek w | eFw)y e

0 (8
+h/F (W wharrsq 2 <%> (0) do (4.3.3)

Re Dé\fﬁh(w, eQ%w) = K2 ‘

+h2‘
2

P
d*ehw‘

holds for any w € AIH&O’n(QUl,p).

Moreover, whenw € D(A;\%D’(l)) , the left-hand side equals Re (eQ%A%%w | w).
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Proof.

. ~ v,
For w in AlH&;Om(QUw), we have © := €*%w in AlH&O,n(le,p) and the
same computations as the ones done in [HeNil] to prove Lemma 4.3 lead to:

v - -
DN, w(w,e?hw) = DN (@,0) - ((VYPPe | @)
—{dYp AND | dpp@) + (dppo | dib A D)
+(ivyw | d}’h@ - (d?,h@ | ivyp@) .
By taking the real part, we obtain:
v - -
Re D'y (w, e?hw) = Dy (@,0) — (VY@ | @) .

We conclude by applying Lemma 2.2.3. ]

4.4 Exponential decay of eigenvectors of A%D’(l)

As in [HeNil], the pointwise estimate, 9%u"(z) = O(h*Nae_¥) , which is
stated in Proposition 4.3.1-b), will be proved in several steps. We will first
consider H'-estimates and deduce afterwards higher order estimates from
elliptic regularity.

Even for H'-estimates we need two steps: we prove first the exponential
decay along the boundary I'yp by applying Lemma 4.3.2 with the function
1 similar to ¢ introduced above ; then the exponential decay in the interior
of Qy, , is obtained with 1) similar to ® once the boundary term is well
controlled.

Proof of a) and b) in Proposition 4.5.1.

Statement a)

Actually it is a simple comparison with the full half-space problem via Min-
Max principle as we did for Theorem 3.1.5. Any w € A'H{ (7, ) can in-
deed be viewed as an element of A'Hj ,(R™) by setting w = 0 on R \Qp, , .

Statement b)
Let u” € D(A;V}LD’(U) satisfy

Al = B(hyat , E(h) = O(h)

We will use the notation

~h i h

' =eru.
The integration by parts formula (4.3.3) will be applied with ¢ = " where
Y™ will be similar to ¢ or similar to ®.

Let us recall

of 0o
2 _ 2 _— = — / = — /
IVf"=|V®|”, 5 = In and ®(x', x,) Tn + (2, (44.1)
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where 2/ = 0 is a local minimum for ¢ with ¢(0) = 0. Moreover we have
Va, - Ve(z') =0 so that:

V1P = IVl = |Van[* + |Vl . (44.2)
We will first show the decay along the boundary before we propagate the de-
cay in the normal direction inside € (see [HeSj5] and [HeNil] for references).
Step 1: Decay along I'np .

We take:

(z') — Chlog “0(:/) , if p(z') > Ch
x

ho ot _ @
(0 (xaxn)—{ o(z') — Chlog C, if p(z') < Ch,

where the constant C' > 1 will be fixed later.
We associate the sets:

and
Qh = {z = (2/,2n) € Qs l(a’) > Ch} .

The condition E(h) = O(h) the formula (4.3.3), (4.4.1) and (4.4.2) imply
the existence of C'; > 0 such that:

2 2 2

~h ~h x~h 2~h | ~h
S U . thu HA2L2 + th @ ‘AOLQ (Vg Pt | @Y 1 g2
hi~ Ox hi~
[ e () (@) do -+ (TR~ VP )
T'nD 371
~Cih{lgy (x)al | ahy | (4.4.3)
with C] determined by f and the upper bound of E(h).
Furthermore,
ChVp
Vl/Jh =Vp— 19’;(@ o
so we have:
n|? 2 |V90\2 2 2\V<P|2
(w ‘ = [Vl + 10y () { ~20n= 20 4 W5 )
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Consequently,

* h 2~h | ~h
], 2 [+ [, + VP 01
oy RRCAEENe (a—) (0) do
TnD g 8n
QCh C?h?
2 ~h | ~h
wIvel (220 - S5 - ] 1oy 1t ).
ForﬂvleL

2Ch  C*h* _ Ch
— - > — (since 2a —a*>a Va € [0,1])
¥ ¥ ¥

then, ¢ being a positive Morse function, there exists Co > 0 which is deter-
mined by ¢ such that, for all z € Q"

\|2

plaf)
and we get:
i, = 1 et e,
TP e 0 [ @ (52 () do
Cnp n

+(Cccyt - ) h(lgy (z)a" | a") .(4.4.4)

Since Oy, f (U1) = Opxn(Ur) # 0, we can choose p small enough such that:
Cg > |v.1‘n|2 > 03_1 on QUl,pa
where Cj is a stricly positive constant.

Hence we get, by adding the term (CC; ' — Cr)h{lgn (x)a" |u") to (4.4.4):

coy

o] L R )

AlL?(Qh AOL2

+ (14 26(C)h) (|Van @ | @) g1 g2
h oxy,
- h/ (@[ a") pi7a <—; ) (o) do,
I'np n
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where §(C) = +C51(CCy ' — C1) — +00 when C' — +00.
At least, we have on Q" by the definitions:

‘ﬂh‘ < ec|uh\ a.e.
and the condition HuhH =1 leads to:

SO = ||pat |, |+ th*ahHiOLQ + (14 26(C)R) (|Van 2" | @) p1 2

—h /F @i (%) (0)do,  (445)

where §(C) = e2°CCy L.

2
A2L2

We now apply (4.3.3) to @ with ¢» = 0, f and h replaced respectively
by —x, and %, in order to get,

2

(1+6(C)h)~L thah ‘2

+(1+6(C)h)~ th*ah

A2[2 AOL2

+ (1 4+ 6(C)R)(| V|20 |ah) — h/ (@" | a") prpeq <%> (0) do

'np on
+hCy [[@"|[{12 > 0, (4.4.6)

with C4 > 0 independent of C.
The difference (4.4.5)—(4.4.6) yields:

2 2

5(C)h3 U
1+ 0(C)h

i (

|

d*ah(

] WGy [P o

A2L2 AOL2

+ 0(CYh{|Vap |2l | @) < 6(C)h.

We choose C' > 1 large enough such that §(C)Cy ' — Cy > 0.
This leads, after choosing hg > 0 small enough, to the existence of a constant
C5 > 0 such that, for all h € (0, hy],

Csh > B3 Huh‘ ’

ALHD

Since 9" > o + Chlogh (for allC' > ('), we have proved the existence of
Ny > 0 such that:

P
ehu

< Cgh™Mo (4.4.7)

ALH1L

!
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Remember that ¢ > 0 vanishes only at 2 = 0. Using the trace theorem,
this also leads to:

Step 2: Normal decay inside 2.

< CyhNo (4.4.8)

e ul|p ‘
NPAAYHY2(D N p)

We follow a very similar approach by working with the function & .
We take: o

¢h(x/’xn): @—C’hlogﬁ, lf(p>Ch
& —ChlogC, if® <Ch,

where the constant C > 1 will be fixed later.
We associate the sets:

Q" = {z=(a/,2,) €Qu,p; ® < Ch}
and
Q" ={x=(2",2,) € Qyp; ®>Ch} .

h
The formula (4.3.3) is used like in Step 1, with " = e ul and E(h) =
O(h). The difference comes from the fact that the boundary term is already
estimated with (4.4.8). .
We have indeed on the boundary z,, = 0 the inequality: e <eh , due to
the relation ®|;, —o = ¢.
From (4.3.3) used like in Step 1 (see (4.4.3)) we get the existence of C; > 0

such that:

2 2 2

cue

+th*ah(

P
ehu

27,2

+C1h ‘
) AOL2

hait||”
> |nait|
ALL2(QR HY2(Cnp; AT Quy ) A

(VP = V" P)at @) — Crh(lgn (@)a” |a") .

Moreover, from (4.4.8) and the inequality
|i"(z)| < eClul(z)| a.e. in Q"

we get, for any C' > 1, the existence of 6(C) > 0 such that the following
estimate is satisfied:
2

s(C)n' 2N > Cthﬂh‘ilLQ(Qll)

+01h‘

L
efu
Hl/Q(FND;AlT*QULp)

2 2
> thah ‘A2L2 + th*ah ‘Aon F(VR = |[VehP)ah | ah)

~Cih{1gy (z)al | ahy . (4.4.9)
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Since |V f|> = [V®|? and @ is a positive function without critical points, we
can use the same computations as the ones done in Step 1 with ¢ replaced
by ® to get:

o’ |
VAP =1V = 1gy (o) <2Ch—‘v C eV ‘)

d o2

2
. Chlve|
= >

> Cy'Ch,

with C5 > 0 independent of C.

We take C' > 2C1C5. By adding the estimated term (C’Q_IC’—Cl)hﬂQ;i (z)ah |ah)
to (4.4.9) we get:

35(C)RI2No > thah(

2 h h

+ |[para @
A2L2 AOL2 A2
which gives, by analogy with Step 1, the existence of C'5 > 0 and N; > 0

such that:

2
\ (CyC — Ch

)

h

B2

Step 3: Elliptic regularity.

< C3h™M | (4.4.10)
ALl (QUI 7p)

@h‘

We now set @ = eruh. For P < p, we take a cut-off x € C*°(Qy, ) with
compact support in Qg , UI'yp and such that x =1 on a neighborhood of
Qu, - The form vP = ya" satisfies the boundary value problem:

ot — Al =l in R™ |
nv" =0 and ndv" = rf on{z, =0} ,

= O M),

with Hrg‘
A2H1/2(R"*1)

= O(h™) and HTH

ALL2(R™)
This implies, by [Sch], the existence of Ny > 0 such that:
th( = O(hN2).

ATH?
We conclude by induction for any finite decreasing sequence (pg)o<k<rx With
pk > p’ and associated cut-offs xj , with x; = 1 in a neighborhood of Q, ,,
and supp xx C {xx—1 = 1}, using the Sobolev injections. ]

4.5 Small eigenvalues are exponentially small

We now check that the eigenvalue Ej(h) of A%}ZD’(U lying in [0,h%/2) is
actually of order O(e~%#/") for some €, > 0. We prove this again by com-
parison with the half-space problem as we did at the end of the proof of
Proposition 4.2.1.
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Proof of Proposition 4.3.1-c).

Again we introduce in a neighborhood of Ui, the coordinate system = =
(7', Ty) leading to (3.3.1). The function f and the metric gy are extended
according to (3.3.2) and (3.3.3) so that Proposition 3.2.11 can be applied.

(1)

Consequently, the half-space Witten Laplacian, A;yh , has a one dimension

kernel and its second eigenvalue is larger than C'hS/5.
Let u" be a normalized eigenvector of A;V;lD’(l)

eigenvalue Fj(h), which belongs to the interval (0, 2%2]. Let x € C*®(Qu, )
be a cut-off function with compact support in €, , U xp and such that

associated with the first

x = 1 in a neighborhood of 0 with g—:g ‘89 =0.

The form v" = yu" € A'H?(R") belongs to the domain of A}y’h(l), ie.
nv" = ndf~ h’uh = 0. Moreover, v" satisfies

(AD — By (h) = (A, Ju* i B
and the 1-form 7" = —h2%[A, x]u" vanishes in a neighborhood V; of T = 0.

Due to the exponential decay of u” stated in Proposition 4.3.1-b), there exist
C and Ny, such that 7" also satisfies

d(x c
51) SQ_TX,

@) <on e | S @)l e
1<|pl<2
With thHAlL2 =14+ 0O(e=/M), Hrh||AlL2 = O(e=%") and the a priori esti-
mate E1(h) = O(h%/?), the spectral theorem implies |Ey(h) — 0] = O(e~/")
like in the proof of Proposition 4.2.1.
|

4.6 Accurate comparison with the WKB solution

We now compare the eigenvector associated with an exponentially small
eigenvalue with its WKB approximation. We adapt the method presented
in [Hel2, HeSj2] and in [HeNil| by following the same strategy as in Sub-
section 4.4. The H'-estimates are done in two steps with ¥" similar to ¢
and then with " similar to ®. Finally the elliptic regularity is used for the
C®°-estimates.

Proof of Proposition 4.3.1-d).
N,D,(1)

Let uf € D(A £ ) be an eigenvector associated with the first eigenvalue
N,D,
Ey(h) of A};PW.

AN O — By (Rl
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According to Proposition 4.3.1-c), we know that Ej(h) = (’)(e_sTp), with

€p > 0, while the second eigenvalue of A?}ZD’(U is larger than h3/2.
By taking p > 0 small enough, the WKB approximation uzl"kb presented in

Subsection 4.2 satisfies

and there exists ¢ > 0, such that for any p’ > 0, we have

n+1
~ ch 4

Huwkb‘
ALL2(Qy, 1)

(see indeed further the proof of Proposition 5.5.7).

The cut-off function x € C*°(2y, ,) is supported in €, ,o UT'np and sat-

isfles x = 1 on Qp, » with 0 < p/ < p/2, g% aq = 0. Later, we will take

p' > 0 small enough, so that y can be taken in the form

X(@',2n) = x1(2') xn(n) -

Like in Lemma 2.3.5 (replace 1p, 1)(A) by Al/Ql[b’Jroo)(A) and 7 by a =
O(h*) here), the real constant factor ¢(h) in the truncated WKB approxi-

mation v?*** = c(h)xu’*® can be chosen so that

-

o = O0%)

and, due to the exponential decay of u’f and uzf’kb,

| xtadk = emyur™)

L = O

Set

wh = X (e} — c(W)ut™)

The 1-form w” satisfies in Qp, ,

(AL = Brh)ul = x(@)(Ag) — Bu(h)(uh - c(h)ut™")

+[A(1}l, X (ulf = c(h)u*?) (4.6.1)
b(x
= ’Fh e " h ) —|— ’[”h s

where 7" and 7" satisfy, according to Proposition 4.3.1-b),

" =0O(h>), suppr® CsuppVy and " =0OhN)e  h
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The last estimate can be done for any C*0-norm, with ko € N.
On the boundary 0Q, , = I'np UT'p, we have simply

nw|py, =0, w'p, =0,
and  ndspw(ry, =0.
With the different of choices for " given below, we will use the notation
h
ah = Tl

=€ hw

The 1-forms w and @ belong to A H(, ,) and their supports do not meet
I'p. Hence the integration by parts formula (2.2.7) can be used in addition
0 (4.3.3).

Step 1: Comparison along I'yp.

Like in the proof of Proposition 4.3.1-b) presented in Subsection 4.4, we
introduce the sets

={z= ) €Qu,p; (@) <Ch}
and Q}}k ={z = (2, n) €Qu,p; (@) >Ch} .

For any N € N, we take:

Ply(a’) = min {o" (') + Nhlogh™" (@)} |

p(z') — Chlog 250 | if o(a') > Ch

h Ma') = N
where  ¢"(2') { o(x') — ChlogC if p(z') <Ch,

and  y(a’) = min { @ () + (1 &)le(@’) = o(¥/)], ¥/ € supp V| -

We recall that the cut-off x writes x (2, z,) = x1(2')xn(2,). The constant
C > 1 will be fixed at the end like in the proof of Proposition 4.3.1-b). The
constants p’ € (0,p/2) and € > 0 are chosen so that, for h € (0,hn c) ,

oh (') = o"(a') + Nhlogh™! in Qu, pr - (4.6.2)
Consequently, ¢ being the Among distance on the boundary,

ol (') = "(a') + Nhlogh™' = p(z') — ChlogC + Nhlogh™' on Q" .
(4.6.3)
Note furthermore the inequalities:

O (r) < p(x) + Nhlogh™ in Qp,,
oh(z) < p(x) < ®(x), if 2’ €supp V1,
and @f](;(m) < p(x) + Nhlog i< ®(x), if x, €suppx), -
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In particular, we have for h € (0,hnc),
P (x) < ®(z) , for z € supp Vx
which implies

= ON(thO) .

ALL2
We apply the integration by parts formula (4.3.3), where the left-hand side is
h

©
computed with (2.2.7), and we obtain for the form @" = e 7 wh, by analogy

with the proof of Proposition 4.3.1-b), using (4.6.1) and Ej(h) = O(h™) =
O(h):
h

- WN("E)
A

2

_l’_

Cin
ALL2(QM)

2
> thwhH n th*wh‘
A2[2

wh‘

ALL2 AlL2 AOL2

+<‘v1‘n‘2’d)h"u~)h>AIL2 +h/ (ﬁ)h\ﬁ)hMlT*Q <%) (0’) do
T'np 7 on
HIVel® = [Voi " | a") — Cih(1gn (2)3" |0") |
where the constant C; > 0 is determined by f and #" = O(h™).

o (

)
In Q" the weight e % is bounded by C5(C)h~" and this provides

||

due to HwhHA1H1 = O(h™).

< Cy(C)N Hwh(

< 03(C>N) )

ALL2(Qh) ALL2(QM)

We obtain:

s mme a0 = fnaat] o+ rarat]|

ATH? AOL?

+<|Vxn|2ﬁ)h | ?IJh>A1L2 + h/ <?I1h |?I1h>A1T*Q <%> (U) dU
TnD i on
H(IVel* = [V [M)a" @) — Crh{lgy (x)@" |a") .

In Q" [Vl = [Vl |*, using (4.6.3).
In Qi, the point z fulfills almost surely one of the two possibilities:

e Either Vgo]}v = V¢, and we get
2
Vel” = [Tk | > 2= ) Vel 2 6,
where the last lower bound is due to the fact that on(x) = ¥(x)

cannot occur in a neighborhood of ' = 0 for £ > 0 small enough and
h e (0, hN7p/75);
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o or Vil = V(1 — 1),

So we get, similarly to the proof of Proposition 4.3.1-b), for C' big enough
and h € (0,hn e, with Ay . > 0 small enough:

52(C, N)(h~No ||"

\ +1) >
ATH?

2 2

thwh( (14 28(C)VR) |V 20" |01 1 10

+ th*wh(

A2L2 AOL2

ox
+h/ @l | @ . <—n> o) do.
FND( | 0" A1 o (o)

After treating the r.h.s. like in the proof of Proposition 4.3.1-b)-Step 1, we
obtain, for a constant Ny > 0,

|

Our choice of (e, p’) imply

< (Cy p—No
AlHl(QUl,p)

Vo € Qu, y ¢ > (z) + Nhlogh™ + Chlogh .

We have proved the existence of Ny and pj, such that, for any N € N and
P’ € (0, pp], there exists hy , >0 and Cy, > 0, such that:

holds for any h € (0, hy ).
This last estimate and ®|r,, = ¢ imply

< Oy VM
ALHY(Qy, )

e (ul = e(h)uy™)|

eF (uf = e(nyuy™)|

— O™ .
AlHl/Q(QUl!p/ﬁFND)

Step 2: Comparison in the normal direction.

After replacing p’ by p, Step 1 provides the estimate

|

We work in Q, , with the above estimate and p’ € (0, p/2) will be taken
again small enough.

f (ul = e(hyup™)|

=00 (4.6.4)

In order to get the interior estimate with the weight e%, we modify the
previous analysis like in the proof of Proposition 4.3.1-b). The sets Q}i are
now given by

O = {x = (2 2,) €Qup; D < Ch} ,
and Q= {z = (2 2,) € Qu, p; ®>Ch} .
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The function go%, N € N, is given by

Py (@) = min {"(2) + Nhlog ™" ()} .

] .
with  o(z) = { ®(x) — Chlog 22 | if @ > Ch

®(z) — ChlogC if ® <Ch,

and  t(z) = min {gph(y) + (1 —€)dag(z,y), y € supp Vx} .
We recall that the Agmon distance daq(x,y) is the distance between = and
y for the metric |V f|* dz? and ®(z) = day(x, Uy).
Again, the constant C' > 1 will be fixed in the end like in the proof of
Proposition 4.3.1-b), while the constants p’ € (0, p/2) and € > 0 are chosen

so that:
Ph(x) = ¢"(x) + Nhlogh™ in Qp,

Again, this implies:
ot (x) = o"(z) + Nhlogh™ on Q"

Now we have the inequalities

h(z) < ®(z) + Nhlogh™ in Qp, ,
and % (z) < ®(x) in suppVy .
Hence the estimate .
e Foph = O(h~No)
ALL2

is still valid.
Inequality (4.6.4) implies that the L?-norm of the trace of @w" on I'yp is
O(h>) and we have the next estimate:

Hwh‘ < C4(C, N) .

ALL2(QP)) T

< Cy(C)N Hwh(

ALL2(QM)

With these estimates, the integration by parts formula (4.3.3) and (2.2.7)
lead to:

2

2
3(C, N)(h~No whH 11> thwhH + th*wh
ALL2 A2L2

AOL2
(Ve = [V [ = Cih)1gy (2)a" |@") .

Finally, for almost all z € Qi{ we have:
either: Vi () = Vi(z)
and
2 h|? 2 2
VI = |Velk| = (22 = &) V@) = 6 >0
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or: Vol (x) = Vo' (x)
and we get like in the proof of Proposition 4.3.1-b)

2 h|?
VI = |Vt = cucn.
ek
By taking C big enough, we get that ||e & w"|| = O(h~N0) for some Ny > 0.
Like in Step 1, this leads to

= O(r>),
AVHY Q)

e (uh = clhyut™)|

for p" € (0, p/2) small enough.

Step 3:

The estimates in higher order Sobolev spaces are done like in the proof of
Proposition 4.3.1-b) by a bootstrap argument after writing a boundary value
problem for x(uf — c(h)u’*®) in R™. 1

5 Labelling of local minima and construction of
the quasimodes

5.1 Preliminaries

Here we adapt to our case with Neumann boundary condition the method
of selecting the proper critical points with index 1 which was used in [HKN]
and in [HeNil]. We recall that the intuition for getting the good labelling
of local minima, which is useful even to state properly the assumptions and
results, comes from the probabilistic approach. The local minima have to be
labelled according to the decreasing order of exit times. We refer to [BGK],
[BEGK] and [FrWe] for details.

Note that a similar strategy has independently been considered in [CoPaYc¢]
for the spectral analysis on Markov processes on graphs.

The existence of such a labelling is an assumption which is generically sat-
isfied. After this, it is possible to construct accurately quasimodes leading,
with the help of the Witten complex structure, to accurate asymptotic ex-
pansions of the low lying eigenvalues.

5.2 Generalized critical points and local structure of the level
sets of a Morse function

We recall that we work here on a compact connected oriented Rieman-
nian manifold Q = Q U 9 with boundary and that the function f satis-
fies Assumption 3.1.1. According to our preliminary results on the Witten
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Laplacian A]fv 5 in Theorem 3.1.5, we introduce the following definition of
generalized critical points with index p.

Definition 5.2.1.
A point U € Q will be called a generalized critical point of f with index p if:

e cither U € Q and U is a critical point of f with index p,

e or U € 9Q and U is a critical point with index p of flaq such that
%(U) > 0 (n being the outgoing normal vector).

Remark 5.2.2. In particular, for p =0, we get that the generalized minima
are simply the local minima.

The set of generalized critical points with index p is denoted by U ®) . We
recall that we want to analyze the Witten Laplacian on 0-forms so we restrict
our attention to the cases p = 0 and p = 1. From now on, we will use the
notation:

my = #U®) for p=0,1 (5.2.1)

instead of mg.
Finally it is convenient to call U the union of all critical points of f and f|sq.

Before labelling the local minima, let us recall a few remarks coming from
the local analysis of a Morse function which satisfies Assumption 3.1.1 (we
refer to [Mill], [HKN], and [HeNil]).

Local structure of the level sets of a Morse function.
In order to analyze the local situation near a point xg of §2, let us introduce:

A5 (20) := {z € Q; f(z) < f(z0)} N By ,
where B, is a ball centered at xg. Similarly, we can introduce
A%(fﬁo) = {.1‘ € ﬁ? f(x) < f(xo)} N By, -

Interior points:
First we observe that, near a non critical point zg € €2 of f, one can find
B,, and a set of local coordinates such that

A?(l‘o) = {y1 < 0} N By, .

Secondly, if xg is a critical point with index p, then there exists a ball B,
around zg and a set of local coordinates centered at xg such that

A< .IQ Zyg-i‘ Z yg<0 ﬂBCE07
{=p+1
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and
n

p
=Y Ui+ >, ¥ <00 N By,
/=1

{=p+1

“ﬁ\/\

We now observe that

1. When p = 0 (local minimum), A? (z0) is empty and A? (x0) is reduced
to {zo}.

2. Whenp =1, AJf (zo) has two connected components and xy belongs
to the closure of each of the two components. This property will be
crucial in the discussion.

3. When p > 2, A (x0) is (arcwise) connected.

Points on the boundary:

If 2¢ belongs to 02, Assumption 3.1.1 leads to two cases:

First case.

If x is not a critical point of f|sq, then the hypersurfaces {z | f(x) = f(x0)}
and 0f) intersect transversally in a neighborhood of xg. Hence there is a ball
B, around zo and a set of local coordinates such that

A5 (z0) = {y1 < 0,9, <0} N By, ,
and
AF (o) = {y1 < 0,40 <0} N By,

with QN By, = {yn < 0} N B, .

Second case.

If ¢ is a critical point of f|gn with index p and with :I:%(a:o) > 0, there are
local coordinates (y1,...,Yn—1,Yn), constructed from the relations (3.3.4)—
(3.3.7), such that (y1,...,yn—1) are Morse coordinates for f|sn and such
that

A% (o) = { £yn — Zyl Zyl<0 Yn <03 N By, ,
i=p+1

and

n—1
AF (o) = { £y — Zyl STy <0, 4 <03 NBy,.
i=p+1

These local models allow to see that

1. If zp is a local minimum of f|pn such that %(1‘0) < 0, then
A5 (w0) = 0 and AT (zo) = {mo} .
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2. If zp is a local minimum of f|pq such that %(1‘0) > 0, then
A5 (z0) N 092 = 0 and A?(mo) NoQ = {wo}. Moreover, A5 (zo) is
connected.

3. If p=1and %(mo) < 0 (e if 29 € UD NOQ), A5 (z0) has two
connected components with a non-empty intersection with 9€2 and xg
belongs to the closure of each of the two components. Again, this
property will be crucial in the discussion.

4. In all other cases, A? (z9) is connected with a non-empty intersection
with 0f2.

5.3 Labelling of local minima and first consequence

Remember our main Assumption 1.0.1:
The function f has #U distinct critical values and the quantities f(U(l)) —
FUOY, with UD e YD and UO e UO) are distinct.

Definition 5.3.1. For A\ € R, we define H({f < A\}) as the number of
connected components of the level set L(\) = f~((—o0, \)).

Due to local structure of the level sets of a Morse function and to Assump-
tion 1.0.1, the function HO({f < A}) of A € R is a step function which
satisfies, with A decreasing from +oo:

o HO({f < \}) decreases by 1 around every A = f(U©®) with U©) ¢
uo.

e wherever HO({f < A}) increases by 1, it is around a A = f(U)) with
v ey,

e HY({f < A}) is locally constant away from those points.

Remark 5.3.2. () is connected and compact so HO({f < \}) equals respec-
twely 1 or 0 for X > Xy or A < =Xy for some Ay > 0.

Consequently, the previous discussion implies that the number of critical val-
ues of f with index 1 where HO({f < \}) increases (by 1) is equal to mg— 1
and so that m1 +1>myg.

We now label the local minima of f as follow:

1) We set Ul(o) = min, g f, 21 = 00, f(21) = 21 = oo and we consider
HO({f < A\}) for X decreasing from f(z1) = +oo.

2) When U,EO) and 2z, are defined for £ = 1,..., K — 1, decrease A from
f(zx—1) until HO({f < A}) increases by 1. Denote by Ax this value.
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3) By Assumption 1.0.1 and by the previous discussion, there exists a unique
point in (D that we denote by zg, satisfying f(zx) = Ax. Then we
denote by U I(? ) the global minimum of the new connected component.

4) We iterate 2) and 3) until all the local minima have been considered.

5) At least we permute the k’s to make the sequence ( flzx) — f(U ,EO)

)> k}E{l,...,mo}
strictly decreasing, which is possible by Assumption 1.0.1.

Definition 5.3.3. (The map j)

If the generalized critical points with index 1 are numbered U;l) ,i=1...,my,

we set Ul(l) = z1 = oo and we define the application k — j(k) from

{1,...,mo} to {0,1,...,mq} by:
{ j(1) =0 and ((]J;(ll)) =2
i
Vk>2, Uj(k):zk.

Definition 5.3.4.
For k € {1,...,mp}, we denote by E}, the connected component of U,go) m

S (=00, FOONN AU -

Remark 5.3.5.
By the previous construction, UIEO

)

1s the global minimum of Ey.

Proposition 5.3.6.
Under Assumption 1.0.1, the following properties are satisfied:

a) The sequence (f(U]((llz)) - f(U/,gO)))ke{1 . is strictly decreasing.

b) E1 = Q is compact and for any k > 1 the set E} is a relatively compact
subset of f~((—oo0, f(U]((llz))]) satisfying By = Ej, U {U;g]z)} :

c) For any (k,j) € {1,...,mo} x {0,1,...,m1}, the relation U;l) € E
implies:

either (j = j(k') for some K >k) or j&j({1,...,mo}).
d) For any k # K € {1,...,mp}, the relation U(?) € By, implies:
(k/ >k and fUY)> f(U,g0>>) .

e) The application j : {1,...,mo} — {0,1,...,m1} is injective.

o7



Proof.

By Assumption 1.0.1 and by construction, the points a), b) and e) are ob-
vious.

¢) Assume now U;(llz/) e k.

Since U;(llz) ¢ Ej, one has k # k. Moreover, by definition of Ej and by
Assumption 1.0.1, we have the inequality f (U;(llz,)) < f (U]((llz)) which implies
that Ejs is contained in Fj, by connectedness of Fj and Fj.
Consequently, U,g(,)) € Ej and by Assumption 1.0.1, f(U,g(,))) > f(U,gO)) (be-
cause U,go) is the global minimum of f on Ej) which yields:

1 0 1 0
P = FOY) < FUiey) = 1)
and the point a) gives k' > k.
d) Assume UV ¢ By for k £ K.
Again one has f(U]S))) > f(Ulgo)) which implies k' # 1 (then U;(llz,) € Q) and
there are two possible cases:

oW

k) € E. or Uj(k,) ¢ E .

In the second case, let us look at Fy/. Ejs is connected and U ,g(,)) is the global

") € By \Ey, imply,

minimum of f on Ej/. Moreover, U,E(,)) € EpyNE; and U;(k,)

by connectedness, that OE, N Ey # 0.
E}. is then contained in Ejs and U}go) € Ej/, which cannot occur.

Consequently, U;(llz,) € B}, and the points b) and c) imply &’ > k. 1

5.4 Construction of the quasimodes

Like in [HKN] and in [HeNil], we associate with every U\ (k € {1,...,mq})

a quasimode for A;V}Z(O) which is approximately supported in Ej , while the

quasimodes for A;\f}fl) will be supported in the balls B(U;l),Qsl) (j €

{1,...,m1}). A ball B(U,p), with U € Q and p > 0, is a geodesic ball
and the geodesic distance is denoted by dg . The parameter 1 > 0 is fixed
so that:

o do(U,U') > 10e; for U, U eU, U £U'.
e ForallU ¢ and all k € {1,...,mg}, U ¢ E}, implies

do(U,Ey,) > 10 e .

e The construction of the WKB approximation of Subsection 4.6 is pos-
sible in the ball B(U;l), 2e1). If U;l) is a boundary point, this means
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the introduction of the coordinates (2, z,,) used in Section 4.3 and the
existence of ®. Recall that in these coordinates, ® and gy have the
form:

n—1
d=—z,+p() and gy = gnn(x) dz>+ Z gij(x) dridx; . (5.4.1)
ij=1

The parameter €1 > 0 will be kept fixed, while we need another parameter
e € (0,e09) which will be fixed in the final step of the proof.

Like in [HeNil], the construction presented in [HKN] has to be adapted

when Uj%z) € 09 or U,EO) € 00 (recall that in [HeNil], the case U,EO) € 00
did not occur) and we focus on these changes.

However, note that in [HeNil] the set Ej intersected 9§ at most at one

point (B NOQ C {Uj((llz)

same construction when U;(llz) € 00.

}) It is not the case here and we cannot use the

For every k € {1,...,mo} and € > 0, we introduce the set:

Oi(e.0) = {w € Quda (2. Bx \ BWUS),2)) <8} UBUL, ) |

with 6 € (0,6;), d: > 0 small enough.
The cut-off function xj . € Ce(Q),0< Xk,e < 1 is chosen so that:

supp Xk,s C ﬁk(ga 55) and Xk’e‘ﬁk(a,égﬂ)\B(U(l) ) =1.

Jk)©
(1)
Around Uj(k),

when U;(llz) € 09) so that U;(llz) & supp Xi,c and

the cut-off function Y. is chosen (more accurately below

vz € BUY).e) , (gk,s(x) £0,and f(z) < f(U]((l,g))) —zc B . (542)

Remark 5.4.1. The cut-off functions Xy . are used in the construction of
. N,(0)

quasimodes for Afh :

Moreover, in the case k = 1, we have by construction Xp. =1 in Q because

U]((lf) ¢ Q. This case provides directly the eigenvector He*f(x)/hufl e f@/h

(of A;V}l(o)) with the eigenvalue 0.

Like in [HKN] and in [HeNil], we deduce from Proposition 5.3.6 the following
properties for Xy . .
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Proposition 5.4.2.
By taking 6 = 0. with € € (0,e09], 0 < €9 < €1 small enough, the cut-off
functions X (k € {1,...,mo}) satisfy the following properties:

a) If x belongs to supp Xr . and f(z) < f(U]((llz)) , then x € Ej.

b) There exist C > 0 and, for any ¢ € (0,e0], a constant K. > 0, such
that, for x € supp VX,

either = & B(U(l) e) and f(U]((llz)) + K71 < f(z) < f(U]((llz)) + K.,

i(k)’
or x€ B(U;(llz),e) and | f(z) — f(UJ((llz)) <Ce.

c) Forany U e U, U # U;(llz), the distance do(U,supp VX)) is bounded
from below by 3e1 > 0. If in addition U € supp Xie, then U € E, .

d) If, for some k' € {1,...,mp}, vl belongs to supp X.e , then k' > k and

FOD) > FO), FO) < FUN) s k£ K

e) Forany j € {1,...,m1}, such that U;l) € SUpPP Xke »

either J g]({lvvmo}) )
or =4k, for some K >k and U,£9) € SUpp Xk,e -

The quasimodes for AN}Z(D associated with the U ;1) € ) are constructed like

in [HKN] and in [HeNil] (and rely on the approximation by the Dirichlet
problem in small balls B(U;l), 2e1)). We will not recall the complete con-
struction here.

In the same spirit as in [HeNil], the quasimodes associated with the U;l) €
0 will rely on the approximation by the Neumann realization associated
with the neighborhood 2 (p > 0 small enough) which was studied in

Subsection 4.6.
Once p > 0 is fixed uniformly for all U;l) € 012, the parameter 1 > 0 is

reduced so that B(U;l), 2e1) C Qu, ,p for all U;l) € 0.

For all j € {1,...,m1}, u; denotes a normalized eigenvector associated with
the first (exponentially small) eigenvalue of this Dirichlet or Neumann real-
ization. The cut-off function §; € C§° (B(U](I), 2e1)) is taken such that 6; = 1
on B(U;l),sl) and %‘89 = 0 for boundary points U;l) € 00.

Note that the function X . depends on € € (0,¢¢], while 6; is kept fixed like
g1 > 0.

(1
U7
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Definition 5.4.3. For cut-off .. satisfying the properties of Proposition 5.4.2
like Xk, introduce the following quasimodes.

For any k € {1,...,mqo}, the (¢, h)-dependent function w,io) 18 defined by

0O () —Hst Jem @)=t /hH Xioe(@)e T@=FTEN/

For any j € {1,...,m1}, the h-dependent 1-form @b](-l) is defined by

o @) = (15u5017") 05 (@) () -

We set \{*P(e,h) =0, and for any k € {2,...,mo} :
N (e ) = | (lf) 1 0@

Remark 5.4.4.

a) In the case U((lz) € Q, Xke 15 Xk, with additional properties (see [HKN]

for details) and we will still denote it here by Xk. In the case U;(llz) € 09,
the real choice of xy . will be fized further (see Definition 5.5.8). Moreover,
Xk, also satisfies the properties of Proposition 5.4.2.

b) For the sake of conciseness, we omit the (g,h)- and h- dependence in the
notations ¢ and ¢

c) We will show in the next section that the N (e, h)’s are approzimated

N,(0)

values of the small eigenvalues of Afh

By Remark 5.4.1, this definition is coherent for k =1 and wgo) s the nor-
malized eigenvector associate with the eigenvalue 0.
d) Due to the condition %‘89 =0, wj(-l) belongs to D(A;\’[}fl)) and this, even

if U](l) belongs to ON2.

5.5 Quasimodal estimates

We end this section by reviewing the quasimodal estimates which are derived

from Propositions 5.3.6 and 5.4.2. The asymptotic expansion of the quan-
tity <1/}J(k | d;(’)})g/},(co)> has also be done in [HKN] when U,E ) and U((Z) e
are interior points. Like in [HeNil], we will simply complete this analysis
by establishing the asymptotic expansion of <¢§%])€) | dgpo,)lzb,(go)>, when U, lgo)

or U((]z) is in 0€).

Remark 5.5.1. In this subsection, we make computations with different
coordinate systems v = (vi,...,v,) (around U = UIEO) or U = U]((llz)) all

given given by Lemma 3.3.1.
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Remember that the coordinates (v1,...,v,—1) in the boundary can be chosen
freely. According to [HeSj4] pp 279-280, there are Morse coordinates for
f‘Q and such that dvi(U),...,dv,—1(U), 1, is orthonormal and positively
oriented. With these coordinates

An
L2 4 f(©) and ()= Dl Petlz
(5.5.1)

with Ay < 0 when U = U;l). Hence all the coordinates systems around
U € 99 will coincide on 0N while they may differ in € according to the case
when a normal form is used for f, ® or f + ® in (.

£0,0) = 203

n—
2 2

Remind that the parameter e; > 0 is fixed, while g9 and € € (0,g0] may
have to be adapted during the proof. We shall denote by o a generic
positive constant which is independent of ¢ € (0,¢¢] .

Introduce the next notation which will be very useful:

Definition 5.5.2. The notation g(h) = O.(e"%) means that, for all e €
(0,e0], there exists a constant Cc > 0 such that:

Vhe (0, hol,  |g(h)| < Ceeh.
From Proposition 5.3.6-d) and the good localization of Vi, ., we deduce the
. . (0)
following estimates for ¢,

Proposition 5.5.3.
The system of (e, h)-dependent functions (1/1,20))166{17”.,”10} of Definition 5.4.3
18 almost orthogonal with

(i 1) — Tdgmo + 0.(e ),

kk'e€{1,...mo}

and there exists o > 0 and, for any ¢ € (0,e0], C(e) and ho(e) such that,
for any h € (0, ho(e)],

2 FUM U _ae
T

Corollary 5.5.4.
There exists €9 > 0 and o > 0 such that, for any choice of € in (0,e]

and for allk € {1,...,mg}, the (¢, h)-dependent quasimodes w,io) satisfy the
estimate - .

(AN OpD |y = 0.(e ) .
The exponential decay of the first eigenvector u;, associated with an expo-

nentially small eigenvalue, of the Dirichlet realization of A(fl})l around U ](1) )
provides the next estimates for w](-l). We refer the reader to [HKN] or [HeSj4]

for U;l) € Q and to Subsection 4.6 for U;l) € 00.
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Proposition 5.5.5.
The system of h-dependent 1-forms, <¢§1)) ( ) given in Definition 5.4.3
Jel,...ma

is orthonormal and there exists a > 0 independent of € such that
AT ) = o)

forallje{l,...,m}.
Let us now compute some asymptotic expansions.
Proposition 5.5.6. For k in {2,...,mg} and x in Q,

©) _f@-£uf”)
by (@) = m(h) (1 + ar(h))xk e ()e R

where i (h) is defined in Definition 1.0.2 and ag(h) ~ 302, ay (h*.
Proof. In the case U ,EO) € Q, we refer the reader to [HKN].

IfU ,EO) € 01}, we use again, in a neighborhood of U, lgo)
(7', %) introduced in the second part of the Section 3.3 (with E(Ulgo)) =0).

In this coordinate system, f and gy equal:
F@) = =T + floa(@) = —Tn + FUL) +0(@), (5.5.2)
90 = Gnn(T) dT2 + D= ' 9ij(T) dT;dT5 (5.5.3)

, the coordinate system

where ¢ = floq — f(U ,EO)) is the Agmon distance to U ]go) on the boundary.
We denote by V,(dZ) the normalized volume form:

Vo (dT) = (det Go(2))Y2dT A dTp =: V(T ,Tn)dT A dT, .
From (5.5.2),

-1
4z, (U") = gf (U )nU(O) andu(o,0)2<—%(zf,§°>)> . (5.5.4)

For some constants 1 > 0 and 4, > 0,

2
r@-rw®) F@)—rwi®)
EASCANCASY 4 9 o VE
= ﬁXk,se h VQO (dl‘)

Xk,se_ h

According to (5.5.1),

2
_f@-s )
Xk,e€ h

Aq1l_2 Pn—1l_
Tp 2 Attt T .
:/ e R v(T,Z,)dT A dZ,
B(0,m)

on

+O0(e ).
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By expanding v(T',T,) to a Taylor Series of arbitrary order k € N*, we can
separate the variables ' and T, in the last integral term.

Hence, using the Laplace Method for each term, we obtain an asymptotic
), [|2
F@) =)

expansion of arbitrary order of ||xz e D

Moreover, from (5.5.4), the first term is:

of . ) ) (Wh)n%l -2
< on'* > 2 ‘detHesS f\aQ(UIEO))

Proposition 5.5.7. In B(U;(llz),sl), choose the coordinate system x which
satisfies (5.4.1) and (5.5.1) with \y < 0. For k in {2,...,mp}, the equality

()

Wl (@) = 8 (M)b(w, h)e™ h

holds up to a phase factor, when &4 (h) is defined according to Defini-

tion 1.0.2, b(w,h) ~ S°02 0 bre(z)h, bo(z) = S0, o(@)dzi, and b, (0) =
014

Proof. In Section 4, we found a WKB approximation u{*" of an eigenvector

u? such that,

wkb
1

P(x)

e h ulkt = S ad(z)dz; + hal(z,h) ,
al(0) = 614, at(w,h) ~ >, hlay()

and

()

2¢1), e n |9 (uf(x) —ui™(@))] < Canh™.

(1)
Va € B(Uj(k),

The WKB approximation uﬁ”kb was initially constructed in another coor-
dinate system (z;,...,z,). Remark 5.5.1 recalls that the tangential co-
ordinates z;,...,z,_; and z1,...,x,—1 can coincide in 02 with different
deformations as entering into (2.

The normalized eigenvector that we take here is

=S

u

Wjk) = [[u

=3

Let us first compute accurately:
Jut ] = st + 0= = syt + o)
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Moreover,

[6s™]|" = [ 6100(e1? a0 ot e 5 Vi ),

where the integral is over z,, < 0. Note furthermore that,

of

an Vi) Ty = ~5, - (Usih) 7 o -

dazn(UQ)

Proceeding like in the proof of Proposition 5.5.6, we obtain, using the
Laplace method, a full asymptotic expansion of HO (k) U kb” The first term
is given by the first term of

/ 0,00 (2) [0 (2))e 5 e 2252V, (d)

and from (a’(x)|a’(x))(0) = 1, we conclude like in the proof of Proposi-
tion 5.5.6.
1

Before stating the next result, let us specify the choice of x . when U ((]Z)
9. We assume ¢ € (0,¢¢), with 0 < ¢ < 7j. We introduce locally near
U;(llz) a new coordinate system (Z1,...,Z,) by application of Lemma 3.3.1
with fi = f+ ® and a = (f + D) |sq-

Hence, we can write in B(U((]z) 2e1), choosing €1 small enough:

(f +@)(@) = —Zp + (f + @)|oa(F) = —Zn + f(7,0) + (7')

with an arbitrary choice of Z’ in the boundary.
Remark moreover that in this case,

i (U 9

1) ) o
i) = 25, i) g -

J(k)

We choose the coordinate system Z’ in the boundary like it was chosen in the
boundaryless case (see [HeSj4][HKN]) according to the geometry of stable
and unstable manifolds in order to write (f + ®)|sq as a function of n — 2
coordinates:

(f + @)loa(@’) = f(@,0) + ¢(@') = (f + D)loa (@2, ..., @n-1).  (5.5.5)

Definition 5.5.8. For any k € 1,...,mg we define the cut-off xi. by:
o [f Uj((llz) € Q; Xk,e = Xk,s'
o If U]((llz) € 09, we first construct near 02 N E}, the cut-off ng like it was
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constructed in the boundaryless case (see [HKN]).
Then, choosing a cut-off

Xn(Zn) € CC(R2), xn =1 on (=6.,0]
we take for X.e:

Xie () = Xn(@n)X{E + (1 = X (T0)) X -
Note that xje, for d. small enough, satisfies the same properties as X o
in Proposition 5.4.2 and we make that choice. Moreover, according to
[HKN] p.28, in a neighborhood of {Z; = 0} N 01, the cut-off xj . only de-
pends on Z1: Xke = Xke(T1)-
Proposition 5.5.9.
There exist eg and sequences (Cim)men+, such that the (e, h)-dependent and
h-dependent quasimodes 1/1,20) and 1/13(-1) ( (k,j) € {1,...,mo} x {1,...,mq}
and € € (0,e0]) satisfy:

(D 1D =0 if j# (k) .

s

(W0 1At = ()8 (809 (Me™ 7 (L+ hej (k)
where vy (h), 6;)(h), and 0;4y(h) are defined in Definition 1.0.2 and cj(h) ~
S ckeht.

Proof. The first statement for j # j(k) is a consequence of our choice of
€1 > 0 and xj. which gives according to Proposition 5.4.2-c) suppwj(-l) N
supp Vx,e = 0. We conclude with d;?)lwlio) =C.p, (d(O)Xk,s) e f/h,

The second case was completely treated in [HKN] when U;(llz) € Q and

U}go) € ). Moreover, in the case when U]((llz) €  and U,go) € 01}, the proof
done in [HKN] remains valid if we take the convenient v (h).

Show now the cases when U;(llz) € 00 and U Igo) € QU N by adapting the
proofs done in [HKN] and [HeNil].

From Proposition 5.5.6, Proposition 5.5.7, and
0 AC)) _ @
A0 (Xpee™ T ) = e a0y

we obtain the existence, for any € > 0, of g. > 0 such that

(5 | A0y = hone(B) 00 ()

@@+ @ - U
<[ b @ V(o)
BWUjk) )

6 (0)
W= )
+ 0. e h ,
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with b(x, h) defined in Proposition 5.5.7.
Using the coordinate system &z, with the choice of xy ¢,

<¢J(k | d;?i)zl/’l(cO)> = hyi(h) (k) (h)

—entod >+f(z 0)—rw?)

X | (O(E, 1) | dXre (2))(T)e” Voo (di2)

BwY
J
‘o < rwi- f(U( ))+as)
€
)

i o in—p(@)- (1@ - FWUS))) )
= () / (b(E ) | dir) X (F1)e i Vi (d7)

1) (0)
7f(Uj(k)) FU 7)ol
+ O g ;

1=
r(h) = hye(h)8;) (h)e z
and C. is a cylinder || < ¢., —c. < &, < 0. Expanding (b(Z, h) | dZ1) to a
Taylor Series (of arbitrary order), we can obtain, using the Laplace method,

where

an asymptotic expansion (of arbitrary order) for < g(k | d (0)>.
Moreover, the first term in the expansion of (b(Z,h)|d Z1) equals at T =0,
(b,o(Z) |d 21)(0) = 1. After recalling (5.5.5) which says that the exponent
f(@,0)+p(z") does not depend on Z1, the first term of the wanted expression
is then given by

. @+ -1 W)
r(h)/er:Z‘n/e h di‘g...di‘n_l/xzﬁ(i‘l)di‘l.

Using the Laplace method and

/ X?{,s(xl) dxl = _17
R

we find @ 1
00 5
h AT (Uj(k))‘Q

r(h)
290 (UL} | det Hess flon(U'))|2
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6 Final proof

6.1 Main result

Recall first some notations.
The generalized critical points with index 0, {U,go) , ked{l,... ,mo}}, are
labelled according to Subsection 5.3 and the generalized critical points with

index 1, {Uj((llz) , ke{2,... ,mo}}, are those introduced in Definition 5.3.3.
Moreover, the quantity A" (e, h) introduced in Definition 5.4.3 is associated

with the quasimodes w,io) and wj(.b)c):

x (e ) = | (lf) 10

At a generalized critical point U with index ¢ (i € {0,1}), the Hessians
Hess f(U) or Hess f ‘ 5o are computed in orthonormal coordinates for the
metric gg, while considering only the tangential coordinates *’ = (z1,...,2Zn_1)
for the second case.

At least, for a generalized critical point U € W with index 1 for W =  or
W = 09, AIV(U) denotes the negative eigenvalue of Hess f|w (U).

With these notations, we have the next theorem, which implies Theorem 1.0.3:

Theorem 6.1.1. Under Assumptions 3.1.1 and 1.0.1, the first eigenvalue
Ai(h) ofAjX;l(O) is 0 and its mo—1 first non zero eigenvalues Aa(h), ..., Amy ()
admit the following asymptotic expansion. There existeg > 0 and o > 0 such
that, for any € € (0, &),

VE€{2,...,mo}, Ap(h) = AP (e, h) (1+0€(e*%)) .

Recall also that, from Proposition 5.5.9, for any € € (0, o],

s -1

NP (2, 1) = (1) 62y (h) 0%y () > (1 4+ heh(h))

where i (h), ;) (h), and 6} (h) are defined in Definition 1.0.2 and ¢ (h)

admits a complete expansion: ci(h) ~ 30 h™cy .

6.2 Finite dimensional reduction and final proof
Set first, for £ € {0,1}:

Vie (Lo omet, o0 =1 pm (ANO)0, (6.2.1)

where the 1/12@ are the (¢,h)- and h- dependent quasimodes introduced in
Definition 5.4.3.
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Remark 6.2.1.
Note that here again we omit the (6 h)-dependence (resp. h-dependence) of

the functions Uk ( resp. 1-forms v ) in the notation.

Recall furthermore the definition of the space F© given in introduction
(£ €{0,1}),

4
FO — Ran 1[O,h%)(A(f}Z),

which has dimension my according to Theorem 3.1.5.
According to Lemma 2.3.5, Corollary 5.5.4 (for £ = 0) and Proposition 5.5.5

N, (¢ ¢
(for £ = 1), H1[h3/2,+oo)(Af,h< Nyp®
which implies the two next propositions:

is estimated from above by O.(e™ %),

Proposition 6.2.2. For ¢ € {0,1}, the {-forms (vge))ie{l,...7ml} satisfy:

] o4
for some a > 0 independent of € € (0,¢e0].
Proposition 6.2.3.
For ¢ € {0,1}, the system (vi(g)) a y is a basis of FO satisfying:
1€1,...,mp
VO .— (m(e) |v§?>>) = Idgme + O-(e™ ),
i,i/e{l,...,mg}

for some a > 0 independent of € € (0,¢e¢].
Finally, we can also establish:

Proposition 6.2.4.
There exist e > 0 and o/ > 0 such that, for all e € (0,(], the estimates

1) -1 )+

W 1o < Cee z . ifg#£ k),

and
Wiy 100y = @iy 1 a0l (1+ 0.7 F)) |
hold for all (k,j) € {1,...,mo} x {1,...,m1}.

Proof. Remark first, 1[0,h3/2)(A§V}f1)) being a spectral projector and using
Corollary 2.3.4:

WD 1 dD) o) = Ao pssy (AT 1dP) 1, o (AN Oy

7

N’
=<1[o,h3/2)<Af,,f”>v§”\1[0,h3/2)<A a0 w0y = Wi | dP) .
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The end of the proof is a straightforward consequence of Proposition 5.5.3,
which gives

a6 < e 7

Propositions 5.5.9 and 6.2.2. ]

Proof of Theorem 6.1.1.

By Propositions 6.2.3 and 6.2.4, the bases (Uz‘w))ie{l,...,mg} of FO, for ¢ ¢
{0,1}, satisfy Assumptions 2.2 and 2.3 of [Lep|. Theorem 2.4 of [Lep] then
implies Theorem 6.1.1 (which immediately implies Theorem 1.0.3).

Remark 6.2.5. The conditions of [Lep] are not exactly satisfied here be-
cause the one to one map j should act from {1,...,mo} to {1,...,m1},
with dim F®) = m;.

We can eastily reduce the study to this last case, by setting:

mog=mg , Mmi=mi+1,

and,

FO=FO  FO=prOgtcyl), .

Setting in addition j(1) = mi+1 instead of j(1) = 0, the conditions of [Lep]
are fulfilled.
Note furthermore that the decreasing sequence (O‘k)ke{l,...,mo} of [Lep] is then

here (f(U]((llz)) — f(UIEO)))ke{l,...,mo} whose first term is by definition +oo.

Acknowledgement: The author would like to thank T. Jecko and F. Nier
for profitable discussions.
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