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Abstract. Photolysis of water-soluble components inside
cloud droplets by ultraviolet/visible radiation may play an
important role in atmospheric chemistry. Two earlier studies
have suggested that the actinic flux and hence the photoly-
sis frequency within spherical droplets is enhanced relative
to that in the surrounding air, but have given different values
for this enhancement. Here, we reconcile these discrepancies
by noting slight errors in both studies that, when corrected,
lead to consistent results. Madronich (1987) examined the
geometric (large droplet) limit and concluded that refraction
leads to an enhancement factor, averaged over all incident di-
rections, of 1.56. However, the physically relevant quantity
is the enhancement of the average actinic flux (rather than
the average enhancement factor) which we show here to be
1.26 in the geometric limit. Ruggaber et al. (1997) used Mie
theory to derive energy density enhancements slightly larger
than 2 for typical droplet sizes, and applied these directly to
the calculation of photolysis rates. However, the physically
relevant quantity is the actinic flux (rather than the energy
density) which is obtained by dividing the energy density by
the refractive index of water, 1.33. Thus, the Mie-predicted
enhancement for typical cloud droplet sizes is in the range
1.5, only coincidentally in agreement with the value origi-
nally given by Madronich. We also investigated the influ-
ence of resonances in the actinic flux enhancement. These
narrow spikes which are resolved only by very high resolu-
tion calculations are orders of magnitude higher than the in-
termediate values but contribute only little to the actinic flux
enhancement when averaged over droplet size distributions.
Finally, a table is provided which may be used to obtain the
actinic flux enhancement for the photolysis of any dissolved
species.

Correspondence to:B. Mayer
(bernhard.mayer@dlr.de)

1 Introduction

Photolysis inside cloud droplets may be important for atmo-
spheric chemistry (Chameides and Davis, 1982; Lelieveld
and Crutzen, 1991; Jacob, 2000). According toJacob(2000),
heterogeneous chemistry involving reactions in aerosol par-
ticles and cloud droplets may affect ozone concentrations
in a number of ways including production and loss of HOx
and NOx, direct loss of ozone, and production of halogen
radicals. Photolysis frequencies are determined by the ac-
tinic flux F0 (Madronich, 1987). Clouds and aerosols are
known to alter the actinic flux by scattering and absorption
(Madronich, 1987; Ruggaber et al., 1994; Junkermann, 1994;
Lantz et al., 1996; Los et al., 1997; Mayer et al., 1998; Craw-
ford et al., 2003). Close to the cloud top large enhancements
may be found while deeper into and below the cloud the ac-
tinic flux is usually reduced. An additional effect occurs for
photolytic reactions of chemical species present in cloud wa-
ter droplets: here the actinic flux is additionally altered due to
refraction and diffraction. This paper addresses exclusively
the droplet effect.

Several estimates of actinic fluxes within droplets have
been reported in the literature.Graedel and Goldberg(1983)
multiplied the gas phase actinic flux by 0.9 to account for loss
by reflection at the air-water interface.Madronich(1987)
showed that in the geometric limit of large droplets, the initial
reflections are compensated by multiple internal reflections,
and an overall enhancement in actinic flux would be expected
due to refractive increases in photon pathlengths.Bott and
Zdunkowski(1987) used Mie theory to show that the time-
averaged electromagnetic energy within dielectric spheres is
enhanced by slightly more than 2, with much higher values at
multiple but narrow resonances.Ruggaber et al.(1997) ap-
plied the results ofBott and Zdunkowski(1987) to estimate
photolysis coefficients for droplet size distributions represen-
tative of several different types of clouds, and again found a
factor of ca. 2 enhancement relative to interstitial air, with
negligible contributions from the resonances.

© 2004 Author(s). This work is licensed under a Creative Commons License.
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Here, we re-examine this issue by re-evaluating the studies
of Madronich(1987) andRuggaber et al.(1997) and resolve
the apparent discrepancy between their results. We show
that, due to an averaging error in the calculation, the geomet-
ric optics result ofMadronich(1987) is too high (1.56 instead
of 1.26).Ruggaber et al.(1997) assumed that the actinic flux
is the product of the energy densityu and the speed of light
in vacuum,c0. However, the latter assumption is not correct.
E.g.Chandrasekhar(1950) andLenoble(1993) show that the
actinic fluxF is the product of the energy densityu and the
velocity c of light, but the relevant quantity is the speed of
light in the medium,c=c0/n, wheren is the refractive in-
dex of the medium. Consequently, the enhancement of the
actinic flux inside a droplet is the ratio of energy densities
inside and outside the droplet divided by the refractive index
of the medium. The values found byRuggaber et al.(1997)
have therefore to be divided by the refractive index of water,
1.33, when applied to the calculation of photolysis frequen-
cies. Here we demonstrate that geometrical optics and Mie
calculations agree perfectly well in the limit of large particles
taking into account both corrections.

In the following section, results of the geometrical optics
calculation are compared to rigorous Mie theory. A table
of enhancement factors is presented, to be used in aqueous-
phase chemistry calculations. The relevance for the applica-
tion of the results byRuggaber et al.(1997) is discussed in
the conclusions. Appendix A explains the relationship be-
tween the actinic flux and other radiative quantities, in par-
ticular the energy densityu which is crucial for our investi-
gation. In Appendix B the geometrical optics calculation is
presented in full detail.

2 Calculations

The actinic fluxF0 is defined as the integral of the radiance
L(θ, φ) over the full solid angle 4π :

F0 =

∫
4π

L(θ, φ) d�. (1)

Appendix A explains how the actinic flux is related to other
quantities of the radiation field, in particular the energy den-
sity u:

u =
1

c
F0, (2)

wherec is the speed of light in the medium. Due to the in-
teraction between radiation and matter, the actinic flux inside
a droplet differs from the unperturbed case. The actinic flux
enhancement in a droplet can be derived from the ratio of
energy densities inside and outside the droplet as byRug-
gaber et al.(1997). Here we use a different but equivalent
approach based on the absorption efficiencyQabs. To calcu-
late the enhancement of the actinic flux inside a droplet, we
compare the average actinic flux in the medium to the actinic

flux in the absence of the droplet. As both internal and ex-
ternal electromagnetic fields are perturbed by the presence of
a droplet, we adopt the termsF0,perturbedfor the actinic flux
inside the medium andF0,unperturbedfor the field in absence
of the droplet.

The radiant power absorbed by a droplet,dWabs
dt

, can be
expressed using the absorption efficiencyQabs=6abs/πr2

where6abs is the absorption cross section andπr2 is the
geometrical cross section of the droplet with radiusr:

dWabs

dt
=

∫
Lunperturbed(θ, φ) · Qabs· πr2d�

= F0,unperturbed· Qabs· πr2, (3)

whereF0,unperturbedis the incident actinic flux. Another ap-
proach is to express the influence of the medium on the radia-
tion field by introducing a perturbed actinic flux,F0,perturbed,
and looking at individual absorbers:

dWabs

dt
= F0,perturbed· N · σabs, (4)

whereN is the number of absorbing molecules in the droplet,
σabsis the absorption cross section of an individual absorbing
molecule, andF0,perturbed is the average actinic flux inside
the droplet. Without loss of generality we assume there is
only one absorbing species. Please note, however, that we
assume that the absorbing species is distributed uniformly
in the droplet. Combining Eqs. (3) and (4) the actinic flux
enhancementη is calculated as

η =
F0,perturbed

F0,unperturbed
=

6abs

N · σabs
=

Qabs· πr2

N · σabs
. (5)

This equation is easily understood: The actinic flux enhance-
ment is simply the ratio of the absorption by the droplet (with
dissolved molecules) and the absorption by the individual
molecules, in absence of the droplet. In the following, the ab-
sorption efficiency of the dropletQabsis approximated in the
geometrical optics limit and calculated using rigorous Mie
theory, to determine the actinic flux enhancementη.

2.1 Geometrical optics

In the geometrical optics limit, individual light rays are con-
sidered independently. This approach can of course only be
applied to droplets that are large compared to the wavelength
of the radiation. The absorption of radiation is calculated by
tracing the radiation on individual paths through the droplet
and summing all contributions, see Fig.1.

In Appendix B, the geometric optics approximation is de-
scribed in detail. A numerical solution is provided for ar-
bitrary absorption, and it is shown that in the limit of small
absorption,kabs·r�1, the actinic flux enhancement can be
evaluated analytically to yield

η = n2
·

[
1 −

(
1 −

1

n2

)3/2
]

. (6)
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Radius, r

Volume, V = 4 / 3r
3

Index of refraction, n

Number of absorbing Molecules, N

Absorption cross section, abs

Absorption coefficient,
kabs = N abs / V = 3N abs / (4 r

3
)

Wavelength,

Size parameter, x = 2 r /

Fig. 1. Schematics of a droplet. In the geometrical optics limit, the radiation is traced along individual paths which are considered indepen-
dent. Refraction is described by Snell’s law and reflection follows Fresnel’s equations.

In the case of water, the refractive indexn varies between
1.35 at 300 nm and 1.33 at 800 nm (Hale and Querry, 1973),
or 1.37 at 300 nm and 1.33 at 800 nm (Wiscombe, 1994); the
temperature dependence between−10 and 50◦C is negligible
(Harvey et al., 1998). For a value of 1.33 the corresponding
actinic flux enhancement is 1.26. Figure2 shows the actinic
flux enhancement as a function of the productkabs·r. Up
to kabs·r=10−3 absorption can obviously be neglected. For
a typical cloud droplet size of 10µm, this corresponds to
an absorption coefficient ofkabs=100 m−1, a large number.
Pure water at 305 nm has an absorption coefficient of about
0.3 m−1, see below. In addition, absorption due to dissolved
molecules has to be considered, e.g. ozone. According to
Yin et al. (2001), the concentration of ozone is in Henry’s
law equilibrium and can hence be calculated by

nO3,liq = HO3 · pO3 = 1.8 · 1011cm−3, (7)

where nO3,liq is the ozone concentration in the liquid
phase,HO3=1.1·10−7 mol·kg−1

·Pa−1 is Henry’s law con-
stant for ozone (Kosak-Channing and Helz, 1983), and
pO3=2.7·10−3 Pa is the partial pressure of ozone in the
boundary layer of the US standard atmosphere. At a wave-
length of 305 nm where the maximum of the contribution to
the O(1D) photolysis frequency usually occurs, the absorp-
tion cross section of ozone isσ=2·10−19 cm2; together with
the above calculatednO3,liq this results in an absorption co-
efficient ofkabs=nO3,liq ·σ=3.6·10−6 m−1 which is seven or-
ders of magnitude below the limiting value. Hence, absorp-
tion by pure water itself as well as by the dissolved compo-
nent may be safely ignored for the calculation of ultraviolet
actinic fluxes in cloud water droplets.
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Fig. 2. Actinic flux enhancement as a function of absorption in the
geometrical optics limit.

Madronich(1987) also calculated the enhancement of the
actinic flux inside a water droplet in Sect. 3.3 of his paper.
The four assumptions presented there are correct, as is the
enhancement factor for any incident ray. However, at the end
Madronich(1987) averages the enhancement factor over all
incident rays, while the physically relevant quantity is the
ratio of the perturbed and unperturbed actinic fluxes, each
individually averaged. If this modification is introduced in
the last step of Madronich’s calculations, the final result is in
agreement with the geometric limit found here, see Eq. (6).
The correct calculation is presented in Appendix B.

2.2 Mie calculations

Calculations for droplets which are not much larger than
the wavelength of the radiation require application of rig-
orous Mie theory. In order to calculate the actinic flux en-

www.atmos-chem-phys.org/acp/4/2241/ Atmos. Chem. Phys., 4, 2241–2250, 2004
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Fig. 3. (Top) Mie calculation of the actinic flux enhancement with
MIEV and geometrical optics result. The upper x-axis shows the
corresponding droplet radius for a wavelength of 400 nm. (Bottom)
Same data, but averaged over size parameter bins of width 1.

hancement inside water droplets, two different Mie programs
were employed, MIEV (Wiscombe, 1979, 1980) and BHMIE
(Bohren and Huffman, 1983). Both programs provide the ab-
sorption efficiencyQabs, which is used to infer the actinic
flux enhancementη according to Eq. (5). Introducing the
complex refractive index according toBorn and Wolf(2003),

n̂ = n(1 + iκ) (8)

with

nκ =
kabs· λ

4π
(9)

into (5) and remembering thatkabs=N/V ·σabswhereN/V is
the absorber density, the actinic flux enhancement evaluates
to

η =
3Qabs

8x nκ
, (10)

wherex=2πr/λ is the size parameter. Comparing this result
with Eq. (16) ofBott and Zdunkowski(1987),

uperturbed

uunperturbed
= n ·

3Qabs

8x nκ
(11)
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Fig. 4. Imaginary refractive index of water as provided by REFWAT
(Wiscombe, 1994) in comparison to data fromHale and Querry
(1973).

(in the limit of small absorption,κ�1) it becomes clear that
the ratio of energy densities has to be divided by the real part
of the refractive index of the medium,n, in order to get the
ratio of actinic fluxes. Thus, the photolysis enhancements
reported byRuggaber et al.(1997), while for the most part
correct, should be divided by the refractive index of water.
In practice, this reduces their stated enhancement from about
a factor of 2 to ca. 1.5, in coincidental agreement with the
original value proposed byMadronich(1987) but substan-
tially higher than the actual geometrical limit of 1.26.

Figure 3 shows the enhancement of the actinic flux, de-
rived from a calculation of the absorption efficiencyQabs
with MIEV, according to Eq. (10). The imaginary refrac-
tive index was set to a very small value of 10−9 which is a
reasonable lower boundary for pure water in the wavelength
region we are interested in, see Fig.4.

Figure3 is a little hard to interpret, due to the limited res-
olution of the human eye. Looking more closely one would
find that the curve generally is close to the lower envelope,
and that the blackened area is caused by thousands of indi-
vidual spikes, so-called resonances. Figure5 shows as an
example a particular resonance which has been investigated
in detail byRay and Bhanti(1997).

This figure has been simulated with MIEV, and the ex-
act coincidence of the location of resonance with the value
reported byRay and Bhanti(1997) gives us confidence
that MIEV captures this subtle feature correctly. The step
width for the MIEV calculation was 10−7 which is obviously
enough to resolve the peak. If a larger value would have
been chosen for the step width, part of the peak would have
been missed. Please note that the peak height in this case
is 4.5·104 which is four orders of magnitude higher than the
lower envelope of the curve (assuming a realistic imaginary
refractive index of 10−9). Such resonances might therefore
have the potential to increase the actinic flux and hence the

Atmos. Chem. Phys., 4, 2241–2250, 2004 www.atmos-chem-phys.org/acp/4/2241/
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Fig. 5. (Top) Example of a spike in the actinic flux enhancement,
calculated with MIEV. (Bottom) Magnification of the narrow res-
onance in the left image for different imaginary refractive indices.

absorption in water droplets significantly. To illustrate the
relevance of the spikes we averaged the actinic flux enhance-
ment over size parameter intervals of width 1 (bottom plot in
Fig. 3). Here it is obvious that the resonances might increase
the actinic flux enhancement somewhat but, for our purposes,
not significantly. Figure5 also illustrates that the amplitude
of the resonances decreases rapidly with increasing absorp-
tion.

A question of particular interest is if the resonances cause
problems in lower resolution calculations where the small
spikes are not adequately resolved. With a step size of 10−7,
years of computational time would be required on a modern
PC to calculate a curve like the top plot in Fig.3, even with
the fast MIEV code (the calculation was done on a multi-
processor Linux cluster). Therefore, much lower resolutions
are usually chosen. To study the influence of the resolution,
we calculated the actinic flux enhancement with different
step widths, 10−7, 10−6, 10−5, and 10−4 and integrated those
over size parameter intervals of width 1. Figure6 shows the
ratio of the results for different resolutions. We call the high-
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Fig. 6. Ratio of the actinic flux enhancement, calculated with differ-
ent size parameter resolutions. (Top) step width 10−6 compared to
step width 10−7; (middle) step width 10−5 compared to step width
10−7; (bottom) step width 10−4 compared to step width 10−7.
Please note the different y-scales!

resolution result the “true value” because the resolution is
high enough to fully resolve the peak. For a step width of
10−6, the difference to the true result is smaller than±3%.
For 10−5 the difference increases and for 10−4 a clear pattern
arises: In most intervals the enhancement is underestimated
because one or more resonances are missed by the low res-
olution calculation. In some intervals large over-estimation
occurs (up to a factor of 1.8); here the low-resolution calcu-
lation accidentally hits a peak which is then “smeared out”
over an interval of 10−4 and therefore contributes more than
it should. On average over the whole range both effects prac-
tically cancel (the average ratio over the whole size parame-
ter range is 0.99984) although locally large differences exist.
For typical droplet size distributions (see e.g.Mayer et al.,

www.atmos-chem-phys.org/acp/4/2241/ Atmos. Chem. Phys., 4, 2241–2250, 2004
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Table 1. Average enhancement factorsη̄ as a function of wave-
length and effective droplet radius. The value∞ is the geometrical
optics limit which is valid for very large (rain) drops. Also shown
are the real and imaginary parts of the refractive index.

Effective Wavelength
radius [nm]

[µm] 300 400 500 600 700 800

1.0 1.840 1.771 1.732 1.704 1.681 1.662
2.0 1.839 1.795 1.763 1.741 1.724 1.710
3.0 1.758 1.776 1.771 1.751 1.737 1.726
4.0 1.679 1.731 1.757 1.746 1.738 1.730
5.0 1.622 1.684 1.725 1.722 1.723 1.720
6.0 1.582 1.644 1.687 1.690 1.696 1.698
7.0 1.552 1.610 1.652 1.658 1.666 1.671
8.0 1.527 1.582 1.622 1.628 1.637 1.643
9.0 1.508 1.558 1.596 1.602 1.611 1.617

10.0 1.491 1.538 1.574 1.579 1.589 1.594
11.0 1.477 1.521 1.555 1.560 1.569 1.574
12.0 1.465 1.506 1.539 1.543 1.552 1.556
13.0 1.455 1.493 1.525 1.528 1.536 1.540
14.0 1.445 1.482 1.512 1.514 1.523 1.526
15.0 1.437 1.471 1.501 1.503 1.510 1.514
16.0 1.430 1.462 1.491 1.492 1.500 1.502
17.0 1.424 1.454 1.482 1.482 1.490 1.492
18.0 1.418 1.446 1.474 1.474 1.481 1.483
19.0 1.412 1.440 1.467 1.466 1.472 1.475
20.0 1.407 1.433 1.460 1.459 1.465 1.467
21.0 1.403 1.428 1.453 1.452 1.458 1.460
22.0 1.399 1.423 1.447 1.446 1.452 1.453
23.0 1.395 1.418 1.442 1.440 1.446 1.447
24.0 1.391 1.413 1.437 1.435 1.440 1.441
25.0 1.388 1.409 1.432 1.430 1.435 1.436

∞ 1.278 1.270 1.266 1.263 1.262 1.260

n 1.371 1.350 1.339 1.333 1.329 1.326
nκ/10−7 0.041 0.016 0.009 0.097 0.337 1.250

2004), however, rather high resolution is required which con-
firms the results ofRuggaber et al.(1997). To some degree,
spikes might be excluded using the SPIKE parameter pro-
vided by MIEV, see (Wiscombe, 1979) for more information.

Figure3 clearly demonstrates that the Mie calculation ap-
proaches the geometrical optics limit for large size parame-
ters, but only slowly. In particular, the average enhancement
for size parameters between 1000 and 10 000 is 1.298 (for all
four step widths, 10−4, 10−5, 10−6, and 10−7). This is only
3% higher than the geometrical optics result of 1.26 calcu-
lated according to Eq. (10). As a final check we calculated
the same quantities with BHMIE and found an average en-
hancement of 1.328 which is 5% higher than the geometrical
optics limit. A typical radius for cloud droplets is 10µm,
corresponding to a size parameter of 157 at 400 nm. At
x=157, an enhancement of 1.54 is found which is close to the
value reported byRuggaber et al.(1997), if the latter is cor-
rected with the refractive index. By chance, this value is very

close to the 1.565 whichMadronich(1987) erroneously cal-
culated. The actual geometrical optics result, 1.26, is about
20% lower.

2.3 Implications for atmospheric chemistry

To allow direct application of these results in aqueous phase
chemistry calculations, we determined the average enhance-
ment factor as a function of droplet size and wavelength, by
integrating the enhancement over typical cloud droplet size
distributions. A gamma size distribution was chosen which
is a common assumption for water clouds. The gamma dis-
tribution is characterized by the effective droplet radius

reff =

∫
ndroplet(r)r

3dr∫
ndroplet(r)r2dr

(12)

and the width of the size distributionndroplet(r). For the defi-
nition and explanation of these quantities and some examples
please refer toMayer et al.(2004).

To calculate the average enhancement factor for a droplet
size distribution we need to integrate the enhancement factor
weighted by the number of molecules of interest, available
at each radius. Assuming that the concentration of dissolved
molecules does not depend on the droplet radius, we find

η̄ =

∫
ndroplet(r) r3 η(r)dr∫

ndroplet(r) r3dr
(13)

where the factorr3 considers that the number of molecules
dissolved in a droplet is proportional to the droplet volume
4π
3 r3 (the factor4π

3 cancels in the quotient). Table1 presents
enhancement factors for all droplet effective radii occurring
in common water clouds.

The wavelength dependence of both components of the
complex refractive index has been considered in the calcu-
lation: The real partn varies between 1.37 at 300 nm and
1.33 at 800 nm while the imaginary partnκ has its minimum
at 500 nm (9.7·10−10) and assumes its maximum at 800 nm
(1.3·10−7), see also Fig.4. In addition to the variation of
the enhancement factor with particle size (Fig.3) the wave-
length dependence of the refractive index introduces an extra
variability of more than 10%. Similar to the single scatter-
ing properties of an ensemble of droplets which are mainly
determined by the effective radius of the droplet size distri-
bution but not by the width or shape, the enhancement factor
is hardly influenced by the width of the size distribution: the
calculation of Table1 was done with aγ of 6 which is typ-
ically used for water clouds. In comparison, using a very
narrow size distribution (γ=100), the results agreed within
3% with those for the wide distribution. As indicated in the
last section, a typical droplet size for water clouds is 10µm
which gives an enhancement factor of between 1.5 and 1.6,
depending on the wavelength. In conclusion, Table1 may
be used for the calculation of photolysis frequencies for any
species dissolved in the droplets of a water cloud. For rain
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drops it is suggested to use the geometrical optics limit, also
listed in the table. We did not include typical sizes of aerosol
particles (smaller than 1µm) in the table because those ex-
hibit a wide range of composition and hence refractive in-
dices different from pure water.

3 Conclusions

The enhancement of the actinic flux inside water droplets
was calculated using Mie theory and also evaluated in the
geometrical optics limit. We found that the exact solution
converges toward the geometrical optics limit for large size
parameters and thus provides consistent solutions with both
methods. For the application of photolysis frequencies in wa-
ter clouds, the droplet size is typically 10µm while relevant
wavelengths are between 300 and 600 nm, resulting in size
parameters of about 100–200. In this range the enhancement
factor is about 1.5 which is significantly larger than the geo-
metric limit of 1.26. The maximum enhancement,≈1.8, oc-
curs for somewhat smaller droplets (size parameter 10–100),
and can fall below the geometric limit for size parameters
smaller than unity (e.g. fine aerosols). Hence it is suggested
to use exact Mie theory to avoid systematic errors, or to re-
fer to Table1. Ruggaber et al.(1994) have used a similar
approach, however, their results have to be divided by the
refractive index of water, 1.33.

Resonant spikes may cause actinic flux enhancements of
10 000 and more for certain size parameters. MIEV correctly
calculates these spikes. However, when averaged over real-
istic droplet size distributions, these spikes contribute only
little to the actinic flux enhancement of the ensemble and
can therefore be safely neglected. But still, the size distri-
bution needs to be sampled at very high resolution to avoid
noise introduced by spikes which are accidentally hit in a
low-resolution calculation.

As already indicated byRuggaber et al.(1997), inhomo-
geneous distribution of the absorber inside the droplet may
have an influence on this result. Few studies are available on
this subject.Ray and Bhanti(1997) allowed inhomogeneous
distributions of the absorber in the droplet, but their calcula-
tions were made for very special (resonant) conditions. Such
effects, however, are beyond the scope of this paper.

Appendix A: The actinic flux

The basic quantity to describe a radiation field is the spectral
radianceL which is the radiant energydW in the wavelength
intervaldλ that crosses the areadA· cos2 during the timedt

into solid angled�:

L =
dW

dt · dλ · dA cos2 · d�
. (14)

2 is the angle between the normal to the areadA and the
direction (θ , φ) anddA cos2 is the projection ofdA normal

to the direction of the radiation. The net fluxF is defined as
the net energydW which crosses an area elementdA in the
time dt:

F =
dW

dt · dλ · dA
. (15)

Combining Eqs. (14) and (15) we find for the net flux through
a given area elementdA

F =

∫
4π

L(θ, φ) · cos2 d�, (16)

Note that the net flux is simply the difference between the
incoming and outgoing irradiances. For later calculations we
also need the net flux vectorF whose components are de-
fined as

Fx,y,z =

∫
4π

L(θ, φ) · (s · ex,y,z) d�, (17)

wheres is a unit vector with direction (θ , φ) andex,y,z are
the unity vectors in thex, y, andz directions.

In contrast to the net flux, the actinic fluxF0 is defined as
the integral of the radiance over 4π :

F0 =

∫
4π

L(θ, φ) d�. (18)

To see the usefulness of this quantity we need the radiative
transfer equation (Chandrasekhar, 1950),

dL

ds
= −kext·L +

ksca

4π

∫
4π

p(θ ′, φ′, θ, φ)L(θ ′, φ′)d�′, (19)

wherekext is the extinction coefficient,ksca is the scattering
coefficient, andp(θ ′, φ′, θ, φ) is the scattering phase func-
tion which is the probability that radiation coming from di-
rection (θ ′, φ′) is scattered into direction (θ , φ), normalized
to 4π . The first term on the right side is the extinction of ra-
diation while the second describes the scattering of radiation
into the directions. Please note that Eq. (19) includes nei-
ther thermal emission nor inelastic scattering. Both can be
safely neglected in the calculation of photolysis frequencies.
The left side of Eq. (19) is a directional derivative which can
also be written ass·∇ wheres is a unit vector. Integrating
Eq. (19) over the solid angled� we get∫

4π

s · ∇L d� = −kext ·

∫
4π

L d� +

ksca

4π

∫
4π

L(θ ′, φ′)

∫
4π

p(θ ′, φ′, θ, φ) d� d�′. (20)

The left side evaluates to∫
4π

s · ∇L d� =

∫
4π

(
sx

∂L

∂x
+ sy

∂L

∂y
+ sz

∂L

∂z

)
d� =

=
∂

∂x

∫
4π

L · (s · ex) d� +
∂

∂y

∫
4π

L · (s · ey) d� +

∂

∂z

∫
4π

L · (s · ez) d� = ∇F ,
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while the integral of the phase function on the right side of
Eq. (20) simply gives 4π . Combining these, we find

∇F = −(kext − ksca) ·

∫
4π

L d� = −kabs· F0. (21)

Hence, the actinic flux is the divergence of the net flux di-
vided by the absorption coefficient. If we recall the meaning
of the divergence using Gauss’ theorem,∫

V

∇F dV =

∫
∂V

F · n dA, (22)

we find that∇F equals the net energy per unit time that en-
ters the volumeV because the right side of Eq. (22) is the
net energy transported across the volume boundary∂V . Un-
der steady state conditions, this number must equal the ab-
sorption, for which reason the absorbed radiant power can be
expressed as

dWabs

dt · dλ · dV
= −∇F = kabs· F0.

If we divide by the photon energyhc
λ

and the absorber density
nabs, and integrate over wavelength, we find

jabs =

∫
kabs

nabs
·
F0
hc
λ

dλ =

∫
σabs·

F0
hc
λ

dλ,

wherejabs is the number of photons absorbed per unit time
by a single absorber molecule andσabsis the absorption cross
section of the individual molecule. Please note thatF0/

hc
λ

is
simply the actinic flux expressed in photons/(m2 nm s). In-
troducing the quantum yield8 which gives the propability
that a certain reaction will actually happen once a photon is
absorbed, we finally find:

j =

∫
σabs· 8 · F0/

hc

λ
dλ, (23)

wherej is the photolysis frequency. This is the well-known
formula used to calculate photolysis frequencies (Madronich,
1987). Equation (23) can of course be applied to individ-
ual reactions by using absorption cross section and quantum
yield for specific molecules, while for the determination of
the actinic flux in Eq. (21) the total absorption coefficient is
the relevant quantity.

As a last step, we want to relate the actinic fluxF0 to the
energy densityu of the radiation field:

u =
dW

dλ · dV
. (24)

For this purpose, consider a cylinder with cross sectiondA

and lengthdl, with the radiation entering perpendicular to
the front face. The energy that enters the cylinder is

dW = L · dA · d� · dλ · dt, (25)

wheredt is the time required to traverse the cylinder with
dt=dl/c wherec is the speed of light in the medium. On

the other hand, according to Eq. (24) the energy can also be
expressed as

dW = du · dλ · dV = du · dλ · dA · dl (26)

where du is the energy density caused by radiation into the
solid angle elementd�. Combining Eqs. (25) and (26) we
find

du =
1

c
· L · d�. (27)

The latter holds for any direction. The total energy density is
calculated by integrating over solid angle,

u =
1

c

∫
4π

L · d� =
1

c
F0. (28)

From this calculation it is obvious thatc is the speed of light
in the medium, rather than in vacuum.

Appendix B: Absorption efficiency of a droplet in the ge-
ometrical optics limit

In the following, we calculate the absorption by a sphere with
given refractive index in the geometrical optics limit. In par-
ticular, the absorbed radiant power is calculated by tracing
the path of the radiation through the sphere, as outlined in
Fig. 1. The total absorbed radiant power is calculated by in-
tegrating this quantity over the cross section of the sphere
and over the full solid angle 4π . For this calculation it is
assumed that the incident radianceL0(θ, φ) is constant over
the volume of the sphere.

The anglesα andβ are related by Snell’s law of refraction

sinα = n · sinβ. (29)

At each interface, a fractionR of the incident radiation is
reflected, whereR is defined by Fresnel’s equations (Kerker,
1969):

R =
1

2

[(
sin(α − β)

sin(α + β)

)2

+

(
tan(α − β)

tan(α + β)

)2
]

. (30)

R is the same for entering and exiting the medium and is
valid in this form for unpolarized radiation.

Due to the spherical symmetry, the incident radiation stays
in one and the same plane through the center of the sphere,
and the incidence angleβ of reflection at the inner wall of the
droplet is the same for all consecutive reflections. In conse-
quence, the reflection coefficientR is the same for all reflec-
tions, see Fig.1. The fraction of radiance initially transmitted
into the sphere is

L1 = Lunperturbed· (1 − R), (31)

whereR is the reflection coefficient according to Eq. (30).
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Along each path fragment between two successive re-
flections, i and i+1, the radiance is reduced by a factor
R· exp(−kabs·l) wherel is the length of the path fragment:

Li+1 = Li · R · exp(−kabs· l), (32)

whereLi+1 is the radiance immediately after thei’th reflec-
tion. R considers the reflection at the surface and the expo-
nential factor considers the absorption according to Lambert-
Beer’s law. The length of the path fragmentl is a function of
the angleβ:

l(β) = 2r

√
1 − sin2 β. (33)

In consequence, along each path fragmenti a fraction

1 − exp(−kabs· l) (34)

of the initial radianceLi is absorbed. To calculate the fraction
fabsof the radiance absorbed along the infinite path, the sum
over all path fragments is calculated, using Eqs. (31), (32),
and (34)

fabs · Lunperturbed =

∞∑
i=1

Li · [1 − exp(−kabs· l)]

= Lunperturbed· (1 − R) · [1 − exp(−kabs· l)]

·

∞∑
i=1

[R · exp(−kabs· l)]i−1. (35)

The last term is obviously a geometrical series which can be
written in closed form to finally give

fabs =
(1 − R) · [1 − exp(−kabs· l)]

1 − R · exp(−kabs· l)
. (36)

The total absorbed radiant power is calculated by integrating
Eq. (35) over the cross sectionA of the sphere and over solid
angle:

dWabs

dt
=

∫
4π

∫
A

Lunperturbed(θ, φ) fabsdA d�

=

∫
A

fabs

∫
4π

Lunperturbed(θ, φ) d� dA

= F0,unperturbed·

∫
A

fabsdA. (37)

The integral over the circular cross section is evaluated as
follows:∫

A

fabsdA =

∫ r

0

∫ 2π

0
fabs(ρ) ρ dϕdρ

= 2π

∫ r

0
fabs(ρ) ρ dρ

= 2π r2
∫ 1

0
fabs(ξ) ξ dξ (38)

with the substitutionξ=ρ/r= sinα.

Using Eqs. (3) and (37), the absorption efficiency can be
calculated by

Qabs=
1

πr2

∫
fabsdA. (39)

Combining Eqs. (35), (38), and (39) the absorption efficiency
is

Qabs= 2
∫ 1

0

[1 − R(ξ)] ·
[
1 − exp[−kabs· l(ξ)]

]
1 − R(ξ) · exp[−kabs· l(ξ)]

ξ dξ. (40)

R(ξ) is the reflection coefficient according to Eq. (30), and

l(ξ)=2r

√
1−

ξ2

n2 is the length of a single path fragment be-
tween two reflections according to Eq. (33). Except for a
factor of 2 and a missing square (which is clearly a typo-
graphical error) this is equivalent to Eq. (6) ofBohren and
Barkstrom(1974) whose final results, Eqs. (9), (10), and (11)
agree with our findings. Equation (40) can be evaluated nu-
merically. However, in the special case of small absorption,
kabs·r�1, fabs can be replaced by its first order Taylor ex-
pansion inkabs:

fabs≈ l(ξ) · kabs (41)

and the integral can be evaluated analytically to yield

Qabs =
4

3
rkabsn

2
·

[
1 −

(
1 −

1

n2

)3/2
]

. (42)

Introducing the definition of the actinic flux enhancementη

in Eq. (5), (42) evaluates to

η =
Qabs· πr2

kabs· V
= n2

·

[
1 −

(
1 −

1

n2

)3/2
]

. (43)

This is in agreement with Eq. (9) ofBohren and Barkstrom
(1974), as indicated above.
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